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Lo1 no1 dau

Trén bon muoi nam thyc hien "Chuong trinh dao tao va boi hoc sinh ning khiéu
toan bac pho thong" 1a mot ching duong clia mot chu trinh dic biet gin véi su khai
dau, truéng thanh va ngay cang hoan thién xuat phat tit mot mo hinh ddo tao ning
khiéu Téan hoc diic biet tai Dai hoc Téng hop Ha Noi. Huéng dao tao mii nhon nay
mang tinh dot pha cao, dia dao tao ra cac thé hé hoc sinh c¢6 nang khiéu trong linh vic
toan hoc, tin hoc va khoa hoc tit nhién: Vat 1y, Hoa hoc, Sinh hoc va khoa hoc st song.
Trong diéu kién thiéu thén vé vat chat kéo dai qua nhiéu thap ky va trai qua nhiéu
thach thiic, ching ta da tim ra huéng di phit hgp, da di len vitng chic va on dinh, da
tim toi, tich luy kinh nghiém va c6 nhiéu sing tao dang ghi nhan. Céc thé hé Thay va
Tro da dinh hinh vA tiép can véi thé gidi van minh tién tién va khoa hoc hién dai, cap
nhat thong tin, sang tao phuong phép va tap dugt nghién cttu. Gan véi viéc tich cuc doi
mdi phuong phap day va hoc, chuong trinh dao tao cac hé chuyén dang huéng téi xay
dung heé théng chuyen dé, dang nd lirc va da to chiic thanh cong Ky thi Olympic Toan
quobc té lan thit 48, nam 2007 tai Viet Nam da thanh cong tot dep, duge ban be quéc té
ca ngagi.

Sau gan nita thé ky hinh thanh va phat trién, c6 thé noi, giao duc mii nhon pho
thong (gido duc néang khiéu) da thu duge nhiing thanh tyu ryc rd, duge Nha nuée dau
tu c6 hieu qua, duge xa hoi thita nhan va ban be qudc té kham phuc. Cac doi tuyen
quoc gia tham dy cac ky thi Olympic quoc té c6 bé day thanh tich mang tinh 6n dinh
va c6 tinh ké thita. Dac biét, cac truong THPT Chuyén cac tinh khu viyc mién nii phia
bac da tién nhitng budc dai trén con dudng nang cao chat lugng gido duc va dao tao
hoc sinh giéi bac pho thong. Nhiéu hoc sinh da danh céc giai cao tai cac ky thi Olympic
quoc té, Olympic khu vie va cac k¥ thi hoc sinh giéi qubc gia.

Tt nam 2005, cac truong THPT chuyen da c6 sang kién tao ra mot trai he dac thu,
san choi van héa va khoa hoc cho doi ngit cac thay, cac ¢o va hoc sinh nang khiéu thuoc
cac truong THPT Chuyén cac tinh khu vitc mién nai phia bac, d6 1a Trai Hé Hung
Vuong. Trong cac noi dung sinh hoat ctia trai he Hing Vuong ddi véi cac mon Toan
hoc, Vat 1y, Sinh hoc va Van hoc ¢6 cac ky thi Olympic Hung Vuong. Ky thi trong
khuon khd kién thitc 16p 10 phd thong nhu 1a mot sy tap dudt cla céc doi tuyen chuan
bi hanh trang cho cac ky thi Olympic Ha N6i mé rong, Olympic Singapore mé rong va
k¥ thi hoc sinh giéi quoc gia. Hoc sinh céc 16p nang khiéu da tiép thu tét cac kién thiic
co ban do Hoi dong ¢ van khoa hoc 1a céc gido su, cac nha khoa hoc tit cac truong dai
hoc va Hoi Toan hoc Ha Nai cung cap. Cac kién thiic nay da dudc can nhic ndm trong
khuon khod cac kién thic nang cao doéi véi cac 16p chuyén toan - tin, vat 1y, sinh hoc ...

V6i mong mudn tao dieu kién cho cic thay gido, co gido va dong ddo cac em hoc sinh
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gidi todn va yéu mon toan, ching toi viét cudn ky yéu nhdé nay nhim cung cap cac tu
lieu vé toan hoc qua bén ky Olympic Hing Vuong va hé théng mot s6 kién thiic bo trg
gan vdi noi dung chuong trinh 16p 10. Hy vong rang, cac thay, cac co, cac em hoc sinh
sé tim thay nhing diéu bo ich tit cudn tu lieu nay.

Ching t6i xin chan thanh cAm on Ban T6 chitc Trai he Hing Vuong, xin cAm on S&
Gido Duc Dao Tao Hoa Binh, cam on cac truong THPT Chuyén tir cac tinh khu vuc
mién nai phia bac, cac don vi tai trg da tao diéu kien dé cudn Ky yéu kip ra mit kip
thoi ngay trong thoi gian t6 chitc hoi thao tai thanh phd Hoa Binh.

Vi thoi gian rat gap gap, khong c6 diéu kién hiéu dinh chi tiét nén chic chin cudn
ky yéu nay con nhiéu khiém khuyét vé noi dung va hinh thitc. Chiing téi cling xin chan
thanh cam on cac ban doc cho nhing ¥ kién déng gép dé cudn ky yéu duge hoan chinh.
Cac y kién dong gop xin gtii vé Truong THPT Chuyén Hoang Van Thy, thanh ph6 Hoa
Binh.

Thay mat Ban C6 van chuyén mon

GS TSKH Nguyén Van Mau



Chuong 1

Pé thi Olympic Toan hoc Hung
vuong

1.1 Olympic Toan hoc Hung vuong lan th¢ 1, nam
2005

Cau 1. Cac s6 nguyén duong ay, ag, as, a4, as 1ap thanh mot cap s6 cong tang. Hoi lap
dude bao nhiéu cap s6 cong thod man dicu kién a; > 50 va a5 < 1007

Cau 2. Céc s6 nguyén duong a, as, as, a4, as 1ap thanh mot cap so6 nhan tang. Héi lap
dugce bao nhiéu cap sd6 nhan thod man dicu kién as < 1007

Cau 3. Cac s6 duong aq, as, as, as, as thod man cac dieu kien

(i) 2ay,2as,2as3,2ay,2as 1a cac s6 nguyén duong,
(ZZ) a1+a2+a3+a4+a5:99.

Tim gia tri 16n nhat cta tich P = a,aza3a40as.

Cau 4. Gia stt tam thitc bac hai f(x) luon luon duong véi moi z. Chiing minh réng
f(x) viét dugc dudi dang tong binh phuong ctia hai nhi thiic bac nhat.

Cau 5. Gia st ham trung phuong g(z) = 2%+ bz? + ¢ luon luon duong v6i moi x. Chiing
minh rang g(r) viét duge dudi dang tong binh phuong ciia hai tam thiic bac hai.

Cau 6. Cho hinh vuong ABCD. Tim quy tich cac diém M thuoc hinh vudéng (phan
bén trong va bién ctia hinh vuong) sao cho dién tich cac tam giac M AB va M AC bang
nhau.

Cau 7. Cho hinh vuong ABCD. Gia st E la trung diém canh C'D va F 1a mot diém &
bén trong hinh vuong. Xac dinh vi trf diém Q thudc canh AB sao cho AQE = BQF.
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1.2 Olympic Toan hoc Hung vuong lan thad 2, nam
2006

Cau 1. S6 do cac goc trong clia mot ngi gidc 16i c6 ty 1e 2:3:3:5:5. S6 do clia goc
nhé nhat bing
[(A)] 209, [(B)] 40°, [(C)] 60°, [(D)] 80° [(E)] 90°.

Cau 2. Cho a # 0. Giai hé phuong trinh

1'2005 + y2005 + 22005 — a2005
ZL’2006 + y2006 + 2,2006 — a2006
.772007 + y2007 + 22007 _ CL2007.

Cau 3. Xac dinh bo s6 duong a, b, ¢ sao cho

azy'? 4+ by®2 + c2Ma® > 1521827, Vo > 0,y > 0,2 > 0.
Cau 4. Cho tam gidgc ABC va diém M thuoc BC. Xét hinh binh hanh APM N, trong
d6é P thudoc AB va N thuoc AC va hinh binh hanh ABDC' v6i dudng chéo AD va

BC'. O 1a giao diém ciia BN va C'P. Chimg minh ring PMO = NMO khi va chi khi
BDM = CDM.

Cau 5. Cho s6 duong M. Xét cac tam thitc bac hai g(x) = x? + ax + b ¢6 nghiem thuyc
Z1,To va cac hé sd thod man dieu kien

masx{Jal, bl, 1} = M.
Tim gia tri 16n nhat ctia biéu thiic

(14 [a1[)(1 4 [a2]).

1.3 Olympic Toan hoc Hung vuong lan thi 3, nam
2007

Cau 1. Mot da giac 16i ¢6 nhiéu nhat 1a bao nhiéu géc nhon?
(A) 2; (B) 3; (C) 4; (D) 5; (E) 6.

Cau 2. Mot da giac 16i ¢6 nhiéu nhat 1a bao nhiéu géc khong tu?
(A) 2; (B) 3; (C) 4 (D) 5 (E) 6.

Cau 3. X4c dinh hai chit s6 tan cling ctia s6 sau

M = 23 + 202006 + 2002007 + 20062008?
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(A) 04; (B) 34; (C) 24; (D) 14; (E) Khac cac dap s6 da néu.

Cau 4. C6 n viéen bi trong hop duge gan nhan lan lugt 1a 1,2,...,n. Nguoi ta lay ra
mot vien bi thi tong cac nhan ctia s6 bi con lai 1 5048. Hoi vien bi dé duge gin nhan
1a s6 ndo?

(A) 1, (B) 2; (C) 3; (D) 4 (E) 5.

Cau 5. Cho s6 tut nhién abc chia hét cho 37. Chting minh réing céc s6 bca va cab ciing
chia hét cho 37.

Cau 6. Cho 0 < a < 2. Giai hé phuong trinh sau

rT+—=ay
x
1
y+-—=az
Y
1
2+ - =ax
\ z

Cau 7. Cho hinh binh hanh ABCD c¢6 AB < BC. Duong phan giac BP cua goc LZABC
cat AD & P. Biét ring APBC 1a tam gidc can, PB = PC = 6cm va PD = 5cm. Tinh
do dai cac canh cia hinh binh hanh.

Cau 8. Chiing minh ring tam thtic bac hai g(z) = 322 — 2ax + b c6 nghiém khi va chi
khi ton tai bo s6 a, 3,7 sao cho

a=a+ 0+~
b=af+ By +yao.

Cau 9. Cho ba s6 duong ai, as, az. Cac sd nguyen o, as, g va 31, 32, f3 cho trude thoa
man cac diéu kién

ajo + asog + azog =0

a1 + azB2 + azB3 = 0.

Tim gi4 tri nhé nhat cia biéu thitc
M = alxo‘lyﬁl + agxo‘2y’32 + agxo‘By’g3, x>0,y>0.

Cau 10. Tinh

1.4 Olympic Toan hoc Hung vuong lan tha 4, nam
2008

Cau 1. Hai chit s6 tan cing ciia s6 M = 22008 I3
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(A) 16, (B) 36, (C) 56, (D) 76, (E) khong phai la cic dap s6 trén

Cau 2. Cho m, n la cac sd nguyén duong sao cho s6 A = m? + 5mn + 9n? c6 chit s6 tan
cuing bang 0. Khi d6 hai chit s6 tan cuing ctia A 13

(A) 00, (B) 20, (C) 40, (D) 60, (E) khong phai la cac dap s6 trén

Cau 3. Hoéi ¢6 bao nhiéu s6 nguyeén tit 1 dén 2008 dong thoi khong chia hét cho 2, 3 va
57

Cau 4. Giai hé phuong trinh sau

rT+ry+y=>5
y+yz+z2=11
ztzrt+ax =7

Cau 5. U6 thé tim duge hay khong nam sé nguyén sao cho cac tong ctlia titng cap trong
nam s6 d6 lap thanh mudi sd nguyén lien tiép?

Cau 6. Chitng minh rang ton tai so6 tu nhién A c¢6 4 chit s6 tan ciing 1a 2008 va chia hét
cho 2009.

Cau 7. Xét hinh thoi ABCD canh bang a. Goi ry,ry 1an luot 14 ban kinh cac duong
tron ngoai tiép cac tam giac ABD, ABC. Chiing minh ring gia tri ctia biéu thiic

a\2 a\ 2

&)+ ()

71 T2
luén luon khong doi.

Cau 8. Giai phuong trinh sau

4% + 2 = 3423 + x

Cau 9. Cho ba s6 thuc z,y, z théa man dieéu kien
2, 2, 2 _
Ty + 2ty +yz+ 2z =25,
Tim gi4 tri nhé nhat cia biéu thitc

T = 2* + 3y* + 92°.



Chuong 2

Dap an Olympic Toan hoc Hung
vuong

2.1 Pap an Olympic Toan hoc Hiuing vuong lan thw
1

Cau 1.

Cac s6 nguyén duong ay, as, as, a4, as 1ap thanh mot cap sé cong tang. C6 bao nhiéu
cap s6 cong thod man dieu kién a; > 50, a5 < 1007

Giai. Ta ¢6 a5 = a; + 4d v6i d nguyén duong sao cho

> 50
“ (2.1)
a +4d < 100

Néu d > 13 thi as > 50 + 4.13 > 100. Vay, 1 < d < 12. Tt day ta c6 tinh toan cu thé
cho tung truong hop:

I
—

. Co 45 day.

I
O

C6 41 day.

I
w

C6 37 day.

|
=~

Co 33 day.

I
ot

C6 29 day.

Il
&

C6 25 day.

Il
~

C6 21 day.

Q. A a & a s a &

I
*®

C6 17 day.

12



2.1. Dap 4n Olympic Toin hoc Hung viong lan thit 1 13

d=9.Cé 13 day.
d =10. C6 9 day.
d=11. C6 5 day.
d=12. C6 1 day.

C61+5+9+--41 +45 = (1 + 45) x 6 = 276 day.

Cach khac: Sau khi chiing minh 1 < d < 12, ta xay dung cong thitc tong quat

12
S:49><12—4Zd

d=1

va thu duge S = 276.

Cau 2.

Cac s6 nguyén duong a,, as, as, a4, as 1ap thanh mot cap s6 nhan tang. C6 bao nhiéu
cap s6 nhan thoad man diéu kién a5 < 1007

« 2 e .9 ? n N ~ ~ ? L A ~ 2 ~ X (PN N z
Giai. Gia st — la cong boi clia cap sO nhan thod man dieu kién bai toan, n > m,
m o
(m,n) = 1. Khi d6 a5 = a1—;, nén a; = km* v6i k nguyen duong. Céc s6 hang ctia cap
m

sO nhan do 1a
Em?, km3n, km®n?, kmn?, kn*.

Néu n > 4 thi kn* > n* > 256 > 100. Vi vay n = 2 va n = 3.
n =23 vam=2thi 81k < 100 nén k& = 1. C6 mot cap s6

(16, 24, 36, 54, 81).
n =3 vam =1 thi 81k < 100 nén k = 1. C6 mot cap sbd

(1,3,9,27,81).

n=2vam=1thi 16k <100 nén k =1,2,...,6. C6 6 cap so:

(1,2,...),(2,4,...),(3,6,...),(4,8,...),(5,10,...),(6,12,...).
Vay tong cong c6 8 cap s6 nhan thod man diéu kién as < 100.
Cau 3.
Cac s6 duong ay, as, as, a4, as thod man cac dicu kien

(i) 2ay,2as,2as,2ay,2as 1a cac s6 nguyén duong
(M) a1+a2+a3+a4+a5:99.
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Tim gia tri 16n nhat va nhé nhat cta tich P = ajasasasas?
Giai. Viét bai toan dudi dang

Cac s6 nguyen duong x1, T2, T3, T4, Ts thod man cac dicu kien

1+ 2o+ a3+ 24 + 25 = 198.
Tim gia tri 16n nhat va nhé nhat cla tich P = %x1x2x3$4x5?
) 3.198
Khong giam tong quat, giast rqy < 29 < --- < x5. Khi do a3+x4+x5 > 5 = 118&.

Néu x5 + x4 + x5 = 118 thi 2y + x5 = 40. Dé thay vo ly.

Néu z3 + x4 + x5 = 119 thi cling khong x4y ra. Do vay, ta xét z3 + x4 + x5 > 120. ap
dung bat ding thitc Cauchy, ta c6

/(4021 (4025) (3923 (3924) (395) < 40(z1 + x2) + 39(23 + 24 + 25)

5
. 40(51314—3724-51334—374—1-%5)—($3+$4+ZU5)
N 5
< 40 x 198 — 120 1560,

5
T doé suy ra Ppae = 3042000 khi a; = as = 19,5 va ag = a4 = a5 = 20.
Cau 4.
Gia stt tam thitc bac hai f(x) luon duong véi moi z. Chitng minh rang f(x) viét duge
dué6i dang tong binh phuong ctia hai nhi thic bac nhat.
Giai. Theo gia thiét, ta c6
f(x)=ar* + bz +c>0, Vo €R.

Suy ra

f(z) = <\/5$+%>2+%>0, Vr € R.

Stt dung dong nhat thic

. <A—|—B)2+<A—B>2’

V2 V2

ta c6 ngay diéu phai ching minh.

Cau 5.

Gia st ham trung phuong g(x) = z* + bz? + ¢ luon luon duong véi moi z. Chiing
minh ring g(r) viét duge dudi dang tong binh phuong ctia hai tam thiic bac hai.

Giai. Nhan xét rang ¢ > 0.
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Khi A < 0, ta nhan dugc két qua nhu Cau 4.
Khi A > 0 tiic 1a b* — 4¢ > 0 hay b — 2/c > 0, khi d6 ta stt dung bién ddi sau

g(z) = (2 + V)’ + (b — 2v/c)2?

Cau 6.

Cho hinh vuéng ABCD. Tim quy tich cac diém M thudc hinh vuéng (phan bén
trong va bién ctia hinh vuong) sao cho dién tich cac tam gidc MAB va M AC bang
nhau.

Giai. Gia st ton tai diém M thoad man yéu cau bai toan. N&i AM, ky kieu I 1a giao
diém ctia AM véi BC. Ha cac duong BH, CK vuong goc véi AM.

1) Xét truong hgp M thuoc tam gidc ABC. Tt gia thiét suy ra BH = CK. Do do,
ta c6 hai tam gidc bing nhau ABHI = ACKI. Vay, I can phai ndm trén doan thang
AI. Ngugce lai, dé dang chung minh duge réng, néu M € Al thi S(MAB) = S(MAC).

2) Xét truong hop M thudc tam gidc ADC. T gia thiét suy ra BH = CK. Do do,
M € AD. Vay, M can phai ndm trén canh AD. Ngudc lai, dé dang chiing minh dugc
rang néu M € AD thi hai tam gidc MAB va M AC c6 dién tich bang nhau.

Cau 7.

Cho hinh vuong ABCD. Gia st F la trung diém canh CD va F 1a mot diém & ben
trong hinh vuoéng. Xac dinh vi trf diém @ thuoc canh AB sao cho AQE = BQF.

Giai.
Gia st ton tai diem @ € AB thod man diéu kién bai toan. Ky hieu P la diém giita
canh AB va K la chan duong vuodng gbc cua F' 1én AB.

Xét truong hop K € PB. Dé dang ChlIIlg minh @) € PB. G01 F’ la diém doi xtng

ciia F' qua AB. Dé dang thay rang FQB F’QB Suy ra AQE B’QF’ Do do, ba
diém F, Q, F’ thang hang. Hay, Q 13 giao diém ctia EF' v6i AB.

Xét truong hop K € AP. Dé dang ching minh Q € AP. Tuong tu nhu truong hop
trén, ta chiing minh duge Q la giao diém ctia EF’ véi AB.

2.2 Pap an Olympic Toan hoc Hiuing vuong lan thw
3

Cau 1. S6 do cac goc trong clia mot ngit giac 16i c6 ty le 2:3:3:5:5. S6 do clia goc
nhé nhat bang
[(A)] 20°, [(B)] 40°, [(C)] 60°, [(D)] 80° [(E)] 90°

Giai. [(C)].
Tong cac goc trong clia ngil giac 16i c6 s6 do bang 540°. Khi d6

21 + 3z + 3z + 5x + 5z = 540°.
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Suy ra z = 30°. Vay, s6 do goc nhé nhat bang 60°.

Cau 2. Cho a # 0. Giai hé phuong trinh

£E2005 + y2005 + 22005 — CL2005
:L,QOOG + y2006 + 22006 — a2006
1'2007 + y2007 + 22007 — a2007'

Giai. Tru6c hét ta gidi hé phuong trinh
22005 | 42005 4 ;2005 _
2006 | 42006 4 2006 _ (2.2)
22007 | 42007 4 2007 _
T phuong trinh thit 2 trong hé (2.2) dé dang suy ra z,y, z € [—1, 1] . Trit phuong trinh
thit 2 cho phuong trinh thit ba trong hé do6 ta thu dugce
22006(1 ) 4y 2008(1 _gy) 4 22006(1 _ z) =
Dé dang suy ra z = 0,1;y = 0,1; 2 = 0, 1. Thit lai ta duge ba nghiém cua hé (2.2) 1a
(z,y,2) = (1,0,0);(0,1,0); (0,0, 1).
Bay gio ta giai bai toan. Dat
ORI Y
a a a
Khi d6 (2/,¢/, 2') 1a nghiém ctia phuong trinh (2.2). Vay nghiém ctia bai toan la
(z,y,2) = (a,0,0);(0,a,0);(0,0,a).

Cau 3. Xac dinh bo s6 duong a, b, ¢ sao cho
az®y'? + by + c2Ma® > 1521527, Vo >0,y > 0,2 > 0.
Giai.
St dung bat dang thiic giita cac trung binh cong va nhan
au + bv + cw
a+b+c

Dau dang thic xay ra khi va chi khi w = v = w = 1. Ta can chon cac s6 duong a, b, c
sao cho dong thoi xay ra

> (uPw)Y O e b e ww,w > 0. (2)

( ax® +b.1 + cab
15

>zt Vo >0,

ay'? + by’ +c.1

> 1% Yy >0,
15 Yy Yy

a.l+ bz? + 2!t
\ 15

> 27 V2> 0.
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Theo (2) thi

( a+b+c=15
9a1—;8c:4
12a+9b_8
15
9()—1—110_7
\ 15

Heé phuong trinh tuyén tinh nay cho ta nghiém duy nhat a =4, b =8 va ¢ = 3.
Thé cac gia tri a, b, c vao vé trai cia (1), ta thu duge
499" + 8y2% + 32Ma® > 1527527, Vo >0,y >0,2>0
la dang.
That vay, ta co
49y'? + 8y92% + 321148

15
(@992 4 -+ 2%12) + (020 -+ y22%) (2 21 )
15
S [ 49438, 412489 8.9+3.11] 1/15 487
Z () z =ryz,

tuc la
429" 4+ 8y2% + 32Ma® > 152527, Vo > 0,y > 0,2 > 0,
diéu phai chiing minh.

17

Cau 4. Cho tam giac ABC va diém M thuoc BC'. Xét hinh binh hanh APM N, trong
d6 P thudéc AB va N thudéc AC va hinh binh hanh ABDC v6i duong chéo AD va
BC. O la giao diém ctia BN va C'P. Chitng minh ring PMO = NMO khi va chi khi

BDM = CDM.

Giai. Ta chitng minh cac diém O, M, D thang hang. Gia st duong thang chita OM cit
BD va CD lan lugt tai D; va D, tuong ting. Ta chitng minh D; = Dy, = D. Goi K 1a

giao diém ctia M P va BN, L la giao diém ctia M N va CP. Khi d6 thi
NK AP NL
NB AB NM’

Suy ra
NK NL

NB NM’
Do d6 KL | BC. Vay nén
OM OK OL OM
OD, OB 0OC OD,

Dicu do6 ching té D; = Dy = D hay cac diem O, M, D thang hang. Khi d6 hién nhien

MPO = NPO khi va chi khi BDP = CDP.
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Cau 5. Cho s6 duong M. Xét cac tam thitc bac hai g(x) = 2% + ax + b ¢6 nghiém thuyc
x1,T9 va cac hé s6 thod man dieu kién
max{|al, |b], 1} = M.
Tim gié4 tri 16n nhat cta bicu thic
(1 Jaa [) (L + [2]).
Giai. Ta co

—a —Va? —4b —a+va?—4b

I = 2 y L2 = 2

va
(14 |21 ) (1 + |@2]) = 1+ |zrao| + 21| + 22| = 1+ [b] + |21] + [22].

Néu b > 0 thi |z1| + |22| = |21 + 22| = |a|. Do d6
(1 + |22 )1 + |22|) S T4 [0 + |af <14 2M. (1)

Néu b < 0 thi z; <0, vd 25 > 0. Khi d6

a+va?— 4b
|$1|_ )
2
12| a++va?—4b
To| =
? 2
Suy ra
|z1| + |72] = Va2 — 4b < VM2 4 4M.
Do do

(L4 |z |)(1 + |2o]) K 14+ M +VM? +4M. (2)
So sanh (1) va (2), ta thu duge

max[(1+ |z1])(1 + |xa])] = 1+ M + VM? + 4M
va dat dugce khi a = +M, b = —M. Liac d6 phuong trinh bac hai ¢6 dang

22+ Mz — M = 0.

2.3 Pap an Olympic Toan hoc Hiuing vuong lan thi
3

Cau 1. Mot da giac 16i ¢6 nhieéu nhat 1a bao nhiéu géc nhon?
(A) 2; (B) 3; (C) 4; (D) 5; (E) 6.

Giai. (B) 3.
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Cau 2. Mot da giac 16i ¢6 nhiéu nhat 1a bao nhiéu géc khong tu?
(A) 2; (B) 3; (C) 4; (D) 5; (E) 6.

Giai. (C) 4.
Cau 3. X4c dinh hai chit s6 tan cling clia s6 sau
M = 2% + 2029 + 20027 4 20062°%%?

(A) 04; (B) 34; (C) 24; (D) 14; (E) Khac cac dap s6 da néu.
Giii. (C) 24.
Cau 4. C6 n vien bi trong hop dugc gian nhan lan lugt 13 1,2,...,n. Nguoi ta lay ra
mot vien bi thi tong cac nhan clia sé bi con lai 1a 5048. Hoi vien bi dé duge gan nhan
1& s6 nao?

(A) 1, (B) 2; (C) 3; (D) 4; (E) 5.

Giadi. (B) 2. Ta c6

1
1+2+---+n:@.
Vay nén
1
M_k:mz;g
2
hay

n(n + 1) — 2k = 10096.

Ta c6 dang thic sau:
100.101 — 22 = 10096.

Cau 5. Cho s6 tu nhién abc chia hét cho 37. Ching minh réing céc sb bea va cab ciing
chia hét cho 37.

Giai. Ta c6, theo gia thiét thi
M = (100a + 10b + ¢) : 37

va

N = 11bca = 1100b + 110c¢ + 11a.
Suy ra

M+ N =111(a + 10b+ ¢) : 37.

Tiép theo, ta c6 o
P = 101cab = 10100c 4+ 1010a + 101b
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M+ P =111(a+ b+ 273c) : 37.

Cau 6. Cho 0 < a < 2. Giai hé phuong trinh sau

rT+—=ay
x
1
y+-—=az
Y
1
2+ - =ax
\ z

e 2 ? X ~ ~ N 1 ? X P .
Giai. Chi can xét x,y,z > 0. Tu bai ra, do x + — > 2, nén chi can xét z,y,2z > 1. Goi

x = max{x,y, z}.
Néu y > z thi

Do z,y,z > 1 nén
1 1
_<_
x

N

hay ¢ < z. Suy ra x =y = z va tut do ta co
- Néu 0 < a < 1 thi hé vo nghiem,
-Néul<a<?2th

1
r=y=z= .
4 a—1
Néu z > y thi
1 1
2+ -z2y+-
z )

va ta cling thu dugc két qua nhu da c6 & tren.

Cau 7. Cho hinh binh hanh ABCD c¢6 AB < BC. Dusng phan giac BP cta goc ZABC
cat AD & P. Biét rang APBC la tam giac can, PB = PC = 6cm va PD = 5cm. Tinh
do dai cic canh cta hinh binh hanh.

Gidi. Tac6 AABP ~ APBC nén
T 6
6 45

Giai phuong trinh nay ta thu duge z = 4.
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Cau 8. Chiing minh réing tam thiic bac hai g(x) = 32* — 2ax + b ¢6 nghiém khi va chi
khi ton tai bo s6 a, 3,7 sao cho

{a =a+fF+y
b=af+ By +yo.
Giai. Diéu kién du la hién nhien vi
AN=a*-3b=(a+p+7)? =3B+ By+va) =0
ting v6i moi bd «, 3, 7.
Ngugce lai, néu g(x) ¢6 hai nghiém 1a u, U+Néu u = v thi chi can chon o = 3 = v = w.
u+ v

Néuw #wvthichona=u, 3=vvay= 5

Cau 9. Cho ba s6 duong ai, as, az. Cac sd nguyén oy, as, az va 31, 32, f3 cho trude thoa
man cac diéu kién

a1 51 + a2 + asPBs = 0.

Tim gi4 tri nhé nhat cia biéu thic

{ ayaq + a0 + azaz =0

M = alxalyﬁl + agxazyﬁQ + agxo‘3yﬁ3, x>0,y>0.
Giai. Ta co ]

a1 + as + as
> pM + G20z + a3043y6l151 +axf2 +azfs _ 1

(alxmyﬁl +a2xa2yﬂ2 +a3xa3yﬁ3)

Vay nén M > a; + as + as. Dau dang thitc xay ra khi va chi khi v =y = 1.

Cau 10. Tinh

Giai. Dé thay phuong trinh cos 3z + cos 2z = 0 ¢6 nghiém

x:%+2k’7r; xr=m+ 2km.

Mat khac, phuong trinh trén tuwong duong véi

4deos’x +2cos’xr —3cosz—1 =0, <= (COS:L‘+1)(4COSZZ'—2COS£L‘—1):0.
. U 3T o . 9 1 1
Do d6 cos —, cos — la hai nghiém ctia phuong trinh 4 —2t—1 = 0. Suy ra ——; ———
5 5 Cos T COoS ?’T
la hai nghiém cta phuong trinh
1 1
4— —2-—1=0, <— ?+2t—-4=0.
12 t +

St dung dinh ly Viet, ta thu duge M = —2.
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Nhan xét 1. Trong SGK c6 bai tap: Biét rang cos 36° = . Tinh sin 18°. Do do,

1++5
1

6 thé hoc sinh st dung két qud nay dé tinh M.

2.4 Dap an Olympic Toan hoc Hung vuong lan tha
4

Cau 1. Hai chit s6 tan cung clia s6 M = 22008 ]y
(A) 16, (B) 36, (C) 56, (D) 76, (E) khong phai la cic dap sb6 trén
Lai giai. D& thay M chia hét 4. Mat khac, ta c6 22008 = 28 x 102429 = 256(1025 — 1)?%°

chia 25 du 6. T d6 suy ra hai s6 tan cing ctia A thuoc tap hop {06, 31,56,81}. Do A
chia hét 4 nén hai chit s6 tan ciing can tim 1& 56.

Cau 2. Cho m, n la cac sd nguyéen duong sao cho s6 A = m? + 5mn + 9n? c6 chit s6 tan
cuing bang 0. Khi d6 hai chit s6 tan cuing ctia A 13

(A) 00, (B) 20, (C) 40, (D) 60, (E) khong phai la cac dap s6 trén
Loi gidi. Taco A = (m+3n)? —mn c6 chit s6 tan cung 1a 0 nén A chia hét cho 2, suy
ra m,n la cac s6 chan. Do d6 A chia hét cho 4. Tuong tir, vi A chia hét cho 5 nén néu

m,n déu chia hét cho 5 thi A chia hét cho 25. Khi d6 m = n = 6 thi A c¢6 tan cung 40.
Vay dap so 1a E.

Cau 3. Hoi ¢6 bao nhiéu s6 nguyén tit 1 dén 2008 dong thoi khong chia hét cho 2, 3 va

57

Loi giai.
S6 cac s6 chia hét cho 2 1a @ = 1004.
S6 cac s6 chia hét cho 3 1a @ = 669.
S6 cac so chia hét cho 5 1a @ = 401.
S6 céc $6 chia hét cho tich 2.3 1a _g_ — 334.
SO cac s6 chia hét cho tich 2.5 1a % = 200.
SO cac 86 chia hét cho tich 3.5 1a % = 133.

P P p 2
SO cac so chia hét cho tich 2.3.5 1a [%} = 66.
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Vay s6 céc s6 nguyeén tit 1 dén 2008 dong thoi khong chia hét cho 2, 3 va 5 bang

T = 2008 — (1004 + 669 + 401) + (334 + 200 + 133) — 66 = 535.

Cau 4. Giai hé phuong trinh sau

rT+ry+y=>5
y+yz+z=11
z24zr+ax="7

Loi giai. Viét phuong trinh dau duéi dang
(z+1)(y+1) =6

Twong tu, ta thu duge hé
(z+1)(y+1)=6
(y+1)(z+1) =12
(z4+1)(x+1)=14

Vay (‘Ivyvz) = (17273> va (l‘,y,Z) = <_37 —4, 5)

Cau 5. C6 thé tim dugc hay khong nam sé nguyén sao cho cac tong ctlia titng cap trong
nam s6 d6 lap thanh mudi sé nguyén lién tiép?

Lai giai. Gia st tim duge nam sé nhu vay, goi s la tong ciia nam s6 dé va n 1a gia
tri nho nhat clia tong cac cip hai s6. Khi d6, 10 s6 nguyen lién tiép néi trong dé bai la
n, n+1, ---, n+9. Ta tinh téng T ctia 10 s6 d6 theo hai cach khac nhau: Mot mat,
T=n+n+1)+n+2)+---+(n+9)=52n+9). Mat khac , T = 4s (do trong T
mdi 6 da cho c¢6 mat dang 4 1an). Tt d6 suy ra 4s = 5(2n +9) 1a dieu vo li. Vay gié st
ban dau la sai, titc 1a khong thé chon dudgc nam sb thod man yéu cau bai ra.

Cau 6. Chitng minh rang ton tai so6 tu nhién A c¢6 4 chit s6 tan ciing 1a 2008 va chia hét
cho 2009.

Loi gidi. Xét vo han cac s6 c6 dang 2008 . ..2008. Chia cic s6 nay cho 2009 dudc cac
s6 du tir 0 dén 2008. Néu c6 mot s6 du nao d6 bang khong, suy ra diéu phai chiing minh.
Vi tap trén la vo han nén ton tai hai s6 du bang nhau. Xét hiéu hai sé tuong ting, c6
dang 10% x 2008 . .. 2008 chia hét 2009. T (10%,2009) = 1 suy ra diéu phai chitng minh.

Cau 7. Xét hinh thoi ABCD canh bang a. Goi ry,ry 1an lugt 14 ban kinh cac duong
tron ngoai tiép cac tam giac ABD, ABC. Chting minh ring gia tri ctia bicu thiic

() ()
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luon luon khong doi.

Loi giai. Ké duong trung tryc cia AB cat AC 6 Oy, cat BD & O, thi O, O, 1a tam
cac duong tron ngoai tiép AABD va AABC suy rar; = O1A,ry = OsB.

ANAIO; «~ AAOB =

Tuong tu:

1 BD*> 1 1 AC’+BD?> 4AB*> 4

5 —
2

T at i T3 at at a?

Cau 8. Giai phuong trinh sau

4% + 2 = 3v/4x3 + x

Loi giai. Véi © < 0 thi VI'>VP, phuong trinh vo nghiém.
Xét x > 0, ta cod

3v/2(4x) (422 + 1 < 2+ 4x + 42 + 1 = 42® + 4o + 3.
Suy ra
3Vard + 2 < 22° + 22+ 3/2 < (22° + 27 + 3/2) + 2(2* — 1/2)® = 42° + 1.

Dau dang thitc x4y ra khi va chi khi z = 1/2.

Cau 9. Cho ba s6 thuc x,y, z théa man diéu kién
2, 2, .2 _
Tty + 2ty +yz+zr =25,
Tim gia tri nhé nhat ctia biéu thiic

T = 2 + 3y* + 92°.

Loi gidi. Taco 22+ 92 +22+ay+yz+20 =25 & (v +y) >+ (y+2)2 + (2 +2)* = 50.
Ditu=z+y, v=y+2 t=z+2x, bai todn quy vé tim gia tri nhé nhét clia biéu thic

v+t —u? t+u—v? u+v—t2

T = () () ot

v6i u? 4 v? 4 t2 = 50.¢

Vi vay ta chi can gidi bai toan dan xuat sau day.
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Bai toan dan xuat. Cho u? + v? + ¢? = 1, tim gia tri nhé nhat ciia
T=(w+t—v)?+3u+v—1)°+9v+t—u)’
Vé6i t =0, c6 u? + v? = 1. Khi d6
T=wum-v)?+3u+v)*+9v—u)?=13—14uv > 13 -7 =6.
V6it # 0, chi can xét 0 < T < 6. Dt w = af, v = St thi tu u? +0v* +t? = 1 suy ra
t ! Khi dé
=———— Khido
a?+ 2 +1

(a+1-=08)24+3a+B-1)*+9(8—a+1)?

T =
a?+ [ +1

Nhan xét rang 0 < T' < 6 nén
(T —13)a* + 276+ 11)a+T(F>+1) = (1 -2 =3(B—-1)2 - 9(B+1)>>0.
e AN = (164112 — (T - 13)[(T — 13)5* — 103+ T — 13] > 0.
Dit T —13 =V thi A" = (768 4+ 11)2 = V(V % — 108 + V).
A >0M49-VHF2+26V +71)F+121-V2>0
& BV TP —-(49-V*)(121-VH >0
& VP —3.65V — 770 > 0.
Dat V = 2657, c¢6 bat phuong trinh

770 770

AT — 3T — ———— >0 & u > 1y = arccos ———.
130/65 ! 130v/65




Chuong 3

Mot s6 phuong phap giai toan

Dé giai bai toan trude hét phai can cit vao dang, noi dung dicu kién ma chon phuong
phép giai thich hgp. Néu bai toan c6 thé giai bing nhiéu céach, thi can chon phuong
phéap tét nhat theo mot tieu chi nao do.

Noi dung co ban clia bai viét nay duge rat ra tit cdc bai giang clia tic gia tai Khoi
phd thong chuyen Toan-Tin Truong dai hoc Khoa hoc T nhién va mot s6 Truong trung
hoc phd thong chuyen.

Bai viét gom hai phuong phap co ban nhat:
- Phuong phap quy nap,
- Phuong phép phéan chiing,
va nam phuong phap dac thu dé gidi cac bai toan khong mau mue. do la:
- Phuong phap suy luan tryc tiép
- Phuong phap logic ménh dé
- Phuong phéap bang
- Phuong phap so do
- Phuong phap do thi

Madi phuong phap déu c6 phan tém tat ly thuyét, noi dung. Song chii yéu van 13
thong qua hé théng vi du dé minh hoa cach tng dung dé giai toan.

Nhan dip ky niém 40 nam ngay thanh lap Khéi pho thong chuyén Todn Truong dai
hoc Téng hop Ha noinay 1a Khéi pho thong chuyén Toan-Tin Truong dai hoc khoa hoc
Ty nhién, dai hoc Qudc gia Ha noi trong cic vi du tit phan III trd di tac gida man phép
ghi lai tén mot s6 trong cac Thay Co gido da gan b6 va cong hién hét minh cho sy phat
trien va thing hoa ctia Khéi.

26
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3.1 Phuong phap quy nap

Phuong phap quy nap cé vai tro vo cung quan trong trong toan hoc, khoa hoc va
cuoc song. D61 v6i nhiéu bai toan phd thong phuong phap quy nap ciing cho ta cach
giai hitu hiéu.

Suy dién 1a qua trinh tit “tinh chat” ctia tap thé suy ra “tinh chat” clia c4 thé, nén
luon luén ding, con qua trinh ngude lai, tiic 14 qua trinh qui nap: di tit “tinh chat” cta
mot s6 ca thé suy ra “tinh chat” ctia tap thé, thi khong phai lic nao cling ding. Qua
trinh nay chi dang khi n6é thod man mot s6 dieu kién ndo do, tic thod man nguyeén 1y
quy nap.

3.1.1 Nguyén ly quy nap

Néu khang dinh S(n) thod man hai didu kién sau:

a) Dung v6i n = ko (s6 tu nhién nhé nhat ma S(n) xac dinh).

b) Tt tinh ding dan cta S(n) déi véi n = ¢ (hodic d6i véi moi gia tri ciia n(ky <
n <t)) (t = ko) suy ra tinh ding dan cta S(n) doéi v6i n =t + 1, thi S(n) ding v6i moi
n 2 lfo

3.1.2 Phuong phap ching minh bang qui nap

Gia st khang dinh T'(n) xac dinh v6i moi n > to. dé chiing minh T'(n) ding véi Vn > tg
bang qui nap, ta can thic hién hai bude sau:

a) Co sG quy nap

Thuyec hién bude nay tiic 1a ta thit xem sy ding dan ctia T'(n) v6i n = ty nghia la xét
T(to) c6 dung hay khong?

b) Quy nap

Gia st khang dinh T'(n) da ding v6i n =t (hodc ddi véi moi n ty < n < t)). Trén co
s gid thiét nay suy ra tinh dang dan ctia T'(n) ddi v6i n =t + 1, tiic T(t + 1) dang.

Néu ca hai buée trén déu thod man, thi theo nguyen 1§ quy nap 7'(n) ding véi moi
son>1(n>ty)

Trong qué trinh qui nap néu khong thuyc hién day du ca hai bude: Co s6 qui nap va
quy nap, thi c6 thé dan dén két luan sai lam chéng han trong cac vi du sau:

Vi du 3.1.1. Nha Todn hoc Diic vi dai G. V. Lepnit vao thé ky thit 17 sau khi chiing
minh dugc: Vi moi s6 nguyén duong n s6 n® —n chia hét cho 3, s6 n® —n chia hét cho
5, s6 n” —n chia hét cho 7 da b6 qua cd khau quy nap va co s6 quy nap ma dua ra khang
dinh: Vi moi s6 1€ k va vdi moi so tw nhién n so6 n* —n chia hét cho n. Khang dinh
nay khong ding bdi vi s6 2° — 2 = 510 khong chia hét cho 9.

Vi du 3.1.2. Xét tam thic bic hai T(x) = x? + x + 41. Khi thay
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z =0 ta dugec T(0) = 0>+ 0+ 41 = 41 la s6 nguyén to.
=1 ta duge T(1) =12+ 1+ 41 = 43 la s6 ngyuén to.

r=23,4,56,7,8,9, 10 dugc cic s6 nguyén to tuong ing 47, 53, 61, 71, 83, 97,
118, 181, 151. Nha vy bude co s6 quy nap thod man, nhung néu bé qua budc quy nap ma
két luan rang: Khi thay x bang s6 nguyén khong am tuy jn so T(n) = n*+n+41 la s6
nguyén to, thi sé sai lam. Bdi vi, néu thay x = 0,1,2,3,...,39, déu c6 T(x) la so nguyén
t6, nhutng khi = = 40 lai 6 T(40) = (40)% +40+41 = 40[40+ 1] +41 = 40.41+41 = (41)?
la hop so!

3.1.3 Van dung phuong phap qui nap dé giai toan dai s6 va sb
hoc
phuong phéap quy nap dugc sit dung trong tinh toan, trong chitng minh va suy luan dudi

nhiéu dang khac nhau. Sau day sé thong qua hé théng vi du dé minh hoa mot s6 van
dung phuong phap quy nap.

Van dung phuong phap qui nap trong tinh toan

dé giai quyét mot bai tap tinh toan nao dé bang phuong phap quy nap ta:

- Van dung bude quy nap cho mot vai “dang so lieu” ban dau. Trén co s6 d6 du doan
“dang s6 lieu tong quat”.

- Sau dé van dung budc quy nap dé ching minh “dang s6 lieu” duy doan chinh la
“dang sb lieu” can tim.
Vi du 3.1.3. Hay tinh tong cia n sé tu nhién dau tién.
Giai.

Ta ky hiéu téng ciia k s6 tu nhién dau tien 1a S,

1) Co sé quy nap

1.(1+1
2.(241
Voi k=268 —1+42—3— 22D 2* )
3.3+1)

Voi k=308 =1+2+3=6=""7

Trén co sé dang ctia Si, So, S5 ta du doan tong clia n s6 tu nhien dau tien S, co6
dang:
n(n+1)

R )

n(n+1)

2) Van dung quy nap dé chiing minh S, = la dang can tim.
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That vay! Gia st dang tong da ding véi n = k > 1, tiic tong clia k s6 tu nhién dau
tién da co:

Sk=1+2+---+k:@-
Khi d6 v6i n =k + 1, ta c6:
Sk+1=1+2+---+k+(k+1):@Hkﬂrl):w,
n(n+1)

Vay dang thitc (1) ding véi moi s6 tit nhién k, nén véi n = k c6 S, = 5

Vi du 3.1.4. Hay tinh tong binh phuong cia n soé tu nhién dau tién.
Giai.
1) Co sé quy nap

Dung S, dé ky hiéu tong binh phuong ctia k s6 tu nhien dau tien. Khi d6 véi

k:10651:12:1:1~(1+1)(2.1+1)

6
2.2+1)(22+1
k=2c6S,=12+2=5= (2+ )6( +1)
3.3+ 1)(23+1)

k=3c6S93=12+22+32=14=

6
Trén co so dang Si, S», S3 du kién tong binh phuong ctia k s6 tu nhién dau tien
kE(k+1)(2.k+1)

Sy, = - :

nn+1)(2n+1)

2) Van dung quy nap dé chting minh chinh 1a téng binh phuong

clia n s6 tu nhién dau tién.
That vay, gia st v6i n = k > 1, tiic tong binh phuong ciia k s6 tu hién dau tien da
co:
k(k+1)(2.k+1)
6

Khi d6 v6i n =k + 1 ta co:

Sppr =12 4+22 4+ (k=12 +k* + (k+1)
k(k+1)(2.k+1)

= 5 + (k+1)?
zﬁ%im@k+1)+ak+1n
_k+1

[k(2k + 3) + 2(2k + 3)]

(k+1)(k+2)2(k+1)+1)
5 .
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Vay déng thiic ding véi moi s6 ty nhién k, nén véi n = k c6

_n(n+1)2n+1)
Sp = 6 .

Vi du 3.1.5. Hay tim u,, néu biét: uy = 1 vdi moi so tu nhién k > 1 déu cé

Up = Ukp_1 + 3. (1>

Giai.
1) Co sé qui nap: Xét ba s6 tur nhien dau tien:
k=1couy=1=31-2
k=2couy=u1+3=14+3=4=32-2
k=3cous=u+3=44+3=7=3.3—-2

Trén co s6 dang ctia uy, us, us du kién

Uy = 3.0 — 2. (2)

2) Van dung quy nap chitng minh dang (2) ding véi moi s6 tir nhiéen n.
That vay! Gid stt v6i n = k > 1, u, = 3.k — 2. Khi d6, theo dang thiic (1) cé:

Uppr =up +3=3k—2+3=3(k+1)—2.
Vay dang thic (2) ding v6i moi n, nén c6
U, = 3n — 2.

Vi du 3.1.6. Tich 1.2...n dugc ky hiéu bang n! va doc la n giai thwa. Dé dang thay:
11=1,20=2 31=6, 4 = 24, 5 = 120.
Hay tinh
Sp=11+2214+334+--- 4+ n.mn!
Giai.
1) Co sé quy nap. Xét bén tong dau tien.
viin=1c6 S5 =111=1=2—-1=2!—-1
n=2c6S=111+221=5=6—-1=3—-1
n=3c6S5=111+22!4331'=23=24—-1=4!—-1
n=4c¢69,=1114+22433"'+44'=119=120—-1=5! — 1.

Trén co sé bén tong dau tien du kién
Sp=(n+1)!—1. (1)

2) Van dung quy nap dé chiing minh déng thitc (1) ding véi moi s6 tu nhién.
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That vay! Gia st véin =k > 1da c6 Sy = (k+ 1)! — 1.
Khi d6 v6i n =k 41 ta c6:

Sk+1 =111 +2.21 + 3.3l 4+ Qots + k.k! + (K + 1)(k + 1)!
=Se+hk+1)k+1)=Fk+D) -1+ (k+1)(k+1)!
=k+1)l(k+2)—1=(k+2)!—1.

Vay dang thtic (1) ding v6i moi s6 tu nhién n, nén c6

Van dung phuong phap quy nap trong chiing minh

Van dung co s6 quy nap dé ching té su ding din ctia khang dinh déi véi vai sé tu nhien
dau tien ma khang dinh thod man. Sau dé ding quy nap dé ching minh khéng dinh
ding v6i moi s ti nhién.

Vi du 3.1.7. Hay chiing minh ring

1
Sp=1-22432—424... 4 (1) p? = (—1)"1@.
Giai.
1) Co s6 quy nap
1(1+1) _,
Véin=1c6 S =(-1)""112=1= (—1)11% dang thic ding.
2) Quy nap
Gia stt déng thic ding véi n = k, nghia la
k(k+1
Sp=1-22432 42 ... 4 (=D 1E* = (_1)1@—1%

Do dovéin=Fk+1co
Sper =1 —22+3% =42 4o 4 (=1)F 2 4 (= 1) (k + 1)2

=Sk + (=1)F(k+1)* = (—1)’“@ + (=1)*(k + 1)?

:<_1)k (_M 4 (/{ T 1)2) — (_1)k(k + 1>(k + 2)

2 2

Vay dang thic dang véi moi s6 tu nhién n, nén

1
S, = (_1)n—1w.
2
Vi du 3.1.8. Chiing minh rang:
12 22 n? n(n+1)
_ _|_ R + e + =
13" 35 2n—1)2n+1)  2@2n+1)
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Giai.
1) Co sé quy nap
21 1(141)

Véin=1c6 — = —

= U T 4Eng thite di
13 3 2214 1) (onerCaung

2) Quy nap

Gia stt dang thic ding véi n = k, nghia 1a
12 22 k? k(k+1)
13 35 2k —1)(2k+1)  2(2k +1)

Khi d6 véi n = k + 1 ta co:

12 92 % (k +1)2
13+35+'+(2k—1)(2k+1)+(( +1D)-1)2k+1)+1)
_ k(k+1) (k+1)?  (k+1)(k+2)

22k +1)  2k+1)2Kk+1)+1)  22(k+1)+1)

Vay déng thiic ding véi moi s6 tu nhién n.

Vi du 3.1.9. Chiing minh rang:

S B 1 on
1.5 5.9 (4n—3)(4n+1) 4n+1
Giai.
1) Co sé quy nap
1 1 1
Véi — 1 ta c = 4 = ¢ =
P S VR TV 15 5
ding thiic thod man.
2) Quy nap
Giai sit déng thic da dang véi n = k, nghia la
1 N 1 P 1 _k
1.5 5.9 (4k —3)(4k +1) 4k +1
Theo dang thic (1) véin =k + 1 c6:
1 n 1 T 1 n 1
1.5 5.9 (4k —3)(4k+1)  (4k+1)(4k +5)
k 1 . k+1

Tl @)@k +5) k1) +1

Vay dang thiic ding véi moi n.

32
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Van dung quy tic quy nap dé xac dinh tinh chia hét

Truée hét van dung co sé quy nap dé xét tinh ding din ctia khang dinh v6i nhitng so
tu nhién dau tien. Sau d6 van dung quy nap dé xac dinh tinh ding din ctia khang dinh
déi v6i moi s6 tir nhién.
Vi du 3.1.10. Ching minh ring tong lap phuong cia ba sé tw nhién lién tiép luon luon
chia hét cho 9.
Giai.

1) Co sé quy nap

V6i ba s6 tit nhién dau tien 1, 2, 3 ¢6 13 + 23 + 3% = 1 + 8 + 27 = 36 chia hét cho 9,
nén khang dinh ding.

2) Quy nap
Gia stt d6i v6i s6 ty nhién & nao do khang dinh da ding, nghia la tong lap phuong
4+ (k+1)%+ (k+2)°
da chia hét cho 9, nghia I ton tai s6 tu nhien ¢, dé
B+ k+1)P>+(k+2)?>=9t (1)
Khi d6 theo (1) d6i v6i s6 tu nhién k + 1 tong lap phuong
(k+17°+ (k+2)>+ (k+3)° =
= (k+1)°+ (k+2)° + k* + 9k* + 27k + 27
=k + (k+1)° + (k+2)° + 9(k* + 3k + 3)

=9t + 9(k* + 3k + 3)
=9(t+k*+ 3k +3)

chia hét cho 9, nén khéng dinh ding véi tong lap phuong clia ba s tu nhién lien tiép
tuy .
Vi du 3.1.11. Chiing minh rang véi moi s6 nguyén khong am n sé

S, = 11"+% 4 12271

chia hét cho 133.

Giai.
1) Co sé quy nap
Véin =0sd Sy =112 + 1220+ = 112 4 12 = 121 + 12 = 133 chia hét cho 133.
2) Quy nap

Giai sit khing dinh da diang véi n = k > 0, tiic s6

Sp = 1172 4 122++1
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da chia hét cho 133, tic ton tai s6 tu nhien ¢, dé

11542 4 122 = 133¢. (1)

Khi do6 theo (1), véin =k + 1 ta c6
Sk;+1 — 11k‘+1+2 + 122(k}+1)+1 — 11]€+2+1 + 122]€+1+2
= 1111772 4+ 144.12%+ = 11(115+2 4 122+ 4 133.122FH
= 133t + 133.12% %! = 133(¢ + 12%11)

chia hét cho 133.

Vay khang dinh ding v6i moi s6 nguyén khong am n.
Vi du 3.1.12. Chitng minh ring vdi moi s6 nguyén duong n so

S, =47+ 15n — 1

chia hét cho 9.
Giai.

1) Co s6 quy nap

Véin=1sbS; =4+ 15.1 — 1 = 18 chia hét cho 9.

2) Quy nap

Giai sit khing dinh da dang véi n = k, nghia la s6

Sp=4"+15k—1
da chia hét cho 9, ttc ton tai sb6 tu nhien ¢, dé 4% + 15k — 1 = 9¢
Sprr = 4T 4 15(k — 1) — 1 = 4.4% + 15k + 14 = 4.4F + 60k — 4 — 45k + 18
= 4(4F + 15k — 1) — 9(5k — 2) = 4.9t — 9(5k — 2) = 9(4t — 5k — 2)

chia hét cho 9.

Vay khing dinh ding véi moi s6 tu nhién duong.
Vi du 3.1.13. Véi moi s6 nguyén duong n dat

7

n lan.
A, =T

Chatng minh rang vdi moi s6 nguyén m > n > 2. Hieu A,, — A, chia hét cho 20.

Giai. Dé ching minh két luan trén trude hét can khang dinh ring véi moi s6 nguyen
k > 2 déu ton tai s6 tu nhién ¢, dé

Ay, = 20t + 3 (1)
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I) Chitng minh quan hé (1)
1) Co sé quy nap
V6i k=2 co Ay =77 = 73.7% = 343.2401 = 823543 = 20.41177 + 3.
2) Quy nap

Gia st khang dinh da diang v6i k = s > 2 nghia la déi v6i A, da ton tai s6 tu nhien
ts, dé
A, = 20t, + 3 (2)

Khi d6, theo (2), v6i k = s+ 186

A —7As _ 720ts43 _ (74)575573 _ (2401)5t5(3443)
=(20.120 + 1)°*(20.17 + 3)
=[(20.120)"" + Cj, (20.120)° " 4. +
+ C2+71(20.120) + 1)(20.17 + 3)
=20.17[(20.120)"" + Cgts (20.120)% 7 4 ... 4+
+ C2+71)(20.120) + 1] + 20.120[(20.120)% '+
+CL (201207572 4o 4 O3] 43
=20{17[(20.120)°" + C3, (20.120)%"~" + .- - +
+ C2:71(20.120) + 1] + 120[20(120)° ™! + C3, (20.120)%"
+o O} 43 =20t + 3.

Vay khing dinh ding véi moi sb tu nhién k > 2
IT) Chitng minh véi moi s6 ty nhién m > n > 2 sé A,, — A, chia hét cho 20

T quan hé (2) c¢6
Ay — Ay = 20t +3 — (20t, + 3) = 20t — 20t, = 20(tm — t,)

nén A,, — A,, chia hét cho 20.

Van dung quy nap dé ching minh bat dang thic

Van dung buéc ¢ s6 quy nap dé khang dinh bat dang thitc thod man véi nhing s6 ti
nhién dau tién ma né xac dinh. Sau dé ding quy nap dé khang dinh bat dang thiic ding
vGi tat cd cac s6 tu nhién ma né xac dinh

Vi du 3.1.14. Chitng minh ring vdi moi so6 tu nhién n > 1

1 N 1 n +1>13
n+1 n+2 2n 24

Giai.

Dung S, dé ky hiéu vé trai ctia bat dang thitc trén,
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1) Co sé quy nap

Véin =2 co
g _ | N 1 _14>13
T 241 "3+41 247 24
2) Quy nap
Gia st bat déng thiic da ding v6i n = k, nghia la da c6
13
19 1
Sk>24 (1)
Ta cb
S = 1 + L + +1
TRl k2 2%k’
S—1+1+ +1+1+1
T2 T ka3 2% 2%k +1 ' 2%k+2
nen 1 1 1 1
Ski1 — Sk = — = >0
BT T T g e T r 1 2+ )2k 1)
v6i moi s6 tu nhién k. Do d6
Sk+1>Sk (2)
N . / 13
TII(l)Va(Q) COSk+1>ﬂ-

Vi du 3.1.15. Chiing minh rang vdi moi so duong x va s6 tu nhién n bat ky déu cé bat
dang thice

1
it t a2t (1)

Giai.
1) Co sé quy nap
a) V6i n = 1 bat ding thitc (1) thod man va c6 dang

> 2 (2)

SHE=

x +

Vi(z—12?=22-2r+1>0,nén 2%+ 1> 2z.
b) Véi n = 2 dang thiic (1) c6 dang

1
R 523 (3)
dang thtic (2) ding v6i moi > 0, nén khi thay = bing 22 ta c6 bat dang thiic

9 1
T+ —= =2
22
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Thém 1 ci hai vé ctia bat dang thiic nay ta dudc bat dang thitc (3)
Vay véi hai s6 tu nhién dau tién 1 va 2 bat dang thiic (1) thod man.

2) Quy nap
Gia stt k 1a s6 tu nhién nao d6 va bat dang thitc da thod man véi n = k, nghia I3
I I L (4)
s 2 gk

Ta can khang dinh bat dang thitc (1) thod man véi n = k + 2, nghia la

1 1
k-2 + ok + +xk+2

A R e PR >k+3 (5)

That vay! tit bat dang thic (2) thay x bang 2¥+2 dugce bat dang thic

k+2
Xz +xk+2 = 2 (6)
nén tur (4) va (6) co
AR A NP = + ! =z 4+ — "+ !
Z’k k42 k k+2

>k+1+2=Fk+3

Vay dang thitc (1) ding véi moi s6 duong duong x va véi moi s6 tu nhien.

3.1.4 Van dung phuong phap quy nap dé giai bai tap hinh hoc
Tinh toan bang quy nap

Van dung buéc co s6 quy nap dé tinh gia tri cac dai luong tuong tng véi nhitng s6 tu
nhién dau tién ma ching xac dinh. Trén co s6 d6 ma du doan két qua cho truong hop
tong quat déi véi moi s6 tu nhien ma dai luong xac dinh

Sau d6 ding quy nap dé khang dinh tinh ding dén ctia két qua du doan

Vi du 3.1.16. Hay tinh s6 tam gidc T'(n) nhan dugc khi chia mot da giac n canh bang
cac duong chéo khong cit nhau.

Giai.
1) Co s6 quy nap
d6i vin =3 c6 T(3) = 1
d6i voi n = 4, tit gide (Hinh 1)
dugc chia thanh hai tam giac,
nén 7'(4) = 2.
Trén co s6 T'(3), T'(4) du doan
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T(n)=n-—2 (1)

2) Van dung quy nap dé chitng minh tinh ding din ctia cong thiic (1). Gia sit mdi
s6 tu nhién k (3 < k < n) da c6 T(k) = k — 2, titc moi da gidc k - canh duge chia thanh
k — 2 tam gidc nho cac duong chéo khong cat nhau. Xét mot cach chia da giac n canh
AjAs ... A,. Gia stt duong chéo A; A chia da giac n-canh A; A, ... A, thanh hai da giac
k-canh A1 A, ... Ay va da gidc (n — k + 2)-canh A1 A Ay ... A,

Vin>k>3nén3<n—k+2<n. Dodb theo gidi thiét quy nap T'(k) = k — 2
vaTl(n—k+2)=n—k+2-2=n—k.

Tn)=Tk) +Tn—k+2)=k—24+n—k=n—-2

Vay cong thiic (1) dang v6i moi s6 ty nhién n > 3.

Vi du 3.1.17. Hay tinh ban kinh duong tron noi tiép (r,) va ban kinh duong tron ngoai
tiép (R,) ciia da gidc déu 2"-canh cé chu vi bang P.

Giai.
1) Co sé quy nap
P P2
Véiantﬁ’giécvéichuviPc()'rgzgVaRng\/_
2) Quy nap
Giai stt d6i v6i da giac déu 2"-canh véi chu vi
P ta da tinh dugc ban kinh dudng tron noi tiép,
ngoai tiép r, va R,. Trén co sd d6 tinh ban kinh
duong tron noi tiép, ngoai tiép r,.1 va R, cla
da gidc déu 2"'-canh v6i cung chu vi P (Hinh
2).

kip-becm

Gia st AC la canh ctia da giac déu 2"-canh déi véi chu vi P. diém O la tam cta da
gidc, B-diém giita clia cung AC, D- diém gitta ctia day AC, EF la dudng trung binh
clia tam gidc clia tam gidc ABC va I 1a diém gitta ctia EF.

— — —_— 1 — 1/\ 1 - N
Vi EOF = FOB + FOB = §AOB + §COB = §AOC’7 nén E'F biang canh cta

da gidc déu 2" - canh noi tiép trong duong tron ban kinh OFE. Ngoai ra, da giac déeu
. AB .

27*1 _ canh nay con c6 chu vi bang 2" EF = 2”*17 = 2"AB, tic bang P. Béi vay

Tn+1 = OI va Rn+1 = OE

Huon ntta, vi EF la dudng trung binh ctua tam giac ABC, nén BI = ID. Béi vay

Rn n
OB - 01 =0I — 0D, nghiala R,, — 7pq1 = Tpy1 — Ty, DEN Ty = ;_T ,

Do tam gidc OEB vuong tai £, nen OE? = OB.OI, nghia la R? | = R,rp1 va
Rn+1 =V Rnrn—&—l-
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Nhu vay déi véi da giac déu 2" canh déi v6i chu vi P ta da tinh duge

R, +1r,
Tntl = T> Rn+1 =V Rnrn+1-

Chitng minh bang quy nap
Truée hét van dung budc ¢ sé quy nap dé sét tinh ding din cta khang dinh déi véi
mot vai hinh duon gidn nhat (tic nhing hinh xuit phat).

Sau d6 van dung buée quy nap dé xac dinh tinh ding din cta khang dinh doi véi
hinh tuy ¥ (thudc pham vi khang dinh).
Vi du 3.1.18. (T6 mau bang quy nap)

Trén mdt phang cho n (n > 1) hinh tron. Chiing minh rang vdi bat ky cdch sdp dat
nao, thi kinh nhan duoc cing cé thé to bang hai maw dé cho hai phan mat phdng ké nhau
(c6 bién chung) ciing duge to bang hai mau khdc nhau.

Giai. Bai toan nay ciing duge gidi quyét bang quy nap

1) Co s6 quy nap.

V6i n = 1, trén mat phing chi ¢6 mot hinh tron. Ta t6 hinh tron bang mau den. Khi
dé6 phan con lai ké v6i hinh tron duge dé tring, nén hai phan clia mit phang ké nhau
c6 mau khac nhau.

2) Quy nap

Gia st khang dinh ciing ding véi biic tranh gom n hinh tron. Gia s trén mat phang
cho n + 1 hinh tron tuy y. Xoa di mot trong nhitng hinh tron sé dugc biic tranh gom n
hinh tron (hinh 3). Theo gi4 thiét quy nap, bitc tranh nay chi can suon 2 mau, chang
han den, traing ma hai mién ké nhau déu c6 hai mau khac nhau.

Khoi phuc lai hinh tron da xo4 di, tic 1 trd lai hinh xuat phat, gom n+ 1 hinh tron,
roi theo mot phia déi véi hinh tron vita khoi phuc, ching han phia trong ctia hinh tron
nay thay doéi cac mau to da to bang mau ngudc lai, sé duge: bude tranh gdm n + 1 hinh
tron dugc to bang hai mau, ma hai mién ké nhau tuy y déu ¢6 mau khac nhau (Hinh
4).

Bai toan dudgc giai quyét xong!
Vi du 3.1.19. (Chap hinh bing quy nap)

Cho n(n > 1) hinh vuong tuy 4. Chiing minh rang tit cac hinh vuong nay cé thé cdt
va chdp thanh mot hinh vuong lén.
Giai.

Bai toan dugc giai quyét bang quy nap

1) Co sé quy nap

V6i n = 1. Khi d6 c¢6 mot hinh vuong nén hién nhién, khang dinh ding
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V6i n = 2, ¢6 hai hinh vuéng: ABCD va abed. Khi d6 c6 thé cit va chip thanh mot
hinh vuéng nhu sau: gia st hinh vuéng ABC'D khong nho huon hinh abed. Dung x ky
hiéu do dai canh hinh vuong ABCD, y la do dai canh hinh vuong abed, (x > y). Ta cit
cac hinh vuong ABCD va chap thanh hinh vuong A’B’'C’D’ nhu Hinh 5

2) Quy nap

Gia st khang dinh da ding v6i n (n > 1) hinh vudng. Gid st ¢6 n + 1 hinh vuong
tuy v Vi, Vo, ..., V1.

Chung ta chon hai hinh vudéng tuy ¥, chang han V, va V.1 va cat va chip thanh
hinh vuong V,,'. Theo gia thiét quy nap, ddi véi n hinh vuong:

Vi, Va, ..., V)

Ta c6 thé cit va chip thanh mot hinh vuong V. Nhu vay tit n + 1 hinh vuong
Vi,Va, ..., Vo, Ve da cat va chap thanh hinh vuéng V. Vay bai toan da gidi quyét
xong.

Dung hinh vudng bing quy nap

Trong buéc co s6 quy nap ta dung hinh dang “xuat phat”, ttic 14 hinh tuong tng vé6i s6
tu nhién dau tién ma né xac dinh. Sau dé van dung buéc quy nap dé dung hinh tuy ¥
thod méan cac tinh chat da cho.

Vi du 3.1.20. (Dung hinh bing quy nap)

Trén mdat phdng cho 2n + 1 (n > 1) diém, khong cé ba diém nao thdang hang. Hay
dung mot da gidgc 2n + 1 dinh, sao cho 2n + 1 diém da cho tré thanh trung diém thuoc
cac canh cua da gidc.

Giai. Bai toan giai quyét bang quy nap.

1) Co s6 quy nap

V6i n = 1, trén mit phang cho 3 diém. Bai toan quy vé viec dung mot tam giac khi
biét trung diém ctia ba canh. day la bai toan quen biét da dugc trinh bay trong sach
hinh hoc s6 cap.

2) Quy nap

Giai st d6i v6i 2k + 1 (k > 1) diém tuy ¥ khong c6 ba diém nao thang hang, ta déu
dung dugc da giac 2k + 1 dinh, dé cac diém nay la trung diém thuoc cac canh ctia da
giac.

Xét 2(k + 1) + 1 diém tuy y khong c6 ba diém nao thing hang

Al; A2a ey A2k7 A2k+17 A2k+2a A2k‘+3'

Gia st cac diem nay 1a trung diém thudc cac canh ctia da gidc By, B, ..., Bajio, Boris
(hinh 6).

Khi d6 Agji1, Agpya, Aspys 12 trung diém ciia cac canh tuong
tng Bogy1Bokt2, BoktoBokys va ByisBy. Gid sit A la trung
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dlém cua Canh B1B2k+1. Ta gléC AA2k+1A2k+2 A2k+3 1a mC)t
hinh binh hanh. Hinh binh hanh AAg, 1 Aoki0Ask i3 ¢6 ba
dinh Aoy 1, Aogio, Aokys cho trude nén dinh thi tu A hoan
toan c6 thé xac dinh dugc bing cach qua diém Agg, ké
dudng thang a; song song véi doan thing Asyiq1Aspie. T
Agi 1 ké ay song song v6i doan thing Ay, 3Aokys. Giao diem
clia a; v ay chinh 14 A can xac dinh.

Theo gia thiét quy nap déi v6i 2k+1 diem A, Ao, ..., Aoy, A
ta da dung dudc da gidc By, Bs,. .., Bopy1, dé A; 1a trung
diém ctia canh B;B;,1 (1 < i < 2k) vi A 1a trung diém
ctia canh BBy, 1. Sau d6 By ké duong thang song song vdi
doan thang AAg, 1, cit doan thing Boj,1As,1 kéo dai tai
B to. Tit Bojyq ké duong song song v6i doan thing AAg,. o,
Cét doan thézﬂlg BlA2k+3 kéo dai tai ng+3. Vi ng_HA =
ABy va AAggis song song v6i By Boy o, nén Bogpi1 Ao =
Agpy1Bagyo. Tuong tir c6 By Bogy3 = Aogy3Bokis, BokisAorgz =

Aoy2Bogya.
Vay da giac 2k + 3 dinh B1Bs ... Bopi2Bs,3 nhan cac
diém da cho A, As, ..., Ayys 1am trung diém céc canh

Vi du 3.1.21. Trén mat phang cho n diém. Hay dung mot da gidc n - canh, ma cdc
canh dé déu la day cia cdc tam gide can vdi dinh la n diém da cho va cdc géc & dinh co
do lon tuong ing la oy, aq, ..., ay.

Giai.
Trude khi trinh bay ludi gidi chung toi xin luu ¥ rang
trong cac goc aq, aq,..., q, €O thé c6 mot s6 gbe 16n huon

150°, nén quy ude: Néu o; < 180° (1 < i < n), thi tam gidc
can tuong ting nam veé phia ngoai da giac, con khi a; > 180°
tam gidc can tuong ing ndm vé phia trong ctia da gic (trong
d6 géc 6 dinh cua tam gidc nay bang 360° — o).

1) Co sé quy nap

Vé6i n = 3, khi d6 da giac can dung 13 tam gidc. doi véi
truong hop nay sé trinh bay cach duyng tam gidc thod méan
cac yéu cau da cho.

a) Gia st tam giac can tim da dung duge. N6 ¢6
dinh la 1, z9, x3, cAc tam giac can v6i day x1x9, Tox3, T1T3
dinh 1a Al, AQ, A3 co géC G dinh Ia a1, (g, (3 (Hinh
7).

Thuec hién phép quay mit phang theo chiéu ngugc
chiéu kim dong ho.

- mot géc a; xung quanh diém A, dé x; tring véi
X2
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- mot goc bang o, xung quanh diém A, dé z, tring
vii xTs3

kip-6.5cm

Ta nhan thay rang hai phép quay nay dugce thyc hién lién tuc ké tiép nhau, thi tuong
ting véi phép quay mot goc oy + a theo ngude chiéu kim dong ho xung quanh diém A
dugc xac dinh nho cac diéem A;, Ay va céc goc oy, as bang cach sau: Tt Aq, Ay ké hai

a ay ez ,
tia hgp v6i doan A; Ay cac goc ?1 va ?2, cat nhau tai diem A. day chinh la tam cua
phép quay mat phang mot géc bang ay + s (c6 thé xem trong (1)).

Trong phép quay nay dinh x; chuyén sang 3. Bsi vay dinh x5 sé chuyén vé z; véi
phép quay mat phang xung quanh A mot goc 360° — (a1 + ). Do dé diém A chinh 13
dinh ctia tam giac can véi canh day z2z5 va goc & dinh 1a 360 — (a1 + a3).

b) Trén co s6 phan tich & trén suy ra cach xay dyng tam gidc zzo23 nhu sau:

V6i oy + g + ag # k.360 diem A khong tring véi As. Khi do tit A va As ké vé ca
360 — . .

hai phia hgp véi AA3 cac goc (;1 +a2) va %. Canh ctia cac géc nay cat nhau

tai cac diém tuong tng la dinh z; va x5. Sau d6 tir diém A; ké tia hop v6i A1 géc ay

va tit Ay ké tia hop v6i Axs goc as. Giao diém ctia hai tia nay chinh la dinh a,.

Nhu vay tam gidc 2,793 can tim da dung xong.

2) Quy nap

Gia stt v6i n = k > 3 ta da biét cach dung da
giac k - canh ma cac tam giac can c6 day la canh
ctia da giac, dinh 1a céc diém cho trude véi do 16n
cac goc 6 dinh duge xac dinh. Trén co s6 nay ta
khéng dinh cho trudng hop n = k + 1, nghia la
chi ra cach xay dung da gidc (k + 1) - canh thoé
man céc dieu kién ctia bai toan.

kip-7cm

Gia sit da gidc (k+1) - canh can xay dung 1a z175...2,7,,1 ¢6 cAc tam gidc can day la
canh clia da giac, dinh 1a cac diém da cho Ay, Ay, ..., Ay, A va Ay = o (1 <i<k+1)
(Hinh 8).

Xét tam giac x17px, 1. Tuong ty nhu trong phan co sé quy nap 10) khi quay mat
phéng theo chiéu nguge chiéu kim dong ho xung quanh A;, dé x;, tring v6i x5, vA tiép
theo quay xung quanh Ay, dé x4, tring v6i x1, thi cling chinh 14 quay mat phang
mot diém (A) dé z;, triung véi 1, nén khi quay mat phang xung quanh diém A mot goc
360° — (g + Qgy1), thi zp sé trung véi xx. Do d6 A 1a dinh ctia tam gidc can véi canh
la duong chéo xixy va A = 360° — (g + agy1). Khi do diém A chinh la giao diém cta

o o
cac tia Ays, Agi1t hop v6i doan Ax Ak, cac gbe tuong ting ?k vh = Nha vay theo

cac diém Ay, Apyq va cac goc oy, agiq cho trude ta xac dinh dude diem A, dé da giéc
k - canh x,2s,...,7; c6 cac canh la day clia cac tam giac can véi dinh la cac diém
Ay, Ag, ooy Agq, Avacac goc ddinh la aq, as, ..., ag_1, 360°— (g +agi1). BSi vay bai
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todn duge dua ve yéu cau xay dung da giac k - canh (D) c¢6 canh 1a ddy cac tam gidc can
v6i dinh la cac diem Ay, Ao, ..., Ap_1, A va céc goc 6 dinh 1a oy, as, ..., ay_1,360° —
(ag + agy1). Nhung theo gia thiét quy nap da giac D ¢6 k canh da dung duge.

Sau khi da giac D da dung xong, dé xac dinh dinh thi k& + 1 tit A; ké mot tia hop
voi Apry mot goc bang oy va tit Apyq ké mot tia hop véi Ay x; mot goc bang ag .
Giao diém ctia hai tia nay chinh 1a dinh z;., ctia da gidc can tim.

d6i v6i truong hop ag +ag + -+ -+, = £.360° (k 1a s6 tu nhién), thi bai toan khong
xac dinh.

3.2 Phuong phap phan chiing

Khi giai toan, dac biét cac bai toan logic, mot trong nhitng phuong phap duge dung mot
cach rat thuan lgi d6 1a phuong phap phan ching duya trén nguyén ly Dirichlet do nha
toan hoc Ditc ndi tiéng Preter Dirichlet (1805-1859) dé xuat, ma dang duon gidn nhat
ctia nguyen 1y nay c6 thé phéat biéu nhu sau: “ Khong thé nhét 7 chi thé vao 3 can 1ong,
sao cho méi 1ong khong ¢6 qua 2 con thd”. N6i cach khac: “Néu nhot 7 chi tho vao 3 cai
long, thi c¢6 it nhat mot 1ong chita khong it huon 3 chi thd”.

3.2.1 Nguyén ly Dirichlet con dudgc phat biéu duéi nhiéu dang
tuong tu khac:

Dang tap hgp:
“Néeu tap hop gdm n phan tit, dugce bieu dién duéi dang hop ctia k tap con, thi phai
. no. .,
¢6 it nhat mot tap con chita khong it huon T phan ti 7.

Dang hinh hoc:

1. “Néu tong dién tich ctia mot s6 hinh nhé huon S, thi khong thé dimng hinh nay dé
phti Ién mot hinh c6 dién tich bang S”.

2. Néu trén doan thing c6 do dai bing 1 phan bé mot s6 doan thang véi tong do dai
biang L, thi sé tim dugc mot diem duge phi bang khong it huon [L] doan thang.

3. Néu cac khodng F, Fy, ..., F, c6 do dai tuong tng Iy, [, ..., [, chia trong khoing
F,cododailvaly+1o+ -+ 1, > ki, thi sé c6 k + 1 khoang nao do trong cac
khoang da cho c6 diém chung.

4. Néu cac hinh Fy, Fy, ..., F, v6i dién tich tuong ting Si, Ss, ..., S, chia trong hinh
F c6 dién tich S va S+ S+ -+ S5, > kS thi sé c6 k + 1 hinh trong cac hinh
da cho c6 diém chung.

Dang s6 hoc: Néu trung binh cong ctia mot s6 s6 16n huon a, thi sé c6 it nhat mot
sO trong cac s6 nay 16n huon a.
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Sau day trinh bay mot s6 vi du vé tng dung phuong phap phan chitng trong viéc
gidi cac bai toan. Trudc hét ching ta sé gidi mot sd bai toan bang cach chon cac chi
thé thich hop
3.2.2 Van dung phuodng phap phan ching dé giai toan
Van dung phuong phap phan ching dé xac dinh tinh chia hét

dé c6 thé van dung dugc phuong phép phan chiing ta phai can ct vao doi tuong, tu
licu cho trong bai toan va quan hé gitta chiing ma tao ra “thd” va “long” thich hop.

Vi du 3.2.1. Ching minh rang cé thé tum duge s6 dang
19651965......... 1965000...0
chia hét cho 2000.
Giai.
Ding A, dé ky hiéu s6 gom m s6 1965 Viét lien tiép

Ay, = 19651965......... 1965

m Tn 1965
Xét day gom cac sd A; (1 < i < 2000)
1965, 1965, 1965, .. ., 19651965.........1965, (1)

-

2000 lin 1965
Chia céc sb thuoce day (1) cho 2000 duge 2000 s6 du tuong ting r; (1 < i < 2000).

Vi céc 86 A; (1 <4< 2000) déu 1é nén khong chia hét cho 2000. Do dé 2000 s6 du
r; (1 < i< 2000) (thd) chi thuoe khong qua 1999 loai (16ng). Bdi vay phai ¢6 it nhat
hai 6 du gidong nhau. Gia st (1 < n, m < 2000) m > n va r, = r,.

Khi d6 sb6

Ay — A, =19651965......... 1965 — 19651965......... 1965

m 15;:1965 n 15:1965
— 19651965.........1965,00.........00
m—n lan 1965 4n 56 0

chia hét cho 2000.

Vi du 3.2.2. Ching minh ring tit 11 s6 tu nhién tuy ¢ luon luon cé thé chon ra 2 so
ma hiéu binh phuong ciia ching chia hét cho 20.

Giai.
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dem 11 s6 t nhien tuy ¥ da chon ra a; (1 < ¢ < 1) chia cho 10 duge 11 s6 du tuong
tng r; (THOS), nhung thuoc khong qua 10 loai (LONG), nén phai c6 it nhat hai s6 du
thudc cuing mot loai.

Gié st a;, a; (1 < 4,7 < 11) 6 cung s6 du 1a r khi chia cho 10. Khi d6 ¢6 cac sb tu
nhiéen s, ¢t dé

a; = 10s+r, a; =0t +r,
a; —a; = 10s +r — (10t +r) = 10(s — 1)
a; +a; =10s + 7+ 10t +r =2[5(s + t) + 1]

Do dé
ai —a? = (a; — a;)(a; + a;) = 20(s — t)[5(s + ) + 1]

chia hét cho 20.

Van dung phuong phap phan ching dé giai ciac bai toan hinh hoc

Van dung phuong phap phan chiing dé suy ra két luan B tit gia thiét A ta can gia

stt ngugc lai, nghia la tit A suy ra két luan ngugce véi B (B). Trén co sd gia thiét phan
chitng nay ta 1y luan dé di t6i diéu mau thudn. Khi d6 dé khéi mau thuin phai bé gia
thiét phan ching va di t6i két luan tir gid thiét A suy ra két luan B.
Vidu 3.2.3. Cho tam gidac deu AOB. Trén canh
AB ldy hai diém C va D, sao cho AC = CD =
DB. Ching minh cac goc A/O\C, C/OB, DOB
khong dong thuoi bang nhau.

Giai.
Lay diém E trén canh AO, sao cho OF = OC (Hinh 9)

kip-becm
Hinh 9

Gi4 thiét phan chimg. Gia st AOC' = COD = DOB = 20°. Khi d6 do tam giéc
FEOC can tai O, nén

1802 — 20°

OEC = OCE = = 80°. (1)

Do AC = DB, OAC = OBD = 60°, OA = OB, nén AOC = BOD. Béi do OF =
OC = OD va EOC = COD = 20° (gia thiét phan chiing), nen EOC = COD. Béi vay
EC =CD = AC. Do d6 ACFE can tai C, nén

AEC = EAC = 60° (2)
Tit (1) va (2) c6 AEC + OEC = 60° + 80° = 140 < 180° = AEC'. Ta da di dén mau

thuan, nén phai bo gia thiét phan ching, ma di dén két luan ba goc A/O\C', C’/O\D, DOB
khong dong thusi bang nhau.
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Vi du 3.2.4. Trong tam gidc déu canh duon vi lay 5 diém tug 4. Ching minh ring cd it
Z ? d Z 1
nhat 2 diem trong cdc diém da lay, ma khodang cach gita ching khong vugt qud 3 duon
1.
Giai.
Gia st E, F, G 1a trung diém cac canh AB, BC, AC.
Noi cac diem E, F, G véi nhau duge 4 tam giac con deu canh bang 2 nén hai diem

R , 1
tuy y trong cung mot tam gidc con deu cach nhau mot khoang khong vuot qua 3 duon
vi (Hinh 10).

kip-5cm
Hinh 10

Vi chon ra 5 diem trén mat ciia 4 tam giac con, nén phai c6 it nhat 2 diém nam trén

. 1 .
cung mot tam giac con. Khi d6 khoang cach gitta hai diem nay khong qua 5 duon vi.

3.2.3 Van dung phuong phap phan ching dé giai cac bai toan
khong mau muc
dé van dung phuong phap phan ching van phai phan tich dé tim ra s6 “thd” nhiéu huon
s “long”.
Vi du 3.2.5. Cho 9 duong thing. Méi duong déu chia hinh vuong ABCD thanh hai tii
2 . ) ) .
gidc vai ty lé dién tich la 3 Chiing minh rang cé it nhat 3 trong so 9 duong thang nay
di qua mot diém.
Giai.
kip-4.5cm
Hinh 11

1) Gia stt H, K la diém gifta cdc canh AB, C'D. Khi d6 HK||AD||BC.

Gia sit EF 1a mot trong nhitng dudsng thang da cho va EF cit HK tai diém I. Cac
ti gidc ABEF va CDEF déu la hinh thang va nhan HI, IK 1 duong trung binh. Do

SABFE = gSCDEF7 nen
AFE + BF DFE F 2 DB F 2
\pAELBE _(pDESCE b ppicE

2 2
Do do HI = §]K, tic I la diem chia duong trung binh H K ctia hinh vuong theo ty lé

2
5- (Hinh 11)
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Vay néu dudng thang chia hinh vuong thanh hai tit gidc (chi ¢6 thé la hinh chit nhat
2 ? . TN
hodc hinh thang) c6 ty 1é 3 thi n6 phai di qua diém chia duong trung binh cua hinh
vuong thuoc hai canh con lai theo ty 1¢ .

2) Trong hinh vuong c6 bén diém (LONG) thoa man tinh chat trén, ma ta c6 9 dudng
thang (THG), nén phai c6 it nhat 3 dudng thang da cho di qua mot trong nhitng diém
trén.

Vidu 3.2.6. Trén canh rung hinh vuong canh dai 1 km moc 4500 cay thong duong kinh
50 cm. Chitng minh ring trong canh rimg nay cé thé cat ra mot thi a dat hinh chit nhat
kich thudc 10 x 20 m?, ma trén dé khong moc mot cay thong nao.

Giai.
1) Chia canh ring thanh cac 6 chit nhat kich thuée 10 x 20 m? vé6i “hinh vién” c6
chiéu rong khong nhé huon 0,5 m (duong kinh ctia méi cay thong) bing cach sau:

Chia mot chiéu hinh vuong thanh 48 doan vé6i do dai 20 m. Gitta hai doan nay dit
mot doan ngan cach vé6i chieu dai 0,6 m. Hai doan & hai dau c6 chiéu dai mdi doan 10,3
m.

Chia chiéu con lai thanh 95 doan v6i do dai moi doan 10 m. Gitta hai doan c6 doan
ngan cach v6i do dai 16n huon 0,5 m.

Khi d6 céanh riing duge chia thanh 48 x 95 = 4560 6 véi kich thude 10 x 20 m? va
khoang cdch gan nhat gitta hai 6 déu 16n huon 0,5 m (bédo ddm cho cay moc ¢ mot o
khong c6 goc 1an sang phan dat ctia 6 khac).

2) Phéan ching. Trén canh ring s6 6 kich thuge 10 x 20 m? (4560) 16n huon s6 cay
thong (4500), nén phai c6 it nhat mot 6 (tham chi it nhat 60 6) kich thude 10 x 20 m?,
ma trén dé khong cé cay thong nao.

3.3 Phuong phap suy luan truc tiép

Truéec mot bai toan “khong mau muc” can phan tich, dé chon phuong phap giai,
nhung trude hét xem xét kha nang van dung cac phép suy luan trong toan hoc va cuoc
song dé suy ra diéu can khing dinh. Sau day xin duon ¢t mot s6 vi du dé minh hoa viéc
van dung phuong phap suy luan tric tiép.

Vi du 3.3.1. Nhdp hoc vao khoi pho thong chuyén Todn-Tin Truong dai hoc Khoa hoc
tw nhién, dai hoc Quoc gia Ha Noi nam 2005 cé 40 em biét nhac, 40 em biét chuoi co
va 40 em biét dd cau (mdi em c6 thé biét nhiéu mon). Thay Chi nhiém khoi Nguyén Vi
Luong dé nghi hai thay Phé chi nhiém khoi Pham Vin Hung va Lé dinh Vinh hudng
dan cdc em ti chia thanh bon nhom sinh hoat ngoai khod, sao cho moi nhém cé ding 10
em biét nhac, 10 em biét chuoi co va 10 em biét da cau. Hay trinh bay cdch chia nhom
cua cac em?

Cach chia nhoém:
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1) dau tién chia 40 em biét nhac thanh 40 nhém, mdi nhém chi gom 1 em

Ala AQ)"' "'7A39a A40

2) Bo sung em biét chuoi ¢ vao mdi nhom A; (1 < < 40) (Néu em A; da biét chuoi
cd thi thoi) dé duge cac nhom

Bl) B27"' "'78397 B40

(Mdi nhém B; ¢6 dung 1 em biét nhac, 1 em biét chuoi cuo)

3) B sung cac em biét da cau chua tham gia cdc nhém vio nhém B; dé duge nhém
C; (1 <1< 40), sao cho mdi nhom C; ¢6 diing mot em biét nhac, mot em biét chuoi ¢
va khong qua hai em biét da cau.

4) Nhap cac nhém

Goi s6 nhém C' ¢6 2 em biét da cau 1a k, c6 mot em biét da cau 1a s va khong c6 em
nao biét da cau la t. Khi do

S6 nhom C' 1a k + s+t = 40

S6 em biét da cau 1a 2k + 1.5 + 0.t = 40.

Suy ra hé

k+s+t=140 N k=t
2k +1.s+ 0.t =40 s chan

Vi s6 nhém hai em biét da cau bang s6 nhom khong em nao biét da cau bang nhau,
s6 nhém mot em biét da cau chdn, nén nhap mdi nhém hai em biét da cau v6i mot nhom
khong em nao biét da cau, hai nhém, mdi nhém mot em biét da cau véi nhau, duge 20
nhoém:

Khi d6 mdi nhém D; (1 < i < 20) ¢6 dung 2 em biét nhac, hai em biét chuoi cd va hai
em biét da cau.

Nhap nam nhém D véi nhau roi bo sung nt cac em con lai sé duge bén nhém sinh
hoat ngoai khod, ma mdi nhém c6 ding 10 em biét nhac, 10 em biét chuoi cd va 10 em
biét da cau.

Vi du 3.3.2. Ldp chuyén Todn khod I phdat dong phong trao thi dua lay cii nop cho bép
Xom dinh. Cudi hoc ky I thay chii nhiém Pham Van Diéu dat ra ba gidi thudng dé ting
cho ba em dat thanh tich cao nhat. Trudc khi cong bo ra ldp, thay Dieu da muodi 4 em
dat thanh tich cao nhat: Nguyén dinh Ban, Tran Vin Nhung, D6 Thanh Suon, Nguyén
Vin Xoa dén vin phong cong bo gidi thudng.

Khi vé l6p moi nguoi héi cac em trd lwoi nhu sau:
Em Nhung: “Minh dat gidi nhi hodc ba”

Em Xoa: “Minh dat gidi”

Em Suon: “Minh dat gidi nhat”

Em Ban: “Minh khong dat giai”
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Khi dugc nghe lai cdc cau trd ludi trén thay dién mim cuoi va néi “Chi cé 3 ban néi
that con mot ban noi dua” .

Ban hay cho biet em ndao noi dua va em nao dat gidi nhat?

Giai.
Trude hét can xac dinh em da noéi duia bang cach xét cau hoi ciia tiing em c6 dan
dén mau thudn véi khéng dinh ctia thay diéu hay khong.

1) Néu em Nhung néi dua, thi cd ba em Xoa, Suon, Ban déu néi that, nén hodc em
Nhung v& em Suon déu dat gidi nhat, hodic em Nhung vi em Ban khong dat gidi. diéu
nay vo 1y, nén em Nhung néi that.

2) Néu em Xoa néi dua, thi cd ba em Nhung, Suon, Ban déu néi that. Nhu vay ca
Xoa va Ban déu khong dat gidi. diéu nay trai v6i gia thiét ctia bai toan, nén Xoa phai
dat giai.

3) Néu Ban noi dua, thi cd ba ban con lai déu néi that, nén cd bon ban déu dat giai.
dicu nay trai véi gid thiét clia bai toan, nén Ban néi that.

Vay Suon néi diia. Xoa dat gidi nhat.

Bai toan nay ciing c6 thé giai bang phuong phéap logic ménh deé.

Vi du 3.3.3. Trong cudc hoi ngo giiia thay Nguyén Vin Mau va ba hoc tro dat huy
chuwong vang Olympic Todn Quoc té: Dam Thanh Suon, Nguyén Tién Ding, Ngo Bdo
Chau, khi trao doi vé phép suy ludn, thay néi “Suy ludn chang nhimg la phuong phdp
manh ma con rat gan gii vdi cudc song thuong nhat, nhieu khi “chuoi ma hoc, hoc ma
chuai” . Chang han, vdi 5 cdi mi: 3 mau do, 2 mau xanh; toi mudi 3 em ngoi theo hang
doc, dé em ngoi sau ciing nhin duge dau 2 em ngoi trude, roi ding tu phia sau doi lén
dau moi em mot cdi ma, con hai cdi dau di. Cdc em thay mot cach hién nhién rang du
bat ky phuong dn doi ma nao van cé em phdt hién dude mau mi cia minh.”

Ban hay ly gidi diéu hién nhién ma thay Mau ndi?

Giai.
Gia st thay Mau xép em Chau ngdi trude, 16i dén em Diing va sau cling 1a em Suon.
. . . Phuong an 1: Chau Diing Suon
Khi dé c6 3 phuong an do : . . . )
10 €O o PTong an cot mu doi ma xanh  doi ma xanh  doi ma dé

Vi chi ¢6 2 mii xanh, nén khi em Suon nhin thay mi ctia hai ban ngdi truéc mau xanh, thi

suy ra ngay mau mi cua minh phai do Phuong én 2: Chau Ding Suon
Y say P ' doi ma xanh  doi ma d6  do6i mia xanh (

Em Diing nhin thay mfi cia em Chau mau xanh, nhung khong thiy em Suon xac dinh

duge mau mii clia minh, suy luan rang: Néu mil clia em mau xanh, thi ban Suon da phat
hién dugc mau mi ctia minh, nhung ban Suon im lang, ching t6 mau mi ctia Diing phai
d6. Phuong an 3:

Chau Diing Suon
doi ma d6 doi ma xanh (hodc d6) doi ma xanh (hodc do)
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Khi khong thay em Suon, em Diing x4c dinh duge mau mil clia minh em Chau suy
luan: Néu mau mil clia em xanh, thi hodic em Suon ho#ic em Diing xac dinh duge mau
mil clia minh, nhung ca hai em déu im ling chiing té mii ciia em mau do.

Vay khing dinh ctia thay Nguyén Van Mau da dugce 1y giai.

Vi du 3.3.4. Trong cuoc toa dam vé thudt todn vdi hai hoc tro dat huy chuong vang va
huy chuong bac Olympic Tin hoc quoc té Nguyén Ngoc Huy va Nguyén Bdo Suon, thay
Nguyén Xuan My noi: Thudt todn zuat hién khdp nuoi: Trong todn hoc, trong khoa hoc,
trong cudc song thuong nhat va ngay cd lic vui chuoi gidi tri. Chang han, trén ban co
hai dong diém vdi s6 luong tuong ing 9 va 11. Hai em thuc hién boc diém theo nguyén
tic: Nguoi nao dén lugt phdi boc it nhat mot que diém va néu boc & mot dong thi cé thé
boc vdi so luong tuy j; con néu boc & cd hai dong, thi phdi boc so lugng bang nhau.

Nguoi nao dén lugt ma hét diém thi thua cudc.
Néu Huy dugc di trude, thi em phdi cé cach boc diém nhu thé nao dé thding cuoc?

Ban héy néu 1o cach boc diem cia em Huy.

Giai.

Trude hét dua ra thuat toan can xac dinh nhitng cip s6 lugng, ma nguoi di dau chac
chan thua. Ta goi cip nay 13 “cip thua’
1) Xac dinh céc cdp thua

Quy uéc dong bén trai 1a dong I, dong con lai 1a dong II, nguoi di truée 1a A, nguoi
con lai 1a B.

Cap (1, 2):

Néu A boc & dong II mot que, thi mdi dong déu con mot que. Khi d6 B bbe duge
hét diem & ca hai déng, nén A thua.

Néu A bdc 6 mdi déng mot que, thi déng II con mot que. Khi d6 B bdc mot que
diém con lai, nén A thua.

Vay (1, 2) 1a cdp thua.

Cap (3, 5)

(a) A boc ca hai dong

- Néu A boc  moi dong

- Mot que, thi duge cap (2, 4). Khi d6 B boc ¢ dong II ba que va don A vé cip (2,
1), nén A thua. Hai que, thi duge cap (1, 3). Khi d6 B boc mot que & dong IT va don
A vé cap (1, 2) nén A thua cudc. Ba que thi duge cap (0,2). Khi d6 B boc nét 2 que ¢
déng I, nén A thua cuoc.

(b) A boc 6 dong 11

Néu A béc ¢ dong I1:

- Mot que, thi dugc ciap (3, 4). Khi d6 B boc 6 moi dong 2 que va don A vé ciap (1,
2), nén A thua.

- Hai que, thi dugc cip (3, 3). Khi d6 B boc hét diem & ca hai dong, nén A thua.
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- Ba que, thi dugc cip (3, 2). Khi d6 B boc ¢ dong I hai que va don A vé cap (1, 2),
nén A thua .

- Bén que, thi duge cap (3, 1). Khi d6 B boc ¢ dong I mot que va don A vé cap (1,
2), nén A thua.

- Nam que, thi duge cap (3, 0). Khi d6 B boc not 3 que con lai, nén A thua.

(c) A boc 6 dong 1.

Néu A boc & dong 1

- Mot que, thi duge cap (2, 5). Khi d6 B boc & dong 1T bén que va don A vé cap (2,
1), nén A thua.

- Hai que, thi dugc cap (1, 5). Khi d6 B boc 6 dong II ba que va don A vé cap (1,
2), nén A thua.

- Ba que, thi dugc cip (0, 5). Khi d6 B boc ndt nam que con lai va A thua.
2) Thuat toan

Vi cap (3, 5) la ciap thua, nén Huy boc § méi dong 6 que va don em Suon phai xuat
phat véi cap thua (3, 5), nen Huy thing.

Vi du 3.3.5. dé dong vién cdc em hoc sinh gidi bai tap hinh hoc, thay Phan Cung ditc
dat ra ba nhom suu tam va gidi bai tap hinh hoc vdi tieu deé: “Quy tich”, “Bién hinh” va
“dong dang” .

Céc hoc sinh nam lép 11 khoi ph5 thong chuyén Toan-Tin Truong dai hoc khoa hoc
Tu nhién tham gia cdc nhém do thay ditc dat ra.

Khi tim hiéu thay rang co 7 em tham gia nhom “Qug tich”, 6 em tham gia nhém bién
hinh, 5 em tham gia nhém dong dang, 4 em tham gia vita nhom “Qug tich” via nhém
“Bién hinh”, 3 em tham gia vita nhém “Qug tich” vita nhém “dong dang”, 2 em tham gia
vita nhom “Bién hinh” vita nhom “dong dang”, 1 em tham gia cd ba nhom.

Ban hay zdc dinh giip s6 hoc sinh nam cia ldp 11 khoi phé thong chuyén Todn- Tin
cua Truong dai hoc Khoa hoc tu nhién.

Giai.

Duing 3 hinh tron “Quy tich”, “Bién hinh”, “dong dang” dé bicu thi ba khéi hoc sinh
nam ctia 16p 11 tham gia ba nhom: “Quy tich”, “Bién hinh” va “dong dang”. Khi d6

- Phan giao ctia ca ba hinh tron biéu thi phan hoc sinh tham gia déng thudi ca ba
nhoém.

- Phan giao clia cac hinh tron “Quy tich” va “Bién hinh” biéu thi phan hoc sinh tham
gia dong thuoi hai nhém “Quy tich” va “Bién hinh”.

- Phan giao ctia cac hinh tron “Quy tich” va “dong dang” biéu thi phan hoc sinh
tham gia dong thuoi hai nhom “Bién hinh” va “dong dang” .

Can cit vao cac diéu kién ctia bai toan véi phuong phéap loai trit xdc dinh duge s6
luong cac khoi ghi trén hinh 12. Tt d6 suy ra s6 hoc sinh nam ctia 16p 11, Truong dai
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hoc Khoa hoc tu nhién la:
1+43+1+1+2+14+1=10

Vi du 3.3.6. Thay Nguyén Ngoc Thing cho ldp 10A, Todn kiém tra phan tam thic bac
2. Bén em Xuan, Ha, Thu, dong lam bai khd nhat, trong dé cé6 mot em dat diém 10.
Khi héi du doan

Em Linh néi: “Theo em ban Xuan hodc ban Ha dat diém 107

Em Nam ndéi: “Theo em ban Ha hodc ban Thu dat diém 10°7

Em Minh noi: “Theo em ban Thu hodc ban dong dat diém 107

Nghe zong thay Thang mim cudi va khang dinh: “Chi c6 Minh dodn ding mot ban,
hai em con lai doan sai cd’.

Ban hay xac dinh nguoi dat diém 10.

Giai.

Néu nguoi em Minh dy doan diang 14 em Thu, thi em Nam ciing dy doan ding mot
ng1di, nén mau thuan véi diéu kien Nam va Linh déu dy doan sai hét. Béi vay ngudi ma
Minh dit dodn ding phai la em dong. Trong truong hop nay em Linh va em Nam déu
du doan sai hét ca, nén thod man diéu kieén ctia bai toan. Vay em dong dat diém 10.

3.4 Phuong phap ménh dé

3.4.1 Khai niém vé logic ménh dé
Dinh nghia. Ménh dé 14 mot cau tron nghia (mot khang dinh) ma noi dung ctia n6
phan anh dung ho#c sai thiic té khach quan.
Ménh dé ding: Néu noi dung ctia ménh dé (A) phan anh ding thyce té khach quan
(khang dinh ding v6i thic té), thi n6 duge goi 1a ménh dé ding hay ménh dé nhan gia
tri dang va viét A = @ hodc A = 1.
Ménh dé sai: Néu noi dung ctia ménh dé (A) phan &nh sai thuc té khach quan (khéng
dinh sai v6i thyc té), thi n6 duge goi la meénh dé sai hay ménh dé nhan gia tri sai va
viet A =S hoiac A =0

Céc gia tri @, S(0,1) duge goi 1a gia tri chan 1y (hay gia tri) cia ménh de.
Bién ménh dé: Ky hieu diing dé chi ménh dé dugc goi 1a bién ménh dé. Ngudi ta thusng
diing céc chit cai in hodc viét tay c6 chi s6 hoac khong, chang hana, b, ¢, ..., a1, by, c1, ..., o1, Za,.
lam bién meénh de.

3.4.2 Cac phép toan ménh dé

Trén tap hop ménh dé xic dinh 5 phép toén:
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-Phép phit dinh duge ky hiéu bang —
-Phép hoi duge ky hiéu bang

-Phép tuyén dugc ky hiéu bing

-Phép kéo theo dugc ky hiéu bang
-Phép tuong duong duge ky hiéu bang

@li<o

va duge xac dinh bing bang gia tri chan 1y sau day:

Xy x rey |l zVYy |l r=yY | xSy
0 0 1 0 0 1 1
0 1 1 0 1 1 0
1 0 0 0 1 0 0
1 1 0 1 1 1 1

3.4.3 Coéng thiic cia logic ménh dé

T cdc ménh dé va phép toan pht dinh, hoi, tuyén, kéo theo va tuong duong lap
nén cac “biéu thic logic”, ma mot nhém trong ching dude goi la cac cong thitc clia logic
ménh dé va dinh nghia bang quy nap nhu sau:

Dinh nghia

a) Cac bién ménh dé: z, y, z..., X, Y, Z, ... dugc thita nhan 1a céc cong thitc ctia logic
ménh de;

b) Néu A, B la céc cong thitc ciia logic ménh dé, thi (A4), (B), (Ae B), (AV B),
(A — B), (A < B) la cong thiic cia logic ménh dé.

c¢) Chi cac “bicu thitc” duge xac dinh ¢ muc (a) hodc muc (b) méi la cong thiic clia
logic ménh de.
Gia tri cta cong thic

Gia stt A(z1, T2, ..., T,) 12 mot cong thiic clia logic ménh de.

Gi4 tri chan 1y 8 nhan dudgc khi thay tat cd cac vi tri clia bién ménh dé z; trong
cong thitic A bang a; (o; = 0,1) (1 <7 < n) duge goi 1a gia tri chan 1y (hay gia tri) cla
cong thitc A tai bo gia tri a = (ay, ag,...,q,) clia cdc bién menh dé va viét

Ala) = Aoy, ag,...,a,) =0

Céng thitc hing diang, hing sai va thoa dugc
Cong thitc A(zy, x,...,x,) dudc goi 1a cong thiic hang ding (hing sai) va viét

A(zq, x9, ..., xy = 1(A(21, T2, ..., x,) =0)
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néu véi moi bo gia tri a = (ay, s, ..., q,) clia cic bién ménh de

A(ala ag, . .. ,O{n) - 1(A(O{1, Qg, ... ,Oén) = 0)

Cong thic A(xy, a,...,1,) duge goi 1a cong thitc thod duge, néu ton tai it nhat
mot bo gia tri a = (ay, as,...,q,) clia bién ménh deé, dé

Alag, ag, ... ) = 1.

Céng thiic bang nhau

Cong thic A(zy, xs, ..., x,) va cong thic B(xy, s, ..., x,) dudc goi 1a hai cong thic
bang nhau vA viégt A = B, mnéu tai moi bo gia tri
a = (aqg, ag,...,a,) cla cac bién ménh dé déu co:

A(Oél, Ao, ... ,Oén) = B(Oél, Ao, ... ,Oén)

3.4.4 CaAc luat cta logic ménh dé

Mot s6 cong thitc déng vai trdo nhu cac hang dang thitc dang nhé, duge sit dung thusng
xuyén trong khi bién doi cong thitc va giai cac bai tap toan logic dong thusi dude goi la
cac luat cia logic ménh dé.

Sau day liet ke 23 luat quan trong nhat ctia logic ménh de:

1. A-=B=AVB (thay kéo theo bang phti dinh va tuyén)

2. AN(BVC)=AANBVANANC (phan phdi ctia hoi ddi véi tuyén)

3. A VBANC =(AVB)A(AVC)

(phan phdi clia tuyen déi véi hoi

4. AVB=AAB (Luat DeMorgan

5 ANB=AVDB (Luat DeMorgan
6. A B=ANBVAAB (Thay phép tuong duong
7. AN(AVB)=A (Luat hap thu ctia hoi déi v6i tuyén
8. AVAANB)=A

9. ANBVB=AVB (Luat hap thu

)
)
)
)
)
(Luat hap thu ctia tuyén déi véi hoi)
)
)
)
)
)

10. (AVB)AB=AAB (Luat hap thu
11. ANB=BAMNA (Tinh giao hoan ctia hoi
12. AVB=BVA (Tinh giao hoan ctia tuyén
13. (AANB)ANC=AN(ANC) (Tinh két hop ctia hoi
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4. (AvB)vVC=AV(AVv(O) (Tinh két hop ciia tuyén)
15, ANA=A (Tinh luy dang ctia hoi)
16. AVA=A (Tinh luy déng clia tuyén)
17. ANA=0 (A va khong A luon luon sai)
18. AVA=1 (A ho#c khong A luon luon dung)
19. AN0O=0 (A va hing sai luon luon sai)
20 Av0=A (A ho#c hing sai luon 1a A)
21. AN1=A (A va hiang dung luon 1a A)
22. Avl=1 (A hay hing dung luon hang ding)
23. A=A (Hai 1an phit dinh ctia ménh dé A lai chinh la A)

Phép bién déi dong nhat

Dua vao cac luat co ban ngudi ta cé thé bién ddi cac cong thiic ciia logic ménh dé
thanh cac dai lugng tuong dang va “duon gian” hodc tién ich huon. Nho do6 viec giai
phuong trinh, hé phuong trinh logic, xét tinh bang nhau, tinh hing ding clia cic cong
thitc duge thiue hién mot cach dé dang huon.

Mot s6 khang dinh

Hoi so cap: Hoi clia cac bién ménh dé hodc phit dinh ctia ching duge goi 1 Hoi so
Ccap.

Tuyén so cap: Tuyén ctia cac bién meénh dé hoac phit dinh ctia ching duge goi 1a
Tuyén so cap.

Nho cac luat ctia logic ménh dé ta cé thé suy ra cac khang dinh sau day:

th“i)ng dinh 1: Mot hoi so cap hang sai khi va chi khi n6 ¢6 chua mot bién ménh dé
nao dé cling véi phit dinh clia bién ménh dé nay.

Khdng dinh 2: Mot tuyén so cap hing ding khi va chi khi n6 ¢6 chita mot bién menh
dé nao d6 cung vé6i phtt dinh clia bién ménh dé nay.

Gid st Ay, A, ..., A, 1a cac cong thiic ciia logic ménh dé. Khi dé c6 cac khing dinh
sau:

thfng dinh 3:

(A) AN (Ag) A---AN(A,) =1Kkhivachikhi Ay =Ay=---=A4,=1

Khang dinh 4:
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Phuong phap logic ménh dé

Phuong phép logic ménh dé 1a phuong phap chuyén bai toan vé dang logic ménh dé,
roi ding cac luat va cac khang dinh clia logic ménh dé ma suy ra dap an. Phuong phap
gom ba budc sau:

1) Chon céac bién ménh dé thich hgp, tuong tng, dién dat cdc mdi quan he, hien
trang... duge cho trong bai toan bang cac cong thiic clia logic ménh dé. Sau d6 can ci
vao moi quan hé va cic dieu kien da cho trong bai toan ma dua ra phuong trinh hozc
hé phuong trinh logic thich hgp.

2) Giai phuong trinh hodc hé phuong trinh logic, dé suy ra cic “nghiém logic".
3) Can ctt vao su tuong ting khi chon bién ménh dé, ma dién dat cac “nghi¢m logic"

thanh dap an cua bai toan dat ra.

Vi du 3.4.1. Thay Pham Tuan Duong- chi nhiém I6p chuyén Todan khod II phan cong
cic em do Ngoc Diép, Ngquyén dinh Hod, Pham Trong Qudt, Dao Trong Thi truc khu
sd tan tai xém Na Buon, za Van Yeén, huyén dai Tu, tinh Bdc Thdi (nay la tinh Thdi
Nguyén) bon ngay liéen tiép Ba muoi, Mong 1, Mong hai, Mong ba tét nam 1966 va dong
vién cdc em ghi nguyén vong. Cdc em da dé dat nguyén vong nhu sau:

1. Em Thi va em Qudt khong thé truc nhat vao ngay ba muoi.

2. Néu em Thi truc ngay Mong mot hodc em Qudt truc ngay Mong hai, thi em Hod
truc ngay Mong ba.

3. Néu em Diép truc ngay Mong hai, thi em Hod triuc ngay Mong mot
4. Néu em Diép hodc em Qudt truc ngay Mong mot, thi em Thi truc ngay Mong ba.
5. Néu em Qudt khong truc ngay Mong ba, thi em Diép truc ngay Ba muoi va em

Thi khong truc ngay Mong hai.

Ban xép gitp lich truc thod man nguyén vong cia tat cd cdc em.
Giai.

1. Xac dinh bién ménh dé

Dé duon gidn ta goi cac ngay Ba muoi, Mong mot, Mdng ha, Mdng ba 14 ngay 0,
ngay 1, ngay 2, ngay 3 va diing chit cai dau clia tén dé chi cac em.

Véi quy uée nay z; 1a bién dé chi ménh dé “Em x tryc ngay i° (i = 0, 1, 2, 3). Khi
do6 7; 1a ménh dé “Em x khong truc ngay 7.
2. Lap cong thitc dién ta dieu kien:
- diéu kien 1 duge dién t& bang cong thitc A = #,.q,
- diéu kien 2 duge dién dat bang cong thiic

B=(t1Vq)—hy=13VqVhs=1.q,V hs
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- diéu kién ba dugc dién dat bang cong thiic:

C:EQ—>h1:d2\/h1

- diéu kién 4 duge dién dat bang cong thic:

D=(dVq)—ts=d Vg Viz=di.q Vi

- diéu kién 5 duge dién dat bang cong thic:

E= 63 — dO.EQ = (3 V do.ZQ

3. Lap phuong trinh logic
Vi phuong an triie nhat phai thod man yéu cau clia tat ca cac em, nén phuong an
dudi dang “ngon ngit logic ménh dé” phai 14 nghiém ctlia phuong trinh:
AB.CD.FE=1 (1)
A.B = 10.qy.(t1.G5 V h3) = toGot1qy V t0.Gy-h3
A.B.C = (to.qy-t1-Gy V t0.g-h3).(d2 V hy)
= 10.Gy-t1-Go-d2 V 10.Go-t1.Go-N1 V t0Gy-h3da V to.Go-h3. Iy

Vi moi em chi tryc mot ngay, nén hs.h; = 0. Do do:
ABC :zo.qo.%l.QQ.dQ \% EO-QO-%LqQ-hl V zoqo.hng
A.B.C.D =(ty.Gy-t1.Go-da V T0.Gy-F1.Go-h1 V T0.Go-h3.do) (d1.G, V t3)
=10.81Go.qy -Go-d1.dy V T9.11Gy-Go-dot3 V 10.11Gy-G,Go-d1 .0y
V 10.81Gy-Go-h1-t3) V 10.Go.Gy -dy.do.hs V Tg.Go.d2.hs.t3

Nhitng hoi dan dén mau thuin: hodc mot nguoi trice hai ngay hodc hai nguoi triyc
N ~ N N e 1 Y ~ PPN %o.flqo.ql.az.dl.dg = 0, %0.%12
cung mot ngay deu phai bang khong. Béivay - _ 72 = T
& sy & & Y t0.Gy-q;-d1.da.hg = 0; t0-Qp
nén: A.B.C.D = fo.zlﬁo.%.dg.tg V Zo.fﬁoﬁlﬁ?.al.hl

A.B.C.D.E =(ty.t1qy-Gy-do.-t3 V t0.11G0-; -Go-d1 .71 ) (g3 V dots)
=t0.t1qy-qo-do-13.G3 V t0.11Go-To-do.da t2.t3V
V 10.81G0-G1 -Go-d1.h1.q3 V T0.11Gy-Gy -To-dy - h1 .do T

=1
Nhitng hoi dan dén hai nguoi cting tric mot ngay hodc mot ngudi trire hai ngay
déu phai bang 0, nén hoi thit nhat, thi hai va thi tu déu bang o va c6 phuong
trinh:

to.t1Gy.Qy-Gy-d1.h1.q3 = 1

Suy ra

h=Lt=1G=0==d=h=q¢=1
haytop=ti=q=q=¢=d=0=0, h =¢g = 1.
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Khi do

Em Hoa tric ngay Mong mot
Em Quat tryc ngay Mong ba
Em Thi tric ngay Mong hai
Em Diép truc ngay Ba muoi.

Vi du 3.4.2. Thay Phan dic Chinh chi dinh bon em hoc sinh ni cia l6p chuyén Todn
khod I: Tran Thi dé, Hoang Thi Luong, Van Tang Mang, Phan Huy Thanh trinh bay
bon bai todn mau duge danh so thit tu tw 1 dén 4. Thay cho phép tu phan cong va cdc
em thod thudn nhv sau:

1. Néu dé khong trinh bay bai 1, thi Mang khong trinh bay bai 2;
Néu Luong khong trinh bay bai 1 va bai 4, thi dé trinh bay bai 1;
Néu Mang khong trinh bay bai 4, thi Luong trinh bay bai 3.

Néu Thanh khong trinh bay bai 1, thi Luong trinh bay bail;

Néu Thanh khong trinh bay bai 2, thi Luong khong trinh bay bai 1
Ban hay zdc dinh bai todn cia moi em trinh bay?

Giai.

1) Chon bién ménh de

Ding chit cii dau ciia tén dé chi em hoc sinh twong tng va chi s6 i (i = 1, 2, 3, 4)
dé chi bai toan thi .

Diing x; dé chi ménh dé “Em z trinh bay bai . Khi d6 Z; 1a ménh dé “Em z; khong
trinh bay bai ¢”.

2) Dién dat cac diéu kién ciia bai toan bang cong thiic clia logic ménh de:

dieu kién thi nhat dién dat bang cong thiic:

A:le ngzdl\/mg

diéu kién thi hai dién dat bang cong thiic:
B=lLly—di=UL/ViVd
diéu kién thi ba dién dat bang cong thic:
C=my—Il3=myVlI3
dieu kién thi tu dién dat bang cong thiic:

D:E1—>l1:t1\/l1
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diéu kién thit nam dién dat bang cong thic:
E=1,—1l =1,V
Vi bang phan cong triic phai duge cd bon em nhat tri nén c6 phuong trinh logic.
AB.C.D.E =1

Lan luot cac hoi A.B, A.B.C, A.B.C.D, A.B.C.D.E va dé y ring: Cac hoi so cAp ma
trong d6 hai ngudsi cung trinh bay mot bai tap hodc mot ngusi trinh bay hai bai tap
khac nhau déu sai, ta co:

A.B =(dy V1) (I V 1y V dy)
=dily V dily V didy V misly Vmisly V miady
=dy V dyly V Tiply V ol V Miad,
A.B.C =(dy V dyly V Tiply V Taly V Tiiady ). (my V 13)
=dimy V dil3 V dilymy V dilyls V mglimy V mslyls
V Miplymy V Tglyls V Tigdymy V Miady 3
=dima V dils V malimy V madima V madyls
A.B.C.D =(dymy V dyl3 V Tglymy V Tadymy V Tadyls) (t V 1)
=mplimy
A.B.C.D.E =mlymy(ta V 1) = Maplymaty V Tiglymaly

:m2l1m4t2 =1

Khido:my=1,l1=1,mgy=1,to=1nénmy =0, =1, my=1, 1t = 1.
Suy ra:
Em Luong trinh bay bai 1
Em Thanh trinh bay bai 2
Em Mang trinh bay bai 4
Va em dé trinh bay bai 3.

3.5 Phuong phap bang

Nhiéu bai toan logic c6 thé giai bang cach lap bang mé ta mdi quan hé giita cac doi
tuong dugce cho trong bai toan. ddi véi mot s6 bai toan logic trong dé xuat hién hai hay
nhiéu tép va céc cip phan tit néi len moéi quan hé giit cc tép ngudi ta cé thé thiét lap
mot hay nhiéu bang, dé mo ta méi quan hé gitta cac tép.

M&i bang nay c6 hang trén ciing ghi cac phan ti ciia mot tép, con cot tan cling bén
trai ghi cdc phan t1t thuoc tép kia va cac vi trf trong bang ghi ma s6 quan hé gitta nhitng
phan tt thuoc cac tép. Can cit vao cac diéu kién da cho trong bai toan gach bé di nhitng
cap phan tit khong thich hop. Tt d6 di dén ludi gidi clia bai toan.
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Giai bai toan logic bang phuong phap bang doi khi vap phai truong hop bang can
lap c6 chieéu kha 16n ho#ic phai két hop nhiéu bang méi di dén két qua. Sau day xin minh
hoa phuong phap bang mot s6 vi du:

Vi du 3.5.1. Thay chi nhiém khéi Lé dinh Thinh cong bo diém kiém tra hoc sinh gidi
riéng cho bon em Phan Vi Diém Haing, Nguyén Thi Thiev Hoa, Nguyén Thuy Linh va
dao Thi Thu Hdang. Khi cdc ban héi diém clia tung nguoi, thi dugc tra luoi:

- Em Diém Héng néi: O Ban Hoa 7 diém, ban Linh 9 diém, ban Thu Hing 8 diém”

- Em Hoa néi:” Ban Thu Hang 10 diém, ban Diém Hang 8 diém va ban Linh 7 diém’:

- Em Linh néi:” Cd ba ban déu duoc 8" ;

- Em Thu Hang néi:” Ca ba ban déu duge 77,

Khi nghe cdc cau tra lioi trén thay Thinh néi:” Khong cé6 em nao dugc hai ban ciing
néi dimg diém”.

Ban hay zdc dinh diém cia tung em?
Giai.

Bai toan c6 hai tép doi tugng. Tep thit nhat gom cac em hoc sinh, tép thit hai 1a
diém ctia cac em. Bai toan nay cé thé gidi bing phuong phap bang:

1) Lap bang:

Bang gom 5 hang, 5 cot. Hang dau tit cot thit hai ghi tén cac em hoc sinh, con trén
¢Ot tan cung bén trai tir hang hai ghi tén cau tra luci.

2) dién ma s6 quan heé gifta cdc em va diem vao vi trf clia bang:

3) Vi khong c6 em nao ciing duge hai em néi ding diém ctia minh, nén dya vao bang
trén suy ra diém ctia cac em la: Em Diém Hing 7, em Hoa 8, em Linh 9 v& em Thu
Hang 10.

Vi du 3.5.2. Nhan dip ky niém ngay Nha giao Viéet Nam 20 thdang 11, phé chi nhiém
khoi co ding Thanh Hoa chi dao 4 em Cilc, dao, Hong, Sen lam bon bong hoa: ciic, dao,
hong, sen.

Sau khi hoan thanh em Sen ngdm hoa va néi vdi cdc em lam hoa cic, hoa hong va
ban dao: O Thé la trong ching ta khong cé ai lam hoa trang voi tén minh”. Ban hay zac
dinh tén hoa ma moi em da lam?

1. Hang dau tit cot thit hai ghi tén cac em lam hoa, con cot tan cting bén trai ti
hang hai ghi tén hoa ma cac em da lam:
2. Gach bo 0 cua bang

- Do khong c6 em nao lam loai hoa giong tén minh nén cac 6 nam trén hang va cot
ciing tén déu bi gac bo.

- Cau Oem Sen ngam hoa va néi véi cac em lam hoa ciic, hoa hong va em dao” chiing

to:
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+ Em dao khong lam hoa ctic, hoa hong.

+ Em Sen khong lam hoa ctic, hoa hong. Khi d6 cac 6 ndm trén hang hong, cot Sen
va cot dao bi gac bécic 6 nam trén hang ctc cot Sen va cot dao bi gac bd. T cot cudi
cling suy ra em Sen lam hoa déo, nén céc 6 con lai cua hang dao bi ghach bd. Cudi cling
tir cot Ctc suy ra Cic lam hoa hong, tit cot hong suy ra Hong lam hoa ctc.

Em Cic lam hoa hong;

Em dao lam hoa sen;

Em Hong lam hoa ciic;

Em Sen lam hoa dao.
Vi du 3.5.3. Nhan Elip ky niém 30 nam ngay thanh lap khoi pho thong chuyén Todn-
Tin truong dai hoc tong hop Ha Noi Khoi phdt dong phong trao viét vé nhiing kiyj niém

sau sdc trong thuoi hoc sinh. Thay Lé dinh Vinh chi tri viéc cham bai. Két qud cé hai
bai dat gidi nhat. ddp lai cau héi nhiing ai dat gidi nhat cé nam cau trd hioi:

1. Em Hoang Ngoc Ha va em Hoang Lé Minh

2. Em Nguyén Thanh Nam va em Phung Van on

3. Em Nguyén dang Thanh va em Nguyén Thanh Nam

4. Em Hoang Ngoc Ha va em Nguyén dang Thanh,

5. Em Hoang Ngoc Ha va em Lé Quang Tién.

Khi nghe cdc cau trd hioi trén thay Vinh mim cuoi va néi gon: “Bon cdu moi ciu
diing mot nit a, con mot cau sai hét!”

Ban hay zdc dinh nhing nguoi dat gidi nhat.

Giai.
I. Lap bang dién ta cac cau tra lusi
II. Ly luan dé suy ra dap an
1. Két qua trinh bay trén bang thod man dieu kién ctia dé bai
2. Ngudc lai, két qua khong nhu trén bang, thi can xét cac kha niang cé thé suy ra:
i) Néu Minh khong nhat, khi d6 cau 1 sai hoan toan, nén cac cau 2, 3, 4, 5 méi cau
phéi ding mot ntt a, nén Thanh, Tién nhat. Khi d6 Nam va én khong nhét, nén cau 2
lai sai ¢4 hai y. Ta di t6i mau thuan vi ¢6 hai cau sai hoan toan.
ii) Néu Thanh khong nhét, thi cau 4 sai hoan toan, nén céac cau 1, 3, 5 phai ding

mot nit a. Béi vay, Minh, Nam, Tién phai dat giai nhat. Ta ciing di t6i mau thuan véi
sO luong nguoi dat gidi nhat chi 1a 2.

iii) Néu Tién khong nhét, thi cau 5 sai hoan toan nén céc cau 1, 2, 3, 4 mdi cau phai
ding mot nit a, nén Minh, 6n, Thanh phai dat gidi nhat. Ta cling di t6i mau thuan. Vay
em Ha phai dat giai nhat.
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a) Néu Ha khong nhat, ma theo diéu kién phai c6 it nhat mot trong ba ngusi: Minh,
Thanh, Tién khong nhat.

b) Néu Ha nhat vd Nam nhét, thi ddn dén mau thuén vi ca 5 cau méi cau ding mot
nt a.

c) Néu Ha nhat va Thanh nhat hosic Tién nhat, thi khi d6 c6 cau diung ca hai ¥, nén
cing dan dén mau thuan.

Vi du 3.5.4. Thay duong Hoang Giang trd bai kiém tra mon Hod hoc cho ldp 11 Al
Todn. Khi ban Thuy ¢ lop 11 A1 Tin héi diém cia cdac ban Binh, dinh, Linh, Nam thi
nhan duoc cac cau tra lioi:

- Ban Binh noi: éBgm Nam dugc 7, dinh duoc 8, Linh duoc 9”

- Ban dinh noi: éBan Nam dugc 10, Linh dugc 8, Binh duoc 9”

- Ban Linh néi: OCd ba ban déu duge 77

- Ban Nam ndoi: 0C4 ba ban déu dudgc 8”

Khi @ghe cdc cau trd luoi thay Giang noi: 0 Khong co em nao dugc hai ban cung noi
ding diém va moi cau trd lioi chi noi ding diém mot em”.

Ban hay zdc dinh s6 diém ciia tiing nguoi.

Giai.

1. Lap bang mo ta cac cau tra lusi

Binh dinh Linh Nam
Binh tra lusi 8 9 7
dinh tra luci 9 8 10
Linh tra lusi 7 7 7
Nam tra lusi 8 8 8

2. Phan tich loai trit dé tim ra dap an:

Xét cac cot 2, 3, va 4. Vi khong ngusi nao duge hai ban cling néi ding diém ctia
minh nén:

- Ban dinh khong thé dat dugc diém 8,
- Ban Linh khong thé dat dugc diém 8,
- Ban Nam khong thé dat dugc diém 7.

Néu ban dinh duge diém 7, ban Linh duge diém 9, ban Nam dugce diém 10, thi
ban Binh dugc diém 8. Phuong an nay thod man ca diéu kién: Mdi cau tra lusi
chi ding diém ctia mot ngudi.

Vay ban Binh dugc 8, ban dinh dugce 7, ban Linh duge 9 va ban Nam duge 10.
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3.6 Phuong phap so do

day 1a phuong phap tuong ty nhu phuong phap bang, song phuong phap nay lgi thé
huon khi gidi quyét cic bai toan ma & dé s6 tép déi tuong 16n huon 2.

1) Phuong phap so do gom 2 buoc: Thiét lap so do

Lay cac nhém diém trén mat phang hay trong khong gian tuong tng véi cac tep.
Duing ngay ky hieu cac déi tuong dé ghi trén cac diém tuong tng.

2) Méi cap diém tuong ting véi hai d6i tugng c6 mot quan he nao d6 da cho trong
mot bai toan ducc ndéi véi nhau bing mot doan thing hoiic mot doan cong dic trung
cho quan hé ma né biéu thi va khong di qua cac diém tuong tng chung gian khéc. Ta
goi so do nhan dugc 13 so do mo ta quan hé. Diyra vio cau tric clia so do mo ta quan he
va diéu kien da cho trong bai todn ma suy ra dap an

Sau day xin trinh bay mot s6 vi du minh hoa:

Vi du 3.6.1. Bon em Anh, Ding, Hing, Viét chuan bi len duong di thi hoc sinh gidi
toan quoc dugc thay dé Thanh Suwon cho biét trude diém mon Hinh hoc.

Ban Nam mudn biét diém cia tung nguoi. Khi héi duge cdc ban trd luoi dp dp md
md nhu sau:

- Anh néi: O Cé ba déu duoc 7",

- Ding noi: 0) Ban Hang 7 diém, ban Viét 9 diém, ban Anh 8 diém”.

- Hang néi: O Ban Anh 10 diém, ban Diing 8 diém va ban Viet 7 diém”.

- Viet néi: O Cd ba ban déu duge 8.

Ban hay zdc dinh diém cia ting nguoi? Biét ring khong cé ban nao cung duge hai
ban noi ding diém cia minh.
Giai.

1) Thiét lap so do

Lay hai nhém diém trén mat phang tuong tng vé6i hai tép déi tudng.

Tep thit nhat gom cac em Anh, Ding, Hang, Viét.

Teép thit hai gom cac diem: 7, 8, 9, 10

Sau d6 can ctt vao cau noéi clia cic em ma xac 1ap cac quan hé gitta cac tép doi tugng.

a) Theo em Anh, ba em Diing, Hing, Viét déu duge 7, nén diém tuong ting v6i Diing,
Hing, Viet déu c6 duong ndi véi diem ghi s6 7;

b) Theo em Diing, gitta diém “Hang” va diém “7”, gitta diém “Viéet” va diém “9”, gitta
diém “Anh” va diém “8” déu c6 dudsng ndi v6i nhau;

¢) Theo em Hing, giita diém “Anh” va diém “10”, gifta diém “Diing” va diém “8”, giita
diém “Viet” va diém “7” déu c6 dudsng ndi v6i nhau;

d) Theo em Viét, gitta diém “8” va cac diém “Anh”, “Diing”, “Hang” déu c6 dudng noi
v6i nhau (Hinh 13);
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2) Vi khong c6 em nao duge hai em dong thudi néi ding diém ctia minh, nén trong
hinh 13 céc quan hé song song déu bi loai bo, tiic chi ¢c6 quan hé duon mdi thie hién.
Béi vay em Anh dat diém 10, em Viet dat diém 9, em Hing dat diém 8 va em Diing dat
diém 7.

Vi du 3.6.2. Thay Pham Quang diic ra mot dé qug tich trong khong gian trén bdo tuong
ctua Khoi. Sdu em An, Binh, Cuong, dat, Kiéu, Minh nop bai gidi. Sau khi cham xong
thay cong bo két qud rieng cho cic em va khang dinh chi c¢6 hai em gidi ding.

Cau hoi ai da gidi ding co nam cau trd luoi:
1. An va Cuong
Binh va Kiéu
Minh va Binh

An va Minh

An va dat

Khi nghe cdc cau trd luoi trén Thay dic mim cuoi va noi “Cé 4 cau ding mot ni a, con
mot cau sai tat cd” .

Ban hay xdc dinh gitup hai ban gidi diung

Giai.
Lay hai nhém diém trén mat phang tuong tng vé6i hai tép déi tugng:
1) Tep tht nhat gom céac cau tra lusi;
Tep thit hai gom ciac em An, Binh, Cuong, dat, Kiéu, Minh.
2) Thiét lap quan he

Duing dudng nét lién dé biéu thi khang dinh ding, dudng nét dit biéu thi khing dinh
sal.

Dura vao dieu kieén da cho trong bai toan va phuong phap loai trit ma thiét lap quan
hé gitta hai tép ddi tugng.

a) Gia st em An va em Kicu gidi diung bai toan trén bao tuong. Khi d6 c6 so do
quan hé:

So do quan hé (Hinh 14) thod man toan bo diéu kién clia bai todn, nén hai em An,
Kiéu giai dang bai toan trén bao tudng.

b) Xét cac cip con lai

Ta xét cac cip tuy ¥ trong cac cip con lai, chang han, gia sit ca hai em An, Binh
déu giai ding bai toan trén béo tuong. Khi d6 c¢6 so do quan he (Hinh 15).

So do quan hé¢ (Hinh 15) khong thod méan diéu kién: Mot em noi sai ca hai ¥ nén hai
em An, Binh khong dong thuoi gidi dung bai toan trén bao tuong.
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Cac cap con lai xét tuong tu va ciing ching t6 dudc cac cap nay khong thoa man
diéu kien dat ra.

Vay em An vd em Kiéu 13 hai hoc sinh gidi dung bai toan do thay Pham Quang diic
dat ra.
Vi du 3.6.3. C6 Nguyén Thi Tinh chudn bi cho cic em hoc sinh nit 1op 11 biéu dién
van nghé chao mung Ngay nha giago Viét Nam 20 thang 11.

Cac em Anh, Hang, Mai mdc ba mau do: Tim , Xanh, Hong va cé ba day budc téc
cung cac mau ay.

Nhin cic em co Tinh nhan xét: “Chi c6 Anh la mau do va mau day budc toc trung
mau, do va day budc téc cua Hang deu khong mau trang, con Mai cé day budc téc mau
xanh” .

Ban hay xdc dinh mau do va mau day budc téc ciia moi ban.

Giai. Trong bai nay c6 ba nhém doi tugng:

Nhom thtt nhat gom ba ban: Anh, Hang, Mai dugc ky hiéu bang ba diém tuong tng
A, H, M.

Nhom thit hai gom ba mau do0: Tim Xanh, Hong dude ky hieu bing ba diém tuong
tng to, o, ho;

Nhém thit ba gom ba day budc téc mau: tim, xanh, hong dude ky hiéu mot cach
tuong ting bang ¢, x, h (Hinh 16)

Mbi quan hé giita cac d6i tuong clia ba nhém nay dude ky hiéu bang;

- duong nét dit, néu quan heé giita ching 1a sai,

- duong nét lien, néu quan hé gitta ching 1a dung.

Do Mai cé day budc téc mau xanh, nén diem M va diém z duge néi bing dusng
nét litn. Do 4o va day budc téc ciia Hing déu khong mau tring, nén céc cap diém
(H, to), (H, t) déu ndi bang nét dit. Tu d6 suy ra cap (H, h), (A, t) duge ndi bang
duong nét lien. Do Anh ¢6 mau 4o vd mau day budc téc trung nhau, nén cip (A, to)
duge noi bang nét lien. Cac em Hang, Mai déu c6 mau ao khong trung véi mau day
buoc téc, nén céac cap diem (H, ) va (M, hy) duge ndi bing duong nét lien.

Vay Anh mic 40 mau tim va c6 day buoc téc mau trang,

Hing mic 40 mau xanh va c6 day budc téc mau hong,

Mai mac 40 mau hong va c6 day buoc téc mau xanh.

3.7 Phuong phap do6 thi

RAt nhiéu bai toan khong mau muc c6 thé giai bang cach dua vé bai toan tren do
thi r6i suy ra dap an.
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3.7.1 Mot s6 khai niém va két qua co ban cua ly thuyét do thi

Trén mit phang hay khong gian lay n diem. Gitta mot s6 cip diém ndi biang nhitng
doan thing hay doan cong dudc dinh huéng hosic khong. Ngudi ta goi hinh nhan dudc
la dang biéu dién hinh hoc ctia do thi hay mot do thi. Cac diém da chon duge goi la
dinh ctia do thi. Cac doan thing hay doan cong da ndéi duge goi la canh ctia do thi.

Néu canh a nodi gitta hai diém A, B thi A, B dugc goi la dinh ctia canh a.

Cap dinh z,y dudce goi 1a hai dinh ké nhau, néu chting khac nhau va hai dau ctla
cung mot canh.

Day « cac dinh:

L1y, Loy o ooy Ljy Titly---3Lm—1, Ty

duge goi 1a mot duong, néu véi moi chi 86 i (1 <7 < m — 1) déu ¢6 x; va 2,4 1a hai
dinh ké nhau. Cac dinh z1, z,, dudc goi 1a cac dinh dau ciia duong cong. Ngudi ta con
no6i rang duong a noi gitta dinh z; va dinh x,,.

Chu trinh 13 mot dudng c6 hai dau triing nhau.
Chu trinh ma né di qua mdi dinh khong qua mot lan dude goi 1a chu trinh so cap.

Chu trinh o dugce goi 1a chu trinh Hamiton, néu né di qua tat ca cac dinh ctia do thi
va di qua mdi dinh mot lan.

do thi G goi 1a do thi lien thong, néu moéi cap dinh clia né déu c6 duong noi véi nhau.

do thi G dudge goi la do thi day di néu mdi cap dinh ctia né déu dugde ndi véi nhau
bang ding mot canh.

S6 canh xuat phat tit dinh = duge goi la bac cia dinh z.
Cay 1a mot do thi lien thong va khong c6 chu trinh.

Trong cay T tach ra mot dinh duge goi 1a dinh gbc, con cac dinh c6 bac bang 1 va
khong phai 1a gbe dude goi 1a 14 hay dinh ngon.

dinh 1y 1: do thi ma trong d6 tong bac ctia hai dinh tuy ¥ déu khong nhé huon s6
dinh ctia do thi, lien thong.

dinh ly 2: do thi ma trong dé bac ciia méi dinh déu khong nhoé huon 2, luon luon
c6 chu trinh so cap.

Hé qua 1: Néu trong do thi ¢6 ding 2 dinh bac 1, cac dinh khac c6 bac khong nho
huon 2, thi trong G ¢6 duong ndi gitta hai dinh bac 1.

dinh Iy 3: do thi, ma trong d6 tdng bac clia hai dinh tuy ¥ khong nhé huon sé dinh
ctia do thi, luon ludn cé chu trinh Hamiton.

dinh ly 4: Trong mot do thi tuy y s6 dinh, ma mdi dinh c¢6 bac 1&, luon luon 1a mot
s6 chén.

dinh ly 5: Cho day s6 nguyén duong a; = 2, a; =5, ..., apy1 = (n+1)a, + 1. Khi
d6 do thi day du a, + 1 dinh v6i cac canh duge t6 bang n mau luon ludn c6 tam gidc
cing mau (chu trinh gom 3 canh ciing mau).
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dinh 1y 6: Cho day s6 nguyén by = 3, b3 = 6,..., byy1 = (b, — 1)n + 2. do thi day
du G v6i b, — 1 dinh (n > 2) va cac canh duge do bing n mau, sao cho khong c6 tam
giac cling mau, thi trong do thi G ¢6 hinh 5 canh vdi cac canh ctiing mau va cac dudng
chéo dudce t6 cac mau khac.

3.7.2 Phuong phap do thi

Dé giai bai toan T bang cach thong qua do thi can thyc hién lan lugt hai buée sau:
1) Xay dung do thi G mo ta cac quan he

Lay cac diém trén mit phang hoiic trong khong gian tuong ting vé6i cac déi tugng da
cho trong bai toan. Dung ngay cac ky hieu doi tuong dé ghi trén cac diém tuong tng...

Cap diém z, y dudc ndéi véi nhau bang mot canh véi “diic diém ¢, khi va chi khi cac
déi tuong a, y c6 quan hé (¢) v6i nhau. Khi d6 bai toan T' da dudc chuyén vé bai toan
D tréen do thi.

2) Dua vao két qua ciia Iy thuyét do thi hosic Iy luan triyc tiép suy ra dap an ctia bai
toan D.

Néu dap an ctia bai toan D con duéi dang “ngon ngit do thi”, thi can cit vao phép dat
tuong ting khi xay dung do6 thi ma dién dat thanh dap an bang ngon ngit thong thuong
(tic 1a dép &n ctia bai toan 7).

Vi du 3.7.1. Trong buoi léen Idp dau tién tai l6p 10 hay Nguyén Vi Luong da cho cdc
em bai toan: Trong ngay tap trung hoc sinh I6p 10 dau tién 19 em cé mat. Moi em da
bat tay it nhat 13 em. Chiing minh rdng cé it nhat 4 em cia I6p ta ma tiung cip da bat
tay nhau trong ngay tap trung dau tién.

Giai.

Bai toan dugc giai bang phuong phap do thi
1) Xay dyng do thi mo ta quan he

a)dinh

Lay 19 diém trén mat phang hodc trong khong gian tuong ting véi 19 em hoc sinh
dén tap trung ngay dau tien. Dung ngay tén cac em dé ghi trén cac diém tuong tng.

b) Canh

Hai diém z, y dugc ndi bang:

- Canh mau do6 (nét lién), néu z, y bat tay nhau;

- Canh mau xanh (nét dit), néu z, y khong bat tay nhau.

do thi nhan duge ky hiéu bang G. do thi G mo ta toan bo hién trang cac em hoc
sinh 16p 10 da bat tay nhau trong ngay dau tién.
2) Chiing minh trong G ¢6 it nhat mot do thi con day di gom 4 dinh v6i cac canh cuing
mau do.

That vay, vi trong ngay dau tién mdi em trong 19 em c6 mit da bat tay it nhat 13
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ban, nén trong 18 canh xuat phat tit moéi dinh phai c6 khong it huon 13 canh dé. Khi
d6 s6 canh xanh xuat phat tit mdi dinh khong vugt qua 5.

Xét dinh P tuy y va 13 trong so cac canh dé xuat phat tit P 1a PA;, PA,,...,PA;s.

Vi xuat phat tir A; ¢6 t6i da 5 canh xanh. Khi d6 trong cac canh (Ay, A;) (2 <@ < 13)
c6 it nhat 7 canh do xuat phat tur A; 1a (A, Ay) (1 <t < 8). Vi xult phat tit Ay ¢
khong qua 5 canh xanh, nén trong cac canh (Aj, As), (A, A3) (3 < k < 8) ¢6 khong it
huon 2 canh d6. Bdi vay trong cac canh (Ay, Ay) (3 < k < 8) ¢6 it nhat mot canh do.
Gid stt (Ay, A3) 1a canh d6. Khi d6 do thi con gom céac dinh P, Ay, A, Az c6 tat ca céc
canh déu do, nén 4 hoc sinh tuong ting véi 4 dinh ctia d6 thi con nay ting ciap da bat
tay nhau trong budi tap trung dau tien.

Bo ba s6 nguyén dude goi 1a thuan nhat, néu hosic ching c6 wéc chung ting doi mot
nguyeén t6 cting nhau.
Vi du 3.7.2. Trong buéi day s6 hoc thay Pham Van Hung da khdng dinh: déi vdi 6 so
nguyén tuy 1 luon luon cé thé tim dugc it nhat mot (tham chi hai) bo ba thuan nhat,
nhung doi vdi 5 s6 thi c¢6 thé chi ra vo s6 bo 5 s6 nguyén, trong dé khong cé mot bo ba
thuan nhat nao.

Ban hay ly gidi diéu thay Hung khing dinh.

Giai.
1) Chitng minh khang dinh thtt nhat

a) Xay dung do thi mo ta quan he

dinh: LAy 6 diém trén mat phing hoidc trong khong gian tuong tng v6i 6 sd da chon
ra Ay, Ay, A, Ay, As, Ag. Diing ngay cac sé nay dé ghi trén cac dinh tuong tng.

Canh: Hai diém A;, Ay (1 <4, k < 6) duge ndi bing

- Canh d6 (nét lién), néu céac s6 A;, Ay, c6 uée sé6 chung;

- Canh xanh (nét dit), néu hai s6 A;, Ay nguyén t6 cting nhau.

do6 thi nhan duge ky hieu bang G. do thi G mo6 ta toan bo quan hé uée chung trong
6 s6 da chon ra.

b) Ching minh tam gidc cing mau

Xét dinh A; (1 < i < 6) tuy ¥, chang han A;.

Xuat phét tit A; ¢6 5 canh duge to bang hai mau (d6, xanh). nén phai c6 mot mau
dudc to trén it nhat ba canh. Gia st mau doé dudce to trén it nhat ba canh thuoc A4; va
ba trong céc canh nay l1a (A1, As), (A1, As), (Ay, Ag)

Khi d6 c6 hai kha ning can xét:

-Néu mot trong cac canh (Ag, As), (As, Ay), (A3, Ay) mau dé, ching han (A, As)
mau do, ta ¢6 tam gidc A; Ay Az cing mau (mau d6) (Hinh 17). Khi d6 ba s6 Ay, As, Az
¢6 u6c chung ting doi mot.

-Néu ca ba canh (Ag, A3), (A, A4), (A3, Ay) déu mau xanh, ta dugc tam giac
Ay A3A, cing mau (mau xanh) (Hinh 18). Khi d6 ba s6 A,, A3, A4 nguyén t6 cung
nhau.
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2) Chitng minh khang dinh thit hai bing phan chiing

Dung ngii gidc c6 cac canh mau dd, cac duong chéo mau xanh trén dinh ghi 5 s6 da
chon ra dé mo t& tinh c6 u6c chung ctia ching.

Dung ay, as, as, as, as dé ky hieu 5 s6 nguyén t6 lién tiép tuy §. Khi d6 trong 5 s6
ai.ag, 9.4z, A3.44, A4.05, A5.01

khong c6 mot bo ba thuan nhat nao.

Chéng han: a; = 2,as = 3,a3 = 5, a4 = 7, as = 11 khang dinh bo nam 2.3 =
6,3.5=15,57 =235, 7.11 = 77, 11.2 = 22 khong c6 bo ba thuan nhat c¢6 thé nhin dé
dang trén hinh 19.

Vidu 3.7.3. Trong ¢io s6 hoc ciia ldp 11 thay dang Hung Thing khang dinh ring: trong
40 s0 nguyén tuy |, ma ci 4 s6 bao gio cing tim duge it nhat mot s6 cé udc chung vdi
3 50 con lai tha ton tai it nhat 37 so, ma moi s6 nay cé udc chung vdi tat cd cac s6 con
laz.

Ban hay ly gidi giip diéu thay Thdng khdang dinh.

Giai.

C6 thé chitng minh khang dinh tong quat ddi v6i n (n > 4) s6 nguyén tuy y. Bing
phan ching c6 thé khéng dinh ring trong céc s6 da chon ra cé hai cip s6 nguyen to
ctiing nhau, thi hai cip s6 nay phai c6 phan tit chung, tiic néu cé hai cip s6 nguyén t6
cung nhau A, B; C, D thi A = C'; hoac A = D; hoac B == C; hoac B = D. Gia sit
B=C.

Diuing duong nét lién dé biéu thi tinh c6 uée chung, dudng nét diit dé chi tinh nguyéen
t6 cling nhau.

Vé6i E 1a s6 tuy v trong cic so6 da chon ra xét bo bon s6 A, B, D, E. Khi d6 E phai
14 ¢6 wée chung véi ba s6 con lai (Hinh 20)

Thay s6 D bang s6 F tuy ¥ trong cac so6 da chon ra (khac A, B va D). Trong bo
bén A, B, E, F néu F c6 uéc chung véi ba s6 con lai, thi khi d6 E ciing c6 uée chung
véi F, nén F ciing c6 udc chung véi ca ba s6 A, B, F' (Hinh 21).

Vi F' la so tuy ¥ trong cac so chon ra, nén E c6 udc chung véi tat ca cac so con lai.

Vay mdi s6 da chon ra, trit A, B, D déu c6 u6c chung véi tat ci cic sb con lai, tic
khong it huon n — 3 s6 ¢6 uéc chung vé6i tat ca cac so con lai.

V6i n = 40 ta duge khang dinh ctia thay ding Hing Théng.

Vi du 3.7.4. Nhan dip 40 nam ngay thanh lap khoi pho thong chuyén Todn-Tin Truong
dai hoc Khoa hoc tu nhién, dai hoc quoc gia Ha Noi, thay Lée Van Viét to chic giai bong
ban. Hai em Minh, diic vao chung két. thay Viét quy dinh: Nguoi thang cuodc la nguoi
dau tién thding 3 vdn hodc thdng hai vdan lién tiép. Ban hday zdc dinh gitp so khd ndng
thing thua cé thé xzdy ra?
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Giai.

Duing M ky hieu Minh thing, D dé ky hiéu dic thing. Dung cay dé mo ta toan bo
hién trang c6 kha nang xay ra.
Xay dung cay

Xuit phét tit diem S (gbe).

Van dau tien c6 hai kha nang: Minh thing hodc dic thing, nén lay hai diém, sao
cho hai diém nay va S khong thang hang. Mot trong hai diém ghi M, diém con lai ghi

D. N6i S v6i M bang mot doan thang hodc mot doan cong dé biéu thi “Minh thing” .
Tuong tiu, dé biéu thi “dic thing” ndi S v D bang mot doan thang hodc doan cong.

Van thit hai ciing ¢6 hai kha nang: Minh thang hofic dic thing, nén xuat phat ti
M lay hai diém méi va ghi k¥ hiéu tuong tng M, D va tit Mndi v6i hai diém méi them
va tit D ciing chon them hai diém méi ghi M va D 1di tit D ké hai doan théng hoac hai
doan cong t6i hai diém méi them.

Tiép theo thuc hién kéo dai cac duong mot cach tuong tir, nhung do quy dinh dieu
kién thing, nén nhiing duong ma trén dé hodc c6 hai dinh lién tiép duge ghi bang cling
mot ky hiéu, hodc c¢6 3 dinh dude ghi bang ciing mot ky hieu déu khong duge kéo dai.

Vi Minh va diic chi can dau 5 van, thi nhat dinh hodc c6 ngudi thang lien tiép 2 van
ho#ic c6 nguoi thang 3 van. Bdi vay nhiing duong xuat phat tit S déu gom khong qua 5
canh (Hinh 22).

Cay nay c6 10 dinh ngon, nén c6 10 kha ning thing thua xay ra.
Vi du 3.7.5. Thay Pham ddang Long phdt dong dgt thi viét chuong trinh hay tai khoi
10. Bon em Binh, Minh, Nam, Thuy dat bon gidi dau. C6 ba du dodn xép hang sau day:

1. Ban Binh nhat, ban Minh nhi;
2. Ban Binh nhi, ban Thuy ba;
3. Ban Nam Nhi, ban Thuy tu

Khi nghe cdc du dodn thay Long néi “Méi du dodan ding dudc thi tu mot em” .

Ban hay xdc dinh thia tu cia cdic em.

Giai.

Diuing chit cai dau tién clia tén dé ky hieu tén va chi s6 dé biéu thi thi tu ctia cac
ban. Khi dé x; biéu thi “em x dat giai thit ¢ 1 < i < 4.

1) Xay dung cay biéu hién cac dy doan.

Vé cay xuat phat tit diem O hai nhanh dau tng v6i du doan thi nhat: By, M,. Tu
dinh cudi ctia mdi nhanh tng véi dy doan thi hai: By, Ts. Tit dinh cudi clia mdi nhanh
nay vé hai nhanh ting v6i doan thit ba: Ny, T}

2) Phan tich dé tim ra dap an

Chon duong di tit O dén dinh ngon thod man céc diéu kien:
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- Mot ngudi khong dude xép hai hang khac nhau,
- Hai nguoi khong thé duge xép clting mot thit hang.
duong B;T3 N, thod man dong thusi hai diéu kieén trén, nén két qua la:
Ban Binh xép thit nhat,
Ban Nam xép thit hai,
Ban Thity xép thit ba,
Ban Minh xép thit tu.

Vi du 3.7.6. Thay Nguyén Thanh Van khi trao doi vdi cdc em hoc sinh ldp 12 vé Todn
hoc rudi ra ¢ da khdang dinh: “Ly thuyét do thi ¢é ing dung rat tot trong Todn phd thong,
ching han, Bai todin: Trén mat phdng lay 7 diém bat ky , khong c6 3 diém nao thing
hang va khodng cach gitta cic cdp diém khdac nhau tung doi mot. Ching minh ring luon
luon tim dugc it nhat 2 cap diém, ma doan théng noi gitta moi cip diém nay la canh
ngdn nhat ciia mot tam gidc nao dé, dong thudi la canh dai nhat cia mot tam gidc khdc
trong cdc tam gidc cé dinh la nhing diém da cho, c6 thé gidi mot cich dé dang bing
phwong phdap do thi”.

Ban hay ly gidi giip diéu thay Van khang dinh.

Giai.

Khong gidm tinh tong quat, ky hieu 7 diém da chon ra bang Ay, Ay, Az, A4, As,
Ag, A7
1) Chitng minh ton tai cip diém thit nhat

Xét 6 diem ng Ay, As, Az, Ay, As, Ag. Vi khodng cach giita cac cap diém khac nhau
timg doi mot, nén bat ¥ tam gidc nao c¢é dinh la céc diém da cho déu c6 canh dai nhat
va canh ngin nhat.

a) T6 mau cac doan thing ndi giita cac cap diém da cho.

Ta diing mau xanh dé t6 mdi doan thang ma noé la canh ngin nhat ciia mot tam
gidc nao do trong cac tam giac c6 dinh la cac diém da cho. Sau khi cac doan thang duge
phép t6 mau xanh da t6 xong phan doan thang con lai t6 mau dé. Khi d6 duge do thi
day du G.

b) Ly luan dé suy ra dap &n

do thi G day du 6 dinh vdi hai mau canh: Xanh, dé nén theo dinh 1y 5, G ¢6 tam
giac cting mau. Gia sit A;As Az 1a tam giac ciing mau va A; A, 1a canh dai nhat.

Vi tam gidc nao cling c6 canh ngan nhat va canh nay dugc t6 mau xanh trudc, nén
tam giac A;Ax A3z phai la tam giac xanh.

Canh A;A, trong tam gidc A;AsAsz 1a canh dai nhat, nhung né c¢6 mau xanh, nén
A1 Ay da 1a canh ngén nhat clia mot tam giac ndo do trong cac tam giac c6 dinh 1a cac
diém da cho.

2) Chitng minh ton tai cip diém thi hai
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Loai diém A; va két nap A;. Thuc hién tuong tu nhu phan I ta ciing khing dinh
dugc trong 6 diém A,, As, A4, As, Ag, A7 cling ton tai mot cip diém thoad man diéu
kién dat ra va khac véi cap Aq, As.

Khéng dugc chitng minh.



Chuong 4

Phuong phap giai phuong trinh va
hé phuong trinh

1.1 Phuong phdp nghiém duy nhat
1.2 Phuong phdp bat dang thic
1.3 Phuong phap dua vé hé

1.4 Phuong phdp ddo an

1.5 S dung cdac hé thic

1.6 Phuong phap Lugng gidc

1.7 Mot s6 phuong phap khdc

4.1 Phuong phap nghiém duy nhat

Trong phan nay ta ky hieu I(a,b) 1a dé chi mot trong bén mién lién thong trén truc sb
thuc R, d6 1a [a, b], [a,b), (a,b], (a,b). Xét phuong trinh f(z) = g(x). Néu phuong trinh
f(z) = g(z) c6 nghiém x = xy trong I(a,b) va v6i moi z # xg, € I(a,b) ta luon c6
f(x) # g(z) thi x = xo 1a nghiém duy nhét € I(a,b) clia phuong trinh da cho.

Phuong phap nghiém duy nhat dya trén cac nhan xét sau:
Bo dé 1. Néu ham s6 f(x) don diéu thuc su (luon luon dong bién hodc luon luon nghich

bién) trén mién I(a,b) thi trong mién dé phuong trinh f(x) = f(xo) ¢ nghiém duy nhat
la z = zg.

Nghiém = = xy néi trén thudng dude tim bang cach "doan nhan" trong cac gia tri
diic biet clia an. Ta c6 thé xét tinh don dieéu ctia mot ham s6 bang cach sit dung tinh
chat quen biét clia cdc ham s6 so cap nhu ham bac nhat, ham mi, ham s6 logarit hoic
ham s6 lugng giac, ....

B6 dé 2. Néu ham s6 f(z) don diéu thuc sy trong I(a,b) va x,y € I(a,b) thi trong

73
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I(a,b) ta luon co:

Vi du 4.1.1. Gidi phuong trinh:

|z — 6,57 4 |z — 7,5)2% = 1. (4.1)
Nhan xét rang (4.1) ¢6 hai nghiem : x = 6,5; x = 7,5.. Néu z < 6,5 thi:

|z —6,5] >0 N |z — 6, 52007 > 0
|l — 7,5 > 1 |z — 7, 52008 > 1
hay
Iz — 6,527 4 |z — 7,5[200 > 1.
Vay, v6i x < 6,5 thi |z — 6,57 4 |z — 7,5[?9% > 1.

Néu x > 7,5 thi:

|r — 6,5 > 1 |z — 6,577 > 1
|z — 7,5/ >0 |z — 7,520 > (

hay
|$C . 6, 5’2007 4 |I‘ - 7’5|2008 > 1.

Vay, v6i x > 7,5 thi |z — 6,527 + |z — 7,5[20% > 1.
Néu 6,5, 2 < 7,5 thi:
0<|z—6,5]<1 |z — 6,57 < |z —6,5| =2 —6,5
=
0<|z—7,5<1 o — 7,528 < |z —7,5|=75—=x
hay
|z — 6,57 + |z - 7,5*® <2 —6,5+7,5—z=1.
Vay, v6i 6,5 < x < 7,5 thi |z — 6,527 + |x — 7,520 < 1.
Tom lai, v6i x # 6,5; x # 7,5 thi |z — 6,527 + |z — 7, 5209 £ 1, tiic la (4.1) chi c6
hai nghiém x = 6,5; v = 7,5.

Vi du 4.1.2. Gidi phuong trinh

Vr+9+V2r+4=5. (4.2)

Xét ham s f(x) := Vo + 9+ 22 + 4. Khi d6
(4.2) & f(z) = f(0).

Ham s6 f(z) xac dinh va dong bién trén [—2;400) va f(0) = 5 nén phuong trinh da
cho ¢6 nghiém duy nhat 1a z = 0.
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Vi du 4.1.3. Tim m dé hé phuong trinh sau cé nghiém duy nhat:

{ﬁ+¢ﬁf:m+1

VY+VIi—z=m+1
z =0
. 1—y>0 0<z<1
Diéu kién: vz s SES
y>0 0<y<1
1—2>20

Véi diéu kién nay, ta viét he duéi dang

{ﬁ+¢ﬁ@ —m+1

Vi—yy+yVI—y—vVi-z =0
Ta c6 Vo —1—2 = /y + /I —y. Xét ham s6 f(z) := /x — v/1 —z. Dé kiem tra

ham s6 f(z) dong bién trén [0;1]. Vay nén

Ta thu duge hé
=Y

{\/E+m =m+1

Dé thay phuong trinh v/z + /1 — z = m + 1 ¢6 nghiém duy nhat nén hé phuong trinh
c6 nghiem duy nhat < (3) ¢6 nghiem duy nhat.

Dé ¥ rang néu () c¢6 nghiem z = z, thi (8) cling c6 nghiem x = 1 — x,. Béi vay, gia st
() c6 nghiem duy nhat x = zy thé thi

1 1 1

Nguge lai, khi m = v/2 — 1 thi
(3) e Ve+V1I—z=+2 (haivécing >0)

sr+l-—z+2y/zx(l—2)=2
& 2v/z(1—2)=1 (hai vé cing > 0)

Sdr(l—2)=1
P 1
& (20 —1)> =0 c6 nghiém duy nhat x = 7
Tém lai, m = v/2 — 1 1a gia tri can tim.
Vi du 4.1.4. Giai phuong trinh

sinz +cosz +V2r —1=0. (7)
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bat f(z) :=VT(7). Cé f(x) xac dinh, lien tuc véi moi z € D =R, f(0) =0 va
f'(x) = cosz —sinz +v2 >0, Vz € D.
Vay f(x) 1a ham s6 dong bién trong D. Do d6:
(7)< f(z) = f(0) e x=0 (e D).
Dap sb : Phuong trinh (7) ¢6 nghiem duy nhat z = 0.
Vi du 4.1.5. Giai phuong trinh

42° + 122 — 8 — cos 3z + 9cosx = 0. (10)

Dat f(z) := VT(10). C6 f(x) xac dinh, lien tuc véi moi x € D =R, f(0) =0 va
fl(x) =122* + 12 + sin 3z — 9sinw = 12(2* + 1 +sin’x) > 0, Vo € D.
Vay f(x) 1a ham s6 dong bién trong D. Do d6:
(10) & f(z) = f(0) 2 =0 (€ D).
Dap sb : Phuong trinh (10) c¢6 nghiém duy nhat o = 0.
Vi du 4.1.6. Gidi phuong trinh
.
2

r—cosx —— +

: —0. (15)

bat f(z) := VT(15). Cé f(x) xac dinh, lién tuc véi moi z € D =R, f(%) =0va

f'(x) =14sinz >0, Vo € D.

Vay f(z) 1a ham s6 dong bién trong D. Do do6:

e

(15) & f(x) = f(C) o =

1 (e D).

s
4
Dap sb : Phuong trinh (15) ¢6 nghiém duy nhat x = %
Vi du 4.1.7. Giai phuong trinh

e ¥ —sin(e *)cos(e ) —m=0. (16)

bat f(x) .= VT(16). Co6 f(x) xac dinh, lién tuc v6i moi z € D =R, f(—In7m) =0
va
f'(x) =e"(cos2e™ —1) <0, Vx € D.

Vay f(x) 1a ham s6 nghich bién trong D. Do do:
(16)  f(z) = f(—In7m) @z = (€ D).

Dap s6 : Phuong trinh (16) c6 nghiém duy nhat z = — In.
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Bai tap tuong tu

1.

10.

11.

12.

13.

14.

15.

Giai phuong trinh:

5% 4+ 12% = 13",

Giai phuong trinh:
3 =4—ux.
Giai phuong trinh:
2z ++Vx — 3 = 16.
Giai phuong trinh:
VT + VT —m=+/m.

Giai phuong trinh:

3 (r+4) =1

Giai phuong trinh:
lg(x —5) =6 — x.

Giai phuong trinh:
log, x = logs(v/z + 2).

Giai phuong trinh:
log, ;(x + 1) = logs 5.

Giai phuong trinh:

Vr—V2zr+1=a+1
Giai phuong trinh:

log, (2% + o + 1) 4+ logy (2 — 2 4+ 1) = logy(a* + 2% + 1) + log,(z* — 2 + 1).

Giai phuong trinh:

3—a+Vi-z=V3+ta+y1+V3+a
Giai phuong trinh:
log,(1 + /x) = log; z.

Giai phuong trinh:

3logs(1 4+ z + /x) = 2log, /.

Giai phuong trinh:
2
21?—1 ) (l’ . 1)2

Giai va bién luan phuong trinh:

2 2
5% +2mz+2 52&0 +dmaz+m+2 _ 1‘2 + 2max +m.

7
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16. Xac dinh s6 nghiém duong clia phuong trinh:

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

122° + 62 — 42 — 2 — 34 =0.

Giai hé phuong trinh:

Vr+5+y—2=7
Ve —24+y+5="7

Giai hé phuong trinh:
cotx —coty =z —y
5r + 8y = 2w
O<zy<m

(1 + 42x—y)51—2x+y =1+ 22x—y+1

(VMO98-99) Giai he:
v +4r=1+ In(y*+22)=0

’+32 -3+ In(@®>—x+1)=y
(VMO093-94) Gidi hé: S > +3y —3+ In(y? —y+1) =2
P+32-3+ In(z2—z+1)=x

Tim m dé hé phuong trinh sau c6 nghiém duy nhat:

{\/1+x+\/6—y:m

VIiFy++v/6—z=m

Chting minh rang véi moi a;;b; € R; ¢ € 1..n, phuong trinh sau luén c6 nghiém:

a1 cosx + bysinx + ag cos2z + bysin2x + - - - + a, cosnz + b, sinnr = z.

Cho a; > 0 v6i moi j € 0..n. Chiing minh rang v6i moi k € 1..n, phuong trinh:
ap+ a1z + -+ apr® = app T+ 4 ana”
luon c6 nghiem duong duy nhét.

Giai phuong trinh:

3logs(Va + V) = log, V.

Giai phuong trinh:

Va2 — 3z + 3+ Va2 — 3z +6=3.
Giai phuong trinh:

22+x+3
23

_ .2
m)— ok

Giai phuong trinh:

Ve+14+vVe+24+vVr+3=0.
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4.2 Phuong phap bat dang thiic

Phuong phép bat dang thic giai phuong trinh, bat phuong trinh dua vao cdc nhan xét
sau

Bo dé 3. Néu vdi moi x € I(a,b) C Dy N D, ta luon cé

<A
{f(x) 4 (vdi A := Const cho trudc, € R),

o [F@ =4
1) () g”@{g(@:A
fla) = A _
2) f(x) > gla) & {g@): L (et =g)

Bo dé 4. Néu vdi moi x € I(a,b) C Dy N Dy ta luon ¢6 f(z) < g(x) (1) va dau bing
trong bat dang thic (I) zdy ra khi va chi khi x thod man dieu kién (a) thi trong I(a,b)

ta co
1) f(z) = g(z) & (o). (zdy ra dauw "=" trong (x) )
2) f(x) 2 g(z) & f(z) = g(x) & (). (wdy ra dau "=" trong (x) )
3) f(x) > g(x) khong c6 nghiem x € I(a,b).
4) f(x) < g(x) luon ding vdi moi x € I(a,b).

Nhan xét sau 1a hé qua tryc tiép ctia nhan xét 4. Phuong phéap giai phuong trinh,
bat phuong trinh dua vao nhan xét nay con dude goi la phuong phap tong céc s6 hang
khong am hay 13 phuong phap tdng cac binh phuong.

B6 dé 5. Néu vdi moi x € I(a,b) ta luon ¢c6 A>0; B> 0; C >0 thi trong I(a,b) ta
co:

A=0
A+B+C=0<B=0
C=0
Dac biét:
A=0

1) A2+ B*+C*=0&<{B=0
C=0
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2N A"+ V/B+|C| =0

QT >
Il
o o O

Vi du 4.2.1. Gidi phuong trinh:
2 +1=+v1-sin'z. (1)

V6i moi = thuoc tap xac dinh ta luon ¢6 VT'(1) > 1, dong thoi VP(1) < 1. Do d6

VT(1) =1 ?+1=1
“)@{vm):l {\/1_7: =0

Vay phuong trinh da cho c6 nghiém z = 0.

Vi du 4.2.2. Giai phuong trinh:

2sin’z + 3cos’z = 5. (2)

V6i moi x thudc tap xac dinh R ta luén co

2sin®r < 2.1 =2
S = VT(2) <21+31=5=VP(2).
r<31=3

ot

sin

PN r=1 sinz =1
Daubéngxéyra@{ 5 :>{ = 1 =sin*zr+cos’z =2 : voly.

cosr =1 cosr =1
Vay phuong trinh da cho v6 nghiém.
Vi du 4.2.3. Giai phuong trinh:

62 — 2> —2=|v— 1|+ |z —2| + |2z — 3| + [4v — 13]. (3)

V6i moi x thudc tap xac dinh R ta luén co

VP(3) =z — 1|+ |z — 2| + |22 — 3| + |13 — 4x|
Z>le—14+2—-2+20—-3+13—-4z|=T.
Con VT(3) =7 — (z — 3)* luon < 7 nén

(3)4:){VT(3):'; @{7_(:[_3)2:7 & =3.

|z — 1]+ | — 2| + |22 — 3| + |13 — 4| =7

Vay phuong trinh da cho ¢6 nghiém x = 3.



4.2. Phuong phap bat ding thiic 81

Vi du 4.2.4. Giai hé phuong trinh:

2y — 2 412
202 — 4o + 3+ 93

(@)

=0
=0 ()

(4)
Néu y = 0 thi tit («) ta ¢c6 x = 0. Thay vao () duge 3 =0 : vo 1y. Vay y # 0. Coi
(a) 1a phuong trinh bac hai an z. Ta c6
(a) c6 nghiem < Al =1-y">0=-1<y< 1 (a.1)
Tuong tu, coi (B) 1a phuong trinh bac hai an x ta ciing ¢
(8) co nghiem & Afy =—-2-2">0=y<-1.  (31)

Tu (a.1) va (f.1) ta dugec y = —1. Thay vao («) dugec = = 1. Céc gia tri nay thoa
man hé phuong trinh da cho. Vay hé da cho c¢6 nghiém

r=1
y=-1

3
sin®z — \/ﬁsinx+tan2x—2tanx+§ =0. (b

Vi du 4.2.5. Giai phuong trinh:

Ta cb
2. 2 Sinx—ﬁzo
(5) & (sinx — —)* + (tanz — 1)* =0 & 2
2 _
tanz —1 =0
. V2
Sln[l'f:T _ﬂ- 2k. k Z
& /3 <:>x—1+ 7 (k € Z).
COSIB:T

Vay phuong trinh d& cho ¢6 nghiem — z = % v 2kn (k € Z).

Vi du 4.2.6. Giai phuong trinh:
3
cos T + cosy — cos(x +y) = 3 (6)

Ta cb

2 2
3 1 2 -
:5—5(2cosx y—cosx2y> —i—sian‘ y
3
<2-vpP©) (@
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— 2 —
Déubéngxéyra<:>(QCOSx;y—cosm y> +sin2x—2y:0ha}’

2
2008I+y—cosx_y:0 cos Y =1
x—2 2 A m—%— 1
sin Y=o cos A
2 2
cos T Y = 1 TV _ ok
x—%y 1 = x%y T
s —— = —3 5 ::|:§—|-2n7r
tic ~
7r
$:§+2(n—|—k‘)ﬂ
y:§+2(n—k)7r
x:—%+2(n+k)ﬂ
y:—§+2(n—k:)7r
2 sie
x:g#—?(n—kk})ﬂ (v6i k, n € 7).
2
y:?ﬂ 2(n — k)m
2
x:—§+2(n+k)7r
2
y:—g—I—Q(n—k‘)W
Vay phuong trinh (6) (xay ra dau biang trong bat dang thiic (a)) ¢6 nghiém :
$=%+2(n+k)7r mz—%+2(n+k‘)7r
V V
y:§—|—2(n—k)7r y:—§+2(n—k)7r
2 2
x:—ﬁ+2(n+k)7r x:——w+2(n+k)7r
v o v I
y:?+2(n—k)7r y:—?+2(n—k)7r

(trong d6 k, n la cac sd nguyen.)

Bai tap tuong tu

1. Giai phuong trinh:
2
3" = cosz.

2. Giai phuong trinh:
x? + 3z

2 cos =24 277,
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10.

11.

12.

13.

14.

15.

Giai phuong trinh:
372 — 22° = logy(z® + 1) — log, 7.

Giai phuong trinh:

1 1
Ve +T+V1I—x+V1I—x=2(=+24/=.
\/_ 2 2

Giai phuong trinh:
Yy —1+yve —1=uzay.

Giai phuong trinh:

logg(2? + 2 + 1) — logs v = 21 — 2%

. Giai phuong trinh:

sin?? ¢ + cog? 1 = 1.

. Giai phuong trinh:

21+z + 21—:!: + 31+1‘ + 31—:0 — 51+:C + 51—%‘.

Giai phuong trinh:
in2 2
8T 4 8% T =10 + cos 2y.

Giai phuong trinh:
8z —4a® —1)(2® +2x + 1) = 4(2* + x + 1).
Giai phuong trinh:

162* — 722% + 812 — 28 + 16(x — Vv — 2) = 0.

Giai phuong trinh:
zt — 327 — 8x +20 = 0.

Giai phuong trinh:
522 4 5y* — 8xy — 2z — 2y +2 = 0.
Giai phuong trinh:

sin® z + sin®y = sinx. siny + sinz + siny — 1.

Bién luan theo a s6 nghiém ctia phuong trinh:

V2 —2?sine + V2 +a22cosx = |a+ 1]+ |a — 1].
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2yt =1
.T6 + yG — 1
B4+ydi=1

4y’ =1

4.3 Phuong phap dua vé hé

16. Giai hé phuong trinh:

17. Giai hé phuong trinh:

18. Giai hé phuong trinh:

Néu trong phuong trinh da cho c¢é hai bo phan c¢6 moi lien quan dac biet thi ta ¢6 thé
dit méi bo phan 1a mot an méi, dua phuong trinh da cho vé hé hai an. Phuong trinh
thit nhat ctia hé 1a phuong trinh da cho viét theo an méi, Phuong trinh thit hai ctia hé
thé hien moi lien quan dic biét néi trén, viét theo an mdi. Ta ciing c6 thé chi dat mot
an méi, dua vé he hai an: méi va cii. Néu khi dit mot an méi ma thu duge phuong trinh
bac hai déi v6i an mdéi dé thi ta c6 thé dat an phu tit.

Vi du 4.3.1. Gidi phuong trinh :

V2—xz=1—+v1—2z. (1)

Dat
=2 - N
“ C Vi didu kién v > 0 ().
v=+z—1
Khi do

@{UZI_” L(1.1)

(@) e +u’ —2u=0cu=0Vu=1Vu=—2

= = 1 — _2 N
Vay (1.1) & u="0 vy vy (déu thod man (x)).
v=1 v=20 v=23

Vima=o [vama=1  [vi-a=-2
Visi=1 Vi—1=0

Sr=2Vr=1Vazx =10

Do d6 (1) (:){
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Vay phuong trinh da cho c¢6 cac nghiem : x =2Vaz =1V x = 10.

Vi du 4.3.2. Gidi phuong trinh :

3.4% 4+ (3x —10)2°+3 -2 =0. (2)

Coi (2) 1a phuong trinh bac hai v6i an 14 2%, C6 A = (3x—10)2+12(z—3) = (32 —8)?

nén
oo _ —3x + 10 — (3z — 8)

5 =3—-z («a
3z +104+Bx—8) 1
- ' -2 ®

()& f(r)=2"+2z=3= f(1) & x =1 (do f(x) l]a ham s6 dong bién).

(2) &

2.’E

1
(B) & = = log, 3= —log, 3.

Vay phuong trinh da cho c6 hai nghiem: x =1 V x = log, 3.

Vi du 4.3.3. Gidi phuong trinh :
20 — 6r — 1 =+4r +5. (3)

Dit 4z +5 = ax + 3. Chon «, 3 sao cho hé hai an z, y thu dugc la hé phuong
trinh ddi xing loai hai ta dude o = 2, 3 = —3. Ta dudc hé phuong trinh

222 —6x —1=2y—3 - y=212>—3x+1 (i)
4o +5=4y®> — 12y +9 r=y?—3y+1 (ir)

Tri ting vé hai phuong trinh ctia hé ta duge
r—y=2"—y" -3r+3ye(@—y(r+ty—-2)=0y=2(a)Vy=2—1 ().
Thay («) vao (i) duge
x2—4x+1:()<:>x:2—\/§:::1:1 V x:2+\/§::1'2.
Thay (3) vao (i) dugc
x2—2x—1:0(:>x:1—\/§::a:3 V x:1+\/§::x4.
Thit lai vdo phuong trinh ta thay chi c6 hai nghiém z, 3 thod man. Vay phuong trinh

déchocéhainghiém:x:2+\/§ Vor=1-—+2.

Cha y: Vi du nay cé thé duge gidi don gian hon nhu sau:

202 —6x—1>0
(3)©{(2x2_6x_1)2:4x+5 @ (3.1)



4.3. Phuong phéap dua vé hé

(a) & 2* —62° + 822 +2r —1=0
& (@ —dr+1)(2* =20 —1) =0
2 —4r+1=0(=222—6x—1=2x—3)
=20 —1=0(=22>-6x—1=1-2z)"

20— 320 1—-2x>0
Vay (3.1) {70 vy
e —4xr+1=0 e —2xr—1=0
3 1
T = = T < =
& 2 V 2
r=2—-V3Vr=2+3 r=1—-V2Vr=1++2

<:>x:2—|—\/§\/x:1—\/§.

Vay phuong trinh da cho ¢6 hai nghiem: t =24+ +v3 V 2 =1 — /2.

Bai tap tuong tu

1. Giéi phuong trinh :
2 - =21

2. Giai phuong trinh :
r=1-2004(1 — 200422)*.

3. Giai phuong trinh :
logsz + (x — 1) logy v = 6 — 2.

4. Giai phuong trinh :

5. Giai phuong trinh :
(2 + \/é)logzx + :r;(2 - \/§)log2x =14+ $2.

6. Giai phuong trinh :

4z 49
T2’ + Tr = :
x°+ Tx 53
7. Giai phuong trinh :
217 4 4r = x—2|—3

8. Giai phuong trinh :

V922 + 16 > 2v2x + 4+ 42 — z.
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4.4 Phuong phap dao an

B6 dé 6. Xét phuong trinh f(z;m) =0 (1)  (an x, tham s6 m) Ta cé thé coi (1)
la phuong trinh an m, tham s6 x. Gidi m theo x roi quay trd lai an x. Phuong phdp
nay thuong dugc st dung khi trong phuong trinh (1) tham s6 m cé mdt vdi bac hai va
biét thic A\ cia phuong trinh bac hai an m dé la biéu thic chinh phuong. Trong mot sé
truong hop ta con cé thé coi s6 la an.

Vi du 4.4.1. Gidi phuong trinh

2t —102° — 2(a — 11)2% + 2(5a + 6)x + 2a +a®* = 0. (1)

Coi (1) 1a phuong trinh bac hai an a:
a? —2(z* — 5z — 1a +2* — 102 + 222° + 122 =0. (1.1)

Co A = (2% — bz — 1)? — (2* — 1023 + 222* + 122) = (z — 1)? nén

(1.1) & B

V€\Y(1)<:>[ ?*—6x—a =0 (B)°

Xét () c6 Af = a+6. Néu A} <0< a < —6thi (a) vonghiem . Neu A} > 0 a > —6

thi
r =2—+va+6:=ux
(&)@L =24++Va+6:=x
Xét (B) 6 Ay =a+9. Néu A, <0< a < —9 thi () vo nghiem . Néeu A, > 0= a > —9
thi
T =3—Va+9:=u1;
(&)@{x =3+vVa+9:=x4°

Tt d6 ¢6 két luan: +) Néu a < —9 thi phuong trinh (1) vo nghiém. +) Néu —9 < a < —6
thi phuong trinh (1) ¢6 hai nghiem: = = 23 V x = x4. +) Néu a > —6 thi phuong trinh
(1) c6 bon nghiem:

T=x1VIT=x3Vrx=2x3VIT=124.

Vi du 4.4.2. Giai phuong trinh

?+vVr+5=5 (2
Dat 5 := a va coi (2) 1a phuong trinh an a:

P +Vrta=a (2.1)
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Ta c6

(21) e Va+z=a—2

o a—z% >0 (x)
a+r =(a—2*)?=a®>—-22%a+2" (a)
Ma (o) < a® - 222 + Da+2* —2=0 ( c6 A= (2x+1)%)

2
1
@{a :1:—|2—:L'+
a = 12—1x

[[22+2+1=5
5—22>0

2?2 —2=5
5—22>0

_{x2+x—420 (=5—2=x+1)

Nhung a =5 nén (2) &

r+1>0
<~
?—2-5=0 (=5—-2=-1)
-z =0
(a:Z—l r<0
-1 —+/17 1—+v21
ST T 2 VYT T 2
-1+ 17 14+ +v21
r=—""" =TV
\ 2 2
-1+ 17 1—+/21
@x:T\/x:T.

Vay phuong trinh da cho c6 hai nghiém

—1+\/17v 1—-+v21
= V2= —r7—.

T
2 2
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Chu y: Phuong trinh nay con c6 thé dude giai nhu sau:
(2) & Vz+5=5—2a?
o {5 —22>0 (%)
r+5=0B-2*)2=2'-102>+25 (a).
Ma (x) & —V5 < 2 < V5.
Con (o) & 2 — 102 —2+20=0
@+ —4) (-1 —-5)=0

{x2 +x—4=0
> —x—-5=0

- %ﬁ ( khong thod man (x)
- r = #1_7 ( thod man (x)

r = %ﬁ ( thod man (x)

r = %ﬁ ( khong thod man (x)

Vay phuong trinh da cho c¢6 hai nghiém

—1+ V17 1—+21
=—————Vr=—"—.

2 2

x
Vi du 4.4.3. Gidi phuong trinh
o —z=va+taz. (3)
Coi (3) 1a phuong trinh an a. Ta c6
B)Yea=y/Vatz+z=Ff(f(a). (3.1)

V6i f(a) = v/a + x 1a ham s6 dong bién véi moi a € R. Do d6

Bl e fla)=ae Vatr=asat+rz=ad o r=d —a.

Vay phuong trinh da cho c¢6 nghiém x = a” — a.

Bai tap tuong tu
1. Giéi phuong trinh

(8a* + 1)sin® x — (4a* + 1) sinx + 2a cos® = 0.

89
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2. Giai phuong trinh

3. Giai phuong trinh

T+1/34+Vr=3.

24232 432 +vV3—-1=0.

4. Giai phuong trinh

5. Giai phuong trinh
2% + (¢ — v*)z? — be? = 0.

6. Giai phuong trinh
a*r' +6a’r® —x +9a+3 = 0.

7. Tim m dé phuong trinh sau c6 4 nghiém thuc phan biét:

2 —o2mat—z+m?—m=0.

4.5 Phuong phap st dung cac tinh chat dic biét cta
hé thuc

Trong phan nay ta sit dung cac nhan xét sau:

B dé 7. Néu mot hé thic la chin déi véi © (khi thay x bdi —x heé thitc khong doi) ma
c6 nghiém © = « thi né cing cé nghiém x = —a.. Bdi vay, hé thic chin doi vdi x néu
c6 nghiem duy nhat thi nghiém dé la x = 0. Néu mot hé thic la doi zing doi vdi x va
y (khi doi ché =, y cho nhau thi hé thic khong doi) ma cé nghiém x = «; y = 3 th
né ciing cé nghiém x = 3; y = a. Bdi vay, mot hé thic doi xing doi vdi x va y ma co
nghiém duy nhat (z;y) = (o; 8) thi ta phdi c6 o = 3 hay la z = y.

Bo6 dé 8. Néu mot khing dinh T nao dé ding vdi moi gid tri cia chit x € I(a,b) thi

khcfng dinh T ciung ding khi x nhan nhing gid tri cu the, € I(a,b), dugc chon mot cach
thich hop.

B6 dé 9. Néu da thic bac n ma cé nhiéu hon n nghiém thi da thic dé dong nhat bing
0.

Chu y: Cac bai tap sit dung ba nhan xét trén thuong cé 16i giai duge trinh bay theo
phuong phap diéu kién can va di. Cac lap luan clia cdc nhan xét nay phai dugce trinh
bay ro trong bai lam.

Bo dé 10. (4 nghia dai s6 ciia Min, Max)
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1. Cho ham s6 y = f(z) lién tuc trong mién lién thong (x) C Dy.
Xét phuong trinh: f(x) =k (1).
Goim = Mmf( ); M= Maa:f( )i I =Inff(x); S=Supf(x). Khi do:
() ()

m<k<M
m<k<S
I <k<M
I <k<S

(1) ¢ nghiém x € (x) <

(chi zdy ra mot trong cdc trucng hop nay.)
Nhu vay, néu ham so y = f(x) lién tuc trong tap xdc dinh Dy la mién lien thong
thi tap gid tri Ry cia no chi co thé c6 mot trong cac dang sau:

[m; M1 5 (m; M5 [m; M) 5 (m; M).

2. Gid st ham s6 y = f(x) (khong yéu cau lien tuc trong I(a,b)) cé cac gid tri
m, M hodgc I, S trong [( ,b) (I(a,b) ¢ day cing khong yéu cau lién thong). Xét bat
phuong trinh: f(x) > ( ). Khi do:

e (2) c6 nghiem z € I(a,b) & k< M [k < S].

e (2) khong cé nghiem x € I(a,b) & k> M [k > S].

e (2) luon ding vdi moi x € I(a,b) < k <m [k < I].
Xét bat phuong trinh: f(x) >k (3). Khi do:

e (3) c6 nghiem x € I(a,b) < k< M [k < S].

e (3) khong cé nghiem x € I(a,b) < k> M [k > S].

e (3) luon ding vdi moi x € I(a,b) < k< m [k <I].

Xét bat phuong trinh: f(x) < k (4). Khi do:

e (4) c6 nghiem x € I(a,b) < k> m [k > I].
e (4) khong co nghiém x € I(a,b) < k< m [k <
e (4) luon ding véi moi x € I(a,b) < k> M [k

1.
> 9).

Xét bat phuong trinh: f(z) < k (5). Khi do:

o (5) c6 nghiem x € I(a,b) < k>m [k > I].
e (5) khong cé nghiem x € I(a,b) < k <m [k <
k

).

I
e (5) luon ding véi moi x € I(a,b) < k> M [k > 5]

Vi du 4.5.1. Tim m dé hé phuong trinh sau cé nghiém duy nhat:

22 =20l 4 )z] —y—m
{ (1)
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Nhan xét rang khi thay = bdi —z hé da cho khong doi. Do d6, néu hé c6 nghiem

Y m hé ciing ¢6 nghiém Y B vay, gia sit hé ¢6 nghiem duy nhat
y=>p, y=2,

T thé th

y=15

a=—a=a=0==2=0=y=+l=m=0Vm=2.

Ngugc lai, khi m = 0, hé da cho c¢6 dang
=¥t lal -y (o)

Pyt =1 (B)

Tu (B)c6 —1<y<1lvad<|z|<1l=|z|(1—|z|]) > 0.

Tit (o) c6y =22 + |z|(1 = |2]) = 2°+ 0 = L.

T cac danh gia trén do6i véi y ta duge y = 1. Thay vao (3) duge z = 0. D& thay nghiem
(x;9) = (0;1) thod man he (1.1). Vay v6i m = 0 thi he da cho ¢6 nghiém duy nhat.
Khi m = 2 ta thay ngay hé thu dugc c6 it nhat hai nghiém phan biét 1a

(z;y) = (0; —1) va (z;y) = (1;0),

titc 13 khi m = 2 hé da cho khong c6 nghiém duy nhat. Vay chi c6 m = 01a gia tri can tim.

(1.1)

Vidu 4.5.2. Tim a dé vdi moi b, hé phuong trinh sau luon cé it nhat mot nghiém :

{@?+U“+w?+ny:2 (@) )

a+bry+a2Py=1 (B)

Gia st ton tai a dé hé da cho c6 nghiem (x;%y) v6i moi b. Khi d6, néu coi phuong
trinh (3) 1a phuong trinh an b thi né c6 vo sé nghiem

=0
:>{xy ) =a=1.
a+zxzy=1

Ngugc lai, khi @ = 1 ta thay ngay hé da cho c6 nghiem x = 0; y = 0 véi moi b. Vay
a =1 1a gia tri can tim.

Vi du 4.5.3. Cho y = 42 +mz. Tim m dé ly| <1 (3) vdi moi x thod man |z| < 1.

1
Gié sit (3) ding v6i moi « thod man |z| < 1. Khi d6 (3) cing ding véiz = 1; x = 3
Trc la:
[4+m| <1 5<m< -3
1 m = = m = —3.
B + 3 <1 —3<m<1
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Nguge lai, khi m = —3, v6i x| < 1 ta c6 thé dat z = cost, khi d6
y =4cos’t —3cost =cos3t = |y| = |cos3t| < 1= |y| <1, Vr, 2| < 1.

Vay m = —3 1a gia tri can tim.

Vi du 4.5.4. Tim m dé moi x € [—4;6] déu la nghiém cia bat phuong trinh sau

V@ +2)(6—2) <2 —22+m. (4)
Gia st (4) dang v6i moi = € [—4; 6], thé thi (4) ciing dung véi x = 1, hay la
(4+1)(6-1)<1*~21+m=m>6.
Ngugc lai, véim > 6 va x € [—4;6] tac6 2 +4 > 0; 6 —z > 0 nén
VT(4) < m =5 (bat dang thiic Cauchy)
VPA) =(z—-124+m—-1>0+6-1=5

= VT(4) < VP(4).

N6i cach khac, khi m > 6 thi (4) ding v6i moi x € [—4;6]. Vay m > 6 1a cac gia tri can
tim.
Vi du 4.5.5. Tim m dé bat phuong trinh

2 —2mz +2x —m|+2>0 (1)

thoda man vdi moi © € R.

Ta co
(1) & (|lz —m|)? + 2|z — m| +2 > m?

Dat t = |z —m|. Véiz € R c6 t > 0 (). Bat phuong trinh da cho (1) tré thanh
f@)=t*+2t+2>m* (1.1).

(1) ding v6i moi z € R < (1.1) ding v6i moi ¢ € I(a,b) < m? < cosh (x)Min f(t).
Ma véi t € I(a,b) c6

f(t) = 0*4+20+2=2= f(0) = cosh (¥) Min f(t) = 2.

Vay m? < 2 < —v/2 < m < /2 la céc gia tri can tim.

Vi du 4.5.6. Tim m dé phuong trinh

Vi+vVr+4—mvVd—xz=3m (2) cbnghiém.
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Dieu kiéen:

x =0 x =0

r+4>20 Sqr>-4 <0<r<4 (%)

4—2>20 r<4

Véi x € I(a,b) co6 V4 3 # 0 nén

Vrt+va+4

(2) & m = = f(x). (2.1)
vd—z2+3

Ham s6 f(x) xac dinh, lién tuc trén (*) nén (2.1) c6 nghiém < cosh (x) Min f(z) < m <
cosh (x)Mazx f(z). Ma véi x € I(a,b) ta cd

0<Vx<2
=2<VI+Vr+4<2+2V2 (o).
{2<\/x+4<2\/§ Ve (a)

Mat khac co6:
0<3=043<VIi—z+3<2+3=5 (B).
T (a) va (B) ¢6

2 V 2+ 2
f0) =5 < fla) = \/\;;xx_:_g . +3\/§:f(4>'
Vay cosh (x)Min f(x) = = cosh (=) Maz () = “jf Dods 2 <m < 2522 *;ﬁ I

cac gia tri can tim.

Vi du 4.5.7. Tim a dé bat phuong trinh
2 +32° —1<a(vVr—Vz—17% (3) c6 nghiem.

Dieu kién

>0
o sSx>1 (%)
r—1>20

Véi diéu kién do ta c¢6 /z + v/x — 1 > 0 nén
(8) & (Vo + Ve -1 +32% - 1) <a(Ve — Vo - 1)". (Vo + Vo - 1)° =
a>(Vr+vVr—1>32°+322 — 1) = f(2).
(3) ¢6 nghiém < a > cosh (x)Min f(z). Ma v6i z € I(a,b) ta c6

{(\/5+\/x—1)3>(1+0)3:1>0

= > 3= f(1) = cosh (x)Mi —
ZE3+3ZE2—1>13—|—312—1:3>0 f(ZL') f() Cos () an(x)

Vay a > 3 1a cac gia tri can tim.
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Bai tap tuong tu

1. Tim a dé hé phuong trinh
?+y*=a
y+cosx =2

2. Tim m dé hé phuong trinh sau c6 nghiem duy nhéat:

Va2 +2+ |yl =m
VY224 [z =m

3. Tim a, b dé hé phuong trinh sau c¢6 nghiém duy nhat:

c6 nghiem duy nhat.

TYz +z=a
xy+2=0

4. Tim a, b dé he phuong trinh sau c6 nghiem duy nhat:
¥y —1
¥ +1
2+ =b

=a

5. Tim a dé v6i moi b, hé phuong trinh sau luon c6 it nhat mot nghiém :

{(a—l)x5+y5: 1

e + (a+ 1)by* = a?

(|z| +1)a =y + cosx

4 . 1) Giai hé khi a = 2. 2) Tim a
sinz + %=1

6. Cho hé phuong trinh {
dé hé c6 nghiem duy nhat.
7. Giai hé phuong trinh sau:
a’r +ay+z = a?
b x + by + 2 = b
Ar+cy+ 2= c?
Trong d6 a, b, ¢ la cac sd thiye doi mot khac nhau.
8. Giai hé phuong trinh sau:

ar+ay+z+a®=0
Vr+by+z+0=0
Frt+cy+z+E=0

Trong d6 a, b, ¢ la cac sd thiyce doi mot khac nhau.
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9. Tim cac cap s6 (a;b) dé véi moi x € R ta ludon c6
a(cosw — 1) + b* 4+ 1 — cos(ax + b*) = 0.

10. Cho f(x) = az? + bz + ¢ thod man |f(z)| < 1 véi moi z € [0;1]. Chitng minh ring
[F(O)] <8

11. Tim a dé phuong trinh sau c6 nghiem

VAax2 + 22 + 1 — V4x2 — 22 + 1 = 2a.

12. Tim m dé phuong trinh sau c6 nghiém

Vsinxz = m + +/coszx.

13. Tim m dé bat phuong trinh sau cé nghiém

VT+Vid+z—mv4—z<3m.

4.6 Phuong phap Luong giac

Luong giac 1a mot 1y thuyét Toan hoc lien két gitta Hinh hoc, Dai s6 va Giai tich. Cac
ty s6 luong giac dude xay dung trude hét nham phuc vu cho viéc gidi cac bai toan tinh
toan trong Hinh hoc. Sau d6 ta thu dugc cdc ham s6 lugng giac nhu 1a cic doi tuong
nghién citu ctia Gidi tich. Cac bai toan nguge dan dén viéc gidi cac he thic lugng giac
va d6 1a cong viéc ciia Dai s6. Cac ham s6 luong gidc 1a nhitng ham s6 tuan hoan dau
tién ma hoc sinh dugc hoc. Ching mo ta mot quy luat thuong gap trong tu nhién, do la
tinh lap lai (tuan hoan) ctia mot s6 hién tugng. Ta c6 thé gidi cic bai toan lugng giac
biang phuong phap "Dai s6 hod" (bing cach dit an phu). Trong mot s6 trudng hop, quy
trinh ngugce lai: Lugng gidc hoa mot bai toan dai s6, c6 thé cho ta bai toan méi don
gian hon do c6 thé st dung duge cac bién doi, danh gia luong giac von rat phong phi.
Phuong phap "Lugng gidc hod" bai toan dai s6 nhu vay duge goi 1a phuong phap luong
gidc. Phuong phap lugng gidc c6 thé duge dung dé giai cac bai toan Dai s6 nhu 1a: Giai
phuong trinh, bat phuong trinh, hé ; Ching minh dang thic, bat dang thic ; Tim gia
tri 16n nhat va gia tri nhoé nhat ; v.v....

4.6.1 Co sd ly thuyét
Co s6 1y thuyét ctia phuong phéap lugng gidc dya trén nhan xét sau:
B6 dé& 11. Néu c6 mot dai lugng x bién thién trong mién I(a,b) thi luon cé thé dat

x = p(t) vdit € (x1), trong dé, ¢(t) la mot ham s6 liong gidc nao dé, con (*1) dugc
chon sao cho anh za p(t) : (%1) — (*) la song dnh.
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Cac chua y
1) Mot sb trudng hgp déi bién lugng gidc thuong gip:

1. Néu x € [a, b] thi c6 thé dat:

b— b
Hoécx:(Ta)cost—i- —12—a vl 0<t<m
— b
Hodc z = ( a)sint—l— ta Vil —Egtgf.
2 2 2
T
Hodic o = (b — a) cos’t +a V(’jiOgth.
Hodc x = tant vGi arctan a <t < arctan b.

2. N6i chung trong moi truong hgp déu c6 thé dat x = tant véi t € (*1) trong do
(%1) duge chon thich hop.

3. Néu c6 hai dai lugng z,y bién thién thod man: 2% + y* = a*> (a > 0) thi luon c6

thé dat:
xr=a.cost, khidéo y=ua.sint v6i 0<1t<2m.
Hoac = =a.sint, khidé y=a.cost v6i 0<1t <27
A < . 2 2l a L. T T
4. Néu |z| = a(> 0) thi c6 the dat x = oz Ve te [—5; —]\ {0}.
sin

2) Cac dau hiéu dé nhan biét mot bai todn c6 thé gidi duge bing phuong phap lugng
giac:

1. Tap bién thien I(a,b) cia mot bién s6 la tap gid tri cia mot ham sb lugng giac
nao do. I(a,b) co thé duge cho trong diéu kién hodc ta phai tu tim (tap xac dinh)
hoiic ta phai tu dit dé c6 thé 4p dung phuong phap luong giac.

2. C6 mot tré ngai dai sé can khic phuc, chdng han: bac cao, can thic, diéu kien
phtc tap, kho x1t 15...

3. Trong dé bai (& gid thiét hodic két luan) c6 mot bo phan tuong tu véi mot cong
thitc lugng giac ndo d6. Chang han:

e Bo phan 1 + 22 tuong tu véi cong thitc: 1 + tan?t = 7
cos

e Bo phan 423 — 3z tuong tur v6i cong thitc: 4 cos®t — 3cost = cos 3t.
e Bo phan 222 — 1 tuong tu v6i cong thitc: 2cos?t — 1 = cos 2t.

2tant
e B0 phan .2 tuong tu v6i cong thic: tan 2t = T tar?t’
2x 2tant
e B0 phan tuong tu véi cong thitc: sin 2t = ————.
? P 1+ 22 &% & 1+ tan?t
tan o + tan 3

Tty .
B6 phan tuong tu voi cong thic: tan(o = e
? DI 1 —xay &y & (a+5) 1 —tan . tan 3
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3) Can nhé them mot s6 truong hop goi § sau:

A+B+C=kr

1. tanA+tan B +tanC =tan A.tan B.tan C <
an A+ tan 5 + tan an an an {A,B,C;«ég—i—mr

A+B+C==+kn
2. tan Atan B 4+ tan BtanC' + tanC'tan A = 1 & T 2
A, B,C # 5 +nmw

3. cos? A+ cos®? B+ cos?C +2cosA.cosB.cosC =1
A+B+C A+B-C A—-B+C —A—i—B—i—C'_

< cos 5 CcoS 5 Cos 5 COoSs 5 0.
4. tanA +tan B + tan(C — tan A.tan B.tanC = 1 — tanAtan B — tan BtanC —
tan C tan A

A+B+C =1 +kr
A,B,C%g#—mr
1—|—tanA+ 1+tan B N 1+ tanC _ 1+tanA.1+tanB‘1+tanC
l—tanA 1—tanB 1—tanC 1—tanA 1—tanB 1 —tanC
A+B+C =7 +kn
s ABC+T fon
A,B,C’#Z—i-mr

6. sin? A + sin® B + sin*(A + B) = 2 < cos A. cos B.cos(A + B) = 0.

4.6.2 Trinh tu 15i giai

Loi gidi ctia mot bai toan dai s6 st dung phuong phéap luong giac gom 5 bude: Buéc
1: Tim diéu kién déi véi bién s6 (néu can), Buéc 2: Dat an s6 phu, Bude 3: Dua
bai toan dai s6 da cho vé bai toan luong giac méi, Budc 4: Giai bai toan luong giac
thu duge, Bu6c 5: Quay vé bai toan dai s6 xuat phat. Khi gidi he thiic dai s6 f(x)
RRe( (1) bang phuong phéap lugng giac, sau khi dat

r=p(t)(2); z€l(a,b)ste (%),
ta thu duge hé thic lugng giac:
Flp(t)RRe 0 & F(H)RRe 0 (3).

Ta c6 thé:

+) Hodc gidi (3) trong (*1). Thay ¢ tim dugc vao (2) dé tim x 1a nghiém cua (1).

+) Hodic bién ddi (3) dé thu dugc hé thitc déi véi p(t). Trong he thitc d6 thay ¢(t) =
ta sé thu duge nghiém cia (1).

Do c6 thé chon ¢(t) v (*;) bing nhiéu cach khac nhau nén trong titng bai toan cu
thé, ta nén chon ¢(t) va (*;) theo mot cach thich hop nhat.



4.6. Phuong phap Lugng giac 99

4.6.3 Vi du minh hoa
Vidu 4.6.1. Cho x,y,2 > 0; 22 +9*> + 22+ 2zxyz =1 (*). Ching minh ring:
Ltayz =ay/(1 =) (1= 22) + /(1 = y2)(1 = 22) + /(1 — y?) (1 - 22).

Tt diéu kien ¢6: 0 < z;y; 2 < 1 nén c6 thé dit

xr=cosA; y=cosB; z=cosC v6i 0 < A;B;C < g (%1)

Ta co:

(%) = cos® A+ cos® B + cos® C + 2cos A.cos B.cos C' = 1

? A+B+C -A+B+C A—-B+C A+B-C
= CoS . COS . COS . COS =0.
2 2 2 2
—-A+ B A—B A+ B — ?
Ma  cos i +C.cos +C.COS i ¢ # 0
2 2 2
A+B+C
=cos—— =0

= A+B+C=mn
=cos(A+B+C)=-1

= 1+ cos A cos B cos C = cos Asin Bsin C + sin A cos Bsin C + sin A sin B cos C'
S 1ray: — o/ = 20— ) + o/ = )1 = )+
+ 2/ = 12)(1 — 2).(dpem)
Vi du 4.6.2. Gidi phuong trinh:
P+ —22)pP=avV2-222. (1)

Digu kien: 1 — 22 > 0 < —1 < 2 < 1 (x). Do I(a,b) nén c6 thé diat x = cost t €
(0;7) (%1). Do sint > 0 v6i moi ¢t € (%1) nén:

(1) — cos®t + sin®t = v/2sint. cost
& (sint + cost)(1 —sint. cost) = v2sint.cost. (2)
Dit z = sint + cost = v/2sin(t + Z) Vé6i t € (%1), ta c6: —1 < 2 < V2 (x2).

22 —1
2

Khi do: sint. cost = va:

(2){:)2(1_222—1):\/5222—1

e 2B 4+V22-32-v2=0
& (z—=V2) (2 +2V22+1) =0
z = V2 (thod man (*))
Sz = 1-2 (thod man I(a,b)) .
z = —1-+/2 (khong thod man (*))
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sint + cost = \/§
Véi 2z = /2 ta co: ) 1 . Vay x = cost la nghiém cta phuong
sint.cost = 3

trinh:

1 2
x2—\/§w+§:0<:>x:\/7_.

sint+cost=1—+/2

. Vay z = cost 1a nghiém cua
sint.cost =1—+/2 ,y EHIC

Véi z = 1 — /2 ta co: {

phuong trinh:

—(1—\/§)x+l—\/§—0<:>x—1_\/_i\/ 2- (V2 +3)

Tém lai, (1) c6 cac nghiém:

V1V (VIS )(VE+3)
sz,m: 5
1V /(V2-1)(V2 +3)

. |

va T =

Vi du 4.6.3. Gidi bat phuong trinh:
1 - 3z
1—22 " 1—22

Diéu kien: 1 — 22 > 0& —1 <z < 1 (%).

(1)

Do I(a,b) nén c6 thé dit x = sint; —g <t< g (%1). Khi do:

1 1 1+ tan¢ 3T 3sint 3 tant
1—22 cos?t 1 — 2 cost

(vicost > 0 v6i moi t € (%;).)

(1) — 1 +tan®t > 3tant — 1
< tan’t — 3tant +2 >0
< tant < 1Vtant > 2

oD et <Dy arctan 2 <t < =
—_—— — arctan —.
2 1 2

Vay: (1) & sin(—g) <sint =z < sin(%) V sin(arctan 2) < x < sin(g)
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(do ham s6 sin dong bién trong (x;).)

2
& -l<z< \/7_\/ sin(arctan 2) <z < 1.

Ma: sin(arctan 2) tan(arctan 2) 2 2
a: sin(arctan 2) = - ==
V/1+ tan®(arctan 2) V5

Oj&l

Nén tém lai, ta duge (1) c¢6 nghiem:

2 24/5
—1<:1;<£v —\/_<a:<1.
2 5
Vi du 4.6.4. Gidi he:
20 + 2%y =y
utytza=z . (4)

22+ 22 ==x

Néu 22 = 1 thi tit phuong trinh dau ta duge £2 = 0: vo ly. Vay 22 # 1. Tuong tu ta
ciing c¢6 y? # 1; 22 #£ 1. Do d6

2z
v= 1 5 1'2
Y
(4) & (2= - (4.1)
2z
xr =
1—22
Dat z = tant véi t € (—g; g) \ {:I:%} (x). Ta c6
2tant
= = tan 2t
Y71 2—ttan22tt o (@)
an
4.1 = —5— =tan4t . (4.2
( ) - : 1 Ettanju?t an ( )
an
T ey an8t (0)

T (a) va (B) ta duge

k
tan 8t = tant < 8t =t + kr (keZ)<:>t=77T.

Do t € I(a,b) nén ta duge k € —3..3. Vay hé da cho ¢6 7 nghiém :
k

xr = tan ull
27c7r

y=tan—— VO k€ —3.3.
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Vi du 4.6.5. Phuong trinh
42° —3x = V1 —a22 (5)

c6 bao nhiéu nghiém?.

Diu kien 1 — 22 > 0 & —1 < o < 1 (%). V6i diéu kien do6 ta c6 thé dit x = cost véi
0 <t < 7 (%1). Phuong trinh da cho tré thanh

4cos’t —3cost = V1 —cos?t = |sint| =sint (5.1)
(dot € (%) nén sint > 0 = |sint| = sint).

=2 _ 4 o%kn

(5.1) & cos 3t =sint = cos(Z —t) 2 (k, n€Z)
2 St =—5 +t+2nm
PR . km
& g 2
t= Z +nm

Do t € (*;) nén ta dugec k = 0; k= 1; n = 0. vay ta dugc 3 nghiém € (%) ctia phuong
trinh (5.1) 1a

T Tt 2T
8 4708
Do ham s6 cos x nghich bién trén (1) va 0 < ¢; < ty < t3 < 7 nén phuong trinh (5) c6
ba nghiém phan biét thod man I(a,b) la

t=— =11t = = t3.

5% - T - T
T1 =CoS— < Xy = COS— < T] = COS —.
8 4 8

Vay phuong trinh da cho c¢6 ba nghiém phan biét.

Vi du 4.6.6. Chitng minh rang phuong trinh
2 —3x+1=0 (6)
c6 ba nghiém x1 < xo < x3 thod man:

T3 = Ty + 2.

Dat f(z) = 2 — 3z + 1 ta ¢6 f(x) xac dinh, lién tuc véi moi z € R. Ngoai ra,
f(=2)=—=1<0; f(-1)=3>0; f(1)=—-1<0; f(2)=3>0

nén theo tinh chat ham s6 lien tuc, phuong trinh (6) c¢6 it nhat 3 nghiem phan biet
(trong mdi khoang (—2; —1); (—1;1); (1;2) phuong trinh (6) ¢6 it nhat mot nghiém ma
ba khodng d6 doi mot roi nhau). Nhung (6) 14 phuong trinh bac 3 nén (6) c6 nhiéu nhat
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3 nghiém phan biét. Vay (6) c6 dung ba nghiém phan biét z; < zs < xz. Ngoai ra, tit
trén ta thay moi nghiem ctia (6) déu € (—2;2) nén dé tim nghiém clia (6) ta c6 thé dit
x =2cost v6i 0 < t < m (*). Ta thu dugc phuong trinh

1 1
8cos’t —6cost+1=0<« 4cos’t — 3cost = ~3 & cos 3t = ~3 (6.1)

2
3t — 2T L okn t:£+2kg
(6.1) 3 9. 3 (knel).
3t = ——+2n7r t=——+2n+
9 3
Dot € I(a,b) nén ta dugc k = 0; k = 1; n = 1. Nhu vay, (6.1) ¢6 ba nghiém € I(a,b) la
P L .
_9-_1a_9'_2a_9'_3 1 2 3)-

Do ham s6 cos x nghich bién trén I(a,b) nén ta duge ba nghiém phan biét ctia phuong
trinh (6) 1a

81 47 T
T = 2c08 — < X9 :20083 < T3 =2c0S—.

9
Ngoai ra,
4 4 2
I2+2:2COS§+2:2(1+COS§) :2.2.0082?71- = 73.

D6 chinh 1a diéu phai ching minh.

[z[+ 1yl =1 ()

7) co nghiém.
2’ +y*=m (B) (1) o nah

Vi du 4.6.7. Tim m dé hé: {

Tit (o) ¢6 0 < |z; Jy| < 1 nén c6 the dat |z| = sin®t = |y| = cos?t. Ta thu dugc

&sin't +cos't=m (7.1).

sin?t 4+ cos’t =1 (luon ding véi moi t € R)
sin*t + costt =m

1
Ma (7.1) & m = (sin®t + cos?t)? — 2sin*tcos’t = 1 — 5511&2 2t. (7.2), nén ta co:
1 1
Phuong trinh (7) ¢6 nghiém <(7.2) ¢6 nghiéem < 3 <m < 1. Vay 5 <m < 114 céc

gia tri can tim.

Vi du 4.6.8. Tim m dé bt phuong trinh sau cé nghiém:

Vz+vVli—z>mve—22+1. (8)

Dieu kién:
x>0 z =0
1—2>0 Ser<l S0<z<1L (%)
r—a222>0 0<z<1
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Véi dieu kien d6 ta cé thé dat z = cos®t véi 0 < t <

trinh

(%1). Ta thu dugc bat phuong

bo |

cost+sint > m.sint.cost + 1. (8.1)
(Do tit (%1) ¢6 |sint| = sint; |cost| = cost; |sintcost| =sintcost.)
22 —1

Lai ddt z = cost+sint. V6it € (%) ta dé thdy z € [1;1/2]. Ngoai ra, sint. cost = 5

va bat phuong trinh (8.1) trd thanh:

2z >m(22 —1)+2&2(z—1)>m(z* —1). (8.2)

Néu z = 1 thi (8.2) & 2.0 > m.0 : vo ly. Vay (8.2) khong c¢6 nghiem z = 1. Xét
z€ (1;v/2] (x2). Khid6 2 —1>0; z+1>0nén

(82) e m< z—?—l = f(2).

Ta c6: (8) ¢6 nghiem < (8.1) ¢6 nghiem ¢ € (*;)
< (8.2) ¢6 nghiém z € (xq)
< m < cosh (x2)Sup f(2).

D@ thay f(z) lien tuc va nghich bién trén (x2) nén cosh (x9)Sup f(z) = f(1) = 1. Vay
m < 1 1a cac gia tri can tim.
Bai tap tuong tu

1. Cho 2? + 9% = 1; u® + v?> = 1. Chiing minh rang

lzu +yv| <1

v6i moi z € [—1;1]. 2) Chiing

co| —

1 N
2. Choy = 2* — 2% + 3 1) Chiing minh rang |y| <
minh ring phuong trinh:
1
42
r—1"+-=0
8
¢6 bon nghiém phan biet z € [—1; 1].
3. Tim gia tri 16n nhat va gia tri nhé nhat cla
1+
v (1+ 22)?
4. Cho ab;bc; ca cing # —1. Chitng minh ring

a—b+b—c+c—a B a—b b—c c—a
1+ab 14bc 1+4+ca 1+ab1l+bc'1+ca
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5. Cho a,b,c > 0; a > ¢; b > c. Chitng minh rang

Vela—e) ++/e(b—c¢) < Vab

6. Cho 0 < z,y,z < 1va xy + yz+ 2z = 1. Chiing minh rang:

x Y z >3\/§

1—x2+1—y2+1—22/ 2

7. Ching minh réng véi moi z € (—1;1) va n > 2, ta luon c6:
14+2)"+(1—-2)"<2

8. Chiting minh rang véi moi a,b € R, ta luon co:

1 o (a+b)(1 — ab) <1

2 (1+a2)(1+02) 2

9. Cho a,b,c > 0 va abc+ a+ c=»b. Tim MaxP véi:

2 2 N 3
a?l4+1 b24+1 241

10. Cho day s6 (x,) xac dinh nhu sau:

1—+/1—2a2

T = B

57 Tntl =
Chitng minh rang:
T+ Tpy1 + Tpgo + -+ Ty < 1,03

v6i moi k,l € N*

11. Tim a dé phuong trinh : x + /1 — 22 = a c¢6 nghiém.

12. Giai va bién luan: va+x ++a —x = x.

13. Tim nghiém ctia hé: 22 +¢2=9  v6i x + z 16n nhat.
rt+yz =6
14. Giai phuong trinh: 22 + ( 1)2 =1
x —_—
15. Giai he:
3z + =) = Ay + ~) = 5(: + )
€T —_ = —_ = A —_
x Y y z

zy+yz+ze=1
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16.
17.

18.

19.

20.

21.

22.

23.

Cho y = |x|(42® + m). Tim m dé |y| < 1 véi moi z; |z] < 1.
Cho A, B,C 1a ba gbc ciia mot tam gidc. Chiing minh rang:
1+ cos A. cos B.cos C' > v/3sin A. sin B. sin C
Giai he:
{\/5(:6 —y)(1 +4zy) =3

Cho day {u,} xac dinh nhu sau:

U1=\/§
un+\/§—1
(1 —v2)u, +1

(n>1)

Un4+1 =

Hay tinh U2004
Cho 0 < 21 < y;. Hai day {x,}; {y»} xac dinh nhu sau:

Tn + Yn
Tnt1 = 9

Ynt+1 = A/Tn+1Yn

Ching minh rang Lim z, = inn Yn. Hay tim giGi han do.

n—-+o0o

(n>1)

Cho day {xy}}_, thod man:

{xo — 0: 7 = 50.000

xkﬂzxk—i-rtoo 11—z (kel;n—1)

Bét dang thic z,, < 1 ding hay sai?.

Cho day cac ham s6 {T},(z)} dugc xac dinh nhu sau:
Ti(x) =x
Ty(z) =22% — 1

Chiing minh rang: 1) Néu |x| < 1 thi |T,,(z)| < 1 v6i moi n € N*. 2) Phuong trinh
T (x) = 0 ¢6 diung n nghiém phan biét va cac nghiem d6 déu € [—1;1]. 3) Tim tat
ca cac gia tri ctia z dé |T),(x)| = 1.

Chiing minh rang véi a, b > 0, ta luon co:

m:\/a+\/2m+\/a+\/2m
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24.

25.

26.

27.

28.

29.

30.

31.

Chitng minh rang v6i a > ¢; b > ¢; ¢ > 0 ta luon co:

Vie+o)(b+0)+(a—c)b—c) <2Vab

Rit gon biéu thitc:

- \/a— 4(a—1)+\/a+ 4(a—1)
a? —4(a—1)

Chiing minh rang véi a > |b|, ta luon c6

NG 2“@? “;__b; — @ TP — e =P

Giai phuong trinh:

\/4+ '216_x+\/4_ '216_x: 44V +V16—=x

Cho zyz # 0; xy + yz + zz = 1. Chitng minh rang

(== )+ = =)+ e - =4

T Y Y z z x

3 .
Cho z;y; z # ig; x + 1y + z = xyz. Chitng minh rang

3 3

3r —x 3y — 1 32—2_3x—x33y—y33z—z3
1—322 1-3y2 1-—322 1-—322"1—-3y2'1—322

Cho zyz #0; x +y + 2 — wyz = 1 — 2y — yz — zx. Chiing minh rang
21 1-a221—9y2 12
+ + =, . .

T Y z 4 =z Y z

Cho x1; x9; x5 1a cac nghiém cta phuong trinh
2 +art+x+b=0

Chitng minh ring

107
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32.

33.
34.

35.

36.

37.

38.

39.

40.

41.

Cho z;y; x # 1 thod man:
l+z 1+y 14z 14+zxzl+yl+z
l—z 1—-y 1—2z 1—-z2'l1l-yl1l-z
Chitng minh ring
a) r+y+z—ayz=xy+yz+zr—1
) 2@ +y)l—=y) 1-2
(T+a?)(1+y?)  1+22
) (1—zy)?— (z+y) 2z
c -
T+ +y? 112
Giai bién luan phuong trinh: x + va? — 22 < b v6i a,b > 0.
Giéi he:
[z +y[+ ]z -yl <2
Giai he
21—y +yv/1—22 =1
1
x\/l—y2—y\/1—a:2:§
Giai he
Vit T—y=m+1
Vi+Vli—z=m+1
Giai he
dry(2z* —1) =1
Giai bién luan phuong trinh:

(a+b)Va2 + b+ 22— (a—b)Va2 + b — 22 = a® + b

Giai phuong trinh:

1 5
T VIme 12
Giai phuong trinh:
T+ - = §
r2—1 12

Giai phuong trinh:

V14 V1—a? <\/(1—|—x)3—\/(1—x)3) =2++V1—2?

108
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42.

43.

44.

45.

46.

A7.

48.

49.

50.

ol.

52.

53.

Giai phuong trinh:

Vi—2+V4—z=2>—6x+11

Giai phuong trinh:

V1—2=22%—1+22V1 — 22

Giai bién luan phuong trinh:

2a \° 1—a%\"
— =1 O<axl1
(1+a2) (1+a2) ( “ )

Giai phuong trinh:

122 — V1 — 422| = V2(82% — 1)
Giai bat phuong trinh:

x/l—ac—\/b\/?g

Giai bat phuong trinh:

Ve—1—-Vzr—2>+3—z

Giai bat phuong trinh:

Vi—z+V1i+z<?2

1
Cho f(z) = 2* — Zx 1) Chiing minh rang |f(z)| < <7 v6i moi z; |z| < 1. 2) Ching

minh rang:

e~ =

Phuong trinh 23 — E=m c6 nghiem z € [—1;1] & |m| <

Chiing minh rang véi moi a, b, c € R ta ludn c6

la — ¢ la — b |b— ¢
<

N e Y R e S/ R ) T )

Phuong trinh
8x(1 —22%)(82z* — 82> +1) =0

c6 bao nhiéu nghiem € [0; 1]7.

Cho 0 < ar <1 (k€ 1;n). Ching minh ring
k=1 k=1

ZE2

142t

Tim gia tri 16n nhat va gia tri nhé nhat cia: y =
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54. Tim gi4 tri 16n nhat va gid tri nhé nhat cia: y = |z|v/1 — 22

55. Tim gia tri 16n nhat va gia tri nhé nhat cta: y = V1 — 2+ 1+

56. Tim gia tri 16n nhat va gia tri nhé nhat clta: y = voi —1 <z < 1.

1+ 22

57. Tim gia tri 16n nhat va gia tri nhé nhat cta: y = 23 — 2% véi —1 <z < 1.

4.7 Su dung dinh ly Lagrange

Dinh 1li 1 (Lagrange). Néu ham s6 y = f(x) lién tuc trén doan |a,b] va c6 dao ham
trén khodng (a,b) thi ton tai c € (a,b) sao cho:

F8) ~ (@) = P06 —a) (1) hay tar f'e) = LO IO o)

Céc cong thitc (1) va (2) déu duge goi la cac cong thitc Lagrange. Trong dinh 1y
Lagrange a c6 thé = b. Khi d6, chi can diéu kién f(z) kha vi tai 2 = a, ta c6 ¢ = a
va cong thiic (1) van dang. CAc nhan xét sau day 1a cac he qué truc tiép cta dinh 1y
Lagrange.

B6 dé 12. Néu:
1) f'(x) + 1 # 0 vdi moi x € I(a,b) C Dy; (*) lién thong.
{2) o) € (3): () C (3).
thi trong (xx) ta co:
Flo(@)) = f( (@) = d(@) — () & @(2) = ¢(2)
B6 dé 13. Néu:
1) f(x)dong bién vdi moi x € I(a,b) C Dy; (*) lién thong.
2) p(xx) © (%); () C (%).
3) h(x) > 0 vdi moi x € (*x).
thi trong (xx) ta co:
fle(@)) = f((x)) = [P(z) — ()] h(z) < p(x) = ()
B6 dé 14. Néu:
1) f'(x) > 0; ¢'(z) = 0 vdi moi x € I(a,b) C Dy; (*) lien thong.
2) p(x) C (%); Pxx) C ().
3) h(x) = 0 vdi moi x € (*x).

thi trong (xx) ta co:

flo(@)) = f((x)) = [9(¥(x)) — g((@))].h(z) & o(z) = P(x)
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Bo dé 15. Néu f(x) dong bién trong (x) C Dy , () lién thong, thi trong I(a,b) ta co:
f(f@) =z flx)=2; f(f(f@@)=zx f(z)=2

Néu f'(x) + 1 # 0 vdi moi x € I(a,b) C Dy ,(x) lién thong, thi trong I(a,b) ta cé:
ff@) =z flz)=x; [(f(f(z))=2% flz) =2

Vi du 4.7.1. Gidi phuong trinh:

B 41=2v22—1. (1)

) eo=3(1+50+) = f(f@).

1 3 R .
Véi f(z) = 5(1 +2%). Co6 f'(x) = §x2 > 0 v6i moi z € R = f(x) dong bién trén tap
xac dinh R. Do do6

e f@)=zer*-20+1=0&(z—-1)(2°+2-1)=0

T = 1
r—1 =0 _ ZloWs
T+ x = 11 E
r = ——

2

Vay phuong trinh da cho ¢6 ba nghiém

el G B A

=1V ax= =
x x 5 x 5

Vi du 4.7.2. Gidi phuong trinh:
27 — 22"t = (1 +1).3". (2)
Xét ham s6 f(z) = 2% ¢6 f'(z) = 2% In2, Vo € R. Theo dinh 1y Lagrange, ton tai c
nam gitta z va 2x + 1 sao cho
27 — 22 = f'(¢).Jx — (2v + 1)] = —(x + 1).2° In2. B&i vay:

2) e —(z4+1)2° In2=(z+1).3" < 2+ D3 +2° 2 =0 2+1=0sz=—1.

(Do [3* 4 2°. In2] > 0 v6i moi z € R.)
Vay phuong trinh da cho c¢6 nghiém duy nhat z = —1.

Vi du 4.7.3. Chiing minh rang phuong trinh:

™ T —1
T.ar COST — — —

2 V1I-—a?

1 7
l A < h‘A . .
uon co nghiém x € (W, 4) (*)
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Dat f(z) = VT(3). Xét ham s6

F(z) = (mz — 1)(cosx — g)

. 1
Ham s6 F(z) xac dinh, lién tuc trén [—; Z] va o
m

F'(a) = f(x), Va € I(a,b): F(%) =0= F(5)=o.

Vay theo dinh 1y Lagrange, ton tai zg € I(a,b) sao cho

flxo) = F(%);f;

Vay, phuong trinh f(xz) =0 (3) luén c6 nghiém x € I(a,b) (dpcm).
Vi du 4.7.4. Chitng minh rang phuong trinh:

20 —3x+1

(4dx — 3) logs x + =0. (4)

x In3
) , 1
luon co nghiem x € (5, 1) (%).
bat f(z) = VT(4). Xét ham sb
F(z) = (22® — 32 + 1) log; .

. 1
Ham s6 F(z) xac dinh, lién tuc trén [5, 1] va ¢6

F'(e) = f(x), Va € I(a, b): F(%) — 0. F(1) = 0.

Vay theo dinh 1y Lagrange, ton tai z € I(a,b) sao cho

Vay, phuong trinh f(z) =0 (4) ludn c6 nghiém z € I(a,b) (dpcm).
Vi du 4.7.5. Chitng minh rang phuong trinh:

2
2(z — 1)sin 2z — cos 2z + \/7_ =0. (5

luon cé nghiém x € (g, 1) (%).
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Dat f(z) = VT(5). Xét ham sb

F(z) = (z — 1)(cos 2z — \/75)

Ham s6 F(z) xac dinh, lien tuc trén [g, 1] va c6
Fl(z) = f(2), ¥ € I(a,b); F(Z) = 0; F(1) =0.

Vay theo dinh 1y Lagrange, ton tai zg € I(a,b) sao cho

F) - F(§)

87 .
-5

f(zo) =

Vay, phuong trinh f(z) =0 (4) ludn c6 nghiém x € I(a,b) (dpcm).
Vi du 4.7.6. Chitng minh rang phuong trinh:
2(z? —x —2)cos 2z = (1 —27)sin2r. (6)

luon cé it nhat 8 nghiém phan biét trong khodng (—1;2) (x).

(6) & f(x) :=2(2* — 2 —2)cos2x — (1 — 2z)sin2z = 0 (6.1). Xét ham s6
F(z) = 92> — x — 2) sin 2.
Ham s6 F(x) xac dinh, lien tuc trén [—1;2] va ¢6
F'(z) = f(z), Vx € I(a,b); F(—1)=0; F(0) =0; F(g) =0; F(2)=0.

Vay theo dinh ly Lagrange, ton tai zo € (—1;0) (*;) sao cho

F(0) - F(=1)

0— (1) =0

f(iUo) =

Tuong ti, ton tai z; € (0; g) (%2) sao cho f(z1) = 0;

ton tai zy € (g, 2) (3) sao cho f(xg) = 0. Ma cac khodng (x1); (*9); (*3) doi mot khong
giao nhau
nén cac nghiém xy; r1; r9 ciing doi mot khac nhau. Vay, phuong trinh

f(2) =0 (6.1) < (6)

luon ¢6 it nhat ba nghiém phan biet = € I(a,b) (dpem).
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Vi du 4.7.7. Cho phuong trinh:
ar’ +br+c=0. (7)
Chiaing minh rang néu

b
m > 0; a, b, c € R, thod man ¢ + +£:O (%1)
m+2 m+1 m

thi phuong trinh (7) luon co nghiém x € (0;1) (x).

Dat f(z) = az™ ™ + ba™ + cx™ ! = 2™ Y ax? + bz + ¢). Xét ham s6

(gl:)_m+23j ma 1 +mx '
Ham s6 F(x) xac dinh, lien tuc trén [0; 1] va c6
a b c
F'(z) = I(a,b); F(0)=0; F(1) = —=0.
Vay theo dinh 1y Lagrange, ton tai zg € I(a,b) sao cho
F(1)— F(0
o= P00,

hay 1a " '(azd + brg +¢) =0 = arg + brg +c=0 (Vizg € (0;1) = 2"~ #£0).
Vay, phuong trinh ax? + bz +c¢ =0 (7) luon c6 nghiem = € I(a,b) (dpcm).
Vi du 4.7.8. Cho phuong trinh:
™ + a,_ 2" '+ +a—lr+a—-0=0. (8)

Chitng minh rang néu

Qn, Ap—1 a1
"+ 1 n + + 9 + Qo ( 1)

thi phuong trinh (8) luon cé nghiem x € (0;1) ().

Dat f(z) = VT(8). Xét ham sb
F(z) = na—ﬁlxnﬂ + %x" +- 4 %IQ + agx.
Ham s6 F(x) xac dinh, lien tuc trén [0; 1] va c6
F'(z) = f(z), Yz € I(a,b); F(0)=0; F(1) =0 (do (x)).
Vay theo dinh 1y Lagrange, ton tai zg € I(a,b) sao cho

F(1) - F(0)

=0.
1-0

f(xo) =

Vay, phuong trinh f(z) =0 (8) luoén c6 nghiéem = € I(a,b) (dpcm).
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Vi du 4.7.9. Cho phuong trinh:
" + a2 ' ta—lr+a—0=0. (9)

Chatng minh rang néu ton tai m € N* sao cho :

(7% Ap— a a
+ 1 44 1 +_0:O (%1)
n+m n+m-—1 m—+1 m

thi phuong trinh (8) luon cé nghiém x € (0;1) (x).

bat f(z) = VT(9). Xét ham sb

F(x) — a/—nxn+m an—i_m_l _|_ P

n-+m n+m-—1 m+1 m

a1 Qo
e S

Ham s6 F(x) xac dinh, lien tuc trén [0; 1] va ¢6
F(2) = 2™ f(2), Vo € I(a,b); F(0) = 0; F(1) =0 (do (+1)).
Vay theo dinh 1y Lagrange, ton tai zg € I(a,b) sao cho

F1) - F(0)

=0.
1-0

F'(z0) = xg~" f(20) =
= f(z0) =0 do x € (0;1) = ' £ 0.
Vay, phuong trinh f(z) =0 (9) luoén c6 nghiém = € I(a,b) (dpcm).
Vi du 4.7.10. Cho phuong trinh:
a.cos3z +b.cos2z 4+ c.cosx +sinz = 0. (10)

Chiing minh rang vdi moi a, b, ¢ € R thi phuong trinh (10) luén cé nghiem x € (0;27).

Dat f(z) = VT(10). Xét ham s6

F(z) = %sin3w+§sin2w+csinx—cosx+ L.

Ham s6 F(x) xac dinh, lien tuc trén [0; 27] va c6
F'(z) = f(x), Vz € I(a,b); F(0)=0; F(2r) =0, Va, b, c € R.
Vay theo dinh 1y Lagrange, ton tai zg € I(a,b) sao cho

F(2r) — F(0)

= 0.
2 —0

f(l’o) =

Vay, v6i moi a, b, ¢ € R phuong trinh f(x) =0 (10) luon c6 nghiém x € I(a,b) (dpcm).
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Bai tap tuong tu

1. Giai phuong trinh:
22048 _ 97" = (Va2 — Y2z + 3)(2* + 1+ 27)

2. Giai phuong trinh:

(2®+1)° = (@* +1)° = (Va2 + 1 = Va? + (Vo + Va + 1)

3. Giai phuong trinh: = a + \/a + V&

4. Giai phuong trinh: x = \/a++va+«x

4.8 St dung dinh 1y Rolle

Dinh 1i 2 (Rolle ). Néu ham s6 y = f(x) lién tuc trén doan [a,b] ; c6 dao ham trén
khodng (a,b) va f(a) = f(b) thi ton tai ¢ € (a,b) sao cho f'(c) = 0.

Tu dinh 1y Rolle ta thu duge ciac hé qua sau:

Bo dé 16. Néu ham séy = f(x) lién tuc trén doan [a,b] ; ¢6 dao ham trén khodng (a,b)
thi gitia hai nghiém (lién tiép) € (a;b) cia phuong trinh f(z) = 0 cé it nhat mot nghiém
cia phuong trinh f'(x) = 0.

Bo dé 17. Néu ham s6y = f(z) lién tuc trén doan [a,b] ; ¢6 dao ham trén khodng (a,b)
va phuong trinh f(x) = 0 c¢6 k nghiém x € (a;b) thi phuong trinh f'(x) = 0 c6 it nhat
k —1 nghiém z € (a;b).

Vi du 4.8.1. Gidi phuong trinh:

342" =3z +2 (1)

Taco (1) & f(z) = 3°+2*—3x—2 = 0. Nhan xét rang f(0) = 0; f(1) = 0 = phuong
trinh (1) ¢6 it nhat hai nghiem thiyc phan biet. Gid st (1) ¢6 nhiéu hon hai nghiem thyc
phan bigt, khi d6, theo hé qua ctia dinh 1y Rolle , phuong trinh f/(x) = 0 ¢6 {t nhat hai
nghiém thyc phan biét. Cling theo 1y do trén, phuong trinh f”(x) = 0 c¢6 it nhat mot
nghiém thye. Ma f/(z) =3 In3+2° In2 — 3 = f"(z) = 3*( In3)? +2%( In2)? > 0 véi
moi 2 € R. D6 1a diéu mau thuln véi két qua tren. Vay gid st clia ta la sai, tice 1a (1)
c6 khong qué hai nghiém thyc phan biét, N6i cach khac, (1) chi ¢6 ding hai nghiém la

r=0; =1
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Vi du 4.8.2. Chitng minh rang véi moi a,b,c € R, phuong trinh:
a.cos3z +b.cos2x 4+ c.cosx +sinz =0. (2)

luon cé nghiém x € [0; 27 (x).

Xét ham s

b
flz) = %sin3m+ §Sin2w+c.sinx — COS .

Ta c6 f(x) xac dinh, lien tuc va ¢6 dao ham bac nhat:
f'(z) = a.cos3x + b.cos2x + c.cosx + sinx = VT(2)
v6i moi x € I(a,b). Ngoai ra,
fO)=f@2r)=a+b+c.

Vay, theo dinh 1y Rolle , ton tai ¢ € (0;27) C [0;27] = () sao cho f'(¢) = 0. N6i cach
khéc, phuong trinh (2) luon ¢6 it nhat mot nghiem (z = ¢) € I(a,b). D6 chinh la diéu
can chitng minh.

Vi du 4.8.3. Cho ham so f(z) lién tuc trén [a; b]; khd vi trén (a;b) va f(a) = f(b) = 0.
Chiaing minh rang véi moi k € R*, phuong trinh

f@)+kf(z)=0 (3)

luon cé it nhat mot nghiém x € (a;b).

T

Xét g(z) = eE.f(:v). Ta ¢6 g(x) lién tuc trén [a;b]; kha vi trén (a;b) va g(a) =
g(b) = 0. Theo dinh ly Rolle , phuong trinh ¢'(z) =0 (3.1) luon ¢6 it nhat mot nghiem
x € (a;b). Ma

8
8
| 8

§(2) = ek [(x) + ek f'(a) = Tek [(2) + b))

Con %eg # 0 v6i moi x € R nén
31) & f(x)+k.fl(x)=0 (3).

Vay phuong trinh (3) luon c6 it nhat mot nghiem x € (a;b). D6 chinh 1a dpem.

Vi du 4.8.4. Chitng minh rang vdi moi a,b,c € R, da thic:
P(x) = 2° — 22" + 22° 4+ a2® + bx + ¢

co6 khong quad ba nghiém thuc phan biét.
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Gia stt P(z) ¢6 nhiéu hon 3 nghiém thyc phan biet. Khi do, do P(z) xac dinh, lien
tuc va kha vi tréen R nén theo hé qué cia dinh 1y Rolle , da thiic P'(x) c6 it nhat ba
nghiém thyc phan biet. Lap luan tuong tu ta duge P”(x) c¢6 it nhat mot nghiem thue.
Ma

P'(z) = 52" — 82° + 627 + 2ax + b = P"(r) = 302" — 242° + 127 + 2a

= P"(x) = 602" — 48z + 12 = 12(2* + (2 — 1)*) > 0, Vz € R,

Diéu mau thuan thu duge ching t6 gid st trén 1a sai, titc 14 da thic P(z) da cho ¢6
khong qua ba nghiém thuc phan biét (dpem),

Vi du 4.8.5. Chiing minh ring néu a,b,c,d € R , doi mot khdc nhau thi phuong trinh:
(x—a)(z=b)(x—c)+(z—b)(x—c)(z—d)+(x—c)(z—d)(z—a)+(z—d)(z—a)(x—b) = 0 (4)

luon co ba nghiém phan biét.

Xét
P(x)=(z—a)(z —b)(z —c)(z — d).

Ta c6 P(x) xac dinh, lién tuc, kha vi trén R va ¢6 bon nghiém thyc phan biét. Theo he
qua cta dinh ly Rolle , phuong trinh P'(z) =0 (4.1) ¢6 it nhat ba nghiém phan biét.
Mzt khac, P'(x) 1a da thitc bac ba nén né c¢6 khong quéa ba nghiém thuyc phan biét. Vay
P'(x) ¢6 ding ba nghiém thuc phan biét. Nhung

P'(x) =VT(4) nén (4.1) & (4).
No6i cach khac phuong trinh (4) luon c¢6 ding ba nghiém thyc phan biét. D6 chinh la
diéu phai chiing minh.
Vi du 4.8.6. Tim s6 nghiém ctia phuong trinh:

3sinz =x. (H)

Dat f(z) :=3sinz — . Ta ¢6 f(x) xéc dinh, lien tuc, khé vi trén R va

(5) & flz) =0 (5.1)
Do v6i moi € R ta luon c6 —1 < sinz < 1 nén moi nghiém néu c6 ctia phuong trinh
(5) déu € (—3;3) (*). Nhan xét riang (*) C (—m;7) := (*1). Ngoai ra, ta c6
f'(x) =3cosz —1

suy ra f’(x) c6 hai nghiém phan biét € (x;) = f’(x) c6 khong qua hai nghiém phan biét
€ I(a,b). Sit dung dinh 1y Rolle ta dugc f(x) c6 khong qué ba nghiém phan biét. Ma
() lien tuc tren R, £(0) = 0; f(—g).f(—?)) <0 f(g).f(S) < 0neén f(z) c6 it nhét
ba nghiém phan biét. Tém lai phuong trinh (5) c6 ding ba nghiém phan biét.
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Vi du 4.8.7. Giai phuong trinh:

2 —sintx = 0. (6)

bat f(z) := 2z —sinwz. Ta ¢6 f(x) xac dinh, lién tuc, khé vi trén R va

(6) < f(z) =0 (6.1)

nén moi nghiém néu c6 ciia phuong trinh
11

Do v6i moi z € R ta luon ¢6 —1 < sinmz <
(5) deu € (—5; 5) (x). Nhan xét rang (*) C

1

(—Z; z) := (x1). Ngoai ra, ta c6
272

f'(z) =2 — msinmx

suy ra f'(x) c6 hai nghiém phan biét € (%) = f’(z) c6 khong qua hai nghiém phan biét
€ I(a,b). Stt dung dinh 1y Rolle ta dugc f(z) ¢6 khong quéa ba nghiém phan biét.

1 1

Ma f(0) =0; f(=5)=0; f(3) =0

nén f(r) c6 it nhat ba nghiem phan biet. Tom lai phuong trinh (5) ¢6 ding ba nghiem
phan biét 1a

Vi du 4.8.8. Chitng minh rang phuong trinh:
2" =2 +1. (7)

c6 ding 3 nghiém phan biét.

Dat f(z):= 2" —2? — 1. Ta ¢6 f(x) xac dinh, lién tuc, kha vi tréen R va
(7) & flx) =0 (7.1)

Co f(0) = f(1)=0; f(2)=-1, f(5) =6= f(2).f(5) = —6 < 0= f(z) c6 it nhat ba
nghiém phan biét. Gi st f(z) ¢6 > 4 nghiém phan biét. Theo hé qué ctia dinh 1y Rolle ,
f"(x) ¢6 > 2 nghiém phan biet. Ma f'(z) = 2% In2—2z; f"(z) =2%(In2)* -2 = f"(z)
c6 ding mot nghiem. Ta thu duge hai két qua mau thuan nhau. Diéu dé6 ching té rang
f(z) c¢6 khong qua ba nghiém phan biét. Vay f(z) ¢6 ding ba nghiém phan biét. T d6
thu duge dpem.

Bai tap tuong tu

1. Giai va bién luan phuong trinh: ¢* = (a — )z +1 (a > 0;# 1)
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2. Giai phuong trinh:

1
Zk“:n n(n + )x
2
k=2
S+
lg5 x
. Giai bat phuong trinh: —=—~— < 0
3. Giai bat phuong trin 2z—3x—|—1<

4. Giai phuong trinh: (4* +2)(2 —x) =6
5. Tim nghiém z > 1 cua phuong trinh:

2+ 1
2

1
v +r—1=x(x*+1)In

1)1
(m+)nx -

6. Ching minh rang véi moi a, b, ¢, d, e € R, phuong trinh:
a.sin 6z + b.cosbx + c.sindx +d.cos3x +e.sinx =0
luon c¢6 nghiém .

7. Cho f(x) = apa™+a, 12" '+ -+ a1z +ag. Chiing minh ring néu ton tai m € N*

sao cho: a a a a
n _I_ n—1 ++ 1 +—O:O
m+n m+n-—1 m+1 m

thi phuong trinh f(z) = 0 ludn ¢6 nghiém z € (0;1)

8. Cho f(x) xéc dinh, lién tuc va duong trén [a; b]; kha vi trén (a; b).
1) Chiing minh rang 3 ¢ € (a;b) sao cho:

) _ -0 f'(0)

e
f(a) f(c)
2) Chiing minh rang phuong trinh:

O _ oo f'@)
f(a) f(x)

luon ¢6 nghiém z € (a;b).

9. Chitng minh ring véi moi ay; by € R; a, + b, # 0, phuong trinh:

n

Z(ak sin kx + by cos kx) = 0
k=1

luon c6 it nhat mot nghiem.

10. Chitng minh rdng véi moi a € R, gita hai nghiém ctia da thic f(x) € R[z| luon
6 1t nhat mot nghiem cia da thic f/(z) + a.f(z).
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11.
12.

13.
14.
15.
16.

17.

18.

19.

20.

21.

22.

Giai phuong trinh: (1 + cosx)(2 + 4°°7) = 3.4°57

Chitng minh rang néu n chén thi v6i moi p, ¢ € R, phuong trinh:
2" 4+ px + ¢ = 0 khong thé c¢6 qué hai nghiém thuc phan biét.
Giai phuong trinh: 47-1 — 2¢°~% — logox — 1

Giai phuong trinh: 22 + 2 + 6y + 2 = 18

Giai phuong trinh: z* 4+ 2% + 5v/x + 1 = 24 5v/2

Cho ham s6 y = f(z) c6 dao ham lién tuc dén cdp n — 1 trén doan [zo; z,] VA c6
dao ham dén cap n trén khoang (zo; z,). Ngoai ra:

flxo) = f(x1) == f(z,) VBizg <21 < -+ < Ty
Chitng minh réing khi d6, phuong trinh: f*)(z) = 0 c¢6 it nhat n — k 4+ 1 nghiém
trong khoang (zo;z,); (k € 1;n).
Dic biét, phuong trinh £ (x) = 0 ¢6 it nhat mot nghiem trong khoang (x¢; x,).
Biét rang da thiic: B,(7) = a,2™ + ap 12" + - + ayx + ag (v6i a, #0; n > 2)
c6 n nghiém thyc phan biét. Chitng minh rang phuong trinh P%®)(z) = 0 ¢6 ding
n — k nghiém thyc phan biét.

Biét rang phuong trinh > + ax + 8 =0 (o;3 € R) ¢6 nghiém thyc va da thrc
P(x) (bacn > 1; € R[x]) ¢6 cac nghiem déu thye. Chiing minh rang phuong trinh:
P(x)+ aP'(z) + fP"(z) =0

ciing c6 cac nghiem deu thuyc.
Cho z1 < 25 < z3 la cdc nghiém cta da thic P(z) € Rz].
Chitng minh ring néu tam thitc bac hai f(z) = 2* + ax + b c6 cac nghiém nam
ngoai doan [z1; x5] thi phuong trinh:
P"(xz) + aP'(z) + bP(x) =0

c6 nghiém trong doan [z1; x3]

Xét phuong trinh vé6i he s6 thuye:
n(n —1)
2
Tim a dé phuong trinh trén cé céc nghiém déu thue.

P(z) = 2" + na" ' + (1+a®)2" ?+a 2" >+ +a, 9=0

Cho da thic P(z) € Rlz] bac n va ¢6 tat ci cac nghiem déu thye. Chiing minh
rang phuong trinh

P'(x)=0
¢6 cac nghiem déu thyc (n — 1 nghiem déu thuec.)
Cho P(z) la da thic bac n ¢6 n nghiém thuc phan biét: z1;x9; -+ ;x,. Chiing
minh rang:
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4.9 Heé phuong trinh dang hoan vi vong quanh

Xét hé :

f(wn1) = g(w,)
| f(zn) = g(21)

Heé (1) dugc goi la hé phuong trinh dang hoan vi vong quanh (khi hodn vi vong quanh
cac an sb

Tl ~Y T~ X3~ Tp1~ Ty~
thi he khong ddi)

Dinh 1i 3. Néu f(z) va g(x) cung tinh don di¢u trén mien I(a,b) lien thong, (x) C
D :=D;N D, con (x1,xa, - , ) la nghiém cia hé (1) vdi cic s6 x; € I(a,b),j € I;n
tha:

Tl =Ty =" ""=Tp

Chitng minh. Gia st f(z), g(z) dong bién va xy = Min{zy,xs, - ,x,}. Ta co:

T < T2
RRightarrow f(x1) < f(x9)
RRightarrow g(x2) < g(x3)
RRightarrow Ty < I3
RRightarrow

RRightarrow 1 <19 <3< <X, < I

RRightarrow (dpem)

Dinh 1i 4. Néu f(z) va g(z) khdc tinh don diéu trén mien I(a,b) lién thong, (x) C
D :=D;N D, con (x1,x2,- -+ ,2,) la nghiém cia hé (1) vdi cic s6 x; € I(a,b),j € 1;n
thi:

Khin lé thi:

Khi n chan thi:
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Chtng minh dinh Iy nay hoan toan tuong tu nhu chitng minh dinh ly trén.
Vi du 4.9.1. Gidi hé phuong trinh:

+3x -3+ In(2>—z+1)=y
Y +3y =3+ Im@yP-y+) =2 . (1)
P432-3+ In(z*—z+1)=x

Dat f(t) :=t>+3t -3+ In(t* —t+ 1), c6 f(t) xac dinh, lién tuc véi moi t € R va

2t — 1 32—t +2
"M=3>+3+—— =32+ — " >0, VteR.
F'®) + +t2—t+1 +t2—t+1 ’
Vay f(t) 1a ham s6 dong bién trén R. Ta c6
y = f(x)
()& 2= fly)
= f(2)

nén theo dinh Iy trén thi x = y = 2z =t la nghiém ctia phuong trinh
fO)=teglt)="+2t—-3+ m(—t+1)=0. (1.2)

Nhung

2t — 1 2t2 + 2
=32 +24+ 7~ 32y
g(t) tet e R

nén g(t) 1a ham dong bién tren R. Ma g(1) = 0 nén (1.2) ¢6 nghiéem duy nhat la ¢ = 1.
Vay hé phuong trinh da cho c6 nghiém duy nhat 1

>0, Vit € R.

r=y=2z=1.
Vi du 4.9.2. Giai hé phuong trinh:

(
ZL‘? — 3x1 = 219
T3 — 31y = 213

T3 — 313 = 21y

3 —
IE99 — 331799 = 21’100

\I?OO — 327100 == 21‘1
Xét cac ham s6 f(t) := 13 — 3t +2; g(t) := 2t. C6 g(t) dong bién trén R.
ff)=32=3. ff(t) =0t=—-1V t=1

Lap bang bién thién clia ham s6 f(t) trén tap xac dinh R.
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Goi x1 := Min{zy; x2;--- ;x,}. Ta c6: Néu x; > 1 thi z; > 1, Vj € 1..100.
Ma trén (1;+00) c& hai ham s6 f(t) va g(t) déu dong bién nén theo dinh ly ta dugc
T4 =1x9g=--+=T1g := t la nghiém ¢ > 1 ctia phuong trinh

B3 —32=2=2=1t=2.
Néu z; < 0 thi
g(z1) < 0= f(r100) <0 = 2100 < =2 = g(T100) < =4 < 0= f(2g99) <0 = g9 < —2.

Tuong tu ta duge x; < —2 véi moi j € 1..100. Ma trén (—oo; —2) ca hai ham s6 cling
dong bién nén ta c6 o1 = 19 = - -+ = X190 := t 12 nghiém ¢ < —2 clia phuong trinh

-3 =2=2=t=—-1-V2
Néu z; € [0;1] thi tir bang bién thién ta c6 z; € [0;1], V5 € 1..100. Ma trén [0; 1]
ta c6 ham s6 f(t) nghich bién, con ham s6 g(t) dong bién. Ngoai ra 100 1a s6 chdn nén
theo dinh 1y ta dugc
Tl =3 =+ =XTgg Z:$VéI2:J]4:"':.’E100 =Y
trong d6 x,y la nghiém cia hé phuong trinh

2> —3r+2=2y
v —3y+2=20

Giai hé nay ta dugce cac nghiem (z;y) véi z;y € [0;1] 1a

r=+v2-1 y z=0 y r=1
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Toéom lai ta duge cac nghiém ctia hé phuong trinh da cho la:

T1 = T2 ="' = X100 = 2;
Ty =Ty ="+ =T = —1-7%;
Ty = Tg =+ = T100 = V2-1
Tr=x3=-""=Tg=0
To=mT4=-=a100=1
Ty =x3="-- =99 =1
| Tog=x4="++=x100 =0

Bai tap tuong tu

1. Giai hé phuong trinh:
y42x3+x2 =1
AW = ]

3 2
|

2. Tim a dé hé phuong trinh sau c6 nghiem duy nhét:

(v6in € N; n>1)

2 _ .3 2
x;_, =, — 4z, + ax,
2 _ .3
(T, = oy — 4a1 + axy

( aQ
207 = 19 + —
3
a

T3

2

a

202 | =x,+ —

2n
202 = 11 + L
\ T

c6 nghiem duy nhat.
4. Giai hé phuong trinh:
(22 = azy + 1

73 =axs+ 1

2 _

2 —




4.9. Hé phuong trinh dang hoan vi vong quanh

10.

11.

v6i a 1a tham s6, |a| > 1.

Giai hé phuong trinh:

(S —x,)* 1t =1,

trongd6 S=x1+ax9+---+x,; k€ N*

Giai hé phuong trinh:

Giai hé phuong trinh:

Giai hé phuong trinh:

. Giai hé phuong trinh:

Giai hé phuong trinh:

Giai hé phuong trinh:

(

\

(73 + 24 + 75
(x4 + x5+ 11
(x5 4+ 21 + 22
(1 + xo + 73
(

To + T3+ X4

~— N N N
(S
I

W W go W w
w

Yy — 622+ 122 —8 =0
-6y 4+ 12y —8 =10
23— 6224122 —-8=0

23—y oy =
Y22 =

B_xl—r=

W —W Lo | =

Y3 — 922 4+ 272 — 27 =0
22— 9y? 427y — 27 =10
23— 922427227 =0

203 —Ta? +8r— 2=y
23 — Ty  +8y —2 =12
223 — 7224+ 82 —-2=x

(z—1)*=2y
(y—1)* =22
(z—1)2=2¢
(t—1)2 =2z

126
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12. Chiing minh rang v6i moi @ € R hé phuong trinh:

?=y’+y+a
2=234+ 2z+a luon c6 nghiem duy nhat.

2=x*4+r+a

13. Tim a dé he:

x2:y—|—a
y2:z—|—a
?=x+a

chi ¢6 nghiém dang: z =y = 2.

4.10 Cac phuong phap khac

Trong phan nay ta sé xét mot s6 phuong phap khac, it gap hon

4.10.1 St dung phép bién doi hé qua

Xét hai he thiic (o) va () cling an x. Néu () = () thi N(a) € N(B). C6 thé xay ra
kha nang N(8) \ N(a) # 0, tic 1a ¢6 nhitng nghiém ctia () ma khong 1a nghiém ctia
(a). Cac nghiem d6 duge goi 1a cac nghiem ngoai lai. BSi vay, khi gidi mot he thiic bang
phuong phép bién dbi hé qua, ta bat budc phai thit lai nghiem. Vi vay, tuyét doéi khong
duge ding phuong phap bién doi hé qua dé giai bat phuong trinh va ciing hét sitc han
ché stt dung phuong phép nay dé giai phuong trinh. Tuy nhién, trong mot sé trudng
hop, khi phép bién déi tuong duong la phiic tap, ta ciing c6 thé gidi phuong trinh bing
phuong phép bién déi hé qua. Ngoai ra, ta c6 thé sit dung cac nhan xét sau:

Bo dé 18. Néu (a) = (B) va (B) vo nghiém thi (o) vo nghiém.
1) Phuong trinh () = phuong trinh (3) ;

Bo dé 19. Néu { 2) Phuong trinh (o) ¢ k nghiém phan biét ; thi (o) < (9).
3) Phuong trinh (3) cing cé k nghiém phan biét.

Vi du minh hoa

Vi du 4.10.1. Gidi va bién luan phuong trinh

2\/a+m—\/a—x:\/a—m+ z(a+x). (1)
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Ta cb

() =>4a+z)+a—x—4/(a+z)(a—2)=a—2+ z(a+ )

N Va+zr=0 (a)
4Watr—4Ja—z=\xr (B)
() = x=—a:=ux.

(B) = 16(a+2) +16(a — z) — 32\/(a + z)(a —x) = x
= 32vVa? — 22 =320 —
= 32%(a® — 2%) = (32a — 2)* = 32%a* — 64ax + 2°
= 10252% = 64ax
64a

=x=0:=29 V x:1025 = 3.

Thay céc nghiém vita tim duge vao phuong trinh da cho ta duge: +) x = x; la nghiém
cia (1) & —2v2a = v2a < a = 0. Khi d6 x; = 0. +) x = 25 la nghiém cta (1) &
2y/a—+/a=+a<a>0.+) x=ux3langhiém clia (1) &

@2\/+64a \/ 64a 64a+\/64a(+64a>
“TTo2s V1025 V" 1025 " V025" 1025
& 2V1089a — V961a = \/961a + v/644.1089a
& 66v/a — 31v/a = V122504 = 35v/a < a > 0.

Téng hop cac két qua trén ta duge: +) V6i a < 0 thi phuong trinh da cho vo nghiem.
+) V6i a > 0 thi phuong trinh da cho ¢6 hai nghiém

64a
C = )
1025

4.10.2 St dung tinh chat ciia ham sb lién tuc

Bo dé 20. Néu ham so f(z) lién tuc trén doan [a;b] va f(a).f(b) < 0 thi phuong trinh
f(x) =0 ¢6 it nhat mot nghiem x € (a;b).

Ta thuong sit dung tinh chat nay dé ching minh mot phuong trinh c6 nghiém hoic
¢6 nghiém trén mot khoang cho truée.
Vi du minh hoa

Vi du 4.10.2. Chitng minh rang phuong trinh
cosx +mcos2x =0 (2)

luon co nghiém vdi moi gid tri cia tham so m.
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bat f(z) := cosx +mcos2x. C6 f(x) xac dinh, lién tuc véi moi x € R nén f(x) xac
T 3T
-

dinh, lién tuc trén [Z’ 1) Ma
T, V2
(7)== s 3T 1
4 2 Z Yo _Z
o V2 Vm:>f(4).f(4) 2<0,‘v’m€R.
o)==

Vay theo tinh chat clia ham s6 lién tuc ta c6 phuong trinh f(x) = 0 luon c6 it nhat mot

T 3T
nghiém x € (Z’ Z) v6i moi m € R. N6i cach khéac, phuong trinh da cho luén c6 nghiém
v6i moi gia tri ctia tham s6 m. D6 chinh 1a dpem.

Vi du 4.10.3. Chiing minh rang phuong trinh

1 1
— + =m (3)
sinr cosz
luon cé nghiém vdi moi gid tri ciia tham so m.
1 1
(3) & f(x) = —-m=0. (3.1)

sinzx cosx

) . . ™ < N .
Ham so f(z) xac dinh, lién tuc trén (E, 7). Ngoai ra, ta con co:

T+ . N m
coshz — 5 lim f(x) = —o0, Vm = Ja du gan 5 >3

sao cho f(a) < 0, Ym. Lai ¢6

coshz — 7~ lim f(z) = +oo, Vm = 33 du gan , 7r>ﬁ>oz>g

sao cho f(3) > 0, Ym. Ham s6 f(z) xac dinh, lien tuc trén [o; 3], c6 f(a).f(5) < 0 véi
moi m nén phuong trinh f(z) = 0 ¢6 nghiém € («a; 3) v6i moi m. N6i cach khéc, véi moi
m, phuong trinh (3) luén c¢6 nghiém (dpcm).

4.10.3 Dang cap hoa
Vi du 4.10.4. Gidi phuong trinh

2(z* +2) =5vVad + 1. (5)
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Dé ¥ ring
(z+ D@ —2+1)=2+1;, (@+ 1)+ (2 -2 +1)=2+2.
Ngoai ra tap diéu kién ctia phuong trinh da cho la z > —1 va

1 3
azz—x+1:(a:—§)2+zl>0, Vo € R.

Ditu:=x2+1; v:=2>—2+1 (= v > 0) ta dugc phuong trinh

2(u+v):5\/uv(:)23—5\/g+220
v v

u
N \/;_2 u = 4v
u_l duy = v
v 2
Vay
N 422 —5x+3 = 0 (vo nghiem do A = —23 < 0)
Vay<5)‘:){x2—5x—3 — 0
5— /37 54 /37

Hai nghiém nay cung thod man diéu kien z > —1. Vay phuong trinh da cho c6 hai

nghiém
_ 5—/37 y _ 54/37

x x
2 2

Vi du 4.10.5. Gidi hé phuong trinh

223 — 9y = (z —y)(2zy + 3) (©)
22 —ay+y? =3 '
20° = 9y°  =(z—y)QRay+a®—ay+y’) =2 -y’ (a)
(6) < {.’E2—xy—|—y2 3 () . (6.1)

Ma (a) & 2® = 8y® & z = 2y. Thay vao () duge
4 -2+ =33 =3cy=1Vy=—1

V6iy=1coéz=2 v6iy=—1céx=—2. Vay hé phuong trinh da cho c6 nghiém

=2 r= -2
V
y=1 y=-1



4.10. Cac phuong phap khac 131

Vi du 4.10.6. Giai hé phuong trinh

1
Vv3z(1+ ) =2
r+y G
VTy(l - : ) =42
Tty
x>0
e A1 Cintar. o Jr>0 )
Vé6i dieu kién ¢ y > 0 Vatu’hetaco{ 0 (x) . Do do:
>
r+y#0 Y
e 2 11 22
r+y vV 3z T4y _\/3x_\/7y
_ — — + —
rty Ty 3 VT

Nhan ting vé cac phuong trinh ctia hé cudi ta duge

1 _( 1 _2\/§>< 1 +2\/§)
r+y  \WBr Ty \VBr o VTy
1 1 8
m+y:3_x_@
& 2lay = (x +y)(Ty — 24x)
& (y—6x)(Ty+4x) =0

&y =6z (do tu dieu kien I(a,b) ta c6 Ty + 4z > 0)

Thay vao phuong trinh («) ta duge

1 22
(a)@l—ﬁ“r‘m

o2 =24+ V7

11+ 4V7 _ 22 + 87
r=—— = —
21 Y 7
Céc gia tri nay thod méan diéu kien (x).

Vay hé phuong trinh da cho c¢6 nghiém

11+ 47

YT T
22 + 87

y=—"

4.10.4 S dung hinh hoc, vecto, toa do

Ta thuong sit dung cac nhan xét sau:
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Bodé21. 1 |i+v < |U+|0] (=a11?d)
o |@d < [l (= |7)

3. u?

WV

0 (=:1=0)
4. Vi ba diém A, B,C bat ky, luon cé6: AB + BC > AC (=: A,B,C)

5. Vdi ba diém A, B,C bat ky, luon c6: AB + BC > AC (=: A, B,C va C ndm
ngoai dogn AB).

Vi du 4.10.7. Giai hé phuong trinh

r+y+z =3 (o)
2?2 +2422 =3 (B8). (8)
P4yt +25 =3 (v)

Dt cac vecto véi cac toa do nhu sau:
u(w;y; 2); Uly; 2 @),
Ta co:
UV =2y +yz + 20 = %((as+y+z)2— (:)32+y2+22)> = %(32—3) =3
(st dung (a) va () ).

i {172 VIR R et (o ()

T d6 co6 w.v = |u.|v]  (*).
Ma (%) & || ¢
ST Y_E_atyts )

Yy oz _y+z+:n
(theo tinh chat ty 1 thiic)
sr=y=z=1 (do(a))

Nghiém x = y = z = 1 thod méan (). Vay hé phuong trinh da cho ¢6 nghiém
r=y=x=1.

Vi du 4.10.8. Gidi phuong trinh

Va2 = 2r + 54+ Va2 +2x + 10 =v29. (9)
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Dat cac vecto: t(x — 1;2); v(—1 —z;3). Ta co
il] = /(z —1)2+22 =22 =22+ 5; |0] = /(=1 — 2)2 4 32 = Va2 + 2z + 10.

Ngoai ra,

U+T=(—=2;5) = |u+7 =+/(—2)2+52=+v29
Nhung ta c6 U] + |0] = |u+ 0] = VT(9) = VP(9).
Dau bang xay ra khi va chi khi

r—1 2
TR =—-—>0
ulte —x—1 3
-1 2
Vay(9)<:>_x _1:§>0<:>x:—

1
Vay phuong trinh da cho ¢6 nghiém x = =

Vi du 4.10.9. Guiai phuong trinh
V212 — 2z + 1 +\/2a:2 3—1)x—|—1+\/x2 (V3+ 1z +1=3. (10)
Nhan hai vé ciia phuong trinh (1) v6i v/2 ta duge phuong trinh méi tuong duong:

VAz? — 4z + 2+ \/4x2 —2(V3 -1z +2+ \/2:1;2 +2(V3+ 1)z +2=3v2. (10.1)

Dat cac vecto

@(1;1 — 22); 5(1 — V3z;z+1); @(1 + V32 + 1).

Ta cb

] = /12 + (1 — 22)2 = V42?2 — 4z + 2
7 = /(1= V322 + (2 +1)2 = /422 — 2(V3 — o + 2
il = \/(1+\/§x)2+(a:+1)2 = \/2:1:2+2(\/§—|— D +2
= VT(10.1) = |d| + |¥] + |-
Ma @+ ¥+ @ = (3;3) = |4+ 0+ w| = v32 + 32 = 3y/2 = VP(10.1). Tit bat ding thiic
|@] + |0| + W] > a4+ v+ W], (=:d 17717 @).
Ta duge VT(10.1) > V P(10.1). Vay phai x4y ra dau bing, ttc la
(10.1) @ 11011 @

1 _1—23:>
PN 1—+/3z r+1 7
1 14+ +/3z
— >0
1—+/3z r+1
1—-2x
— >0

e 1-v3x x+1
1—22=1++3z

< x=0.
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Vay phuong trinh da cho c¢6 nghiém duy nhat 1a z = 0.

4.10.5 S dung ham sb
Bo dé 22. Bing cdch zét tinh don diéu hodc lap bing bién thién cia mot ham so cu thé
ta ¢é thé lap duge cdc phuong trinh cé thé gidi duge bing cdch st dung ham sé do.
Vi du 4.10.10. Gidi phuong trinh
-z —1=2%"" — (z+1)e”. (11)
Ta sé giai bai toan tong quat hon:

Bai toan: Cho g(z), h(z) 1a hai ham s6 bat ky. Khi d6

h(zx).e9®) — g(z).e"® = h(z) — g(z) (I) < g(x)-h

et —

Chitng minh: Xét ham s6 f(t) := xac dinh, lien tuc véi moi t # 0. C6

1) =— e
Ma ¢'(t) = €' + tet — et = te!. ¢(t) =0« t=0. Laico
O'(t)=e(t+1)=¢"(0)=1>0

tet —e' +1 (1)

nén ham s6 o(t) dat cuc tiéu va cling 1a gia tri nhoé nhat = 0 tai t = 0. N6i cach khac
o(t) > 0, Vt #£ 0. T d6 c6 f/(t) > 0, Vt # 0, titc 1a ham s6 f(t) dong bién trong hai
khoang (—o0;0); (0; 4+00). Xét phuong trinh (I). Thay ngay néu g(z).h(x) = 0 thi (I)
dung. Néu g(x).h(x) # 0, khi d6

(1) &

Q@) _ 1 ohl@) _q
g(x) h(x)

T nhan xét rang ham s6 f(t) dong bién trong hai khoang (—o0;0); (0;+00) va
coshz — 0lim f(t) = 1 ta duge: Khi ¢ < 0 ta ¢6 f(¢) < 1, con khi ¢t > 0 thi f(¢) > 1.
Béi vay, néu (I.1) c¢6 nghiém thi g(z) va h(x) phai cing dau vi néu ching trai dau thi
(I.1) ¢c6 mot vé 16n hon 1 con vé kia nhé hon 1. Thé nhung néu g(z), h(x) cing duong
thi (I.1) & g(z) = h(z) (vi f(t) dong bién trong (0; +00)). Tuong tu, néu g(z), h(z)
cing am thi ta ctiing ¢6 (1.1) < g(z) = h(z) (vi f(t) dong bién trong (—o0;0)). Tom
lai, trong moi truong hop, khi g(z).h(x) # 0 ta ludn ¢6 (1.1) < g(z) = h(z). T céc lap
luan trén ta thu duge két qua ciia bai toan da néu trén.

(I.1).

Trd lai vi du dang xét, 4p dung bai toan véi g(z) = 2?%; h(x) = z + 1 ta dugc

[ =0
r=—1
2} (x+1) =0 1++5
(1) x2:$—|—17é0® =7
1-+5
r =
L 2
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Vay phuong trinh da cho c¢6 cac nghiém la

Vi du 4.10.11. Cho ham so f(x) = 2*> +bxr + 1 vdi b € (3; ;) (x). Gidi bat phuong

trinh
f(f(@)) >z (12)
Ta st dung nhan xét sau: Néu f(x) 1a da thic thi

(@) =2 = (f(x) —x).T(x)
trong d6 T'(x) la mot da thic nao dé. Ta c6

(12) <:>f2(x)+bf(x)+1—:v >0
fA(x) —zf(x)+af(x) —2* +bf(x) —br+ 2> +br+1—-2>0
( () —z)(f(z) +2+b+1)>0
S+ b-Dr+1"+ b+ Dz +b+2]>0. (12.1)

Xét
Al=0b-12-4=0b+1)(b-3)= A, >0, Vbec I(a,b).
Ay=0b+1)—40b+2)=0b—-1)>*-8= Ay <0, Vb€ I(a,b).
Vay [22 + (b+ 1)z + b+ 2] > 0 véi moi x € R. Do d6

(121) & 2>+ (b—1)z+1>0

1-b-O+10-3) , _1-b+/G+1G-3)
. .

2

ST <

Vay bat phuong trinh da cho c¢6 nghiém 1a

1= O+16-3) , _1-b+/G+1)G—3)
5 .

T < xr >
2

Bai tap tuong tu

1. Giai va bien luan bat phuong trinh

Va2 —z+V2—z>a+b.

2. Giai va bién luan phuong trinh

Va2 —4a+ 16 = 2vVa?2 — 2a + 4 + /.
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3. Chitng minh ring phuong trinh
?—3x=1=0
¢6 ba nghiém phan biét.
4. Chiting minh rang phuong trinh
m(r—1)*(r—2)+20-3=0
luon c¢6 nghiém véi moi gia tri ctia tham sé6 m.
5. Ching minh ring néu 2a + 6b + 19¢ = 0 thi phuong trinh

ar’® +br+c=0 (a#0)
luon c6 nghiem x € [0; §]

6. Chitng minh ring néu

a b c
+ + —
m+2 m+1 m

=0 (m>0)

thi phuong trinh
ar® +br+c=0 (a#0)

luon ¢6 nghiem z € (0; 1).
7. Chitng minh rang néu 2a + 3b + 6¢ = 0 thi phuong trinh
atan’z +btanx 4+ c =0
luon ¢6 nghiem x € (k; % + k).
8. Chitng minh ring phuong trinh
P —-1=0

. 2
luén ¢6 nghiém duy nhat x = zy thoa méan 0 < zy < \/7_

9. Tim n € N* sao cho c¢6 thé chon dudc cac sé duong ag, a1, -+, a, dé v6i moi
k < n, phuong trinh

ap + a1 T + agx® + -+ + apz® = 0
luon c¢6 dang k nghiém thuec.
10. Xac dinh s6 nghiém duong clia phuong trinh

122° + 6% — 423 — 2 — 34 = 0.
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.
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Chitng minh rang v6i moi gia tri clia cac hé sd c¢6 mit, phuong trinh
e e bt 4 er+d=0
luon c¢6 it nhat mot nghiem thue.

Giai phuong trinh

Va2 — 4z + 5 — Va2 — 10x + 50| = 5.

Giai phuong trinh

aV1+z+vV3—x=2Vx2+1.

Giai phuong trinh

Va3 + a2 + 4z +4 = x/z + 2.

Giai hé phuong trinh
B+ y? 4222 =T

Giai hé phuong trinh

4 + 4> + 120 =T
R e =2x+3z—3

Giai phuong trinh
4sin® z = sinz + cos .

Giai phuong trinh

(2% 4+ 32 — 4)* + (22* — 5r + 3)° = (32 — 2z — 1)°.

Giai phuong trinh

322 —9x + 3+ V3t + 33 +3=0.

24y =1
I

Giai hé phuong trinh

Giai hé phuong trinh

Giai hé phuong trinh
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23

24

25

26

. Céc phuong phap khac
. Chitng minh réng

()~ g0} = h(a) ~ glo) = |,

. Giai phuong trinh
1 . 2
ee (\ sin x|*™® + | cos x|m”> = <| sin x| + |cosa:\> :
. Giai va bien luan theo tham s6 a;b phuong trinh sau
x = a— bla—br?)?.

. Tim m dé phuong trinh sau c6 nghiem

z + 3(m — 32%)% = m.

138



Chuong 5

S6 déi xing va mét sé quy luat cta
phép nhan

Cac quy luat clia ty nhién ton tai khach quan véi ching ta. Cac quy luat nay thuong
thé hién ra tréc mat ching ta ¢ dang don gian nhat, tuy nhién nhat. Ching lam cho ta
khong cht ¥ va ta thuong coi d6 nhu 1a diéu tat yéu.

Bang nhan 3 ctia bang cttu chuong chinh 1a nhitng truong hgp nhu vay. Bang nhan
2 ¢6 thé chia lam 3 nhom: nhém 1 gom nhitng tich nhé hon 10, nhém 2 gom nhiing tich
16n hon 10 va nhé hon 20, nhém 3 gom nhitng tich 16n hon 20.

Lién quan dén nhiing quy luat nay Ia cac tinh toan tich gan véi cac sd ddi xing.

Bai viét nay 'néu mot s6 nhan xét lien quan dén cac quy luat nay, né cho ta két qua
tinh toan thong qua quy luat ma khong phai tryc tiép dit buat tinh toan thong qua cac
bang citu chuong phiic tap.

5.1 S6 dbi xiing vA mot s6 tinh chat lién quan

S6 do6i xting 14 s6 ¢6 cac chit s6 ddi xiing nhau, doc xudi va doc nguge déu nhu nhau. Vi
du: 12321, 14641, 15099051 .. ..
hai s6 doi xting nhau 1a hai s6 c¢6 cac chit s6 d6i xting nhau, sd nay doc xuoi 1 s6 kia va
nguge lai. Vi du: 123 va 321. S6 A va sb B d6i xting nhau ta ki hi¢u la :A||B. Ta biét
rang, moi bang nhan trong bang cttu chuong déu c6 tinh chat rieng. Vi dy, bang 9 c6
tinh chat:

9x2 = 1881 = 9x9, 9x3=27[72=9x8, 9x4=36[63=9xT7;9x5=
45]|54 = 9 x 6. Ta thay 24+9=3+8=4+7=5+6=11.

Néu a 1a s6 nguyén 16n hon 1 va nhd hon 10 thi 9a|[9(11 — a). Nhitng con s6 ¢6 tinh
chat giong s6 9 lap thanh tap hop E;.

Quy luat 1. Néu z; € Ey thi vdi s6 nguyén a, (1 < a < 10), ta ¢6 az||(11 — a)x;.

'Poan Nhat Quang, Ha Noi

139
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Nhaing phan ti dau thuoc By la 9, 99, 909, 999. S6 cic phan ti thuoc Ey c6 2n — 1
va 2n chit s6 ding bang 2" 1.

Quy luat 2. Néu zo € Ey thi vdi s6 nguyén duong a, (a < 10) ta ¢ axs||(10 — a)z,.

Nhitng phan ti dau thuoc E, 1a 1089, 10989, 109989. Tap hop cac s6 bap bénh chinh
1a tap hgp Es. S6 cac phan ti thuoc Ey ¢6 2n hoac 2n + 1 chit s6 ding bang s6 Fibonaxi
thtt n — 1. Ngoai tap Fi, F» ta con c6 tap hop Fs va E,. Nhitng phan tt x5 € F3 c6
dang 1109...9889, k > 0. Mdi phan tii 23 € E3 ¢6 mot s6 lien két x5 ¢6 dang 9...90.

—_— — =

Ksb69 K+3s69

Quy luat 3. Néu x3 € E3 thi vdi s6 nguyén duong a, (a < 10) ta cé axz—z4||(10—a)s.

Vi dy : 8 x 1109889 — 99990]|2 x 1109889,
7 x 1109889 — 99990]|3 x 1109889,
3 x 1109889 — 99990|7 x 1109889,
5 x 1109889 — 99990|5 x 1109889.

Nhing phan ti x4 € Ey c6 dang 1...109...98...89, (k1 > 1,ky > 0). Mdi
k142 s6 1 ko s6 9 k1+2 s6 8
x4 € Ey c6 mot 6 lien két 2/, c6 dang 1...10 9...9 8...890, (ky > 1,ky > 0).
T S

k1 s6 1 ko+2 s6 9 k1 s6 8

Quy luat 4. Néu x4 € Ey thi vdi s6 nguyén duong a,a < 10 ta c6 axy — 2][(10 — a)z4.

Vi du 11108889 x 9 — 1099890||11108889.
11110988889 x 8 — 11099988901|11110988889 x 2.
11110988889 x 2 — 11099988901|11110988889 x 8.

Ta thu dude két qua ctia phép nhan ma khong can lam cac phép nhan.

Ta thay s6 1089 c6 tong s6 dau va sd cudi bang 10, tong ctia hai sb gitta bang 8. Khi
nhan s6 1089 vé6i s6 nguyen duong a < 10 thi s6 1 doi thanh s6 a, s6 0 doi thanh a — 1,
s6 8 doi thanh 9 — a va s6 9 d6i thanh 10 — a. Nhu vay, sau khi nhan ta dugc mot sé
ma tong s6 dau va cudi bang 10, va tdng hai sb gita bing 8.

Vidu 1089 x 9 = 9801, 1089 x 8 = 8712,1089 x 7 = 7623.

Khi nhan s6 10989 véi s6 nguyéen duong a < 10 thi s6 1 d6i thanh a, s6 0 d6i thanh
a—1,s69 ¢ gitta van gitt nguyeén, so6 8 thanh 9 —a va s6 9 cudi thanh 10 — a. N6i chung
cac s6 ¢6 dang 1...109...98...89 khi nhan véi s6 nguyén duong a < 10 thi nhing s6
1 ddi thanh s6 a, s6 0 doi thanh a — 1, nhitng s6 9 & giita van giit nguyén, nhiing s6 8
doi thanh 9 — a va s6 9 cudi doi thanh 10 — a, va phép nhan duge tinh dé& dang.

Vi du 1109889 x 8 = 88791112, 11110998889 x 7 = 77776992223.

Vat ta thu duge két qua phép tinh ma khong can lam céc tinh toan.

Giad st can tinh S = 8 x 1109889 — 99990. ta c6 S d6i xting véi 1109889 x 2,
ma 1109889 x 2 = 2219778. Vay s = 8779122. Tuong tu nhu vay, ta tinh P = 7 x



5.1. S6 dbi xitng va mot sb tinh chat lién quan 141

1110998889 — 109999890. Do P d6i xing vdi 3 x 1110998889 ma 3 x 1110998889 =
3332996667. Vay P = 7666992333.

Ngoai cac tinh chat chung clia cac phan ti trong cting mot tap hop, mdi phan tit lai
c6 tinh chat rieng khi nhan phan tit d6 véi céc s6 nguyén duong c6 hai hoac nhiéu chit
s0.

Vi du: Véi cac s6 nguyén duong a, b, c,d < 10 ta c6

9(10a + b)||9[10(11 — b) + 11 —a], khia >b,a > 1.

9(10a + b)||9[10(10 — b) + 10 — a], khia < b.
99(10a + b)[|99[10(10 — b) + 10 — d].
999(100a + 106 + ¢)[|999[100(10 — ¢) + 10(9 — b) + 10 — a.
Néu (a+b) < 9,a > b thi

1089(10a + )| 1089[10(9 — b) + 10 — a] + 990.

1089(10a + b) + 990||1089[10(9 — b) + 10 — a].
Néu (a+b) < 9,a < b thi 1089(10a + b)||1089[10(9 — b) + 10 — a].
Néu (a+b) < 9 thi 10989(10a + b)||10989[10(9 — b) + 10 — a], a < 9.
Néu (a +b) > 10 thi 10989(10a + b)||10989[10(10 — b) + 9 — a.
Néu a > b,a+b <9 thi 110889(10a + b)||110889[10(9 — b) + 10 — a] — 90000.
Néu a > b,a+b <9 thi 110889(10a + b) — 90]|110889[10(9 — b) + 10 — a].

Néu a > b,a+b=9 thi 110889(10a + b) + 900]|110889[10(9 — b) + 10 — a].

Ta xét trong cac hé dém co s6 khac.
Trong hé dém co 86 2: 1101...1001 — 1...1 O||1101...1001, k> 0.
—— —— ——

ksb1 k+3s6 1 ksb1
1...101...10...01—-1...101...1 O...OlOH 1...101...10...01, ky,key > 0.
S N T S N~ P S L

k142 s6 1 ko s6 1 k1+2 s6 0 k1 s6 1 ko+2 s6 1 k1 s6 0 k142 s6 1 ko s6 1 k142 s6 0
Trong hé dém co so 6: Trong hé dem nay, s6 6 viet 1la 10, so 7 viet 1a 11.

Quy luat 5. Néu z; € By thi vdi s6 nguyén 1 < a < 10 ta c6 ax||(11 — a)z;.

Vi du: 3 x 55|14 x 55, 2 x 5||5 x 5.

Quy luat 6. Néu zy € Ey thi vdi s6 nguyén duong a < 10 ta cé axs||(10 — a)w,.

Vi du: 3 x 10453 x 1045, 2 x 10545]|4 x 10545. Nhitng phén tit 23 € E5 c6 dang
1105...545, ¢6 mot so lien ket 25 ¢6 dang 5...5 0.
ksb5 k+3s6 5

Quy luat 7. Néu z3 € E3 thi vdi s6 nguyén duong a < 10 ta c¢6 axs — x4||(10 — a)z3.
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Vi du: 110445 x 2[]110445 x 4 — 5550, 1105445 x 2 — 555501]1105445 x 4.

Nhitng phan tt 24 € E, codang 1...1 05...5 4...4 5, ki, ko > 0. Méi 24 € E,
k1+2s61 kosdb ki+2s64
2 ~ PSR EPN % ;.
c6 mot so lien ket )y co dang 1...10 5...5 4...450.

k1s61 kot+2s65 k1sd4

Quy luat 8. Néu x4 € Ey thi vdi s6 nguyén duong a < 10 ta c¢6 axy — 2)||(10 — a)zy4.

Vi du: 111054445 — 105554501[111054445 x 5.
1111044445 x 2 — 1105544501[1111044445 x 4.
11111055444445 x 3 — 110554450||11111055444445 x 3.
33333255222223 — 1110555544450 = 32222255233333.

Vay, trong cac hé dém co s6 khéc, ta cling c6 cac két qua tuong tu.

5.2 Nhan xét vé mot sé quy luat trong ban ciiu
chuong

Cac quy luat ctia ty nhién ton tai khach quan véi ching ta. Cac quy luat nay thuong
thé hién ra tréc mit ching ta ¢ dang don gian nhéat, tu nhién nhat. Ching lam cho ta
khong chu y va coi do 1a dieu tat yéu.

Béang nhan 3 ctia bang cttu chuong chinh la nhitng truong hgp nhu vay. Bang nhan 3 co
thé chia lam 3 nhém: nhém 1 gom nhitng tich nhé thua 10, nhom 2 gom nhiing tich 16n
hon 10 va nho thua 20, nhém 3 gom nhiing tich 16n hon 20.

Ta hay khoan néi t6i nhém 1, ta xét ngay nhom 2 va nhém 3. Ta co

3 x4=12; 12 déi xting v6i 21 = 3 x 7 3 x 7 dbi xting véi 3 x 4.

3 x 5 =15; 15 ddi xiing v6i 51 = 3 x 17 3 x 8 d6i xting véi 3 x 14.

3 x 6 = 18; 18 dbi xting v6i 81 = 3 x 27 3 x 9 dbi xting véi 3 x 24.

3 x 4 ddi xitng v6i 3 x 7 1a truong hop riéng clia

3...3x4...4dbi xtng v6i 3...3x7...7 hodc K; < 4 hoac K, < 4.

S~ = S~ =

Ki1s63 Kysb4 Ki1s63 Kosb7

3 x 5 doi xitng v6i 3 x 17 1a truong hop riéng ctia

3...3 x5 ddi xting véi 3...3 x17.

S~ S~

K s6 3 K s6 3

3 x 6 do6i xiing v6i 3 x 27 1a truong hop riéng clia

3...3x6 doi xting v6i 3...3 x27.

K s6 3 K s63

3 x 8 dobi xitng v6i 3 x 14 1a truong hop riéng ctia

3...3x8 dbi xtng véi 3...3 x14.

S~ S~

K s6 3 K s6 3

3 x 9 ddi xing v6i 3 x 24 1a truong hop rieng cia

3...3x9 doi xting v6i 3...3 x24.

K s6 3 K s63

Bay gio ta quay lai nhém 1, phai chang vi nhém 1 don gidn qua khong ¢6 gi dang néi?
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Khong phai vay, ma chinh cai don gidn ctia n6 dang an dau mot quy luat kha 1y tha.
Ta c6 3 x 1 = 3, ta dugc tich 13 mot s6 3 don 1é khong c6 s6 hang chuc, hang tram ding
trudc nén ta c6 thé viét 3 x 1 = 03 (khong c6 dau phay & gitta s6 0 va 3.)
Nhung 33 x 31 = 1023 va 3...3 x3...31=(1...1)105+24+2. . .23,
—— =~ , <~
K+1s63 Ks63 Ksb1 K sb2
Vay 3 x 1 = 03 la truong hgp riéng cia
3...3 ><3...31:(1...1)1OK+2+2...23: 1...102...23.
—— =~ , <~ ——
K+1s63 Ks63 Ksb1l K sb2 Ksb1l K62
Tuong tu ta co
3 x 2 =06 la truong hgp riéng cia

(3...3)(3...3)2=1...105...56.

K+1s63 Ksb63 Ksbl Ks65
_— 3 P LN > 2
3 x 3 =09 la truong hop rieng cha (3...3)2=1...108...89.

3 x 4 =12 la trudng hop riéng cua (3...3)(3...3)4) = 1...1 2...2 .
K+1s63 K sb3 K410 1 K+1s62
3 x 5 =15 la truong hop riéng ctia (3...3)(3...3)5) = 1...1 5...5 .
—— N—— —— =
K+1s63 K63 K+1s61K+1s65
3 x 6 = 18 la truong hgp riéng cia (3...3)(3...3)6) = 1...1 8...8.
—— N——— S~
K+1s63 K63 K+1s61K+1s68
3 x 7 =21 la trudng hop riéng ctia (3...3)(3...3)7)=1...12...2 1.
3 x 8 =24 la trudng hgp riéng cua (3...3)(3...3)8) =1...125...54.
K+1s63 K63 Ksol Ksb5
3 x 9 = 27 la truong hop riéng ctia (3...3)(3...3)9)=1...128...87.
N N—— V/ V’
K+1s63 K63 Ksol  Kso8

Cac truong hgp lai 1a truong hop riéng cua cac quy luat sau:

Quy luat 9. Néu ta nhdn so6 3 vdi mot s6 x c6 mot chit s6 ta duge tich so bang 10a + b
tha

o Khix=3t+1 ta dugc
_ K42 K41
(3...3)(3...30+z)=(1...1)10° " + 10" a4+ 2...20 + b.

K+1s63 K03 K 561 K 62

o Khix=3t+ 2 ta dugc
_ K+2 K+1
(3...3)(3...30+z)=(1...1)10" " +10"a+5...50+b.

K+1353K553 K s61 K s65

o Khix = 3t ta dugc

(3...3)(3...30+$):(1...1)1OK+2+10K+1a—|—8...80+b.
—_—— N—— N~
K+1s63 K03 K 561 K 568

Quy luat 1 lai la truong hgp riéng cia quy luat sau:
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Quy luat 10. Néu ta nhan s6 3 vdi mot s6 x c¢6 mot chit sé ta dugc tich so bang 10a+b
thi
- Khix=3t+1 ta duoc

(3...3) (3...30+x)=(1...1)108+K+2 L joft+E+1g 4 3. ..32...20+0.
K1+K+1363 K863 Ksél K1863K862
- Khi x = 3t + 2 ta duoc

3...3) (3...304+x)=(1...1)10%FE+2 4 10K+K+ g 1 6...65...50+b.

—— — =~
\ﬁ/—/ B \"—/ B B
Ki+K+1 563 K so3 K sé1 K1 s06 K sob
- Khit x = 3t ta dugc
— Ki+K+42 Ki+K+1
(3...3) (3...3042z)=(1...1)10 + 10 a+9...98...80+0b.

Ki+K+1s63 K03 K sé1 Ki 569 K 568

Quy luat 11. Néu ta nhan so6 33 véi mot s6 x c6 hai chit s6 bang 10z + 1y, ta duoc tich
6 bang 103a + 10%b + 10c + d thi

o Khix+y=3t+1 ta duoc

(3...3) (3...300+ 102 +5) = (1...1) 105+ 108+ 4 10542
N—— \/—’, N——
Ki+K+2 s63 K 503 K s61

+3...32...200+4+ 10c + d.
Ky 563 K s62

o Khix+y=23t+2 ta duoc

(3...3) (3...300+ 102 +y) = (1...1)105F 1+ 108+ 4 10542
N—— \/—’, N——
Ki+K+2 s63 K 503 K s61

+6...65...500+ 10c¢ + d.
Ky 566 K s65

o Khix = 3t ta dugc

(3...3) (3...300+ 102 +5) = (1...1) 1055+ 105+ 4 108542
~—— J ——
Ki+K+2 s63 K 503 K s61

+9...98...800+ 10c + d.
Ky 569 K s68

Tong quat:

Quy luat 12. Néu ta nhan so cé n chit s6 déu la 3 véi mot s6 c6 n chit s6 (10" Ly +
10" 229+ - -4+ 102, + Ty, ta dugc tich s6 bang 10" ta; +10%"2ay+- - -4+ 10a9,_1 +an_o
thi
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o Khixy+---+x,=3t+1 ta duoc

(3...3) (3...30...0+10" "oy + 10" zy + - - 4 1021 + )
Ki+K+n s63 K 863 ns60
— (1 o 1) 10K1+K+2n + 10K1+K+2n—1a1 N 1OK1+K+nan
——

K s61
+3...32...20...04+10" ta, 1 + 10" 2ay 0 + - + 10a2,_1 + Gz,

K1 563 K s62 ns60
o Khixy+---+x,=3t+2 ta duoc

(3...3) (3...30...0+10" o, + 10" 229 + -+ + 107, 1 + )

Ki+K+n s63 K s63 nsé0
= (1...1) 1058w g qpfarkeam=ly g pfatETng,
N—_——

K s61
+6...65...50...04+10" " a1 + 10" 240 + - - - + 10a9,_1 + Gop.

K| 566 K s65 ns60
e Khixy+ -+ x, =3t ta duoc

(3...3) (3...30...04+10"  wy + 10" 2wy + - -+ + 1021 + 2,,)

Ki+K+n s63 K s63 nsé0
= (1...1) 1058+ g qpfarken=ly g ot
~——

K so1
+9...98...80...04+10" a1 + 10" 2apyo + - - + 10a9,_1 + agy.

K| 569 K s68 ns60

Vi du
3 x9=27— 3333 x 39 = 129987.
3 x 8 =24 — 33333 x 338 = 11266554.
3 x7=21— 3333333 x 3337 = 111223332221.
33 x 79 = 2607 — 33333333 x 333379 = 11112633222207.
33 x 83 = 2739 — 333333333 x 333383 = 111127666555539.
33 x 87 = 2871 — 333333 x 33387 = 11128988871.
333 x 1937 = 6456021 — 3333333333 x 331937 = 1106456666556021.
333 x 1945 = 6482685 — 333333333 x 331945 = 110648333222685.
333 x 1968 = 6559344 — 3333333333 x 331968 = 110655999889344.



Chuong 6

Mot s6 phuong phap giai bai toan
chia hét

Khi c6 s6 nguyén a va so tu nhién b mot trong nhig cau héi hién nhien duge dit ra la:
Liéu a c6 chia hét cho b khong? C6 nhiéu phuong phap giai bai toan chia hét. Song viéc
van dung phuong phap lai phai phu thudc vao dang bai toan. Dué6i day xin trinh bay
mot trong cac phuong phap dé: phuong phap dung phép chia c6 du, phuong phap dong
du, phuong phap dung tinh tuan hoan khi nang lén liiy thita, phuong phap quy nap va
stt dung tiéu chuan chia hét.

6.1 Cac s6 nguyén va cac phép tinh s6 nguyén

Tap hop cac s6 nguyén gom cac so tu nhien 1,2, 3, s6 khong 0 va cac s6 nguyén am
—1, -2, —3 Trong tap hgp dé ludn luon thiyre hién duge phép cong va phép tru. Noéi cach
khac, néu m va n la cac s6 nguyén, thi tong m + n cta chiing ciing la s6 nguyén. Hon
nita, v6i hai s6 nguyén m,n tuy y ton tai duy nhat mot s6 « thod man phuong trinh

n+r=m

S6 d6 dudce goi 1a hieu clia cac sd m va n dong thoi ky hiéu bang m — n. Hiéu hai s6
nguyén bat ky ciing 1a sé nguyen.

Trong tap hop cac s6 nguyén ciing luon luon thiyce hien duge phép nhan, nghia 1a,
néu m va n 1a cic s6 nguyeén, thi tich m.n ctia ching ciing 1a s6 nguyén. Tuy vay, phép
chia (1& phép tinh ngugc ctia phép nhan) khong phéi khi ndo ciing thyuc hién duge trong
tap hop cac s6 nguyen. Két qua clia phép chia s6 a cho s6 b # 0 1a s6 = duge ky hieu
bang a : b hodc ¢ thod man phuong trinh

br =a

S6 z d6 ton tai va duy nhat. Song két qud ctia phép chia mot s6 nguyén cho
mot s6 nguyén khac khong phai khi nao cling 1a mot sé nguyén. Thi du, cac thuong

146
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3:2,6:5,(=50):7,(—60) : (—21) khong phéi 1a cac sd nguyen. Diéu d6 c¢6 nghia la
phép chia khong phai luon luon thie hién duge trong tap hop cac sé6 nguyén. Thuong
ctia phép chia s6 nguyén a cho sé nguyén b # 0 c6 thé khong thuoc tap hop cac sb
nguyén; con chinh trong tap hop cac sé6 nguyen khong tim duge mot sé nao dé ta co thé
goi 1a thuong cta phép chia a cho b.

Tat nhién, ta ciing gip cac truong hop: Thuong ctia phép chia mot sd nguyen cho s6
nguyéen khac cling lai 14 mot s6 nguyeén, chang han
8:(—2)=—4,48:12=4,(—6): 6 = —1

Dinh nghia. Néu a va b (b # 0) 1a cac s6 nguyén, ma thuong a : b ciing 1a s6 nguyen,
thi ta noéi rang s6 a chia hét cho s6 b va viét a : b.

Ciing c6 thé néi cach khac: S6 nguyeén a chia hét cho s6 nguyeén b # 0, néu ton tai
mot s6 nguyén k, sao cho a = kb. Dinh nghia vé chia hét trén day sé thuong dung sau nay.

Vi chi néi dén cac s6 nguyen, nén dé ngan gon ta sé viét “s6”, nhung luon luon hiéu
la s6 nguyén. Xin nhan manh réng, chi c6 thé noéi vé thuong a : b khi b # 0. Truong hop
b = 0 thuong a : b khong xac dinh, nghia la biéu thiic a : 0 hay ¢ khong c6 nghia. Tom
lai khong thé chia cho s6 khong.

Ngugc lai, khi a = 0 (va v6i moi b # 0) thuong a : b xac dinh (va bang khong)

%:Okhib#o

Vi trong truong hop nay s6 khong 1a s6 nguyén, nén né chia hét cho moi s6 nguyén
khéc khong (ngoai ra thuong bang khong).

6.2 Cac dinh ly vé chia hét

Dinh ly 1. Néu céc s6 a1, ag, ..., a, chia hét cho m, thi téng a; 4+ as + - - - + a,, chia hét
cho m.

That vay, vi a;(1 < i < n) chia hét cho m, nén ton tai sé nguyén k; , dé a; = kym.
Béi vay

ag+as+--+a;+--+a,=km+kem+---+km+---+k,m
= (> ki)m.
=1

Vi tdng céc s6 nguyeén la s6 nguyén, nén tong a;+as+- - -+a;+- - - +a, chia hét cho m.
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Dinh 1y 2. Néu c hai s6 a va b déu chia hét cho m, thi hiéu a — b va b — a déu chia hét
cho m.

That vay, vi a,b déu chia hét cho m, nén ton tai cac sé nguyeén t,s dé a = t.m va
b= s.m. Do do,
a—b=tm—sm=(t—s)m
b—a=sm—tm=(s—t)m

Vi hiéu hai s6 nguyén la mot sd nguyen nén (a — b)'m va (b — a):m.

Heé qua 1. Néu tong mot s6 sd hang chia hét cho m va trit mot s6 hang, con tat cd céc
s6 khac déu chia hét cho m, thi s6 hang nay ciing chia hét cho m.

That vay, gia st tong S = a; +ag + -+ + aj_1 + a; + a4y + - - + a, chia hét cho
m va chi ¢6 a;, con ay, as, ..., ai_1, Git1, ..., a, déu chia hét cho m. Khi dé ton tai cic s6
nguyén s,t;(1<j<n,j#i) dé S =sm,a; =t;m. Va

;=58 —a; —as— "+ — a1~ Qg1 — " — Ay
a; =sm—tim—tom — - —tiym —tym — tipym — - — tym
a;=(s—t1—to—-- —tig—t;—tiy1 — - —ty)m

néna; chia hét cho m.
Dinh 1y 3. Néu mbi s6 a; chia hét cho m;(1 < i < n) thi tich ajas...a;a;,1...a, chia hét

cho tich myms..mym;q..my,.

o

That vay, vi a; chia hét cho m;(1 <4 < n), nén ton tai s6 nguyen k;(1 < i < n) de

a1.04205.054.1...Ap—10p = klml.kgmg...kimik‘iﬂmi“...kn,lmn,lknmn

= (ki1kokikiyy...kn_1ky)(my.ma..mym;y..my,_1my,)
Neén tich a;.asa, chia hét cho tich mims...m,,.
Hé qua 2. Néu a chia hét cho m, thi v6i sé tu nhién n tuy ¥ a” chia hét cho m™.
Hé qua 3. Néu chi mot thita s6 chia hét cho m, thi tich ciing chia hét cho m.
That vay, gia st s6 a; chia hét cho m, con ay, as, , @1, Giy1, ..., Gy 12 cic s6 tuy §. Do

a; chia hét cho m nén ton tai s6 nguyen ¢, dé a; = t,,,. Khi do

A1.020;1.0;.Qi11...Qp = 1.02...0;_1E.MA;41...0p = (A1.02...0; 11054 1...a5) M,

nén a;.as...a;_1.04;.0;41...a, chia het cho m.
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6.3 Phép chia c6 du

Néu s6 a chia cho b c6 thuong 1a ¢ va s6 du 1a r, thi c6 thé viét

a=0bq+r
Tuy vay, khong phai moi cach viét a = bq + r déu dude xem 1a cach viét phép chia
c6 du. Chang han, ding thiic 30 = 4.5 + 10 ding, nhung khong thé noéi rang 30 chia cho
5 con du 10, vi s6 du phai bé hon s6 chia. Tuong tu nhu vay, cach viét 30 = 4.8 + (—2)

ciing khong c6 nghia la 30 chia cho 4 con du —2,vi s6 du khong thé am. Tit nhitng diéu
phan tich & trén nhan thay riang, dé cach viét

a=bqg+r

Biéu thi phép chia a cho b véi s6 du 7, can dat diéu kién cho r khong am va bé hon
b, nghia 1a 0 < r < b. B6i vay ¢6 dinh nghia

6.3.1 Dinh nghia

Gia st a,b 1a hai s6 nguyén va b > 0. Ta néi rang so6 a chia cho s6 b c¢6 thuong 1a ¢ va
s6 du 1a r, néu a c6 thé biéu dién bing dang thitc a = bg + r, trong d6 0 < r < b.

6.3.2 Su ton tai vi duy nhat ctia phép chia cé du
C6 hai van dé dugce dit ra déi véi dinh nghia phép chia c6 du la

1. Liéu c6 theé luon ludn thice hien duge phép chia c6 du hay khong? Néi cach khéc,
néu cho s6 nguyen a va sb ti nhién b, thi luon luon c6 thé chon duge cac s6 nguyén
gvar, dé 0<r <bvaa=bg+r hay khong?

2. Phép chia c¢6 du ¢6 duy nhat hay khong? Néi cach khéac, néu s6 a duge biéu dién
bang hai cach khac nhau duéi dang

a:bq1+r1,0§r1<b
a="bg+1ry, 0<ry <b

thi hai cach nay c6 nhat thiét phai truing nhau hay khong, nghia 1a, phai c6 ¢; = g2 va
ro=ry?

Dinh 1y sau sé gidi dap ca hai cau héi trén va khang dinh phép chia c6 du luon ludén
ton tai va duy nhat.
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Dinh 1y 4. Gia sit a 1a s6 nguyén va b 1a s6 ty nhién. Khi d6 c6 thé chon duge cac s6
nguyén g va 7, sao cho 0 < r < b vi a = bg + r. Cac s6 ¢, va r xac dinh theo cac diéu
kién trén 1a duy nhat.

Chon s6 tu nhien ¢, sao cho |a| < ¢ va xét day s

—cb, (—c+ )b, (—c+2)b, ..., —2b, —b, Ob, 2b, ..., (c — 1)b, cb (1)

Trong d6 ké tit s6 thit hai déu 16n hon s6 ngay truée né b don vi. Nén day 1a mot day
tang va ¢6 s6 dau —cb < a, $6 cudi ¢b > a (do |a| < ¢ < ¢b vi b > 1). Diéu nay ching t6
rang trong day (1) c¢6 mot s6 bé hon hay bang a, con s6 tiép theo 16n hon a. Ky hieu s6
nay la gb. Khi d6 s6 tiép theo 1a (¢ + 1)b da 16n hon a.

gp<a<(g+1)b (2)

Nhu vay 1a thuong ¢ da chon duge. Ky hiéu r 1a s6 a — ¢b, nén

a=qb+r

Khi d6 bat dang thiic (2) c6 dang
®<gb+r<(qg+1)b

B6t ca hai vé cia bat dang thic trén di gb don vi ta ¢

0<r<bd

Vay thuong ¢ va s6 du r da tim dugc.

Ta chiing minh tinh duy nhat ciia dang biéu dién phép chia c6 du. Gia sit s6 a c6
thé bi¢u dién bing it nhat hai cach khac nhau v& hai trong cac cach biéu dién do 1a

a=>bq +1ry, v6i 0 <ry <b
a=0bgy+1ry, v6i 0 <1y < b
Trit vé v6i vé hai dang thic trén c6
(1 — )b+ (r1 —12) =0, (3)

nghia 1a r; — 79 = —(q1 — ¢2)b. Do d6 r; — 7y chia hét cho b.

Gia st 71 # 75 va dé xac dinh, ta gia st 71 > 79. Khi d6 r; — 9 > 0. Mat khac
1 — 1o <11 < b. Khi do r; —ry 14 s6 tu nhién bé hon b, nén né khong thé chia hét cho
b. Ta da di t6i mau thudn, nén r; = r5. Béi vay dang thic (3) c6 dang

((h - C]2)b =0



6.4. Phuong phap diung phép chia c¢6 du 151

Vi b # 0 (b 1a s6 tu nhién), nén suy ra ¢, — ¢ = 0. Nghia 14 ¢; = ¢ va dang bicu
dién phép chia c6 du 1a duy nhat.

T dinh 1§ trén suy ra rang, mdi s6 nguyén a c6 thé biéu dién bing mot trong cac
dang sau

a=byq
a="bq+1,
a=b.q+ 2,

6.4 Phuong phap dung phép chia c6 du

Cén cit vao s6 chia b, ma xét moi kha nang phan tich a = b.q+k véi k € {1,2,...,q—1}.
Sau d6, véi mdi kha nang phan tich nay 1y luan dé suy ra dap an ciia bai toan. Ching han
v6i ¢ = 3 mdi s6 nguyen a c¢6 thé phan tich thanh mot trong ba dang 1a 3¢, 3¢+ 1, 3¢+ 2.
Sau d6 thé méi dang biéu dién vao céc vi tri ctia a 10i 1y luan dé suy ra dap so.

Vi du 1. Chitng minh ring véi moi s6 nguyén a, sd a® — a chia hét cho 6.

Gidi. Phan tich biéu thiic a® — a thanh tich clia ba thita s6
a*—a=ala—1)(a+1)
S6 a c6 thé biéu dién bing mot trong cac dang sau
6q, 6g+ 1, 6g+ 2, 6g+ 3, 6g+ 4, 6g+5

Ta xét ting kha nang phan tich s a

V6i a = 6q s6 a®> — a = 6q(6¢g — 1)(6¢ + 1) chia hét cho 6;

V6i a = 6q + 1 56 a® —a = (6¢ + 1)6¢(6q + 2) chia hét cho 6

V6i a = 6q + 2 s6

a® —a = (6q + 2)(6q + 1)(6q + 3)
=2(3¢g+1)(6g+ 1)3(2¢ + 1)
6(3¢+1)(6g+1)(2¢+ 1)

chia hét cho 6



6.4. Phuong phap diung phép chia c¢6 du 152

V6i a = 6q + 3 s6

a’ —a = (6g + 3)(6g +2)(6q + 4)
= 3(2¢ + 1)2(3¢ + 1)2(3¢ + 2)
=12(2¢ +1)(3¢+ 1)(3q¢ + 2)
chia hét cho 6.
Vé6i a = 6q + 4 s6
a® —a = (6q + 4)(6q + 3)(6¢ + 5)

=2(3¢+2)3(2¢ + 1)(6g + 5)
6(3q +2)(2¢+ 1)(6g + 5)

chia hét cho 6.
Vé6i a = 6q + 5 s6

a® —a = (6q +5)(6q + 4)(6q + 6)
= (6g + 5)2(3¢ +2)6(q¢ + 1)
=12(6¢+5)(3¢+2)(g+ 1)

chia hét cho 6.

Vay v6i moi s6 nguyén a sd a® — a chia hét cho 6.

Nhan zét.

Ngoai cach gidi trén c6 thé 1y luan ngin gon nhu sau.

S6

a®—a=(a—1)ala+1)

chita hai s nguyén lién tiép, nén né chia hét cho 2. Ngoai ra, s6 nay con chiia ba sb
nguyéen lién tiép, nén noé chia hét cho 3. Béi vay s6 a® — a chia hét cho 6.
Vi du 2. Chiing minh ring v6i moi s6 nguyén a, s6 a(a® — 1) chia hét cho 7 ?

Gia.

Phan tich biéu thitc a(a® — 1) thanh tich ta dugc

a(a®—1)=a(a® - 1D(a®*+1)=ala—1)(a+1)(a®* —a+1)(a* +a+1)

S6 a c6 thé biéu dién bing mot trong cac dang sau

a=7q, a=T7¢+1, a=79+2, a=79+3, a=7¢+4, a=Tq+5, a=Tq+6
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Ta xét ting kha nang phan tich s6 a

Vé6ia = 7q sb
a(a® —1) = 7q(7q = 1)(7q + 1){(79)* = Tq + 1)}H{(79)* + Tq + 1)}

chia hét cho 7.

Véia =Tqg+1s6
a(a® —1) = (7q + 1)7q(7q + 2){(7q + 1)* = T¢}{(Tg + 1)* + 7q + 2}

chia hét cho 7.

Véi a = Tq + 2 s6

a(a® —1) = (Tq +2)(7Tq + 1)(7q + 3){(7q + 2)* — 7q — 1}{(7Tg + 2)* + 7q + 3)}
= (7Tq+2)(7q + 1)(7q + 3){49¢> + 28q + 4 — Tq — 1}{49¢* + 28¢ + 4 + 7q + 3)}
= (Tq +2)(7q + 1)(7q + 3){49¢2 + 21q + 3}7{7¢* + 5q + 1}

chia hét cho 7;

Vé6i a = T7q+ 3 s

a(a® —1) = (Tq +3)(7q + 2)(7q + 4){(7q + 3)* — 7q — 2}{(Tq + 3)* + Tq¢ + 4)}
= (7Tq+3)(7q +2)(7q + 4){(49¢* + 42q + 9 — Tq — 2}{49¢* + 42¢ + 9+ Tq + 4)}
= (Tq+3)(7q + 2)(7q + 4)7{7¢* + 5q + 1}{49¢* + 7q + 13}

chia hét cho 7.

Vé6ia = T7q+ 4 s6

a(a® —1) = (7Tq+4)(7q+ 3)(Tq + 5){(Tq + 4)> — 7q — 3}{(Tq + 4)* + T¢ + 5)}
= (7q +4)(7q + 3)(7q + 5){49¢* + 56q + 16 — Tq — 3}{49¢* + 56¢ + 16 + 7q + 5}
= (7q +4)(7Tq + 3)(7Tq + 5){49¢* + 49¢ + 13}7{7¢* + 9¢ + 3}

chia hét cho 7.

Véi a = Tq+5 s6

a(a® —1) = (7q+5)(Tq +4)(7q + 6){(7q + 5)*> — 7q — 4}{(7q + 5)* + Tq + 6}
= (7q+5)(7q + 4)(7q + 6){49¢* + 70q + 25 — Tq — 4}{49¢* + 70q + 25 + 7q + 6}
= (7q +5)(7q + 4)(7q + 6).7.{7¢* + 9¢ + 3}{49¢*> + 77q + 31}
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chia hét cho 7.

Vé6i a = T7q + 6 s6

a(a® —1) = (7q+6)(7q +5)(Tq + 7){(7q + 6)*> — Tq — 5}{(7Tq + 6)* + Tq + 7}
= (7q +6)(7Tq +5).7.(q + 1){49¢* + 84q + 36 — 7q — 5}{49¢* + 84q + 36 + 7q + 7}
= (7q+6)(7q +5).7.(¢ + 1){49¢* + 77q + 31}{49¢* + 91q + 43}

chia hét cho 7.
Vay s6 a(a® — 1) chia hét cho 7.
Vi du 3. Chitng minh ring khong c6 gia tri nao ctia a, dé s6 a® + 1 chia hét cho 3.
Gidi. S6 a c6 thé biéu dién bing mot trong ba cach sau
a=3q, a=3q+1, a=3q+2
Xét moi kha nang phan tich s6 a
V6i a = 3¢ sd6a® + 1 = 9¢® + 1 chia cho 3 con du 1, nén a? 4 1 khong chia hét cho 3.

Véi a = 3q+1 s6

a?+1=Bg+1)2+1
= 9¢> + 6q + 2
= 3(3¢° + 2¢) + 2

chia cho 3 con du 2, nén a® + 1 khong chia hét cho 3.

V6i a = 3¢g+2 sb

a?>+1=(3¢g+2)?2+1
=9¢°+12¢+4+1
=303 +4q+1)+2

chia cho 3 con du 2, nén a? 4 1 khong chia hét cho 3.

Vay a? + 1 khong chia hét cho 3.

hvua Bai tap
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10.

. Chitng minh réng néu cac s6 a va b khong chia hét cho 3. Nhung c6 cuing s6 du

khi chia cho 3, thi s6 ab — 1 chia hét cho 3. Ngudgc lai néu ab — 1 chia hét cho 3 thi
cac s6 a va b khong chia hét cho 3 va ¢6 cling du s6 khi chia cho 3.

Chitng minh ring néu cac sd a va b khong chia hét cho 3 va c¢6 s6 du khac nhau
khi chia cho 3, thi s6 ab + 1 chia hét cho 3. Ngudc lai, néu ab + 1 chia hét cho 3,
thi cac s6 a va b khong chia hét cho 3 va c6 s6 du khac nhau khi chia cho 3.

Chitng minh rang véi cac s6 a va b bat ky s6 ab(a® — b*)(4a* — b*) luon luon chia
hét cho 5.

Chitng minh rang néu dit chi mot s6 a hay b khong chia hét cho 7 thi a? + b? ciing
khong chia hét cho 7.

Chitng minh ring véi cac sd nguyén a, b, ¢ bat ky, s6 a® + b 4 ¢ 4+ 1 khong chia
hét cho 8.

Chitng minh ring néu tong ciia ba s6 nguyén chia hét cho 6, thi tdng lap phuong
clia chiing ciing chia hét cho 6.

Cho hai s6 gom ba chit s6, khong c¢6 s6 nao chia hét cho 37, con tong ciia ching
chia hét cho 37. Viét s6 nay ké véi s6 kia, ta nhan dugc mot s6 gom sau chit s6.
Chitng minh rang s6 nay chia hét cho 37.

Cho hai s6 gom ba chit s6 c6 cling s6 du khi chia cho 7. Viét s6 nay ké sb kia ta
nhan dugec mot s6 gdm sau chit s6. Ching minh rang sé dé chia hét cho 7.

Cho z,y 1a cic s6 nguyén. Chiing minh ring x? + y* chia hét cho 3 khi va chi khi
cé hai s6 x,y dong thoi chia hét cho 3.

V6i a la s6 nguyén. Chiing minh rang a® — a chia hét cho 3.

6.5 Phuong phap dong du

6.5.1 Phép dong du

Dinh nghia. Néu hai s6 a va b c¢6 ciing s6 du khi chia cho m, thi ta néi rang a va b
dong du theo modun m va viét

a=b (modm)

Va doc 1a a dong du véi b theo modun m. St dung cach viét trén day thuan tién cho
viec phat biéu va tinh toan. Sau day sé trinh bay mot s6 dinh 1y don gian vé dong du.

Dinh ly 5. Phép dong du a = b (mod m) c¢6 nghia khi v chi khi hieu a — b chia hét
cho m. Néi cach khac, céc s6 a va b c6 ciing s6 du khi chia cho m, néu va chi néu hieu
a — b chia hét cho m.
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Chaing minh. Gid stt @ = b (mod m). Khi d6 céc s6 a va b ¢6 cung s6 du (r) khi chia
cho m. Bdi vay
a=mq+r, b=mq +r,

trong do ¢, ¢’ 1a cac s6 nguyén nao dé. Trit vé v6i vé hai dang thiic trén ta duge
a—b=mqg—mq =m(q—q)

Do d6 hiéu a — b chia hét cho m.
Ngugc lai, gia st hieu a — b chia hét cho m. Khi dé ton tai s6 nguyen k, dé

a—b=km (1)
Chia (c6 du) s6 b cho m:
b=gqgm+r, trongddo 0<r<m (2)
Cong vé véi vé dang thitc (1) va (2) ta dude
a=km+qm+r=(k+q.m+r
dong thoi 7 vAn thod méan bat dang thitc kép 0 < r < m, nghia la a ¢6 ciing s6 du véi b
khi chia cho m, tic a = b (mod m).
Dinh ly 6. Cac phép dong du ¢6 thé cong vé v6i vé, nghia 1a, néu a; = b; (mod m) (0 <
i < n),thi
ap+ag+--+a;+ . +a, =by+by+--+b+---.+0b, (modm)
N6i cach khac, néu a; va b;(0 < i < n) cé ciing s6 du khi chia cho m, thi cac tong
Qi+ as+- +a, VA by+by+o+by
ciing c6 cung sd du khi chia cho m.
Chiing minh. Vi a; = b; (0 < i < n), nén theo Dinh 1y 5, cac 86 a; — b; (0 < i < n)
chia hét cho m. Béi vay ton tai cac sd nguyen k; dé a; — b; = kym. Khi d6

(a1+a2—|—---+an)—(bl+bg+---+bn):(a1—b1)+(a2—62)~|—---+(am—bm)
= (ki + kot -+ k,)m

Vay hieu (a; + as + -+ -+ a,) — (by + ba + - -+ + by,) chia hét cho m, nén, theo Dinh 1y 5,

artax+--+a+-+a=b+by+--+b+---+b, (modm)

Dinh 1y 7. Cac phép dong du c6 thé trit vé véi vé, nghia la tit @ = b (mod m), ¢ = d
(mod m) suy raa —c=0b—d (mod m).
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Chaing minh. Vi a = b (mod m) vd ¢ = d (mod m), nén theo dinh 1y 5, cdc s a — b
va ¢ — d chia hét cho m. Do d6 ton tai cac s6 nguyén k,l, dé a — b= k.m, ¢ —d = l.m.
Trit vé véi vé hai dang thic trén ta dugc

(a—c)—(b—d)=(a—=0b)—(c—d)=km—Im=(k—1)m
Béi vay (a—c) — (b—d) chia hét cho m. Do d6, theo dinh 1y 5, (a—c) = (b—d) (mod m).
Dinh 1y 8. Cac phép dong du c6 thé nhan vé véi vé, nghia la, néu a; = b; (mod m), ay =
by (mod m),...,a; = b; (mod m),...,a, = b, (mod m), thi

a1as...0;....0, = biby...b;...b, (mod m)

Chatng minh. Dinh 1y dugce chiing minh bang quy nap theo n.

Co 86 quy nap: Véi n = 2 ta ¢6 a; = by (mod m), as = by (mod m) nén theo dinh
Iy 5, cac hiéu a; — by, as — by chia hét cho m. Khi d6 ton tai cac s6 nguyen ky, ko dé

ap — bl = k:lm, a9 — b2 = k?gm
Do d6

a1a9 — b1by = ajas — ai1by + a1by — bibs
= (a1as — a1by) + (arby — b1by)
= a1(az — b)) + ba(ar — by)
= ar1koam + bokim
= (a1ks + bok1)m

Béi vay ajay — byby chia hét cho m nén, theo dinh 1y 4, ajas = biby (mod m).

Quy nap, gid st khing dinh da ding v6i n = ¢, t > 2, nghia la tit ¢t phép dong du
tuy ¥
a; =b; (mod m), as =by (mod m),...,a; =b; (modm),...,a; =0b (mod m)
da suy ra dugc
a1ay...a;...a; = byby...b;...by  (mod m) (1)

Xét t + 1 phép dong du bat ky, a; = by (mod m), ay = by (mod m),...,a; = b
(mod m), ..., ;41 = byyq (mod m).
Khi d6, theo gia thiét quy nap tit ¢t phép dong du dau da c6

ajas...a; = bybe...by  (mod m)

Ky hiéu, ajas...a; bang A;, con biby...b; bang B,. Khi d6, theo dinh 1y 5, hieu A, — B,
chia hét cho m, nén ton tai s6 nguyen [, dé A, — B, = l.m.
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Do asy1 = by (mod m), nén, theo dinh 1y 5, a;y1 — byy1 chia hét cho m. Béi vay
ton tai so nguyen k, dé a. i — by = k.m.
Xét hiéu
Avarr — Bbipy = Ayagn — Aebyr + Ay — Bibip
= Ay(ary1 — be1) + b1 (A — By)
= Atkm + bt+1.l.m
= (At]{? + bt+1.l)m

nén aias....a;app 1 — biby...bibiy 1 = Aiay1 — Bibiyy chia hét cho m. Do d6, theo dinh ly
5, thi
aias...a, = bybe...b, (mod m)

Tu dinh 1y 7 suy ra céc hé qua sau:
Hé qua 2. Cac phép dong du c6 thé nang len liy thita, nghia l4, néu a = b (mod m)
thi v6i moi s6 nguyen khong am n déu c6 a™ = b (mod m).
Heé qua 3. Gia st P(x) la da thic tuy ¥ véi he sd nguyen
P(z) =t, +tix +tox® + -+ .+ ta"
Khi d6 néu a = b (mod m), thi

P(a) =tg+tia+tya® + - +t,a" =t, +t1b+tob* + -+ t,0" = P(b) (mod m)

6.5.2 Phuong phap dong du

Ta sé van dung céc tinh chat ctia phép dong du dé gidi bai toan chia hét.
Vi du 4. Chiing minh réng s6 58" 4+ 23 chia hét cho 24.

Gidi. Ta sé chitng minh khang dinh tong quaat ring v6i moi sb tu nhién n s6 55" +23
chia hét cho 24. That vay, do 58" = 588" = 2548 3 95 = | (mod 24) nén 2548" 71 = 1
(mod 24). Boi vay, 55" =1 (mod 24). Do d6

5" +23=24=0 (mod 24)
Nen 58" + 23 chia hét cho 24.

Vi du 5. Chiing minh réng véi moi s6 tif nhién n, s6 1227 + 1172 chia hét cho 133.

Gidi. Ta ¢6 12271 = 12,1227 = 12{(12)*}" = 12.144". Vi 144 = 11 (mod 133), nen
144™ = 11" (mod 133). Nhan c4 hai vé véi 12 ta c6

12.144" = 12.11"
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Béi vay
12271 = 12.11"  (mod 133) (1)
Mat khac,
1" = (11%)" = 121"
Do
121 = —12  (mod 133)
Nén
121.11" = —12.11"  (mod 1)33
Béi vay

11"? = —12.11"  (mod 133) (2)

Cong vé véi vé cac phép dong du (1) va (2) duge
12271 111" =0 (mod 133)

Do dé 1227+! 4+ 117+2 chia hét cho 133.

Vi du 6. Chiing minh réng, néu a? + b*> + ¢ chia hét cho 9, thi it nhat mot trong cac
hieu a? — %, a®> — ¢, b*> — ¢? chia hét cho 9.

Gidi. Khi chia s6 nguyén tuy v n cho 9 nhan dude mot trong cac s6 du 0, 1,2,3,4,5,6,7, 8.
Béi vay,

Vay du véi s6 nguyén n nao di chiang nita, s n? cling chi c6 thé c6 mot trong cac s6

du 0,1,4,7 khi chia cho 9. Dung 7y, 79,73 dé ky hiéu cac sé6 du tuong ting cla as, by, cs
khi chia cho 9.
Khi do

az=r; (mod9), by =7y (mod9), ca =r3 (mod?9)
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Cong vé véi vé cac phép dong du trén ta dugc
a4+ b+ =r +ry+rs (mod9)
Vi a? + b% + ¢? chia hét cho 9, nén
a>+b*+c2=0 (mod9)

Do dé

ri+ro+7r3=0 (mod9)
Vi mbi s6 71,72, 75 chi c6 thé nhan cac gia tri 0,1,4,7, nén ry + ro + 73 chi c6 thé chia
hét cho 9 trong cac truong hop sau

1 T = 7”3:0,

2) Mot trong cac sb 1,79, 73 bang 1 va hai s6 con lai bang 4,

)
)

3) Mot trong cac s6 11,79, 73 bang 7, hai s6 con lai bang 1,
)

4) Mot trong cac s6 71,79, 73 bang 4, hai s6 con lai bang 7,

Trong moi truong hop déu cé it nhat hai trong cic s6 71,79, r3 bang nhau. Diéu nay c6
nghia 12 it nhat hai trong cac s6 ay, by, co c6 cling s6 du khi chia cho 9, nén c6 it nhat
mot trong cac hieu a? — b2, a® — ¢, b? — ¢? chia hét cho 9.

Bai tap

11. V6i moi s6 nguyén khong am n hdy ching minh rang
a) 62" + 3""2 4+ 3" chia hét cho 11.
b) 6.257F3 4 573" chia hét cho 17
c) H2n L gnt2 4 3nt2 92nF1 chia hét cho 19.

12 Ching minh ring khong ton tai mot s6 n nao dé cac s6 3n—1, bn+2, bn—2, Tn+
3, Tn — 2 1a cac s6 chinh phuong.

13 Chiing minh ring, v6i céc s6 tu nhien k,n tuy § s6 12671 2271 ... 4 (2n)2k~1
chia hét cho 2n + 1.

14 Chiing minh rang s6 100...001 (véi s6 s6 0 chén) chia hét cho 11.
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6.6 Phuong phap st dung tinh tuan hoan khi nang
l1én luy thua
6.6.1 Su tuan hoan cua cac sé du khi nang lén lity thia
Xét cac liiy thita lién tiép clia s 2;
21,22 23 2% 2% 26 97 928 99
va tim xem khi chia cac luy thita nay cho 5 nhan dudc cac loai s6 du nao? Néu tim

truc tiép thi kha phic tap va lity thita cang 16n, thi cang khoé khan. Song, nhd viéc nang
len lity thita hai vé ctia phép dong du c6 thé tim céc sé du ciia lity thita mot cach dé dang.

That vay, ta co

20 =222=4,22=8=3 (mod5),2*=16=1 (mod 5) (1)

Dé tim s6 du khi chia 25 cho 5 ta nhan ca hai vé phép dong du (1) véi 2 sé duge

2°=2 (mod 5)
20 =4 (mod 5)
2"=42=8=3 (mod 5)

Tiép theo

Viét cac két qua vao hai hang. Hang trén ghi cac luy thita, hang dudi ghi s6 du tuong
tng khi chia cac 1ty thita nay cho 5.

21 22 23 24 25 26 27 28 29 210 211
2 4 3 1 2 4 3 1 2 4 3

Hang thit hai cho ta thay rang cac s6 du lap lai mot cach tuan hoan: sau 4 s6 du
2,4,3,1 lai lap lai theo dung thi tu trén va ctt tiép tuc lap lai theo thi ty trén v.v

Xét cac sO du ctia phép chia liiy thita cia 3 cho 7

Ta c6
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Nhan phép dong du trén véi 3, sau lai nhan phép dong du nhan duge véi 3, ta duge

3*=6 (mod?7)

3*=6x3=4 (mod?7)
3=4x3=5 (mod7)
3=5x3=1 (mod7)

Tiép tuc tinh toan nhu trén sé duge hai hang sau

3 32 33 34 35 36 37 38 39 310 311 312
3 2 6 4 5 1 3 2 6 4 5 1

(du6i mdi liy thira 1a s6 du ctia n6 khi chia cho 7)

Xét cac s6 du khi chia luy thita ctia 5 cho 16 ta duge hai hang tuong ting:

5 52 53 54 55 56 57 58 59 510 511
5 9 13 1 5 9 13 1 5 13 1

(du6i mdi iy thira 1a s6 du ctia n6 khi chia cho 16)

Nhin vao hang hai ta dé dang nhan thay cac s6 du lap lai sau 4 s6 du 5,9, 13, 1, 1oi
lai lap lai ding thit tu nhu trén.vv...

quaan sat sy tuan hoan ctia cac s6 du khi nang lén liiy thita trong cac vi du trén mot
cau hoi ty nhién dat ra la: Phai ching vdi cac s6 tir nhién bat ky a va m cac s6 du cta
phép chia céc lity thita ctia a cho m lip lai mot cac tuan hoan? That vay, dé giai dap
cau héi trén ta chiing minh khing dinh sau

Dinh 1y 9. D6i véi céc s6 tu nhién a va m tity ¥ cac sd du ctia phép chia a, a?, a®, a*, a®, a® - - -

cho m lap lai mot cach tuan hoan (c6 thé khong bat dau tit dau).

Chitng minh. Ta lay m + 1 liiy thita dau tién

a, a® a®, ...,a™ am!
va xét cac s6 du ctia ching khi chia cho m. Vi khi chia cho m chi ¢6 thé c6 cac s6 du
{0,1,2,....m — 2,m — 1}, ma lai ¢c6 m + 1 s6, nén trong cac s6 trén phai c6 hai s6 c6
ciing s6 du khi chia cho m. Chang han, hai s6 d6 1a a* va a**!, trong dé6 [ > 0.

Khi do
k — ket

a“ =a (mod m) (1)

V6i moi n > k nhan ca hai vé ctia phép dong du (1) véi a” % s& duge

n n—+l

a" =a (mod m)
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Diéu nay chiing té rang bat dau tit vi trf tuong ting véi a* céc s6 du lip lai tuan
hoan, tic bat dau tit s6 tuong tng véi a¥ c6 mot sé du lip lai va lap lai v.v...

S6 1 dugce goi 1a chu ky tuan hoan ctia cic s6 du khi chia liiy thita ctia a cho m.
Nhan xét.

Tit chitng minh trén nhan thiy rang su tuan hoan clia cic s6 du bat dau ti chd ta
phat hién ra hai s6 du tring nhau. Mit khac dé phat hién ra hai s6 du giéng nhau khi chia
cho m ta khong phi quadan tam dén ca s6 a ma chi can lay m+1 liy thita dau tien la da.

Néu ton tai s6 I, dé a' =1 (mod m), thi v6i moi s6 tit nhién n a"*' = ™ (mod m),
~ 2 ~, N ~ X N 2 2 A N N - 2 N 2 AL <
nén [ chang nhiing 1a chu ky tuan hoan ctia cac so du, ma con cé the xem la chi so bat

dau su tuan hoan cta céac so du.

6.6.2 Thuat toan

Dé giai bai toan chia hét, can xac dinh s6 du ctia lity thita a” chia cho m, ta can tim
céc s6 tu nhien k, [ nhoé nhat, dé

k k+1

a“"=a (mod m)

Sau do6 can cit vao s6 du 7 clia n chia cho I, ma xac dinh s6 du tuong ting véi a**7.
Chii 4.
1) Trong truong hop ton tai sb6 tu nhien s, dé
a®*=1 (mod m)
ta chi viéc tim cac s6 tu nhién nhoé nhat &, [ sao cho

k k‘+l:1

a a

(mod m)

sau do6 tim s6 du r ctia n chia cho [ va xac dinh s6 du ctia a” khi chia cho m. Day chinh
1a 86 du clia a™ chia cho m.

2) Khi liiy thita ¢6 s6 mii khong phai 1a ham tuyén tinh ctia n, ching han, a?™ véi
p(n) 1a mot ham mil, ma ta c6 thé thay doi co so tit a sang b, dé c6

a?™ =p1™ vy b=1 (mod m)

thi
a?™ =19 =1 (mod m)
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Truong hop khong bién doi duge co s6 nhu trén can tim céch thay ddi co s6, dé lily thita
c6 s6 mil 14 mot s6 tu nhién roi tim s6 du nhu thuat toan da néu.

Vi du 7. Ching minh ring s6 55" + 5 chia hét cho 6.
Gidi. Ta sé chtiing minh truong hop téng quaat: V6i moi s6 tu nhien n s6 52" + 5 chia
hét cho 6. Do
58” _ 58><8”_1 _ 52><4><8"—1 _ (25)4><8"—1
Vi25=1 (mod 6), nén
55" = (25)"%" =1 (mod 6)

Mat khac 5 =5 (mod 6).
Vay 5% +5 =6 = 0 (mod ). Do d6 5% + 5 chia hét cho 6. Thay n = 2004 ta dugc
55" +5 chia hét cho 6.

Vi du 8. Chiing minh ring 143" 4 10 chia hét cho 11.
Gidi. Tim s6 du ciia 148" 48 chia cho 11. Do 14 = 3 (mod 11), nén 14%*™" (mod 11).
Do 3% = 6561 = 5 (mod 11), nen 3%°™" = 656120 = 52004 (mod 11).

Xét cac s6 du thuoc liiy thita ctia 5 khi chia cho 11

5 5% 5% 5% 55 506 57 58
54 9 1 5 4 9 1

54501 — (54501 = 1501 = 1 (mod 11) (1)

Mt khéc,
10=10 (mod 11) (2)

Cong vé v6i vé phép dong du (1) va (2) ¢
145" +£10=11=0 (mod 11)
Nen 148" + 10 chia hét cho 11.

Vi du 9. Chiing minh ring s6 2225 + 555222 chia hét cho 7.

Giai.
1) Do 222 =7 x 31+ 5, nén 222 =5 (mod 7). Béi vay,

222°%5 = 55%  (mod 7)

Xét sut tuan hoan ctia céc s6 du khi chia lity thita ctia 5 cho 7 ta dude
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5 5% 5% 5% 50 55 57 58
54 6 2 3 1 5 4

Nhu vay
5=1 (mod?7) (1)

V6i moi s6 tu nhién ¢, nang ca hai vé ctia phép dong du (1) lén liy thita ¢ ta c6

5% =1 (mod 7)

Mat khac 555 = 6.92 + 3, nén 5°5° = 569243 = 5692 53 = 6 (mod 7). Do d6

222°% =6 (mod 7) (2)

2) Do 555 = 7.79 + 2, nén 555 = 2 (mod 7). Béi vay, 555%2% = 2222 (mod 7).

Xét sut tuan hoan ctia céc s6 du khi chia lity thita ctia 2 cho 7 ta dude

2 22 23 2t 25 926 97 98
24 1 2 4 2 4 1

Nhu vay
2°=1 (mod7) (3)

V6i moi s6 ty nhién s nang ca hai vé ctia phép dong du (3) len liy s ta c6
2% =1 (mod 7)
Mt khéc, 222 — 3.74, nen

555222 = 23" =1 (mod 7) (4)

Cong vé v6i vé cac phép dong du (2) va (4) ¢6
222°% 1 5552 =6+1=0 (mod 7)

Vay s6 222°%° 4 555222 chia hét cho 7.

. ~

Bai tap

15 Chiing minh rang s6 719 + 1119 chia hét cho 13.
16 Chiing minh rang s6 6°°2 + 8 chia hét cho 11.

17 Chiing minh rang s6 11'° — 1 chia hét cho 100.
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18 Chiing minh rang 77777 — 7 chia hét cho 10.
19 Hay tim chit s6 tan cling ciia s6

A
20 Ching minh ring s6 144" — 6 chia hét cho 10.
21 Ching minh ring s6 112" — 1 chia hét cho 101968,
22 Chitng minh rang s6 222333 + 33322 chia hét cho 13.
23 V6i moi s6 nguyén khong am chiing minh rang s6

2omt3 4 5n.3n

chia hét cho 17.

6.7 Phuong phap quy nap

Phuong phap quy nap c¢é vai tro vo cing quaan trong trong toan hoc, khoa hoc va cudc
song. D6i véi nhiéu bai toan chia hét, phuong phap quy nap ciing cho ta cach giai hitu
hiéu.

Suy dién 1a quaa trinh tit “tinh chat" ciia tap thé suy ra “tinh chat" clia c4 thé, nén
luon luon ding, con quaé trinh ngude lai, tic quaa trinh quy nap: di tit “tinh chat" cta
mot s6 ca thé suy ra “tinh chat" ctia tap thé, thi khong phi ldc nao ciing ding, ma quaa
trinh nay chi dung khi né tho man mot s6 dieu kién nao doé, tiic tho man nguyeén 1y quy
nap.

6.7.1 Nguyén ly quy nap
Néu khang dinh S(n) thod man hai diéu kién sau
a) Ding véi n =k, (s6 tu nhién nhé nhat ma S(n) xac dinh).
b) T tinh dang dan ctia S(n) d6i véin = t (hodc d6i véi moi gia tri cian, kg < n < t)
suy ra tinh ding dan ctia S(n) d6i véi n =t + 1, thi S(n) ding v6i moi n > k.
6.7.2 Phuong phap chitng minh bang quy nap

Gia st khang dinh T'(n) xac dinh v6i moi n > ty. Dé chiing minh 7'(n) ding véi moi
n(n > ty) bang quy nap, ta can thyc hién hai buée.
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a. Co s6 quy nap.

Thuyec hién buée nay tiic 1a ta thit xem sy ding din ctia T'(n) v6i n = o, nghia la xét
T(tg) c6 dung hay khong?

b. Quy nap.

Gia st khang dinh T'(n) da ding d6i véi n = t (hodic ddi v6i moi n (tg < n < t)
(t = to). Tréen co sG gid thiét ndy ma suy ra tinh dung dén ctia T'(n) d6i v6i n = ¢ + 1,

ttc T(t + 1) dang. Néu ca hai bude tren déu thod man, thi theo nguyen ly quy nap,
T'(n) dang véi moi n > t.

Chai 4j. Trong quaa trinh quy nap néu khong thirc hien day du ca hai budc co sé quy
nap va quy nap, thi c6 thé dan dén két luan sai lam, chang han:

- Do bé bude co s6 quy nap, ta dua ra két luan khong dung: Moi s6 tir nhién déu
bang nhau! Bang cach quy nap nhu sau: gia sit cac so tir nhién khong vuot quaa k + 1
da bang nhau. Khi d6 ta c6 k =k + 1.

Thém vao mdi vé ciia ding thitc trén mot don vi sé ¢

ktl=k+1+1=Fk+2
Cit nhu vay suy ra moi s6 tir nhien khong nhé hon & déu bang nhau. Két hop véi gia

thiét quy nap: moi s6 ty nhién khong vuot quaa k& déu bang nhau, di dén két luan sai
lam: Tat ci cac s6 tir nhién déu bang nhau!

- Do b6 qua khau quy nap, nén nha Toan hoc Phéap P. Fermat (1601 - 1665) da cho
rang cac s6 dang 22" + 1 déu la s6 nguyén t6. P. Fermat xét 5 s6 dau tién

V6i n =0 cho 22" +1 = 2! + 1 = 3 1a s6 nguyén to.
V6in =1 cho 22" +1 =22+ 1 =5 la s6 nguyen to.
Véin =2 cho 22° +1=2%+1=17 1a s6 nguyen tb.
V6in = 3 cho 22° +1 =28 + 1 = 257 la s6 nguyen to.

V6i n = 4 cho 22" +1 = 26 + 1 = 65537 la s6 nguyen to.

Nhung vao thé ky 18 Euler da phét hién véi n = 5 khang dinh trén khong ding béi

vl
22" + 1 = 4294967297 = 641 x 6700417

1a hgp sb.
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6.7.3 Van dung phuong phap quy nap dé giai cic bai toan chia
hét
Phuwong phéap quy nap duge st dung trong tinh toan, trong chiing minh va suy luan dudi

nhiéu dang khac nhau, nhung trong phan nay chi trinh bay viéc van dung phuong phap
quy nap dé giai cac bai toan chia hét.

Vi du 11. V6i n 1a s6 tir nhien, dit

A = 77*‘7 } nlan

Chitng minh rang v6i moi s6 tu nhién n > 2 s6 A, + 17 chia hét cho 207
Giai.
Dé c6 khéng dinh phat bicu trong bai toan trude hét ta chitng minh: V6i moi s6 tu

nhién n > 2 déu c6
A, = 20t, + 3 (1)

Khang dinh (1) dugc chitng minh bing quy nap theo n.

1. Co s6 quy nap.

V6in=2co Ay =7" =747, ma

70 =343=2017+3=20p+3 (2)
7' = 2401 = 20.120 + 1 = 20.q + 1, (3)
Nén
Ay = (20.17 + 3)(20.120 + 1)
= 20.20.17.120 + 20.17 + 20.120.3 + 3
=20.41177 43
2. Quy nap

Gia st dang thiic (1) da ding véi n = k > 2, titc da co

Ay, = 20t + 3 (4)

Can chiing minh déng thitc (1) ding véi n = k + 1.
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That vay, theo dinh nghia, va (2), (3), (4) c¢6
Ak+17Ak — 720tk+3 —_ 74.5tk+3 _ (74)5tk 73 _ (20q _|_ 1)5751€ (20p + 3)

= {(209)°* + 3, (209)>* + C?f,’j 1,20 + 1}(20p + 3)
= 20p{(20)°* + C3, (20(1)5tk P OR 200 + 1)
20¢{(209)°"* " + Cj, (20¢)°* % + C;f;; "3 43 =20t +3

Tu (1) co:
A 17 = 20t, + 3 + 17 = 20t,, + 20 = 20(t, + 1)

nén A, + 17 chia hét cho 20.

Vi du 12. Chitng minh rang véi moi s6 tu nhién n > 2 s6
27" +4

chia hét cho 10 (hay tan cung bang s6 0)?
Gidi. Chiing minh bang quy nap theo n.
1. Co s6 quy nap.

Véin =2c62% =244+ 4 =16 + 4 = 20 chia hét cho 10.

2. Quy nap.

Gié sit khang dinh da ding v6i n = k > 2, nghia la

22" 4 4 =101, (1)

Can chiing minh khing dinh ding véi n = k + 1.

That vay, ti (1) ¢

22" p 4= (372 4

(10t — ) +4

(10t)* — 8.10t), + 16 + 4
10(10t3 — 8ty + 2)

nén s6 22" + 4 chia hét cho 10.

Vi du 12. Chiing minh rang véi moi s6 tu nhién n

An)=4"+15n—1
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chia hét cho 9.

Gidi. Chiing minh bang quy nap theo n.

1. Co s6 quy nap.

V6in =1, A(1) = 4> +15.1 — 1 = 18 chia hét cho 9.

2. Quy nap.

Gia stt khang dinh da ding v6i s6 ty nhién n = k > 1, nghia la,
A(k) = 4% + 15k — 1

da chia hét cho 9.
Can chitng minh khang dinh ciing dang véi n = k + 1.

That vay,

Ak +1) =4" +15(k+1) — 1
= 4.4 15k 4+ 14
4.4% + 415k + 14+ 3.15k — 4 + 4 — 3.15k
=4.4% + 415k — 4 + 3.15k + 18
= 4(4% 4+ 15k — 1) + 9(5k + 2)

Theo gia thiét quy nap 4 + 15k — 1 chia hét cho 9, nén 4(4% + 15k — 1) chia hét cho
9 va 9(5k + 2) chia hét cho 9. Bdi vay A(k + 1) chia hét cho 9.

Vi du 13. Chitng minh ring tong lap phuong ctia ba s tit nhién lién tiép bao gid ciing
chia hét cho 9.

Gidi. Chiing minh bang quy nap theo thi tir s6 tu nhién.
1. Co s6 quy nap.

Véi ba s6 tu nhien dau tien 1,2, 3 ta co
P+22+3=14+8+27=136

chia hét cho 9.
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2. Quy nap.

Gia st khang dinh da ding v6i ba s6 tu nhien lien tiép tuy y nao do k(k > 1), k +
1, k + 2, nghia la s
Ak) =k + (k+1)° + (k+2)°

da chia hét cho 9. Khi d6

k+1P°+(k+2>+(k+3)°=k+(k+1)°+(k+2)°+ (k+3)° - &

(k43 =k = (k+3—Ek){(k+3)2+k(k+3)+k%}
= 3{k* + 6k + 9 + k* + 3k + k*}
= 3{3k* + 9k + 9}
= 9(k* + 3k + 3)

chia hét cho 9, va theo gid thiét quy nap A(k):9, nén (k + 1)% + (k + 2)* + (k + 3)® chia
hét cho 9. Khang dinh duge chiing minh.

Vi du 14. Chitng minh rang véi moi s6 nguyén n > 0 s6 23" + 1 chia hét cho 3"*! va
khong chia hét cho 372

Gidi. Khang dinh dugce chiing minh bing quy nap theo n.
1. Co s6 quy nap

Véin=0s62"+1=2"41=2+1=3 chia hét cho 3 (3 = 3°!) va khong chia
hét cho 9 (9 = 32 = 3012),

Viin=1s62+1=23+1=8+1=9 chia hét cho 9.

2. Quy nap

Gia st khéng dinh da ding v6i n = k > 2, nghia la
A =2 +1
da chia hét cho 3! va khong chia hét cho 32, Khi d6 ton tai s6 nguyen M, dé
Ay = M.3F

va do Ay, khong chia hét cho 3**2, nén M khong chia hét cho 3.
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Can ching minh Ay = 28" + 1 chia hét cho 35+2 va khong chia hét cho 35+3.

That vay, do

A =2 1= 11=(2)?+1
= 2"+ D{@¥)? -2 +1}
= 3 M{(2%)? + 228 +1-32%"}
= 3 M2 + 1) — 3.2}
= 3F ML{(2% . M)% — 3.2%)
_ 3k+lM{32k+2M2 _ 3‘23’“}
_ 3k+2'M'{32k+1.M2 _ 23’“}

nén Agy; chia hét cho 38+2,
Vi M khong chia hét cho 3, nén 3¥+2.M khong chia hét cho 3%+3.

Dok>2 nénk—22>0, vacod
32k+1.M — 3k+3+k_2.M — 3k+3.3k_2.M
chia hét cho 3++3.

Mit khac 23" = (23)F = 8% = +1 (mod 9) va 3¥*3 = 9.35+1 nen 23" khong chia hét
cho 3%*3.

Do 3%+1 M2 — 23" khong chia hét cho 3¥73. Béi vay Ay, khong chia hét cho 3#+2.
Khang dinh dudc ching minh.

N o ~

Bai tap

23 Chitng minh ring v6i moi sé6 nguyén n > 0
a) (2°7+3 4 57 37+2) chia hét cho 17
b) (2712.3%" + 537+1) chia hét cho 37
c) (51 4 27t 4 2n L) chia hét cho 23
d) (772 + 82"*t1) chia hét cho 57

24 Chting minh réng véi moi s6 tu nhién n tong
20 + 21 + 22 et 25n—3 + 2571—2 + 25TL—1

chia hét cho 317
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25 Gia st @ 1a s6 tu nhién nao do, ma 2% — 2 chia hét cho a, chdng han a = 3 ¢6
23 — 2 =8 — 2 = 6 chia hét cho 3. X4c dinh day s6 (z,,) nho cac diéu kien sau
Ty =a, Tpp =2"F—1

Chitng minh rang v6i moi s6 tu nhién & s6 2% — 2 chia hét cho x;?

6.8 Tiéu chuan chia hét

Déi v6i s6 nguyen tuy ¥ a va so ty nhién bat ky m dé tra 16i cau héi: a ¢6 chia hét cho
m khong? Trong rat nhiéu truong hop cé thé dira vao tieu chuan chia hét. Bsi vay viec
tim ra cac tiéu chuan chia hét dé van dung 13 hét stc can thiét. Can ctt vao tinh chat
clia day s6 du nhan dudc khi chia lity thita co s6 10 cho m, ma c6 thé xac dinh cac tieu
chuan chia hét tien ich khac nhau. Trong phan nay trinh bay mot s6 cach xac dinh tieu
chuan chia hét, nhu

Phuong phap st dung tinh dong du véi 1 cla liy thita co s6 10, ma goi tat 1a
"phuong phap dong du véi 1".

Phuong phap dua vao day s6 du clia lity thita co s6 10, ma goi tat 1a "phuong
phap day s6 du".

Phuong phap chia cic chit s6 thanh cac nhém, ma goi tat 14 "phuong phap nhém
chit s6".

6.8.1 Phuong phap dong du véi 1

V6i s6 tir nhien tuy ¥ m > 2 can tim tiéu chuan, dé s6 nguyen bat ky

a = Apdp—1...4;A;_1....A10400

=a,10" +a, 110"+ + @;10° + a;_1 10 + -+ + @;10 + ag

chia hét cho m.

Néu ton tai s6 tu nhien k, dé 10¥ = 1 (mod m) thi v6i moi s6 tu nhien ¢ déu co
10* =1 (mod m). Ta thic hién thuat toin sau

Thuat toan.
1. Tim s6 ty nhién [ nhé nhat, dé 10/ =1 (mod m).

2. Chia day chit s6 clia a tit phi sang trai theo cac nhém lién tiép do dai [. Khi do6
v6i 86 tir nhien s, ma sl <n < (s + 1)l ¢6

B —— l
4 = pQg 105 10% + - -+ Ay 1..a; 110" + a1 -a1ag

= Uplg110Gg + - + Qo110 + @_1.-.a169  (mod m)
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Béi vay ta c6 tieu chuan chia hét sau day.
Tiéu chuan chia hét 1

Néu [ 1a s6 tu nhien nho nhit dé o' = 1 (mod m) va s 1a s6 tu nhien dé sl < n <
(s -+ 1)I, thi a chia hét cho m khi va chi khi tong

nQsi+1Qs) + +++ + A2—1...Q1+14; + Qj—1...Q10p
chia hét cho m.

Van dung tiéu chuan chia hét 1 cho céac trusng hop m = 3,9, 11, 111 ta dudc cac tieu
chuan chia hét tung tng sau day.

1. V6i m =3, tac6 10 =1 (mod 3), nén [ = 1 va day chit s6 a dugc chia thanh cac
nhém gom mot chit s6 va ta ¢ tieu chuan chia hét cho 3 nhu sau

S6 nguyén a = a,a,_1a1a chia hét cho 3 khi va chi khi tdng céac chit s6 a, + an_1 +
-4 aj + ag chia hét cho 3.

Tuong ti ta ciing c6 tieu chuan chia hét cho 9 nhu sau:

S6 nguyén a = @,a,_1...a1ay chia hét cho 9 khi va chi khi tong
an+an—1+"'+a1+a0
chia hét cho 9.
Vi du.
23456781 =2+4+344+54+6+7+8+1=0 (mod 3) nén 23456781:3.

54326781 =5+4+3+2+64+7+8+1=0 (mod9), nen 54326781:9
4354063 =4 +3+5+4+0+6+3=25=1 (mod 3)

nén 4354063 khong chia hét cho 3.
1997199819991 = 1+94+9+74+1+4+94+9+8+14+9+9+9+1=82=1 (mod?9)
nén 1997199819991 khong chia hét cho 9.

2. V6i m = 11 ta ¢6 10> = 1 (mod 1)1, nén [ = 2 va day chit s6 clia a dugc phan
thanh cédc nhom do dai 2 tir phai sang trai va ta c6 tiéu chuan chia hét cho 11 nhu sau

V6i n 18 s6 nguyén a = @,a,_1...a1ay chia hét cho 11 khi va chi khi tong

ApQp_1 + Qp_20p_3 + -+ -+ aiag
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chia hét cho 11.

V6i n chiin s6 nguyén a = G,a,_1...a1ag chia hét cho 11 khi va chi khi tong
Gp + Qp_1Gp_2 + -+ -+ Q109

chia hét cho 11.

Vi du.
719981999 =7+ 194+98+19+99=242=0 (mod 1)1
nén 719981999 chia hét cho 11.

53467874 =534+ 46+ 78+ 74 =251 =8 (mod 1)1
nén 53467874 khong chia hét cho 11.

3. Véi m = 111 ta c¢6 103 = 1 (mod 1)11, nén [ = 3 va day chit s6 clia a duge phan
thanh cac nhom do dai 3 tit phi sang trai va ta c6 tieu chuan chia hét cho 11 nhu sau

- V6i n = 3t (t 1a s6 ty nhién) s6 nguyén a = @,a, _1...a1ao chia hét cho 11 khi va chi
khi tong

AnGp—10p—2 + Qp_30p_40n_5 + -+ + Q20109
chia hét cho 111.

- Véi n = 3t + 1 s6 nguyén a = a,a,_1...arao chia hét cho 111 khi v& chi khi tong
Ay, + Qp—10y—20p_3 + -+ - + Aga10g

chia hét cho 111.

- Véi n = 3t 4 2 s6 nguyén a = G,a,_1...a1ao chia hét cho 111 khi va chi khi tong

ApGp—1 + Gp_20y_30n_4 + -+ + Q20100

chia hét cho 111.

Vi du.
582004080 = 582 + 004 + 080 = 582 +4+ 80 =666 =0 (mod 111)

nén 582004080 chia hét cho 111.

6573864 = 6 + 573 + 864 = 1443 =0 (mod 111)
nén 6573864 chia hét cho 111.

13661325 = 13 + 661 + 325 =999 = 0 (mod 111)
nén 13661325 chia hét cho 111.

154635811 = 154 4+ 63 = 1600 = 35 (mod 111)

nén 15463811 chia hét cho 111.



6.8. Tiéu chuan chia hét 176

6.8.2 Phuong phap day s6 du

Gia st

a = GpGy_1.0.0100 = 10" 4+ a1 10" 4+ -+ - 4+ @;10; + - - - a110 + ag
14 s6 nguyeén tity ¥ va m 1a s6 tir nhién bat ky khong nhé hon 2. Khi dé, theo cac tinh

chat ctia phép dong du, ta c6 hé qua: Néu d; (i = 0, 1,2) 1a s6 nguyen tuy ¥ dong du vdi
10% theo modun m, thi

a=apd, + ap_1dy_1+ -+ aid; + -+ ardy + ap (mod m)

Tit hé qua trén suy ra thuat toan xay dung tiéu chuan chia hét cho m.
Thuat toan.

Dé c¢6 mot tieu chuan chia hét cho m ta thuc hién cac bude sau

1. D6i v6i mdi ¢ = 1,2 chon s6 nguyén d; dong du v6i 10° theo modun m va c6 tri
tuyet doi (|d;|) nhd nhat;

2. Viét day s6 dong du d; (i = 1,2.) mot cach tuong tng dudi day chit s6 cta a;

(07% Ap—-1 ---Qijp1 A5 ... A1 Qg

dn dn,1 di+1 dz dll

3. Tim tong

d = andy + an—1dn—1 + @ip1dip1 + a;d; + - -+ + ardy + ag
4. Xét tong d
-Néu d =0 (mod m), thi a chia hét cho m
- Néu d =0 (mod m), thi a khong chia hét cho m.

Khi d6 tieu chuan chia hét cho m duge phat biéu nhu sau: S6 @ chia hét m khi va
chi khi d chia hét cho m.

Duya vao thuat toan trén ta c6 thé xay dung tiéu chuan chia hét cho bat ky s6 tu
nhieén m > 2, chang han, m = 4,7, 11, 13.

1. Tiéu chuan chia hét cho 4
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Xét tinh dong du ctia lfiy thita co s6 10 theo modun 4 ta c6

10=2 (mod4), 10°=20=0 (mod 4), 10°=0 (mod 4) (i = 3,4...)

Tong d tung tng véi s6 a = GnCGp_1---0i110;..-G20109 cO dang
d:anO—i—an_lO—i—---+ai+10—|—ai0+---+a20+a12+a0=2a1+ao

Vay tiéu chuan chia hét cho 4 1a: S6 a chia hét cho 4 khi va chi khi tong d = 2a1 + aq
chia hét cho 4.

Vi du.
453452 ¢6 d = 2 x 5 + 2 = 12 chia hét cho 4, nén 453452:4,

582422 c¢6 d = 2 x 2+ 2 = 6 khong chia hét cho 4, nén 582422 khong chia hét cho 4.

2. Tiéu chuan chia hét cho 7

Xét tinh dong du clia lfiy thita co s6 10 theo modun 7 ta c6

10=3 (mod7), 10°=30=2 (mod?7), 10°=20=—1 (mod 7)
10'=-10=-3 (mod 7), 10°=-30= -2 (mod 7), 10°=-20=1 (mod 7)...

Gid sttn = 6t + 1 v6i t > 2. Khi d6 diy s6 dong du tuong ting véi diy chit s6 clia a
sé la

ap Ap—1 Ap—2 Ap-3 ... Qg G5 A4 Q3 A2 A1 Ag
1-2-3-1.1-2-3-1231
Va tong d tuong ting véi a c6 dang
d =

Ap — 20p—-1 — 3Ap—2 — Qp_3 + -+ +ag — 2a5 — 3a4 — a3 + 2a2 + 3a; + ag
Vay tiéu chuan chia hét cho 7 1a: S6 a:7 khi va chi khi tong
d=a, —2a,-1 — 3p—92 — Qp_3+ -+ ag — 2a5 — 3a4 — as + 2as + a1 + ag
chia hét cho 7,
7546357 c6d = 7T—2x5—3x4—6+2x3+3x5+7 = 7 chia hét cho 7, nén 7546357:7.
863425 co

d=—-2%x8—-3%x6—-3+2%x4+2%x3+5=-16—-18~3+8+6+5=-8
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khong chia hét cho 7, nén 863425 khong chia hét cho 7.
3. Tiéu chuan chia hét cho 11

Xét tinh dong du ctia lity thita co s6 10 theo mod 11, ta c¢6

10=-1 (mod11), 10°=-10=1 (mod 11),
10%** = —1 (mod 11), 10* =1 (mod 11)
Véi k= 0,1,2,... khi d6 day dong du tuong ting véi day chit s6 ciia a sé 1a

Ap, Qp—1, QApn—2, Q2 a1 Qg

(=D (=) (=121 —11
Va tong d tuong tng véi a c6 dang
d(—=1)"an + (=1)"ra,_1 + (=1)"2a, o+ - +as —ay +ag
Vay tiéu chuan chia hét cho 11 1a: S6 a:11 khi v& chi khi
d=(—1)"ay, + (—=1)"tap_1 + (=1)"2ap_o+ -+ +ay —a; +ag
chia hét cho 11.

Vi du.
3811581939 ¢6 d = —3+8—1—5+8—1+9—3+9 = 22 chia hét cho 11, nén 3811581939 :11

256743258 c6 d =2 —5+6—T7+4 —3 +2—5+ 8 = 2 khong chia hét cho 11, nén
256743258 khong chia hét cho 11.

4. Tiéu chuan chia hét cho 13

Xét tinh dong du ctia lity thita co sd 10 theo modun 13 ta c6
10 = —3 (mod 13), 10? = —4 (mod 13), 10> = —40 = —1 (mod 13), 10* = —10 =3
(mod 13), 10° =30 =4 (mod 13), 10° =40 =1 (mod 13), 10" = 10 = —3 (mod 13)
Gia st n = 6t v6i t > 2. Khi d6 day s6 dong du tuong ting véi day chit s6 clia a 1a

an A4p—1 Gp—2 0Qp-3 Gp—4 O0ap-5 ... (g A5 aq4 A3 A2 41 Qg
1 4 3 -1 -4 -3 1 4 3 -1 -4 -3 1

va tong d tuong tng véi a c6 dang

d= ap +4an_1 + 3,9 — Ap—3 — day_y — 361”75 + o
+ ag + 4as + 3a4 — as — 4das — 3a1 + ag
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Vay tiéu chuan chia hét cho 13 1a: S6 a chia hét cho 13 khi va chi khi tong

d=a,+4a,_1 + 3ay,_2 — ap_3 — 4ay_4 — 3,5+ -
+a6+4a5+3a4—a3—4a2—3a1+a0

chia hét cho 13.
Vi du.

8588112 c6 d = 8 + 20 + 24 — 8 — 4 — 3 + 2 = 39 chia hét cho 13, nén 8588112 chia
hét cho 13.

1111111 c6 d =1+4+3—1—4 — 3+ 1 = 1 khong chia hét cho 13, nén 1111111
khong chia hét cho 13.

6.8.3 Phuong phap nhém chit s6

Gid st a@ = Gpap_1...0;...01Gp 12 6 nguyen tiy ¥, con m la s6 tu nhién bat ky khong nhé
hon 2. Véi s6 tir nhién [ tuy y khong nhoé hon 2. Gia sit d; 1a s6 nguyén dong du véi
10" (i = 0,1,2,) theo modun m va c¢6 tri tuyét déi nhé nhat. Khi dé6 nhd céc tinh chat
clia phép dong du ta c6 hé qua sau:

S6

a = anan_l...atlatl_latl_g...a(t_l)l...alal_l...alao

= Apan_1...ayd;. 10" + atl—latl—2---a(t—l)llo(t_l)l-f—

l
<o+ Ao _1Q—9...a; 10" + a;_1a;_5...a1a9

= Uplp_1---Aydy + Gg_1Gg .. G—1)ydi— + - - -

+ Qg 109 —9.--aidy + @ _1a;_3...qag  (mod m)

Dua vao hé qua trén cé thuat toan xay dung tieu chuan chia hét cho m nhu sau

Thuat toan.

1. Chon s6 tu nhién bé nhéat c6 thé [ > 2 thich hop v6i m theo nghia: S6 d; dong du
v6i 10% theo modun m c6 tri tuyet déi bé nhat.

2. Liet ké day cac s6 dong du tuong tng véi day 10¢ (i = 1,2,)

10t 10¢=bt 10t 0 102 100 100
do  diy woodi o dy  dy 1
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3. Lap tong

d = pGp_1..-ayd; + ag_1ag_o...ag—1yds—1 + -+~

+ Q1G22 1a1dy + Q107 _5...a1Gg.

4. Néu d chia hét cho m, thi a chia hét cho m. Néu d khong chia hét cho m, thi a
khong chia hét cho m. Bang thuat toan trén ta c6 tiéu chuan chia hét cho m bang
phuong phéap nhém chit s6 nhu sau: S6 a chia hét cho m khi va chi khi tong

d = QpGp_1..-ayd; + ay_1ag—o...ag—1ydi—1 + -+~

+ agl_lagl_g...al+1a1d1 + a;_1a;_9...a10g.

chia hét cho m.

Dua vao thuat toan trén ta c6 thé xay dung tiéu chuan chia hét cho bat ky sb tu
nhién m nao khong nhé hon 2, chang han m = 7, 33.

Tiéu chuan chia hét cho 7

Dé ¢6 tieu chuan chia hét cho 7 ta thuc hién céc bude ctia thuat toan trén nhu sau

1. Do 1000 = —1 (mod 7), 1000> = 1 (mod 7), 1000% = 1 (mod 7), 1000 = —1
(mod 7) ¢ =0,1,2, nén chon | = 3.

2. Day s6 dong du tung ting véi 1000%, k = 0,1, 2,

1000°  1000~' ... 1000®> 1000 1
(-1t (=Dt 1 -1 1

3. Tong d tuong ting véi s6 a c6 dang

d = (=)'apanqaz + (_1)t_1a3t—1a3t—2a3(t—1) + o0 — (50403 + G201G0

Khi d6 tieu chuan chia hét cho 7 dugc phat biéu nhu sau: S6 a chia hét cho 7 khi va
chi khi tong d chia hét cho 7.

Vi du.

5781139 c6 d = 5 — 781 + 139 = 637 chia hét cho 7, nén 5781139 chia hét cho 7
811582 c6 d = —811 + 582 = 229 khong chia hét cho 7, nén 811582 khong chia hét cho
7.

Tiéu chuan chia hét cho 33

D@ ¢6 tidu chuan chia hét cho 33 ta thuc hién cac bude ciia thuat toan trén nhu sau
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1. Do 100 = 1 (mod 33), nén v6i moi s = 0,1,2... déu ¢6 100° = 1 (mod 33) nén
chon [ = 2.

2. Day s6 dong du tuong tng véi 100%, k =0, 1,2

100 1001 ... 1007 100 1
1 1 o 1 1 1

3. Toéng d tuong tng véi s6 a c6 dang

d = apa,_1 + @p_2G,_3 + -+ - + G302 + G1ag, neun lé

d=a, +a, 10,3 + -+ azas + a1ay, néu n chin.

Khi d6 tieu chuan chia hét cho 33 duge phat biéu nhu sau: S6 a chia hét cho 33 khi va
chi khi d chia hét cho 33.

Vi du.

6021939 c¢6 d = 6 + 02 + 19 + 39 = 66 chia hét cho 33, nén 6021939 chia hét cho 33.
524631 c¢6 d = 52 + 46 + 31 = 129 khong chia hét cho 33, nén 524531 khong chia hét cho
33.



Chuong 7

Bieu dién toa do citia cac phép bién
hinh phang

Ldi mé dau

Trong chuong trinh pho thong, theo truyén théng, cac phép bién hinh duge trinh bay
theo ngon ngit hinh hoc hodc vecto. Céach tiép can van dé nhu vay tuy ngan gon nhung
khong cho hoc sinh thay ré moi lien heé gitta hinh hoc va gii tich, khong 4p dung dugc
cac phép bién hinh gidi cac bai toan giai tich va khong thiy ro duge moéi lien hé chung
ctia nhitng phép bién hinh dugc hoc. Hon thé nita, nhiéu tinh chat ctia cac phép bién
hinh mé trong SGK bé qua hoiic khong chiing minh lai ¢6 thé duge chitng minh dé dang
bang céach st dung biéu dién toa do ctia phép bién hinh. Vi vay, trong tai lieu nay dua
ra mot cach trinh bay 1y thuyét cac phép bién hinh theo ngon ngit toa dol.

7.1 Cac khai niém
7.1.1 Cac khai niém da biét

Nhitng khai niém sau duge coi 1a da biét va khong duge trinh bay & day:

1. Mat phang toa do, toa do clia vecto va toa do ctia diém. Cac phép toan doéi véi
vecto thong qua toa do. Tich vo hudng ctia hai vecto. Do dai vecto va khoang cach
gitta hai diem . Géc lugng giac gitta hai vecto ( ta lay goc € (—m;w] ). Dicu kién
cong tuyén, vuong goc gitta hai vecto.

2. Dudng va phuong trinh ctia dudng trén mit phang toa do. Céc loai phuong trinh
dudng théng trén mat phang toa do. Diéu kién song song, vudéng goéc giita hai
dudng thang. Cac cong thitc tinh khodng céch, géc. Chiim dudng thang.

3. Phuong trinh duong tron. Didu kién dé duong tron tiép xic véi dudng thang, véi
dudng tron. Truc déng phuong va phuong trinh ctia né. Chiim dudng tron.

!Ths. Nguyén van Tién, THPT Chuyén Bic Giang
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4. Phuong trinh chinh tic ctia Elip, Hyperbol va Parabol.

5. Hé phuong trinh hai an (he tuyén tinh va hé phuong trinh bac hai hai én). Dinh
thitc cap hai va cap ba.

7.1.2 Cac khai niém bd sung
1.

Dinh nghia 1. 1 Cho hai vecto i(xz;y) ; 0(2';y'). Tich ngoai clia ching la mot so thue
duogc ky hiéu la < u,v > hodc © A\ U va dugc zdc dinh nhu sau:

<u,U>=uAU:=xy —2y.

2. Mot sb tinh chat Tich ngodai ciia hai vecto cé mot so tinh chat quan trong sau:

2. Vi, VU : (GAD)? + (4.0)? = |a]?|v]2. He thic trén con dugc goi la hé thiic Jacobi.
3. +) Néui =0 hoict=0thaAT=0.+) Nuid #0& 7+#0 th

UN U= |ul].|v].sin(d, V)

Trong cong thic tr

@, U. Nhd rang (i,

>
SIS
I
|
—
S
S

4. VU, YU, Y@ N (TEW) =udANTEUAD.

5. Vi moi vecto 4, U, W va vdi moi s6 k, | € R, ta luon cé: i) < ki, 7 >=k <
U0 >=< U, ki >. i1) < —U,0 >= — < U, T >=< U, —0 > . 1) < ki, [V >=kl <
W, 0> . i) < U+ 0,0 >=< U, W >+ < U, >.

6. +) || Te<u,v>=0. +)ulis | <u,d>|=|udl|v. +) Dac biét. < u,d >=
0.

7. Goi [4] la vecto thoa man (i, [d)) = 90°. khi do, < @,V >= [u].7.

8. Goi[ABC] la dién tich dinh hudng ciia tam gigc ABC'. ([ABC] la mot s6 thuc c6 tri
tuyét doi bang dien tich tam gidgc ABC va mang dau duong khi (—3AB, —=AC) >

) 1

0; mang dau am khi (—AB,=—=AC) < 0). Khi dé: [ABC| = 5 < —AB,—AC >

9. Dién tich dinh huong cia hinh binh hanh dung trén hai vecto u, U la < U, v >.
10. Cho tam giac ABC vdi A(xa;ya); B(zg;ys); Clre;ye). Ta co

1 TA YA 1
(zp —2a)(ye —ya) — (xc — xa)(yp — Yya)) = 5 [ve s 1]
o Yo 1

[ABC] =

DN | —
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Cac loai hé toa do trén mit phing
1. Hé toa do affin.

Dinh nghia 2. 1 Hai vecto @, b khong cong tuyén (thuong dugc dat chung goc O) lap
thanh mot hé co sd affin trén mat phang chia hai vecto dé. Mat phang duoc trang bi hé
co s¢ affin {O, @, b} nhu vay dugc goi la mat phang affin {O, @, b}.

Dinh nghia 3. 2 H¢ co sd affin {O, a@, b} dugc goi la truc giao néu alb, duge goi la
chuan néu |@| = |b| = 1 va duge goi la truc chudn néu né via tric giao vita chuan.

Dinh 1i 5. Cho hé toa do truc chuan Ozxy. Hai vecto @(x;y) va l;(x’; y') lap thanh hé co
sd affin trén mat phang do khi va chi khi xy' — ya’ # 0.

Dinh 1i 6. Trén mat phang affin {0, @, g} (%) cho vecto U bat ky, khi dé ton tai duy
nhat cap s6 (z;y) € R? sao cho

U = xa + yb.

Cap s6 (x;y) nhu vay duge goi la toa do ciia vecto @ trong hé co sé di cho va ta viét
w(x;y) / (%) hodc @ = (z;y) / (x) hay don gidn la @(z;y) hodc @ = (x;y) néu khong gdy
hiéu lam.

Dinh nghia 4. 3 Trén mdat phang affin {O, a, 5} (%) cho diém M bat ky. Khi dé, néu
vectd OM ¢6 toa do (z;y) thi cdp 56 (z;y) nhu vay duge goi la toa do ciia diém M trong
hé co sd di cho va ta viet M(z;y) / (%) hodc M = (x;y) / (x) hay don gidn la M(z;y)
hodc M = (z;y) néu khong gay hiéu lam.

Dinh 1i 7. Trén mat phing affin {O, @, b} cho hai vecto @(x;y) va 5(a’;y'). Khi dé:

B L
£
|
<y
I
—~
8
|
8
@
|
QQ\
N—

. ki = (kx; ky) (k € R).
S = m g T Y
5. U v (U%O)@;:?.
Dinh 1i 8. Trén mat phang affin {O, a, E} cho cdc diém
A(zasya) s Blepsys) s Clroiye).
Khi do

1. == AB(xp — TA;yp — Ya)-



7.1. Céac khéai niém 185

ra— kxp

™=

2. (A,BJM)=k (A#B, k#1) & ya— kyp
Ym _—1—k

3. Trung diém M ctia doan AB ¢6 toa do: M (xA —5 xB; ya —g yB) )

4. Trong tam G cua tam gidc ABC' ¢6 toa do

G(xA‘i‘xB‘i‘xC.yA‘*’yB‘i‘?/C)
3 7 3 '

Ip — %A Toc —Ta
Y —Ya Yo — Ya

6. Phuong trinh duong thang di qua hai diém A, B (A # B) la

5 A B, C&

T —TA _ Y—Ya
Ip —TA yB_yA.

Cha y: 1) Cac khdi niém: téng, hiéu cia hai vecto, tich ciia mot vecto vdi mot so
thue, song song, thing hang, dong quy, chia ty so, trung diém, trong tam, ty s6 don, ty
50 kép, ... co cic diéu kien ( vecto va toa do ) khong thay doi trong cdc hé co sé affin
khac nhau nén con dugc goi la cac khar niém affin. Con cac khai niém: tich vo huong,
tich ngoai, do dai, géc, vuong goc, chu vi, dién tich, ... chi cé cac diéu kién toa do trong
hé co sé truc chuan nén con dugc got la cac khai niém tryc chuan. 2) Trong cdc hé co
sd affin ching ta khong zay dung cdc khdi niém truc chudn.

2. Toa do6 cuc.

Dinh nghia 5. 4 Trén mat phang g cho tia Ot vdi vecto don vi € goc O. Mot diém M
trén mat phc%ng c6 thé duge xdc dinh dua vao hai thong so:

r=0M vi o= (E0M)(vdir>0, -t <p<m (%)

Cdp (;r) nhu vay duge goi la toa do cuc cia diém M trong hé toa do cuc {O;€}.
Diém O duoc got la diém cuc hodac diém goc, tia Ot dugc goi la truc cuc va ta viét:
M(p;r) / {O; Ot} hodgc don gian la M(p;7) néu khong gay hiéu lam.

Dinh 1i 9. Néu M(p;r) trong hé toa do cuc {O;i} (1) (hé {O;i;7} (2) la hé toa do
trie chudan cho trude) thi M(r cos p;rsin) trong hé toa do tric chuan (2).

Dinh 1i 10. Néu M(z;y) trong (2) va dong thoi M(p;r) trong (1) thi: r = /22 + y2,
T

COSp = ———
/22 1 o2

con @ la goc € (x) c6 § Y
sinp =

Va2



7.1. Céac khéai niém 186

Vi du 1) Trong hé toa do truc chudin {O,;,j} cho cac diém
0(0;0) ; A(1;0) 5 B(0;1); C(=1;0); D(0;=1) 5 E(1;1); F(1;2).

Hay tim toa do cuc cua cac diém do trong cac hé toa do cuc sau:

0) {0;7).

b) {0; ]}

c) {O; Ot} trong dé Ot la tia phan gidac cia géc phan tu 1.

d) {0;0z} trong dé Oz la tia phan gidc ciia goc phan tu I1. 2) Chiing minh ring duong
thcfng di qua cuc O va tao vdi truc cu Ot goc o = Const cho trude co phuong trinh:
© = a. 3) Chiing minh rang duong tron tam O, ban kinh R = a > 0 cho trudc cé phuong
trinh la: r = a.

2. Toa do ty cu (toa do trong tam).

Dinh 1i 11. Trén mat phing § cho ba diém A, B, C khong thing hang. Khi dé, vdi moi
diém M trén mdt phdng, ton tai duy nhat cdp ba s6 (v;y; z) € R3, thod man x+y+z = 1,
sao cho

T==MA+y=—=MB + z2=—=MC = 0.

Dinh nghia 6. 5 Cap ba s6 (z;y; z) néi trong dinh Iy trén dugc goi la toa do ty cu ciia
diem M doi vdi hé ba diém co sd {A, B, C} va ta cing viét: M(z;y;2) | {A, B, C}
hodc don gian la M (x;y; z) néu khong gay hiéu lam.

Dinh 1i 12. Néu M (ov; 8) trong hé co sé affin {A; AB; AC} thi trong hé co s {A, B, C}
diém M c6 toa do tyj cu la: M(1 — o — B;a; B).

Mot s6 khai niém khéac.

Trong phan nay ching ta dva ra mot sé6 khdi niém khdc nham gidi thich va thong nhat
nhing thudt ngt duge si dung trong tai lieu nay. Trude hét ta ky hieu § la tap tat ca
cdc diém trén mat phdng.

1. Tap U(I;e) :={M | IM < &} dugc goi la e— lan can cia diém I.
Tap U(I;¢) :=U(I;¢) \ {I} dugc goi la € - lan cin khuyét cia diem 1.

2. Tap G C 9§ duoc goi la tap md khi va chi khi

VM eG, de>0: UM;e) CG.
3. Tap G dugc goi la duong khi va chi khi

UM;e)NG #£0

VM e G, Ve>0: 7
© {?U(M;s)ﬂG;«é@

Tap G C § ma khong la duong thi dugc goi la mién.
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4. Tap G duge goi la lién tuc néu YM € G, Ve > 0 : ?U(M;s) NG # 0.
Khi do, diém M cang dudge goi la diém lien tuc cia tap G. Diem N € G duoc goi
la diém roi rac ciia tap G néu ton taie > 0 sao cho SU(M;e)NG = 0.

5. Tap G duge goi la lién thong khi va chi khi vdi moi hai diém A, B € G, ton tai
mot duong lién tuc noi A vdi B va nam tron trong G. Dac biét, tap hop () C R
duogc goi la lién thong khi va chi khi Vx, y € (x) : (z;y) C (%).

6. Tap G duogc goi la 107 khi va chi khi vdi moi hai diém A, B € G thi doan thdng
AB ndm tron trong G. Tap khong 1oi (ton tai hai diem A, B € G sao cho doan
thang AB khong ndm tron trong G ) dugc goi la tap lom.

7. Cho tap G. Khi do, d(G) := Sup{ XY | X,Y € G} duogc goi la duong kinh ciia G.
8. Diém M dugc goi la diém bién cia tap G néu vdi moi e > 0, bé tuy 4, ta luon co:
UM;e)NG #0
UM:e)NG #0)

(Ta ky hieu G .= {M € §| M ¢ G} va G dugc goi la phan bu cia G. ) Tap cdc
diém bién cia G duoc kyj hieu la B(G).

9. Diém bién cia mot tap G co thé € G hodc khong thuoc G. Tap G duogc goi la tap
dong khi va chi khi B(G) C G.

10. Tap G dugc goi la gidi noi ( hidu han, bi chan ) néu

IMeG IK>0: GCUM, K).

11. Vay tap G khong gidi noi (vo han, khong bi chan) khi va chi khi

VM € G, VK >0, ldn tuy ¥, ta luon c6: G\ U(M;K) # 0.

12. Duong G dugc goi la duong cong kin khi né la bién cia mot mién hiu han, lién
thong. Khi dé: +) G chia mat phdang thanh hai phan, mot trong hai phan chita
tron mot duong thcfng duge goi la mién ngodi ctia G, mién con lai dudc goi la mien
trong ciia G. +) Moi duong cong lién tuc noi hai diém thuoc hai phan khdc nha
(ndm khdc phia doi véi G ) luon cé diém chung vdi G. Mot s6 ducng cong tuy khong
kin nhung ciing cé cdc tinh chat trén, khi dé ta ciing cé cdc khdi niém mién trong
va mién ngoai ciia duong ( chang han Parabol: y = 2* la duong cong c6 cic tinh
chat tren.)

7.2 Biéu dién toa d6 ctia phép bién hinh

7.2.1 Cac dinh nghia

Dinh nghia 7. 1 Ta ky hieu § la tap tit cd cdc diém trén mot mat phing cho trude.
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1. Mot song dnh f: § — 9§ con duoc goi la mot phép bién hinh trén mat phdang .
Néu phép bién hinh f bién diém M thanh diém M’ thi diem M' con dudc goi la
dnh ctia diém M qua phép bién hinh f, con diém M con dudge goi la tao dnh cia
diém M' qua phép bién hinh f. Ta con viét

Fi M — M hoic M = f(M) hodc M f —M',

2. Cho phép bién hinh f va cho tiap G trén mdat phang Y. Tap
G ={Mecq|M=fM),MeG}

con dugc goi la dnh cia tap G qua phép bién hinh f va con duge ki hiéu la G' =

1(G).

3. Cho phép bién hinh f va cho diéem M € 9, M?—>M'. Khi do, do f la song anh
nén ton tai mot phép bién hinh bién diém M' thanh diém M, phép bién hinh dé
duoc goi la phép bién hinh ngudc cia f va duge ky hieu la f~1. Nhu vay

[7NM) = N & M = [(N),
4. Cho hai phép bién hinh f va g trén mat phang §. Ching duge goi la bang nhau
( hodc dong mhat vdi nhav ) va duge kij hiéu la f = g hodc f = g néu

VM e9q: f(M)=g(M).

5. Trén mat phang 9 cho hai phép bién hinh f va g. Gid si
f: M—N;g: N— M.

Khi dé, ton tai phép bién hinh : M — M'. Phép bién hinh nhu vay dudc goi la tich
cua hai phép bién hinh g va f va dude ky hiéu la g o f. Nhu vay:

gof: M—-M & f: M—N;g: N— M.

NG6i cach khdc go f(M) = g(f(M)). Néi chung, tich cia hai phép bién hinh khong
6 tinh giao hodn, tic la go f # fog, bdi vay, khi viét tich cia hai phép bién hinh
thi thi tu trudc sau ctia moi phép bién hinh trong cdch viét tich la rat quan trong.

6. Tuong tu, ta dinh nghia tich ctia nhiéu phép bién hinh hon. Tich cia > 3 phép
bién hinh co tinh két hop, cé nghia la

fo(goh)=(fog)oh:=fogoh.

7. Phép bién hinh bién moi diém thuéc mat phang thanh chinh né dude goi la phép
dong nhat va duge ki hiéu la e hodc E hodc Id. Hién nhién, vdi moi phép bién
hinh f ta luon co

foft=f"lof=1Id
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8. Xét phép bién hinh f. Ta co:
a) Néu f(M) = M thy M duogc goi la mot diém bat dong cia f. Tap cic diém bat
dong ciia phép bién hinh [ dugc ky hiéu la E(f).
b) Néu f(G) = G trong d6 G C § (G con dugc goi la mot hinh) thi G dugc goi la
mot hinh bat dong (hinh kép) cia f
¢) Mot tinh chdt hinh hoc ~y nao dé ma khong doi qua phép bién hinh f con dugc
goi la mot bat bién cia f hay ta con néi rang f bao toan tinh chdt .

Dinh nghia 8. 2 Trén mat phc%ng 9 lap heé truc toa do Oxy. Khi dé, moi diém M € q
sé dugc gan vdi mot cip s6 (x;y) € R? la toa do ciia né va ngugc lai ( mdt phang toa do
Ozy ~ R? ). Cho phép bién hinh f: § — 9, f: M(xz;y) — M'(2;y'). Néu gita cdc
toa do (2';y') cia diém dnh M' vdi cic toa do (z;y) clia tao dnh M c6 moi lien hé:

{f = fi(z;y)

Y Zh@w)u)

trong dé fi(x;y) ; falx:y) la cdic song dnh : R? — R thi (1) duoc goi la biéu dién toa
do cta phép bién hinh f.

Dinh 1i 13. Trén mat phéng q zac dinh hé truc toa do truc chuan Oxy. khi dé: 1. Moi
phép bién hinh f : § — § déu c6 biéu dién toa do (1). 2. Ngugc lai, moi cip song dnh
hai bién: fi(z;y) ; fo(z;y) : R2 — R zdc dinh mot phép bién hinh f trén mdt phding
toa do 9 co biéu dién toa do (1).

7.2.2 Vidu

Vi du 7.2.1. 1 Xdc dinh biéu dién toa do ciia phép tinh tién song song Ty vdi ii(a;b).
Loi giai . Ta co:

Ti: M(z;y) — M'(2';y) & = MM =d( ma —=MM'(z' —z;9y —y))
¥—r =a
54
y—y =0
/ p—
T TP,
y =yta
Viy Ty c6 biu dién toa do: (1.1).
Vi du 7.2.2. 2 Chitng minh ring néu
It
(1) o r = f}(l‘/,y/) (1/)
y = fi@hy)

thi (1°) la biéu dién toa do ciia phép bién hinh =
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Vi du 7.2.3. 3 Cho phép bién hinh f co biéu dién toa do

{fv’ = fi(z;y)

Yy = folxsy) )

v phép bién hinh g c¢é biéu dién toa do
= gi(z;y) (0)
Yy = g(x1y)

Chaing minh rang néu (i) < (i) thy f = g.

Vi du 7.2.4. 4 Hay tum biéu dién toa do cia Id. T dé hay suy ra T = Id.

7.3 Phép bién hinh tuyén tinh (affin) va cac tinh
chat

Do phan lon nhiing phép bién hinh duoc hoc trong chuong trinh pho thong déu la phép
bién hinh affin nén trong muc nay ta sé xét kj mot sé tinh chat quan trong cta ching.

7.3.1 Cac dinh nghia

Dinh nghia 9. 1 Phép bién hinh trén mdat phding toa do Oxy cé biéu dién toa do

/

¥ =ar+by+co
Yy = asx + by + ¢

trong do ay ; as; by by c1; co € R, cho trude, va

ar b

det(f) = a1b2 — agbl = as bg

£0

duogc goi la phép bién hinh tuyén tinh hodc phép bién hinh affin. Biéu thic det(f) duogc
goi la dinh thitc ciia phép bién hinh affin (1). Chang han, cdc phép bién hinh Ty, Id la
cac phép bién hinh affin vdi det(f) = 1.

7.3.2 Céac dinh 1y

Dinh 1i 14. Phép bién hinh affin (1) bién vecto @(x;y) thanh vecto u'(x';y') duge zdc
dinh theo cong thic
(2)

/

¥ =ax+ by
Yy = asxr + by
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Chitng minh.

Gid sttt = == AB vdi A(zo;y0) = B(xo+z;y0+y). Goi f la phép bién hinh affin dang
zétva f: A— A ; f: B— B'. Khi dé cac toa do cia A', B" duoc xdac dinh theo cong
thic (1) va f: @ — o = == A'B’. Dé thay néu dat A'(z1;y1) ; B (wa;y2) 5 w/'(2;y') th

Ty = a1%0 +biyo + 1
Y1 = asTo + bayo + C2
Ty =ai(zo+ )+ bi(yo+y) + 1
yi = azx(wo+ ) +ba(yo +y) + 2

= J’(:c'; y') = —=AB (vy — 21592 — y1) = (12 + byy; azx + bay).

/
= b
N {:1: a1T + 01y (dpem.)

/

Yy = asr + by

Dinh 1i 15. Phép bién hinh affin bdo toan tinh cong tuyén (cung phuong) ciia hai vecto.
Néi cdach khdc, néu @ || T thy o' || v" trong dé ta kij hiéu x' la dnh ciia x qua phép bién
hinh affin dang xét.

Chitng minh: Dinh lyj nay dé dang thu dugc ti dinh ly trén.

Cac hé qua

Céc hé qud sau thu dugc truc tiép ti cac dinh lyj trén va thu dude tit nhau:

Hé qua 1: Phép bién hinh affin bién ba diém thdng hang thanh ba diém thdng hang.
Néi cdch khdc, phép bién hinh affin bdo toan quan hé thing hang gitia cdc diém, hay
quan hé thing hang gita cdc diém la mot bat bién cia phép bién hinh affin. Hé qua
2:  Phép bién hinh affin bio toan quan hé thuoc gitta diém va duong thing. Hé qua
3: Phép bién hinh affin bién mot duong thang thanh mot duong thing. Cha y: Phép
bién hinh bién mot duong thang thanh mot duong thang con dudc goi la phép bién hinh
za dnh. Vay phép bién hinh affin la phép bién hinh za dnh. Hé qua 4: Phép bién hinh
affin bdo toan quan hé cung phuong gitta cdc duong thang. (Hai duong thang dugc goi la
ciing phuong néu chiing song song hodc trung nhau.) H& qua 5: Phép bién hinh affin
bién hai duong thang cit nhau thanh hai duong thang cit nhau va do dé bdo toan quan
hé dong quy gitta cic duong thang. Hé qua 6: Phép bién hinh affin bdo toan cdc phép
todn cong, tri hai vecto, phép nhan mot vecto vdi mot so thuc, quan hé bang nhau gida
cdc vecto va tij so don, tij so kép gitia cic diém thang hang. H& qua T: Néu phép bién
hanh affin f : (1) bién vecto @ thanh vecto u', bién vecto T thanh vecto v/ thi:

<ULV >S=< T T > det(f).
Hé qua 8: Néu phép bién hinh affin f : (1) bién cic diem A, B, C lan lugt thanh
cic diem A', B', C' thy
[A'B'C'] = [ABC)|.det(f).
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Hé qua 9: Phép bién hinh affin bién tia thanh tia, doan thing thanh doan thdng (do
dai doan thang cé thé khong dugc bio toan), géc thanh géc (sé do cia géc cé thé khong
duoc bao toan), tam gidc thanh tam gidc (dién tich va chu vi cia tam gidc co thé khong
duoc bao toan).

Dinh nghia 10. 2 +) Phép bién hinh bdo toan chiéu di trén tam gidc dnh va tam gidc
tao dnh dugc goi la phép bién hinh thuan. +) Phép bién hinh ddo ngudc chieu di trén
tam gidc dnh va tam gidc tao dnh dudc goi la phép bién hinh nghich. Hé qua 10: Phép
bién hanh affin: +) La phép bién hinh thudn khi va chi khi det(f) > 0. +) La phép bién
hinh ngich khi va chi khi det(f) < 0.

Bai tap
Bai toan 1. 1 Chitng minh ring néu f, g la hai phép bién hinh affin thi f o g ciing la
phép bién hinh affin va det(f o g) = det(f).det(g).

Bai toan 2. 2 Chiing minh rdng néu f la phép bién hinh affin thi f= ciing la phép bién

hinh affin va
1

~ det(f)

Bai toan 3. 3 Chiing minh rang phép bién hinh affin bdo toan bac ciia mot duong cong.

det(f™)

Bai toan 4. 4 Ching minh rang phép bién hinh affin: +) Bién mot n - gidc thanh mot
n - gidc. +) Bién mot duong tron thanh mot duong tron.

7.4 Phép doi hinh

Dinh nghia 11. 8 Phép bién hinh bdo toan khodng cich gitta hai diém dugc goi la phép
doi hinh ( hodc phép bién hinh dang cv.) Tu dinh nghia ciia phép doi hinh ta cé ngay
nghich ddo ctia mot phép doi hinh la mot phép doi hinh ; tich cia hai hodc nhiéu phép
doi hinh la mot phép doi hinh.

Dinh 1i 16. Cho phép bién hinh affin c6 biéu dién toa do (1). Khi do:

at+ a3 =1
Néu < b3 + b3 =1 (o) thi f la phép doi hanh.
Cl,lbl + a2b2 =0 (Z)

Chu y . 1) C6 thé thay diéu kien (i) bdi dieu kién
a1by — asby = £1 (ZZ) g det(f) = +1.
2) Céc vecto €(ar;as) ; €3(bi;be) con duge goi la cdc vecto co sé cia phép bién hinh
affin: (1). Ta cé:
e =1
(a) & (e =1

e1lé)
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8) C6 thé chimg minh khang dinh ngugc lai: Néu phép bién hinh affin f 6 biéu dién toa
do (1) la phép doi hinh thi cdc hé s6 ciia né thod man dieu kién ().

Hé qua 1. 11 Moi phép doi hinh f trén mat phc”ing toa do déu cé biéu dién toa do:

: (3)

' =wxcosa—ysina+ xg
Yy  =xsina 4 ycosa+ yy

néu f la phép doi hinh thudn (la phép doi hinh bdo toan dién tich dinh hudng cia tam
gidc anh va tam gidac tao danh.) Hodc

/ (4)

' =xcosa+ ysina+ xg
Yy =xsina—ycosa+ 1y

néu f la phép doi hinh nghich (la phép doi hinh doi dau dién tich dinh hudng cia tam
gidc anh va tam gidc tao danh.) Trong dé « la géc € (—m;m|.

Dinh nghia 12. 4 1) Tap cic phép doi hinh c6 biéu dién toa do (3) duoc ky hieu la
Dt(a). 2) Tap cic phép doi hinh c6 biéu dién toa do (4) dugc ky hiéu la Dn(a).

Heé qua 2. 12 Phép doi hinh f:

1. Bién ba diém thang hang thanh ba diém thang hang va khong lam thay doi thi tu
ctia ba diém do.

Bién mot duong thang thanh mot duong thing.

Bién mot tia thanh mot tia.

Bién maot doan thcfng thanh mot doan thc“zng co cung do dai.
Bién mot tam gidc thanh mot tam gidc bing no.

Bién mot duong tron thanh mot duong tron bing né.

Bdo toan tich vo hudng ciua hai vecto.

Bdo toan do dai cia vecto.

© % RS v L

Bdao toan goc hinh hoc gitta hai vecto.

~
S

Bdo toan géc hinh hoc gitta hai duong thang.

~
~

. Bdo toan quan hé vuong goc gita hai duong thang.
12. Bdo toan dién tich hinh hoc cta cdc hinh.

Hé qua 3. 13 Phép doi hinh thuan f:

1. Bdo toan tich ngoai cia hai vecto.
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2. Bdo toan goc lugng gidc (goc dinh hudng) gitta hai vecto.
3. Bdo toan géc dinh hudng gita hai duong thing.
4. Bdo toan dién tich dinh hudng cia tam gidc.

Heé qua 4. 1/ Phép doi hinh nghich f:

1. Doi dau tich ngodi ctia hai vecto.
2. Doi dau goc higng gidc (géc dinh hwdng) gitia hai vecto.
3. Doi dau goc dinh hudng gitia hai duong thing.

4. Doi dau dién tich dinh hudng cia tam gidc.

Dinh 1i 17. Trén mdt phang toa do Oxy cho tap G : F(x;y) Re 0 (5).
Mot phép bién hinh affin f: G — G': F'(2';y') Re’0 (5).
Khi do:

1. Bac cia F(x;y) va bac cia F'(2';y') la nhu nhau.

2. Re = Re’. Néi cich khdc: +) f bién duong thanh duong ( phuong trinh thanh
phuong trinh) +) f bién mién thanh mién ( bat phuong trinh thanh bat phuong
trinh)

3. Do f bdo toan quan hé thudc gitda diém vdi duong, mién nén f bio toan quan hé
bao ham gita cac hinh va quan hé tuong giao gita cdc hinh.

Chii y quan trong: 1) Gid sit phép doi hinh f trén mdt phdang toa do Oxy bién diém
M (x;5) thanh diém M'(X;Y) = f(M). Khi dé, néu ta dp dung phép doi hinh nguoc f=
bién hé truc toa do Oxy thanh hé truc toa do O, XY thi trong hé truc toa do mdi O1 XY,
diém M da cho sé c6 toa do mdi: M(X;Y). 2) Gid si duong cong G trén mat phang toa
do Oxy c6 phuong trinh F(z;y) = 0 va phép doi hinh f bién G — G’ c6 phuong trinh
F'(X;Y) = 0. Khi dé, néu ta dp dung phép doi hinh ngugc f=* bién hé truc toa do Oxy
thanh hé truc toa do O1 XY thi trong hé truc toa do mdoi O XY, duong cong G da cho
$€ ¢6 phuong trinh mdi F'(X;Y) = 0.

Dinh 1i 18 (Vé diém bat dong ctia phép bién hinh affin). Phép bién hinh affin khdc
phép dong nhat Id: +) Hodc khong c6 diém bat dong. +) Hodc cé ding mot diém bt
dong. +) Hodc c6 vo so diém bat dong thang hang.

Tu chimg minh cia dinh lf nay ta c6 két qud cu thé hon:
XéetD:=1+ det(f) — (CLl -+ bg) ; Dz = + b1C2 — b2C1 ; Dy = Co + C1a2 — C201.
+) Néu D # 0 thi f c6 mot diém bat dong duy nhat. +) Néu D = 0 va hojc D, # 0

hodc D, # 0 thi f khong c6é diém baats dong. +) Néu D = D, = D, =0 thi f c6 vo s6
diém bat dong thang hang.
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Hé qua 5. 15 1) Phép doi hinh thuan khdc phép dong nhat Id; +) Hogc khong cé diém
bat dong
a=0
(khi )
v+ s #0

+) Hodc c6 diing mot diém bat dong (khi o # 0). Hién nhién, Id la phép doi hinh thuan
va Id nhan moi diém € § la diém bat dong. 2) Phép doi hinh nghich: +) Hodac khong cé
diém bat dong. +) Hodc c6 vo s6 diém bat dong thang hang.

Hé qua 6. 16 Néu phép doi hinh c6 ba diém bat dong khong thang hang thi dé la phép
dong nhat.

Hé qua 7. 17 Cho hai phép doi hinh thuan f va g. Khi do:
. A)=g(A
Neu VA, Beq, A#DB: {f( ) =9(4) thi f = g( ticla f(M)=g(M), VM € 9.)
g
Dinh 1i 19 (Su x4c dinh mot phép doi hinh). Cho tam gidc ABC' bing tam giac A'B'C'.
Khi dé, ton tai duy nhat mot phép doi hinh f bién tam gidc ABC' thanh tam gide A'B'C".
Hé qua 8. 18

1. Tich ciia hai phép bién hinh affin cung tinh thuan, nghich la mot phép bién hinh
affin thuan.

2. Tich ciia hai phép bién hinh affin khdc tinh thudn, nghich la mot phép bién hinh
affin nghich.

3. Tich cua hai phép doi hinh la mot phép doi hinh.

Bai tap

Hay chiing minh tat cd nhing két qud trén dua vao biéu dién toa do cia phép bién hinh
affin cing nhu biéu dién toa do cia phép doi hinh.



Chuong 8

Mot sb phép bién hinh phang
thuong gap

2.1. Cac phép doi hinh

2.2. Phép vi tu va phép dong dang
2.8. Mot s6 phép bién hinh khdc
2.4. Bai tap dp dung phép bién hinh

Trong chuong nay ta zét dinh nghia hinh hoc va zay dung biéu dién toa do clia mot s6
phép bién hinh thuong gap trong chuong trinh pho thong, dong thdi néu ra mot so tinh
chat quan trong clia ching dua vao biéu dién toa do. Chi ¢ rang ta da xzét cac tinh chat
tong qudt cia phép bién hinh affin va phép doi hinh cing nhu cia cdc phép bién hinh
thudn, nghich. Bdi vay, néu mot phép bién hinh cu thé nao dé ma la phép bién hinh
affin, hodc la phép doi hinh, hodc la phép bién hinh thudn, nghich thi né phdi co tat
cd nhing tinh chat tong qudt cia phép bién hinh chung dd néu va ta sé khong nhdc lai
nhiing tinh chat chung dé ni@a. Néi chung, trong phan nay ta quy dinh viéc nghién ciu
mot phép bién hinh cu thé bao gom nhing budc sau: 1) Dinh nghia (bing hinh hoc, vecto
hodc toa do). 2) Xdac dinh cong thic biéu dién toa do. 3) Chi ra cdch dung dnh va tinh
chat ciia cdc dnh cia mot s6 hinh phding quan trong ( diém, duong thang, doan thdng,
tam gidc, duong tron, da gidc, v.v.... 4) Phan logi phép bién hinh dang xét (affin, phép
doi hanh, thuan, nghich, ...). 5) Chi ra moi lién hé gitia phép bién hinh dang zét vdi
nhiing phép bién hinh da xét trudc dé. 6) Xdac dinh nhiing tinh chat quan trong, nhing
diém bat dong, cdc bat bién. 7) Gidi cdc bai todn 1ing dung phép bién hinh dang zét. Cdc
bai tap dugc chia thanh hai logi: +) Bai tap I thuyét nham hiéu sau hon vé phép bién
hinh dang wét. +) Sit dung phép bién hinh dang ét dé gidi cdc bai tap hinh hoc. Cdc bai
tap ly thuyét thuong dude dva ra ngay sau khi trinh bay Iy thuyét cia phép bién hinh cu
thé. Cdc bai tap ing dung duge dua ra trong muc 2.4.2.

196
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8.1 Cac phép dadi hinh

8.1.1 Phép tinh tién song song
Dinh nghia.

Dinh nghia 13. 1 Cho vecto i(a;b). Phép tinh tién song song theo vectd U la mot phép
bién hinh duoc kyj hiéu la Ty va duge zdc dinh nhu sau:

VM € 9, Ta(M) = M' & —=MM = i. (1)

Biéu dién toa do

Dinh 1i 20. Néu i(a;b) thi Ty c6 biéu dién toa do:

x/ =xr+a (1.1)
y =y+b

Cac tinh chat
1. Ty la phép bién hinh affin vdi det(Ty) = 1.
2. Ty la phép doi hinh thudn vdi a = 0.

3. Tt =T g3 Ty=1d; Ts0 Ty = Tyo Ty = Tz

+~

Néu @ # 0 thy Tz khong c¢6 diém bt dong.

Ra

Xét duong thing A va goi A' = Tg(A). Khi dé:
+) Néu i | A thy A" = A.
+) Néu i khong || A thi A || A.

6. Ty nhan moi duong thang || @ lam hinh kép.

Bai tap ap dung

Bai toan 5. 1 Chiing minh rang tit do thi ham s6 G : y = f(x) c6 thé thu dugc do thi
ham s6 G' : y = f(x + a) + b bing phép tinh tién song song theo vecto i(a; —b). Néi
cach khic, G' = Tz(G).

Bai toan 6. 2 Tw Parabol: y = ax? héy suy ra Parabol: y = ax® + bz + c.

Bai toan 7. 3 Ching minh rang Ty khong thé ¢é mot hinh kép hiu han.
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Bai toan 8. / Cho hinh thang ABCD (BC'|| AD) thoa man BC + AD > AB + CD.
M i giao diém cdc duong phan gidc trong cia cic goc A va B, N la giao diém cic duong
phan gidc trong cia cic géc C va D. Chiing minh ring

2MN = BC + AD — (AB + CD).

Bai toan 9. 5 Trén mdt phding cho doan AD c6 dinh. Dung hinh binh hanh ABCD sao
AC  BD

cho 1D~ BA- Tim quy tich dinh C' cta hinh binh hanh.

Bai toan 10. 6 Cho tam giac ABC va diém M nam trong tam gidgc. Diém M chuyén
dong song song vdi canh BC cho dén khi cat canh CA, sau dé chuyén dong song song
vdi canh AB cho dén khi gdp canh BC 107 lai chuyén dong song song vdi canh C'A cho
dén khi gap canh AB... . Ching minh rang sau mot sé hiu han bude, qui dao cia diém
M la mot duong gap khic khép kin.

Bai toan 11. 7 Cho duong tron tam O, ban kinh R co dinh. AB la mot duong kinh co
dinh ctia duong tron, MN la mot duong kinh thay doi cia duong tron. Tiép tuyén cia
duong tron tai B cdt AM, AN tai P va Q. Tim qug tich truc tam cia tam gidge MPQ.
HDG: Xét T—py. Ds: (E; R) b6 di hai diém.

Bai toan 12. § Trén duong tron tam O bdan kinh R cho hai diém c6 dinh A, B va mot
diém M di dong. Goi H la truc tam tam gide MAB, dung tam gidc déu MHP. Tim
quy tich cia cic diém H, P khi M di dong trén duong tron da cho .

8.1.2 Phép quay

Dinh nghia.

Dinh nghia 14. 2 Phép quay tam I, géc «, kyj hiéu la Q% véi o € (m;w| la mot phép
bién hinh dugc xdc dinh nhu sau:

1) Q) =1

2) VM;&]:QI(M):M’@{IM/ =1

(=IM; =IM') =«
Ta ky hiéu (u;0) la goc dinh hudng gita hai vecto @ va v.
Biéu dién toa do

Dinh 1i 21. Néu I(xo;y0) va o € (—m; 7] thy Q% ¢6 biéu dién toa do

/

¥ = (x—xg)cosa — (y—yo)sina + zg
y = (x—x0)sina+ (y —yo)cosa+yy
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Céac tinh chat
1. Q% vdi O(0;0) c6 biéu dién toa do:
' =wxcosa—ysina
Yy =xsina+ycosa '
2. Q% bién vecto @(x;y) thanh vecto u/(x'y') c6 toa do thod man:

{x’ =xcosa — ysina

Yy =xsina+ycosa '
Q% la phép bién hinh affin véi det = 1 va QY ciing la phép doi hinh thuan.
Vi o # 0 thi QY chi c6 mot diém bat dong duy nhat la diem I.

QF = T=01 0 Q% o T=0.

S v S

Vdi moi cap hai diem A, B € § ta luon co:
QY =T—=paoQFoT—=ap.
7. Néu Q¢ : @ — o th (@) = a.
8. Néu Q% bién duong thang A thanh duong thaing A' thi (A; A') = |al, trong dé ta
ky hieu (A; A') la s6 do goc hinh hoc gitta hai duong thang A va A’

9. QF nhan moi duong tron, hinh tron tam I lam hinh kép

Bai tap ap dung

Bai toan 13. 1 Hay chitng minh cdc tinh chat da néu trén.
Bai toan 14. 2 Hay zdc dinh biéu dién toa do cia (Q?)fl.
Bai toan 15. 3 Tir dé hay chitng minh ring (Q3)™" = Q7.
Bai toan 16. 4 Chiing minh rang

QF o Q] =QoQF = Q7.
Bai toan 17. 5 Hay tim nhing hinh kép khdc (néu cé) cia QY.

Bai toan 18. 6 Hay tim mot phép quay vdi o # 0 bién mot n - gidc déu tam E thanh
chinh né ( néi cach khdc, phép quay dé nhan n - gigc da cho lam hinh bat dong ).

Bai toan 19. 7 Chiing minh ring ton tai mot hé truc toa do ma trong dé mot Hyperbol
vuong da cho cé phuong trinh xy =k (k # 0).

Bai toan 20. 8 Chiing minh rang néu duong thang A > I thi Q;(A) 3 I, con néu duong
thang A khong > I thy Q(A) khong > 1.

Bai toan 21. 9 Ching minh rang Q% = Id.

Bai toan 22. 10 Hay néu mot s6 tinh chat khac cia QY.
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8.1.3 Phép dbi xiing tam
Dinh nghia.

Dinh nghia 15. 3 Phép doi zimg tam I la mot phép bién hinh duoc kij hiéu la Dy va
dugc xac dinh nhu sau: 1) Dy(I)=1. 2) VéiVM € §, M # 1 ta ¢

Di(M) =M & —=IM = —-==IM < I la trung dieém cia MM’
Hai dieém M va M’ khi dé duoc goi la doi ming vdi nhau qua diém (tam) I.
Dinh nghia 16. 4 Tap G C (G con duoc goi la mot hinh phdng) duge goi la cé tam
doi xitng la diém I khi va chi khi VM € G, Dy(M) € G. Khi dé G con dugc goi la hinh
doi ziing tam. I con duge goi la tam doi zing cia G.

Biéu dién toa do

Dinh 1i 22. Néu I(a;b) thi Dy c6 biéu dién toa do:
¥ =2a—x
y =2b-y
Céac tinh chét

1. D; la phép bién hinh affin véi det = 1 va D ciing la phép doi hinh thuan vdi
a=T.

2. Vi hai diem A, B bat ky, € , ta co:

DyoDp =To=pa.

3. DpoDp=1I1d< A= B.

4. Duong cong G c6 phuong trinh f(x;y) = 0 nhan diém I(a;b) lam tam doi zing
khi va chi khi vdi moi (x;y) € Dy ma f(z;y) =0 ta 6 f(2a — 2320 — y) = 0.

5. D7t = Dy. Phép bién hinh f ma thod man f~* = f con dugc goi la phép bién hinh
tu nguoc hay la phép bién hinh doi hop. Nhu vay, Dy la phép bién hinh doi hop.
Bai tap ap dung
Bai toan 23. 1 Hay ching minh cdc tinh chat da néu trén.
Bai toan 24. 2 Hay zdc dinh biéu dién toa do cia Dl_l vdi 1(a;b).

Bai toan 25. 3 Hay chi ra nhiing hinh phing la hinh doi xing tam va chi ré tam doi
ziing ctia moi hinh.
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Bai toan 26. 4 Ching minh rang mot hinh hitu han khong thé cé hai tam doi zing
phan biét.

Bai toan 27. 5 Cho diém I(a;b) va duong cong G c6 phuong trinh f(x;y) = 0. Ching
minh rang duong cong G' doi zming vdi G qua I c¢6 phuong trinh f(2a — x;2b — y) = 0.

Bai toan 28. 6 Chiing minh ring moi duong thang > I déu la hinh kép cia Dy. Hay
zdc dinh cdc hinh kép khac ( néu cé ) ciia Dy.

Bai toan 29. 7 Hay néu nhing bat bién cia Dy, nhing diém bat dong cia Dj.

Bai toan 30. 8 Ching minh ring toa do cap diém thuoc duong cong G ¢é phuong trinh
f(z;y) = 0 va doi xing vdi nhau qua diém I(a;b) cho trudc la nghiém ciia hé:

f(z;y) =0
f2a—z;2b—y) =0

Bai toan 31. 9 Ching minh ring do thi ham s6 y = f(x) c¢6 tam doi zing la diém
I(a;b) khi va chi khi

Bai toan 32. 10 Ching minh rang do thi ham so 1é nhan goc toa do O(0;0) lam tam
doi ziing.

Bai toan 33. 11 Ching minh rang do thi ham s6 y = f(z) ¢ tam doi ming la diém
r =X+4a

y =Y +b

(hé truc toa do Ozy dugc tinh tién song song theo vecto i(a;b) dén vi tri IXY ),
do thi ham s6 Y = F(X) thu duogc la ham so Ié.

I(a;b) khi va chi khi qua phép doi bién

Bai toan 34. 12 Chiing minh rang:
1. Duong thang cé vo so tam doi zing.
2. Do thi ham s6 y = ax® + bz + ¢ (a # 0) khong cé tam doi xing.

3. Do thj ham s6 y = az® + bx® +cx +d (a #0) 6 tam doi zing la diem 1(zo; yo)

- b
VoL $0:—3—a ; Yo = y(20).
[ ar +b a2 q a, .
4. Do thi ham so y = (p #0; aqg — bp # 0) nhan diem I(—=;—) lam tam
pT +q pp

doi xing.

Bai toan 35. 13 Ching minh rang D; = QF. Chinh vi vay va do Q% = Id nén khi néi
dén phép quay géc a thuong nguoi ta chi zét o € (—m;m) \ {0}.
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Bai toan 36. 14 Cho ba duong tron bang nhau: (O1; R) ; (Oq; R) ; (Os; R) va doi mot
tiép xiic ngoai vdi nhau tai A, B, C. Gid stt M la diém € (Oy; R) va

N =Dy(M); P=Dp(N); Q="Dc(P).
Chiing minh rang Q = Do, (M).

Bai toan 37. 15 Hai nguoi lan lugt dat nhing dong zu tron trén mot mat ban hinh chi
nhat. Nguoi thit hai dat ké tiép nguoi thit nhat cho dén khi mat ban duge phi day cdc
dong zu dé. Méi ngudi cé thé dat dong xu mot cich tuy ¢ lén chd nao con trong trén
mat ban. Nguoi nao khong thé dat tiép dong zu lén mat ban sé dudgc coi la thua cudc.
Chaing minh rang cé6 mot cach choi doi véi nguoi dat dong Tu dau tién sao cho vdi cach
choi doé, nguoi ay la ngudi thing cudc.

Bai toan 38. 16 Cho géc Oy va diém A nam ¢ mién trong cia goc. Hay dung duong
thang d di qua diém A sao cho doan thang ciia d ndm trong mién géc da cho bi chia doi

bdi diem A.

Bai toan 39. 17 Hay noi tiép trong mot i gidc 10i mot hinh binh hanh biét tam cia
né la diém O thudc mién trong ciia ti gidc loi da cho.

Bai toan 40. 17 Cho tam gidc ABC. Goi Ay = Da(C), By = Dp(A), C1 = Do(B).
Goi M la giao diém ciia AB vdi A1Cy, N la giao diém cia A; By vdi BC. Ké MP song
song vdi B1Cy (P € AyBy). Chitng minh rang

AP = PN = B|N.

Bai toan 41. 19 Hay chia mot ti gidc loi ABCD thanh 4 phan sao cho cé thé ghép 4
phaanf do lai dé duge mot hinh binh hanh.

Bai toan 42. 20 Cho ti gidc 1oi ABC’D 6 duong chéo AC di qua trung diem O ciia
duong chéo BD. Chitng minh ring néu OA > OC thi A < D.

8.1.4 Phép dbi xing truc
Dinh nghia.

Pinh nghia 17. 5 Trén mat phang § cho duong thang . Phép déi zimg truc A la mot
phép bién hinh, ky hi¢u la Da va duge xdc dinh nhu sau: +) Voi M € A DA(M) = M.
+) Vi M ¢ A: Da(M) = M' < A la trung truc cia dogn MM'. Khi dé hai diem M
va M’ con duge goi la doi zing vdi nhau qua duong thang A.

Dinh nghia 18. 6 Tap G C § dugc goi la c6 truc doi xing la duong thing A hay la
hinh doi xing truc (vdi truc doi xzing: A ) khi va chi khi

VM € G: Da(M) € G.
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Biéu dién toa do
Dinh 1i 23. Néu duong thang A ¢é phuong trinh

Az + By +C=0(5) (A* + B*#0)

thi DA 6 biéu dién toa do

N _x_ZA(A:E+By+C’)

N A% + B2 (6)
, _  2B(Az+By+C)
y - y A2 +B2

Cac tinh chét

1. Da la phép bién hanh affin vdi det = —1 va la phép doi hinh nghich.

2. (6) ciing la cong thiic zdc dinh toa do ciia diem M'(z';y') doi azing vdi diem M (z;vy)
qua duong thaing A cé phuong trinh (5).

3. Moi diém € A déu la diém bat dong ciia Da. Ngodi ra, khong con cic diém bat
dong khac.

4. Bdn than A la hinh kép cia Da. Ngodai ra, moi dudng thang vuong géc vdi A ciing
la hinh kép cia Da.

5. Cho hai duong thang di va dy. Khi dé: +) Néu dy || dy thi Dg, o Dy, la mot phép
tinh tién song song Ty. +) Néu dy Jf dy thi Dy, o Dy, la mot phép quay Q.

6. Da la mot phép bién hinh doi hop.

Bai tap ap dung
Bai toan 43. 1 Chiing minh rang

1. Néu A: z=a th (6) ¢é dang:

2. Néu A: y=0bth (6) cé dang:

3. NéuA: y=ux thh (6) c6 dang:
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4. NeuA: y=—x thi (6) c6 dang:
¥ =—y
. .(6.4)
y =-u

Bai toan 44. 2 Cho duong cong G : f(x;y) = 0. Chitng minh ring:

1. G ¢6 truc doi ming A : x = a khi va chi khi

V(r;y) € Dy ma f(v;y) =0 f(2a —z;y) = 0.

2. G c6 truc doi zing A : y = b khi va chi khi

V(z;y) € Dy ma f(zy) =0: f(2;2b—y) = 0.
3. G 6 truc doi xing A : y = x khi va chi khi
V(x;y) € Dy ma f(x;y) =0: f(y;2) = 0.
4. G ¢6 truc doi ming A : y = —x khi va chi khi
V(z;y) € Dy ma f(zy) =0: f(—y;—z) = 0.

Bai toan 45. 3 Hay zdc dinh vecto @ trong phép tinh tién song song Ty; tam I va géc
quay o trong phép Q% J tinh chat 5. néi trén.

Bai toan 46. 4 Ching minh ring mot hinh hitu han khong thé c¢é hai truc doi zing
song song.

Bai toan 47. 5 Chiing minh rdng néu mot hinh cé hai truc doi ming vuong goéc thi né
c6 tam doi wing. Hay xdc dinh tam doi ming cia hinh.

Bai toan 48. 6 Hay chi ra mot s6 hinh doi ming truc va chi ra cdc truc doi zing cia
moi hinh.
Bai toan 49. 7 Cho diém M (z;y). Hay chi ra toa do ciia cdc diém:

My, My, My, My, Ms, Mg, M7, Ms

lan lugt doi zing vdi diem M qua: truc hoanh ; truc tung ; goc toa do ; duong thding
r = a ; duong thang y = b ; diém I(a;b) ; duong thing y = x ; duong thangy = —x ;

)

duong thang y = ax +b (a #0).
Bai toan 50. 8 Chiing minh rang do thi ham so chdn cé truc doi ming la truc tung.

Bai toan 51. 9 Ching minh ring: 1) Duong thang cé vo s6 truc doi ximg. 2) Parabol:

y=az?+bx+c (a#0) cé truc doi zing la duong thing x = ~5
a
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Bai toan 52. 10 Chiing minh rang do thi ham s6 da thitc khong cé truc doi xing zién
goc vai truc hoanh.

Bai toan 53. 11 Cho tam gidc ABC. Tim duong thing A di qua dinh A ciia tam gidc
sao cho vdi moi diém M € A ta déu cé chu vi tam giGgc MBC khong nhé hon chu vi
tam giac ABC'. Ds: A la duong phan gidc ngoai ciua goc A.

Bai toan 54. 12 Hai duong thang d va d' doi xing vdi nhau qua mot duong thang A.
Chitng minh ring hodc d va d' cdt nhau tai mot diém € A, hodc d va d' song song, cach

deu A.

Bai toan 55. 13 Cho hinh chit nhiat ABCD, M la trung diém ciia AB, K la giao diém
cua hat duong chéo. Tim cac vi tri cia N € BC, E € CD, G € DA sao cho

KN+ NE+EG+GM
la nhé nhat.

Bai toan 56. 14 Cho duong thing d va hai diem A, B ndm cé cung phia doi vdi duong
thang d. Hay tim diém M € d sao cho tong AM + M B la nhé nhit.

Bai toan 57. 15 Cho ba duong thang a, b, ¢ dong quy tai O va mot diem A € a, A # O.
Hay dung tam giac ABC nhan a, b, ¢ lam cic duong phan gidc trong.

Bai toan 58. 16 Chitng minh ring trong tat cd nhiing tam gidc cé chung sé do goéc &
dinh va co téng do dai hai canh bén cho trudc thi tam giac can c6 do dai canh day la
nhé nhat.

Bai toan 59. 17 Cho tam gidc ABC va mot diém P nam trong tam gide. Ching minh
rang cic duong thang doi xing véi PA, PA, PB thi tu qua cic duong phan gidc trong
ciia cic géc A, B, C thi dong quy.

8.2 Phép vi tu va phép dong dang

8.2.1 Phép vi tu

Dinh nghia.

Dinh nghia 19. 7 Phép vi tu tam I, tyj s6 k (k # 0) la mot phép bién hinh ky hiéu la
V[I; k] va dugc zdc dinh nhu sau: Vi moi diem M € § . V[I;k|(M) = M' & —=IM' =

—=IM.

Biéu dién toa do

Dinh 1i 24. Néu I(a;b) thy V[I; k] c6 biéu dién toa do

¥ =k(r—a)+a
{y’ =k(y—0b)+0b (7)
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Ddc biét, V[O; k] vdi O(0;0) c6 biéu dién toa do

{x: =k (7.1)

Yy =ky

Cac tinh chét

1. VII; k] la phép bién hinh affin vdi det = k*. V[I; k] la phép doi hinh khi va chi khi

k= =+1.
2. VII;1]=1d; V[I;-1] =Dy ; V[I;—=k] = V[I;k] o D;. Bdi vay, tw day ta chi zét
VI k] voi k>0, k # 1.
1
5. VUL K] = VIE 7],

4. V[I; k] bién vecto @ thanh vecto k.
5. Néu VI[I; k| bién cic diem A, B, C lan lugt thanh cic diém A', B', C" thi

A'B = |k|AB ; =3 A'B' = k== AB; [A'B'C"] = k|ABC] ; AA'B'C’ ~ AABC.
6. V|I;k]: +) Bién duong tron C(I; R) thanh duong tron C(I;kR). +) Bién duong

thang A > I thanh chinh né. ( Moi duong thang A > I déu la hinh kép cia V[I; k]
) +) Moi mién géc dinh I cing la hinh kép cia V[I; k] )

Bai tap ap dung

Bai toan 60. 1 Hay ching minh cdc tinh chdt trén va tim cdc tinh chat khdc nita ciia
VI k.

Bai toan 61. 2 Hay tim tat cd nhiing diém bat dong va cdc hinh kép ciia V[I; k).

Bai toan 62. % Hay zét truong hop k <0, k # —1.

Bai toan 63. / Hay xét tinh thudn, nghich cia V[I; k] tugy theo cic gid tri cia k.

Bai toan 64. 5 Hay chi ra nhiing bat bién cia V[I;k].

Bai toan 65. 6 Hay dung dnh cia mot so hinh phang thuong gap: doan thdng, tia,
duong thang, goc, tam gidc, t gidc, da gidc, duong tron, v.v.... qua V[I; k. Hay wét cic
vi tri cia diém I va cdc gid tri cua k.

Bai toan 66. 7 Néu G' = V[I; k|(G) thi hai hinh G’ va G dugc goi la dong dang phoi

cdnh vdi nhau qua tam I, ty so dong dang k. Hay chi ra cdch dung hinh dong dang phoi
canh tam I, tj s6 dong dang k ciia mot s6 hinh phang quen thudc.

Bai toan 67. 8 Cho hai duong tron Ci(Iy; Ry) va Cy(Iy; Ry). Chiing minh rang luon ton
tai phép vi ty V[I; k] bién duong tron nay thanh duong tron kia. C6 bao nhiéu phép vj
tw nhu vay?. Hay xdac dinh tam va ty so cia moi phép vi tu do.
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8.2.2 Phép dong dang
Dinh nghia

Dinh nghia 20. 11 Tich ciia mot phép vi tu ty s6 o # 0 vdi mot phép doi hinh D con
dugc goi la mot phép dong dang tij s6 k = |o| (> 0) va duoe ky hiéu la Hy,. Phép dong
dang khong phu thuoc vao thi tu thuc hién phép vi tw va phép doi hinh da néu trén. Néu
k =1 thi phép dong dang la mot phép doi hinh.

Dinh nghia 21. 12 Hai hinh G va §' dudc goi la dong dang vdi nhau vdi tij s6 dong
dang k néu ton tai mot phép dong dang H;, bién hinh nay thanh hinh kia. Chi i rang:
+) Phép vi tu tyj s6 k # 0 cing la mot phép dong dang ty sé |k| (chon D = Id ). +)
Phép doi hinh ciing la mot phép dong dang ty s6 1 (chon V[I; k] = V[I;1] = Id ). +)
Ty so ctia phép vi tu la mot so6 thuce khdc O con tyj s6 cia phép dong dang la mot so thuc
duong.

Mot s6 tinh chat

1. Cho phép bién hinh f: a — A" ; A — B'. Khi do:

2. Ky, bién ba diém thdng hang thanh ba diém thang hang va khong lam thay doi thi
tw ctia ba diém dé.

3. Hy, bién mot duong thang thanh mot duong thang, bién doan thing thanh doan
thang cé do dai gap k lan do dai doan thang tao dnh, bién géc thanh géc cé so do
hinh hoc bang né, bién tam gidc thanh tam gidc dong dang vdi né, bién duong tron

C(F; R) thanh duong tron C(E'; kR) trong do E' = Hy(E).

4. C6 thé phan tich 3, (k # 1) thanh tich cia VI vdi Q¥ hodc vdi Dy, trong dé d
la duong thang di qua I. Hai dang VF o Q% ; VF oDy (d> 1) con duge goi la hai
dang chinh tac cia phép dong dang

Bai tap ap dung

Bai toan 68. 1 Hay viét biéu dién toa do cia hai phép dong dang chinh tdc biét toa do
ctia tam I , géc quay o va phuong trinh duong thang d > 1.

Bai toan 69. 2 Hay tim ty so dién tich, tyj so dién tich dinh hudng cia hai hinh dong
dang vdi nhau vdi ty s6 k.

Bai toan 70. 8 Hay néu tat cd nhiing tinh chat, cic diém bat dong, cdc bat bién ciia
Hy.

Bai toan 71. 4 Hay chi ra dnh va néu cich dung dnh ciia mot so hinh hinh hoc quen
thuoc.
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Bai toan 72. 5 Chiing minh rang U-C,;l = .‘H%.
Bai toan 73. 6 Tich ciia hai phép dong dang la phép bién hinh cé nhiing tinh chat nhu
thé nao?.

Bai toan 74. 7 Chiing minh rang phép dong dang ciing la phép bién hinh affin.

Bai toan 75. 8 Cho hai duong tron (O), (O') cdt nhau tai hai diem A, B. Mgt cdt

tuyén di dong MAN (M € (O), N € (O") ). Tim tap hop truc tam H cia tam gidc
MBN.

Bai toan 76. 9 Cho tam gidc ABC vdi duong tron noi tiép (O). Cac tiép diém M, N
tuong tng trén cac canh AB, BC'. Goi P la chan duong vuong goc ha tu C' zuong (AO).
Chatng minh rang M, N, P.

Bai toan 77. 10 Cho hinh binh hanh ABCD tam I c¢6 ZABC = ZBID = «. Dung
hinh binh hanh BICE. Hay tim mot phép bién hinh bién BICE thanh ABCD. Dédp

) CD
$6: V}EoQl oDiop trong dé k = ok 8 =/DCE.

Bai toan 78. 11 Cho hai duong tron (O), (O'). Lay A € (0O), A’ € (O'). Hay dung
duong tron qua A, A’ va cdt cic duong tron (O), (O') tai cic diém thit hai M, M' tuong
iing sao cho cdac tam gidc AOM, AO'M' dong dang va cung hudng.

Bai toan 79. 12 Cho dudong tron (O), dudng thing (d) va diém A khong thuoc (O), (d).

~

Dung tam gidc vuong cin ABC' (B = 90°) sao cho B € (d), C € (O). Chi dan: Xét
jl450 o Vf.

Bai toan 80. 15 Cho phép doi ziing truc Dy va phép quay Q% vdi o # 0°, 180°, O ¢ 1.
Dung duong thang d sao cho né song song vdi dnh ctia né qua phép dong dang

%:‘DIOQ%'

8.3 Mot s6 phép bién hinh khac

8.3.1 Phép co truc
Dinh nghia.

Dinh nghia 22. 8 Phép bién hinh trén mit phcfng toa do Oxy co biéu dién toa do

{x =k (k € R) (8)

y =Y

dugc goi la phép co truc Oz tyj s6 k va dugc ky hiéu la Clz; k]. Tuong ty ta cing cé phép
co truc Oy t3j s6 1, ky hieu la Cly;1], la phép bién hinh cé biéu dién toa do

{“” — Y 1eR) (8
y o =ly
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Phép bién hinh trén mdat phc%ng toa do Oxy co biéu dién toa do
/ — k.
v Y (k1€ RY) (8.2)
y =ly

dugc goi la phép co mdt phang toa do Oxy theo cdc tyj s6 (k1) (nhd thit tu ) va dugc ki
hieu la Clk; ]

Cac tinh chét

1. Cdc phép co duoc dinh nghia nhu trén déu la nhing phép bién hinh affin. Trong
do:
det(Clz; k) = k5 det(Cly;1]) =1 ; det(Clk;1]) = kl.

2. Clx; 1) =Cly; 1] = C1;1] = 1d ;5 Clk; k] = V]O; k.

3. +) Moi diém thudc truc tung déu la diém bat dong cia Clx;k]. +) Moi duong
thang ciing phuong vdi 'Ox déu la hinh kép cia Clz;k]. +) Moi diém thudc truc
hoanh déu la diém bat dong cia Cly;1]. +) Moi dudng thdang cung phuong vdi y' Oy
deéu la hinh kép cia Cly;1]. +) Goc toa do O(0;0) la diem bat dong duy nhat ciia
Clk;1].

1 1

=15 O ys ) = Clys 7).

5. Clx;—k] = Dyoy o Cla; k] 5 Cly; =] = Doy o Cly;l]. Bdi vay, tu day ta chi xét
cdc phép co truc vdi cic tj so k, 1 >0; #1. Neu 0 < k < 1 thi Cla; k] con dugc
goi la phép co truc hoanh, néu k > 1 thi Clz; k] con dugc goi la phép dan truc
hoanh. Tuong tu doi vdi Cly;l].

4. Clisl] = Clas k] o Cly: 1) ; €[5 k] = Cla

Bai tap ap dung

Bai toan 81. 1 Hay chitng minh tat cd cdac tinh chat trén.

Bai toan 82. 2 Chiing minh rdng bang mot phép co truc tu do thi ham sy = f(x) (G)
ta co thé thu duge do thi cic ham s6 y = f(kx) ; y = Lf(x).

Bai toan 83. 3 Ching minh rang Elip la dnh cia mot dudng tron qua mot phép co truc
tuong ing.

Bai toan 84. / Hay chi ra cich dung do thi ham so y = af(kx+m)+b biét do thi ham
soy = f(z).

Bai toan 85. 5 Tim gid tri lon nhat cia tam gidc noi tiép trong Elip:

2 2
x y:
ﬁ + b_2 =1.
Bai toan 86. 6 Hay chi ra cich dung dnh ciia cac hinh phdng quen thuoc: diém, duong
thang, doan thdng, tam gidc, duong tron, mién géc, da gidc, ... qua cdc phép co truc

trén.

Bai toan 87. 7 Hay tim mot s6 bat bién cia cdc phép co truc néi trén.
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8.3.2 Phép nghich dao

Céc phép bién hinh da dugc zét trén day deu la nhiing phép bién hinh tuyén tinh. Ta cé
thé zay dung cdc phép bién hinh khdc nita va xét cdc tinh chat va nhing ing dung cia
chiing. Bay ¢id ta sé xét mot phép bién hinh phi tuyén. Mot trong nhiing phép bién hinh
phi tuyén cé nhiéu wng dung trong hinh hoc la phép nghich ddo.

Dinh nghia.

Dinh nghia 23. 9 Ta kyj hieu [§] la mat phang suy rong hay la mdt phdang di. Dé la
mat phc%ng thong thuong dugc bo sung thém mot diém mdi, dac biét, goi la diém vo cuc
va kyj hiéu la diém oo ma cé tinh chat sau: Moi duong thang trén mat phang 9] déu di
qua diém oo.

Dinh nghia 24. 10 Phép nghich ddo cuc I tjj s6 k (k #0), ky hiéu la N[I; k] la mot
phép bién hinh : [§] — [q] duoc zdc dinh nhu sau:

T. M, M

N[I; K)(M) = M’
£ K(M) (:}{:iIM.:i[M’:k

Biéu dién toa do

Dinh 1i 25. Néu O(0;0) thi N[O; k] c¢6 biéu dién toa do:

;o kx
LR
;. ky
Y —x2—|—y2

Cac tinh chat

Hé qua 9. IN[O; —k] = Do o N[O; k]. Bdi vay, tu day ta chi xzét truong hop k > 0.
Hé qua 10. 2 N7 YI; k| = N[I;k]. Hay la N[I; k] la phép bién hinh doi hop.

Hé qua 11. 3 N[I; k] (k > 0) bién:

D

1. Duong tron C(I;\/k) thanh chinh né.

Duong thang di qua I thanh chinh né.

Duong thang khong di qua I thanh duong tron di qua I.

Duong tron khong di qua I thanh duong tron khong di qua 1.

Duong tron C(E; R) di qua I thanh duong thang A khong di qua I va AL(EIT).

S v e e

Diém I thanh diém oo va diém oo thanh diém I.

Heé qua 12. 4 N[I; k] bdo toan su tiép mic ciia hai duong tron va bdo toan géc gitia hai
duong tron cdat nhau.
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Vi du minh hoa

Vidu 8.3.1. 1 Cho mot diém O c6 dinh nam ngodi mot duong thing A c¢o dinh. Vi moi
diém m chay trén A ta ldy diém N trén mia duong thang [OM) sao cho OM.ON = 1.
1) Tim qug tich G cia diém N khi M chay trén duong thing A. 2) Cho A la diém co
dinh trén duong thang . Vé vong tron C bat ky di qua O va A. C cdit G tai diém thit
hai P # O va cat A tai diém thit hai Q # a. Ching minh riang duong thing (PQ) luon
di qua mot diém c6 dinh tréen G.

Loi giai .

1) Do OM.ON =1 va O, M, N nén N = N[O;1](M). Vay qug tich diém N la dnh ciia
duong thang A qua N[O;1]. D6 chinh la duong tron di qua cuc O.X

2) Goi B, R la cdc giao diém cia cic duong thang (OA), (OQ) vdi duong tron G,
S la giao diém cia duong thing PO vdi A, con F la giao diém cia duong thing PQ
vdi duong tron G. Ta ¢6 B, R, P lan lugt la dnh cia A, Q, S qua N[O;1]. Ngoai
ra, N[O;1] : € — duong thang BRS. Dé thay tit gidc RQSP noi tiép (phuong tich)

= P=R= OF =OB. Do B la diém c6 dinh nén F cing la diém c6 dinh.X

Vi du 8.3.2. 2 Cho ba diém A, B, C ndm trén mot duong thang. Qua A, B va mot
diém E bién thién tren duong trung truc A cia doan AB ta dung mot duong tron. Dudng
thing CE cdt duong tron dé tai M. Tim qug tich G cia diém M khi E chay trén A.
HDG: Do CM.CE = CA.CB = G = NI[C;k](A), trong dé6 k = CA.CB.

Vi du 8.3.3. Cho ba diém co dinh A, B, C trén mot duong thcfng. Mot duong tron C
bién thién tiép zic vdi duong thang doé tai C. Tiép tuyén thi hai zudt phdt ti A tiép zic
vdi duong tron tai T. Duong thang BT cdt duong tron dé tai M. Tim qug tich G clia
diém M.

HDG: Do BM.BT = BC", AT = AC = qug tich cia diém T 1o duong tron A tam A,
bin kinh AC va G = N[B; BC?(A). Dé la dudng tron duong kinh CD vdi diém D dugc
zdc dinh tu cong thitc BD.BC" = BC?, trong dé C" = D 4(C).

Vi du 8.3.4. 3Cho mot duong tron (O) co dinh, tam O va mot duong kinh AB bién
thien cia duong tron dé. P la mot diém co dinh ciia mat phang. Goi A', B' la giao diém
ctia cdc duong thing PA, PB vdi duong ron (O). Ching minh rdng: 1) Duong thing
A'B" di qua mot diém co dinh. 2) Duong tron (PA'B') cing di qua mot diém co dinh
thit has.

HDG: Goi Q la giao diém ciia PO véi duong tron (PAB), ta c6

OP.OQ =0OA.0OB = —R?

suy ra duong tron (PAB) di qua mot diém co dinh thi hai la Q. Xét N[P; k] vdi k la
phuang tich cia diém P doéi vdi duong tron (O). Ta c6 dnh ciia duong tron (PAB) la
duong thang A'B' va dnh ciia duong tron (PA'B') la duong thang AB. Ti dé suy ra

1) A'B' di qua diém c6 dinh H = N[P; k](Q).

2) (PA'B') di qua diém co dinh J = N[P;k](O).

Bai tap ap dung

Bai toan 88. 1 Hay ching minh cdic hé qua trén.
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Bai toan 89. 2 Lap biéu dién toa do ciia N[I; k] vdi I(a;b).

Bai toan 90. 3 Trong hé qud 1 c6 thé thay O bdi diém I bat ky duge khong?.

Bai toan 91. / Hay so sinh N[O; k] o Do vdi Do o N[O; k.

Bai toan 92. 5 Cho N[I;k] bién cic diem A, B ¢ {I;o0} lan lugt thanh cdic diém

A', B'. Chitng minh ring
AB

TAIB

Bai toan 93. 6 Chiing minh dinh lyj Ptoléme: Ti gidc loi ABCD noi ticp < AC.BD =
AB.CD + AD.BC. Chi dan: Xét N[A;1].

A'B' = |k|

Bai toan 94. 7 Cho ti dien ABCD.

1. Chitng minh ring tit cac doan cé do dai bang AB.CD, BC.AD, CA.DB c¢6 thé
dung dugc mot tam gidc. Chi dan: Xét N[D; k] (k > 0).

2. Chiing minh rang néu AB.CD = BC.AD = CA.DB thi chiing bang nhau.

3. Chitng minh rang néu géc gitia cdc cdp canh doi bang nhau thi ching cing bang
90°.

4. Trén cic canh DA, DB, DC ldy cic diem Ay, By, C) sao cho cdc ti gidc
AAB.B, BB,C,C noi tiép. Ching minh ring ti gidge AA,C,C ciing noi tiép
va ton tai mot hinh cau di qua 6 diém A, B, C, Ay, By, C;.

Bai toan 95. 8 Cho tam gidac deu ABC ngi tiép trong duong tron €(O). 1) Chiing minh
rang vdi diem M bat ky thuoc C(O), trong ba doan MA, MB, MC c6 mot doan cé do
dai bang tong do dai hai dogn kia. 2) Tim tap hop cic diém M (trén mdt phding roi sau
dé trong khong gian) sao cho t ba dogn MA, MB, MC ¢ thé dung dugc mot tam
gidc.

Bai toan 96. 9 Cho hai duong tron C(O; R) va C'(O'; R') tiép xic ngoai vdi nhau. Mot
duong thang A tiép wic voi C, C' lan ligt tai hai diem A, B khdc nhau. Héay dung
duong tron tiép zic vdi C, C' va A. Chi dan: Xét N[A; AB?].

Bai toan 97. 10 Cho hai duong tron C < C' cdat nhau tai hai diém A, B phan biét.
Trén duong thing (AB) lay diem P # A, B va nam ngoai C, C'. Hay dung duong tron
di qua P, tiép xic véi C va C'. Chi dan: Xét N[P; PA.PB].

Bai toan 98. 11 Chiing minh hé thic Euler trong tam gidc: OI? = R? — 2Rr, trong
dé O, I lan lugt la tam cdac dudng tron ngoai tiép va noi tiép tam giac. Chi dan: Xét
NI[I; 2]

Bai toan 99. 12 Cho duong tron C duong kinh NS. A la tiép tuyén vdi C tai S. Diém O
nam ngoai hinh tron C' nhung khong nam trén tiép tuyén tai N cia C. Ké hai tiép tuyén
OA, OB téi C. Cdc duong thang (NA), (NO), (NB) lan lugt cat A tai A', O', B'.
Chatng minh rang O' la trung diém cia A'B’. Chi dan: Xét N[N; NS?].
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8.4 Bai tap ap dung phép bién hinh

Trong phan nay ta sé dua ra mot so bai tap nham md rong, nghién citu sau hon lyj thuyét
ve cac phép bién hinh bang phuong phdp gidi tich dua vao biéu dién toa do ciia nd.

8.4.1 Bai tap ly thuyét

Bai toan 100. 1 Hay viét phuong trinh ( tong qudt, tham so, chinh tdc ) ciia dudng
thdng trong cdc hé truc toa do: affin, cuc va ty cu.

Bai toan 101. 2 Tuy theo cdc gid tri ciia cdc hé s6, hay khdo sdt hinh dang cia dudng
cong G duge cho bdi phuong trink bac hai tong qudt trén mat phdng toa do Oxy:

ar® +by® + cxy +dx +ey+ f =0 (vdi |a| + |b| + |c| # 0).

Bai toan 102. 3 Nghién ciu mot s phép bién hinh trén mat phang toa do cé cdc biéu
dién toa do khdc.

Bai toan 103. / Xay dung cdc phép bién hinh trong khong gian tuong tu vdi nhing
phép bién hinh phing da hoc va nghién ciu cdc phép bién hinh trong khong gian dé gom:
+) Dinh nghia (hinh hoc va vecto). +) Biéu dién toa do. +) Phuong phap dung dnh. +)
Cdc tinh chat, cdc bat bién, hinh kép, ... +) St dung phép bién hinh trong khong gian
giai bai toan hinh hoc khong gian.

Bai toan 104. 5 Néu quy tdc f dp dung trén toan bo mdat phing § khong la song dnh
thi f khong la phép bién hinh trén §. Khi do, néu ton tai tap D C 9§ sao cho quy tdic f
dé : D — f(D) la song dnh thi ta ciing goi quy tic f: D — f(D) la mot phép bién
hinh trén mién D. Hay zday dung mot so phép bién hinh nhu vay.

Bai toan 105. 6 Hay nghién citu phép bién hinh dugc xdc dinh bdi biéu dién toa do:

Bai toan 106. 7 Cho hai phép bién hinh f, g c6 cdc biéu dién toa do:

)2 = fi(xy) R 7 =g y)
I {y’ = play {y’ = go(5y)

Hay viét biéu dién toa do ciia fog vago f.

Bai toan 107. 8 Cho phép bién hinh f. Cho diém M bién thién trong mién G. Diém
M’ bién thién thod man M' = f(M). Chiing minh ring quy tich cia diem M’ la f(G).
Bai tap nay la co sé cho phuong phap tim qug tich ( tap hop diém ) bing cdich st dung
phép bién hinh.
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Bai toan 108. 9 Cho a, b, ¢, d, p, q, v, s la cdc s6 thic sao cho hé phuong trinh:

o :ax—l—by

pr+qy
, _ca:—l—élly(l)
Y _r:ersy

c6 nghiém duy nhat (x;y) € D véi méi (2';y') € Dy. 1) Hay xdc dinh cdc tap D, Dy.
2) Héy nghién citu phép bién hinh cé biéu dién toa do trén tu D lén D;.

Bai toan 109. 10 Cho mot duong thang d va mot vecto @ || d. Phép bién hinh f = DgoTy

dugc goi la phép doi ming trugt truc d, vecto trugt @, ky hiéu la D|d;u). Hay ching minh:
1. DyoTy; = TyoDy.

Phép doi ziing truot la mot phép doi hinh nghich.

D[d; 0] = Da.

> e

Chod: Az +By+C =0 (A?+ B2 #0) va ti(a;b). Hay viét biéu dién toa do ciia
Did; d].

Bai toan 110. 11 Ching minh rang moi phép doi hinh déu: +) Hodc la mot phép tinh
tién (ké cd phép dong nhat). +) Hodc la mot phép quay (k€ ca truong hop ddc biet la
phép doi ming tam). +) Hodc la mot phép doi wing truc. +) Hodc la tich cia hitu han
cac phép bién hinh néi trén.

Badi vay, ba phép doi hinh: Ty ; QF ; Da con dugc goi la ba phép dow hinh co ban.

Bai toan 111. 12 Ching minh rang:
1. T3 =Dgo D vii A d.

Q% =DyoDa vdi A cat d.

Dy =Dg, 0Dy, vdi dyLdy tail.

Did;u] = Dy, 0 Dy, © Dy,.

Moi phép doi hinh déu cé thé duge phan tich thanh tich cia k phép doi xing truc.
Néu k chdn thi ta cé phép doi hinh thudn, con néu k 1€ thi ta dugc phép doi hinh
nghich. (Bdi vay, thuc chat chi c6 mot phép doi hinh co ban la phép doi zing truc.)

Bai toan 112. 13 Ta biét rang néu phép doi hinh f bién tam gidc ABC thanh tam gidc
A'B'C" thi AABC = AA'B'C’ (cung chiéu hodc ngugc chiéu). Hay chitng minh rang
néu AABC = AA'B'C’ (cung chiéu hodc ngugc chiéu) thi ton tai mot phép doi hinh
bién tam gigc ABC thanh tam gidc A'B'C'.

Bai toan 113. 15 1) Hay chiing minh dinh ly sau:
Dinh 1i 26. Cho phép doi hinh f # Id. Chiing minh rang:

[ la mot phép quay < f chi cé diing mot diém bat dong duy nhit.
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Bai toan 114. 16 Trén mdt phang § cho hai he toa do affin: {O;i g} (x)va {07 7} (+).
Biét toa do cia diém O' va cia cac vecto @, §7 déi vdi he toa do () la:

il = (a;d) ; j’ = (b;0); O'(¢;¢).

Gia sit diem M bat ky cia mat phang 9§ co cdc toa do M(z;y) / (x) va M(z'5y) | ().
Chiing minh rang
x =ax' +by +c
{ YW I, / <])
y =da'"+Vy +c
(I) con dugc goi la cong thite doi toa do affin tit hé co s (x') sang hé co sd (). Bicu
thicc det = ab' — a'b (#£ 0) con duge goi la dinh thic cia cong thic (I).

Bai toan 115. 17 Ching minh rang: 1) Moi phép doi hinh thuan déu la mot phép tinh
tién hogc mot phép quay (ké cd hai truong hop ddc biet cia phép quay la Dy va Id ). 2)
Moi phép doi hinh thugn déu la mot phép doi ming trugt (ké cd truong hop dic biét cia
no la DA )

Bai toan 116. 18 Cho hai doan thing biang nhau AB va A'B'. Goi M, M' lan lugt la
hai diém chia AB va A'B' theo tyj s6 k (k # 1). Tim qug tich trung diém cia cic doan
thang MM' khi AB c6 dinh, con A'B’ bién thién nhung luon thod man A'B' = AB.

Bai toan 117. 19 Trén mat phang phic C vdi cic phép todn doi vdi so phic, hiy ching
minh cdc phép bién hinh sau cé biéu dién toa do tuong ing:

1. Do : 2/ = —=z trong dé O(0) la goc toa do.

2. Dpow: 2 =7%. (Z la so phiic lien hop clia s6 phiic z).

3. Q%: 2 =qz (g=cosa+i.sina).

4. VE (keR): 2/ =kz.

5 Q%oVE: 2 =pz (p=k(cosa+isina).

6. Cho A(a), khi d6 Dy : 2/ = 2a — z.

7. Cho A(a), khi d6 Q% : 2 = q(z —a) + a trong dé q dugc xdc dinh nhu trén.

8. Cho A(a), khi d6 V§: 2/ = k(z — a) +a.

9. Cho A(a), khi d6 Q% oV} : 2/ = p(z — a) + a trong dé p dugc zdc dinh nhu trén.
10. N[O k] : 2 = g

8.4.2 Si dung phép bién hinh giai bai tap hinh hoc

Trong muc nay ta xét nhimg bai tap hinh hoc thuan tuy duge gidi bang cdch si dung
phép bién hinh. Ngoai nhiing bai tdp da dudc néu trong SGK hodc trong cdc tai liéu
tham khdo, ta dua ra thém mot s6 bai tap sau. Nhitng bai tap duoc dua ra thuong khong
6 loi giai hodc chi cé hudng dan giagi (HDG: ).
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Bai tap vé phép tinh tién song song

Bai toan 118. 1 Cho hai day cung khong cat nhau AB, CD cia duong tron tam O.
Tim trén duong tron mot diém X sao cho cic day cung AX, BX dinh ra trén day cung
CD mot doan EF ¢6 do dai bang a cho trudc.

Bai toan 119. 2 Cho hai duong tron Cq, Co cdt nhau tai hai diém phan biet A va B.
Hay dung qua A duong thang A\ sao cho doan thing cta duong thing dé namg trong hai
duong tron da cho co do dai 21 cho trudc.

Bai toan 120. 3 Cho hai duong thang dv, dy song song vdi nhau va hai diém A, B
ndm ngodi ddi mat phang gidi han bdi hai duong thang dé (A vé phia dy, con B vé phia
dy). Tim M € dy, N € dy sao cho MN Ldy, va AM + MN + NB la ngan nhat.

Bai toan 121. 4 Cho hinh thang ABCD ¢6 A < D. Chaing minh rang BD < AC.

Bai tap vé phép dbi xiing

Bai toan 122. 1 Cho diém A ndm trong mién géc nhon xOy cho trude. Hay dung tam
gidc ABC' ¢6 chu vi nhé nhat sao cho cac dinh B, C ndm trén hai canh (mai dinh thuoc
mot canh) cia géc da cho.

Bai toan 123. 2 Cho tam gidac thuong A1 AsAs. Goi A1Ch, AsCy, A3Ch la cac duong
phan gidc trong ciia tam gidc. Ky hieu By; la cdc diém doi xing vdi dinh A; qua duong
thcfng A;C;. Ching minh rang cac duong thc“zng B19Bsy1, Bi3Bsy, B3aBss doi mot song
song.

Bai toan 124. 3 Cho tam gidc nhon ABC. Hay noi tiép trong tam gidc dé mot tam
gidc ¢6 chu vi nhé nhat.

Bai toan 125. / Ching minh ring néu mot hinh phing c¢é hitu han truc doi zing thi
cdc truc doi zing do cdt nhau tai mot diém va tiung cip truc ké nhau tao vdi nhav nhing
goc bang nhau.

Bai toan 126. 5 Ching minh ring mot da gidc cé tam doi ziing khi va chi khi s6 canh
ctia da gidc la chdn va hai cdp canh doi bat ky luon song song va bang nhau.

Bai toan 127. 6 Trong duing tron C cho hai day cung AB va CD. Q la diém bat
ky, co dinh trén day cung CD. Tim trén duong tron diém M sao cho cdc duong thdng
AM, BM chin trén day CD mot doan thang KL bi chia doi bdi diém Q.

Bai toan 128. 7 Cho dudong tron C va ba duong thing a, b, ¢ di qua tam O cia C. Hay
dung tam giac ABC nhan @ lam duwong tron noi tiép va cé cac dinh ndm trén cdc duong
thang da cho (moi dinh thuoc mot duong).

Bai toan 129. 8§ Hay dung ti giac ABCD biét do dai cac canh cia ti gidc va duong
chéo AC' la phan gidc cua goc trong A.

Bai toan 130. 9 Trén mdat phing cho ba duong thang dy, dy, ds. Biét rang d, cat dy tai
P. Hay dung mot hinh vuong cé mot duong chéo ndm trén duong thang ds va hai dinh
khong thuoc duong chéo dé lan luot nam trén cdic duong thang di va ds.
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Bai tap vé phép quay.
Bai toan 131. 1 1) Hay ching minh dinh ly sau:

Dinh 1i 27. Cho hai diém Oy, O, phan biét, hai goc a1, oo cung diu, thod man
|y + o] < 27, Chaing minh rang:

+
Q5,0 05, = Q.

Trong dé O la giao ciia hai duong thang dy, dy vdidy la tao dnh cia duong thing (O104)
a ?
qua phép quay tam Oy, goc 71 con dy la anh cia duong thang (0102) qua phép quay
Q@

tam O,, goc 72
2) Véi cac dieu kién ciia dinh lyj trén, hay zdc dinh Qo 0Q%;, va ching to rang tich cia

hai phép quay khdc tam khong cé tinh giao hodan. 3) Hay xét truong hop |y + as| = 2.

St dung két qud nay ta cé thé gidi duge bon bai tap tiép theo sau day.

Bai toan 132. 2 Trén mdt phing cho hai hinh vuong AyB1AsCy va AyByAsCy vdi
dinh chung Ay. Goi )y, Oy la tam cia cdc hinh vuong dé, B, C lan ligt la trung diém
cla cdc canh BBy, C1Cy. Chitng minh ring O1BO>C' la mot hinh vuong. HDG: Xét
f= QQOOZO o Q%)lo : By — Bs.

= f =D = AO,BO;y vuong cin. Tuong tu, AO1COsy vuong can.X

Bai toan 133. 3 Trén cic canh AsAs, AsAi, A1As cua tam gidc A1 AsAs dung cdc
hinh vuong vdi cac tam Oy, Oy, O ndm vé phia ngodi ciia tam gidc. Ching minh ring:
1) Cac dogn 0105 va O3As bing nhav va vuong géc véi nhau. 2) Cdc trung diém cia
cic canh AsAy, 010y, AsAy, A3O3 la cic dinh cia mot hinh vuong. 8) Dién tich cia
hinh vuong tam Os gap tam lan dién tich cia hinh vudong néi trong phan 2). HDG: 1)
Goi By la trung diém cia AsAs, co QgBOIO 0 A303 — 0109 = K . 2) Goi By la trung
diém cia A1 As. Xét QgBOQO o QgBolO va lam tuong tu bai tap trén. 3) ByBy la duong trung
binh cia tam gidc A1 AsAs.

Bai toan 134. / Trén mdt phdng cho 12 diém la cdc dinh ctia 4 hinh vuong:
A1 B1AyCy, AyCyA3By, A3B3AyCy, AyCiA By

( cic dinh cia cdc hinh vuong duge xép theo chieu kim dong ho ). Chiing minh rang
B1ByB3 By va C,C,C3Cy la cdc hinh binh hanh (c6 thé suy bién) thu dugc tit nhau qua
mot phép quay géc 90°. HDG: Xét cdc tich cia hai phép quay vdi géc quay 90° va tam
quay lan luot la cdac dinh tuong ting ciia cdac hinh vuong da cho.

Bai toan 135. 5 Hai diem A, B chuyén dong déu vdi ciing van toc goc trén hai duong
tron €(0y), C(Oy) nguodc chieu kim dong ho. Ching minh rang dinh C' cia tam gidc déu
ABC' ciing chuyén dong déu trén mot duong tron nao do.
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Bai toan 136. 6 Trong tam gidc déu ABC cho diém M sao cho
AM =1; BM =+3; CM =2.

Hay tinh BC, ZAMB ; ZAMC.
HDG: Xét phép quay tam (C) géc 60° sao cho A — B.
Pap s6:BC =7, ZAMB = 150° ; ZAMC = 120°.

Bai toan 137. 7 Trong tam gidc déu ABC' cho diém M sao cho
AM =1; BM =v2; ZAMB = 105°.

Hay tinh CM, ZBMC.
Dap s6:CM =1, Z/ZBMC = 105°.

Bai toan 138. 8 Cho hinh thoi ABCD ¢6 A = 120°. Trong hinh thoi ldy diém M sao
cho AM =1, CM =2, BM = 3. Hay tinh DM, AB.
HDG: Xét phép quay QZOO sao cho C — B. Pap s6:AB = /7, DM = /3.

Bai toan 139. 9 Cho tam gidc déu ABC. Trong géc ZACB lay diém M sao cho
AM =+/2, BM =2, ZAMC = 15°.

Hay tinh CM va £/BMC.

HDG: Xét phép quay Q¥ sao cho A — B. Dap s6:CM =1+ /3, ZBMC = 30°.
Chi y. Trong cdc bai tap 6 — 9 trén day ta st dung mot két qud quan trong cia
hinh hoc tam gidc la:

Dinh 1i 28 (Pompei). Trén mdt phing chita tam gidc déuw ABC lay diem M bat ky.
Khi do: 1) Tw ba doan AM, BM, CM c6 thé dung duoc mot tam gidc khi va chi khi M
khong thudc duong tron ngogi tiép tam gidc ABC. 2) Trong ba doan trén cé mot doan
c6 do dai bang téng do dai hai doan con lai khi va chi khi M thudc duong tron ngogi tiép
tam giac ABC.

Bai toan 140. 10 Hay tim tap nhiing diém ma ti ba doan thing ndi trong chi § trén
cé thé dung duogc: a) Mot tam gidc vuong. b) Mot tam gidc nhon. ¢) Mot tam gidc ta.
d) Mot tam gidc can. d ) Mot tam gidc deéu.

Bai toan 141. 11 Cho tam gidc vuong can ABC, C = 90°. Trong tam gidc lay diém
M sao cho AM =2, BM =+/2, CM = 1. Hay tinh AC, /ZBMC, ZCMA.

HDG: Xét phép quay Q%QO sao cho A — B.

Dap s6:AC = /5, /ZBMC =135, ZCMA = 90°.

Bai toan 142. 12 Cho tam gidc vuong can ABC, C = 90°. Trong tam gidc lay diém
M sao cho AM =2, ZAMB = 120°, ZAMC = 105°. Tinh BM, C'M.
V2

Pap s6:BM = /3, CM = -5

Bai toan 143. 13 Cho tam gidc vuong cin ABC, C = 90°. Trong géc ACB lay diém
M sao cho BM = CM, ZAMC = 75°. Chitng minh rang AC = CM, ZBMC = 60°.
Bai toan 144. 14 Cho tam gidc vuong cin ABC, C = 90°. Trong géc ACB lay diém
M sao cho BM =1, CM = /2, ZBMC = 105°. Hay tinh AM, AB, ZAMC.

Dap s6:AM = /3 ; AB=1++/3; LZAMC = 75".
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Cac bai tap vé phép bién hinh nghich dao.
Xem them trong [3].

Bai toan 145. 1 Ta c6 thé coi dudong thang trén [§] la duong tron di qua diém oo. Khi
dé, hay ching minh rang N[I; k] bién tdp cdc duong tron vao chinh né. Ngodi ra duong
tron di qua cuc I sé bién thanh duong tron di qua diém oo (la dnh cia cuc I ), duong
tron di qua diém oo bién thanh duong tron di qua cyc I (la dnh cia diém oo ), dudng
tron di qua I va oo la hinh kép cia N[I; k].

Bai toan 146. 2 Xét phép nghich dio N[I; k] (k > 0). Ta biét ring duong tron C(I;Vk)
la tap cdc diém bat dong cia N[I;k]. Néu M' = N[I; k|(M) thi hai diem M, M’ con
dugc goi la doi ziing vdi nhau qua duong tron nghich ddo C(I; \/E) Chiing minh ring:
1) Vi diém M € C := C(I;Vk), ta cé N[I; k](m) = M. 2) Véi diém M ndm ngoai hinh
tron C, ké hai tiép tuyén M A, MB tdi C. Duong thang (IM) cit duong thing (AB) tai
M' (M’ la trung diém cia AB ). Khi dé hai diém M, M' déi zing vdi nhau qua duong
tron C. 8) Véi diem M ndam trong hinh tron ©, ké dudng thang vuong goc vdi (IM) tai
M. Duong thang do cit C tai hai diém A, B. Dung cic tiép tuyén vdi C tai A, B. Ching
cat nhau tai M'. Khi dé hai diem M, M' déi zing vdi nhau qua duong tron C.

Bai toan 147. 3 Ching minh ring dnh cia mién trong cia hinh tron € := C(I;Vk)
qua N[I; k] la mién ngoai cia hinh tron € va ngudc lai.

Bai toan 148. / Ching minh rang qua N[I; k] dnh cia hai dudong tron tiép xic ngoai
vdi nhau hodc la hai dudng tron tiép zic ngoai vdi nhau, hodc la mot duong tron va mot
tiép tuyén cia nd, hodc la hai duong thang song song. Khi nao thi zdy ra moi truong
hop cu thé?. Hay xét truong hop hai duong tron tiép xic trong vdi nhau.

Bai toan 149. 5 Trén duong tron € cho hai diém A, B. xét tat cd cic cap duong tron
Ty, Ty nam trong C sao cho T} tiép xic trong vdi € tai A, Ty tiép ziic trong vdi C tai B
va Ty tiép wic ngodi vdi Ty tai D. Hay tim tap hop tat cd cic diém D.

HDG: Xét phép nghich dao cuc A vdi duong tron nghich dado T;.

Ta kyj hiéu X' la dnh ciia X qua phép nghich ddo nay. Khi dé: € va T la hai duong thing
song song, tiép zic vdi duong tron Ty tai B' va D'. Goi la tap hop diém can tim. Do C
va cdc diem A, B la c6 dinh nén €', B’ la c¢6 dinh. Ngodi ra, tia A = [B'D') L€' = A
la ¢6 dinh. Vay D' € A ¢6 dinh. Khi Ty, Ty thay doi thi T, Ty thay doi nhung duong
thang A khong doi va D' € A. Mat khic, méi diém D' € A ¢6 thé la diém tiép xic cia
mot duong thang T| vdi mot duong tron Ty tiép wic vdi C' tai B'. Vay tia A la dnh ciia
, do dé la dnh cia tia A qua phép nghich ddo trén. D6 la phan nam trong hinh tron C
cua duong tron Q) vuong goc voi C tai A va B.X

Bai toan 150. 6 Bon duong tron lan lugt tiép wic ngodi vdi nhau tai cic diem A, B, C, D.
Chitng minh rang bon diem A, B, C, D dong vién.

Bai toan 151. 7 Trén doan AB ldy diem M va dung cic nida duong tron Cy, Csy vdi
cac duong kinh AB, AM.. Duong tron Cs tiép ziic vdi cdc nia duong tron trén va tiép
ziic vdi dudng thang vuong goc vdi (AB) tai M. Chitng minh rdng tiép tuyén chung cia
Cy va Cy di qua B (Hinh 2).
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Bai toan 152. 8 Trén doan AB ldy diem M va dung cdc nia duong tron Cy, Cy, Cy
vdi cac duong kinh AB, AM, BM.. Duong tron C(O;r) tiép xic vdi cic nita dudng tron
trén. Tinh khodng cach tu O dén duong thang (AB) (Hinh 3).

Bai toan 153. 9 Hay dung duong tron T di qua hai diém A, B cho trudc va tiép wic
vdi mot duong thang d cho trudc.

Lo gidi .

Phan tich: Gid st da dung dugc T. Xét N[A;1]: T — T ; B— B ; d— d.
Trong dé, T la duong thing chia B', con d' la duong tron chia A. Duong thang T’ tiép
zic vdi duong tron d'. Tu dé suy ra cach dung T :

Cach dung: Dung B', d' la dnh cia B, d qua N[A;1]. Tu B’ ké tiép tuyén T' tdi d'.
Khi do, T = N[A; 1](T"). Ndi chung, bai todn sé c¢é hai nghiém hinh.

Bai toan 154. 10 Dung duong tron di qua hai diém cho trude va tiép xic vdi mot duong
tron cho trudc.

Bai toan 155. 11 Dung dudng tron tiép zic vdi mot duong tron € cho trudc tai mot
diém A cho trudc va: a) vdi mot duong thang d cho trudc. b) véi mot duong tron T cho
trudc.

Bai toan 156. 12(Bai todin Apollonia) Dyng duong tron tiép mic vdi ba duong tron cho
trudc.

Bai toan 157. 13 Trén mat phing cho ba diém A, B, D. Dung hai duong tron Cy >
A, Cy 3 B sao cho Cy, Oy tiép xic vdi nhau tai D.
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