<, c 9. X 1A Z
Lai gial de lan sau
Pham Hy Hiéu - Toan PTNK 07 - 10
Bai toan 1. Cho z,y, z la cdc 56 thiuc khac 0 théa man dicu kién:
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Loi giai. Tt gid thiét ta c6 xy + yz + 2z = 1.
Tit d6, theo bat ding thic Cauchy - Schwarz thi:
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Vay min P = 5 O
Bai toan 2. Cho cdc ham sé
1
fi(z) =T+, fo(z) = 2%, fs(x) = (x —1)?

Trong madi lan bién doi, cho phép cong, tri, nhan hai ham so vdi nhau (cé
thé binh phuong, lip phuong, etc), ¢ thé nhan hodc cong vdi cic hing so
thuc, ciing co thé lam nhu vay vdi cic két qud thu duge. T f1, fa, f3, hiy thu

dugc ham s6 f(x) = — bing cdch trén. Dong thoi hay chiing minh ring néu
T
bé di mot ham so bat ki trong ba ham ay thi vdi cach lam nhu trén ta khong

d Z 1
thé thu dugc ham so f(x) = —.
x



Loi giai. Ta c6:
1 N\ 1, , 1
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Bay gio ta lan lugt xét cac truong hop cho ham s6 bi bé di.
Trudng hgp 1. Néu ham s6 bi b di 1a fi(x), dé thiy rang tit fo v fs,

v6i cach 1am nhu dé bai thi ta chi thu dude cac da thiic c6 hé s6 thuc, va vi

. . . 1
thé, khong the thu duge ham s6 f(x) = —.
x

Trudng hgp 2. Néu ham s6 bi bo di 1a fo(z), ro rang t f1 va f3, voi
cach lam nhu dé bai thi ta chi thu dugce cdc ham s6 c¢6 dang

fx)="P <x + i,ﬁ)

véi P € Rlz,y| 1a ham da thitc hai bién v6i he s6 thye. Gid st ton tai da
thitc P nhu vay sao cho:
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Nhung —|,—; = = ¢ R. Mau thuan. Vay néu bé f3 thi ta khong the thu duge
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f(x) = .
Trudng hop 3. Néu ham s6 bi bo di 1a f3(x), ta co:
1
filz) =1~ )
folx) =2x — 2

Do vay f{(1) = f4(1) = 0. T do, gia st rang ton tai da thic Q(z,y) € R[z, y]
théa man:

f(@) =Q<x+i,(a:—1)2) - (Hé)k(x_l)zz:é



thi ta co

Fy= > <ak, (as + é)k (z — 1)%)/ o1 =0
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mau thuadn. Vay tit fi(x) va f3(x) khong thé thu duge ham f(z) = —.
T

nhung

Vay céac truong hop ciia bai toan déu dude chitng minh. O

Bai toan 3. Cho AABC c6 duong tron noi tiép (I) tiép xic vdi BC tai X.
Pat L = AINBC. Goi D la diém doi xing cia L qua X va B',C’ la diém
doi ziing cia D qua BI,CI. Chitng minh rang B,C,C', B' dong vién.

Lai giai. Dé thiy B’ € AB va C' € AC.

Ta c6 tinh chat: tich ctia hai phép déi xting truc 1a mot phép quay c6 goc
bang hai lan goc gitta hai truc. Tt do:

(IL,IC") =2(IX,IC) = (CL,CC") (mod )



nén I, L,C,C" dong vien. Tuong tu thi I, L, B, B’ dong vién. Tt d6 ta co:

AB'-AB = Al - AL = AC" - AC

Suy ra B,C, (", B’ dong vien.

]

Bai toan 4. Ching minh rang (p,p + 2) la cdp so nguyén to song sinh khi

va chi khi:

pp+2)4((p—1!+1)+p

Lai giai. Ta phat biéu khong chitng minh dinh 1y sau:
Dinh 1y Wilson. p 1a s6 nguyén t6 khi va chi khi p|(p — 1)! + 1.

Vao bai. Dat S =4((p—1)!+1) +p.

Theo dinh lij Wilson thi p 1a s6 nguyén t6 khi va chi khi:

(p—1)1+1
S4((p-1'+1)
S4((p-1)'+1)+p

0 (mod p)
0 (mod p)
0 (mod p)

Mt khac ciing tit dinh I Wilson thi p+ 2 1a s6 nguyén t6 khi va chi khi:

p+1)!+1 = 0 (modp+2

< @+ +plp+1)
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2p* + 3p — 2
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p’+p—1 (modp+2)
pP+p—1 (modp+2)(¥ipp+2) =2

(mod p +2)

S4((p—+1)+p = 0 (modp+2)

T hai két luan trén ta suy ra dpem.

(mod p + 2)
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Bai toan 5. Quanh mot ban tron cé 100 nguoi dai dién cho 25 nudc, moi
nude ¢6 4 dai dién. Ching minh ring c¢é thé chia nhing nguoi nay thanh 4
nhém, sao cho trong moi nhém cé du cdc dai dién cia cic nudc va khong cé
thanh vién nao cung nhém ngoi canh nhau.

Lai giai. Ta sé giai bai toan tong quéat:

Bai toan téng quat 1. Quanh mot ban tron cé 4n nguoi dai dién cho n
nude, moi nude ¢é 4 dai dién. Chitng minh rang c6 thé chia nhing ngudi nay
thanh 4 mnhém, sao cho trong moi nhém cé di cic dai dién cia cde nudc va
khong cé thanh vien nao cung nhém ngoi canh nhau.



Ta st dung qui nap. Tai n = 1, két luan la hién nhien. Gié st ton tai cach
chia nhém vé6i n nuée. Ta thém vao 4 dai biéu dai dién cho nuée thi n + 1.
Ta quan tam dén viéc 4 ngudi duge thém vao nay ngdi gitta hai ngudi thuodc
vé hai nhém nao (1,2,3,4) trong cic nhém ma n ngudi kia da duge chia va.
Xét cac truong hop:

Truong hop 1. Ton tai hai nguoi trd lén trong 4 ngudi clia nude thi n+1
ngoi canh nhau. Gia stt ho ngoi gitta hai nguoi thudc hai nhém 7 va j. Cha y
rang i # j vi gia thiét qui nap. Gia st ho ngoi theo thi tyi — 2 — y — j
véi x,y 1a s6 thit ty nhom clia clia hai nguoi dang néi dén. Thé thi ta thay
rang {r,y} c6 thé 1a bat ky tap con c6 hai phan tit ndo cta {1,2,3,4}.
That vay, néu « hodc y khong phai 1a 4, j thi luon c6 thé sdp xép duge. Néu
{x,y} = {i,j} thi ta sdp xép theo thi tw i — j — i — j. Vay {z,y} c6 the
la bat ky tap con hai phan tit ndo cia {1,2,3,4}. Hon nita, v6i hai ngudi
con lai clia nude thit n + 1, néu ho ngdi canh nhau thi theo 1y luan trén, tap
hop hai nhém ctia hai ngusi nay c6 thé lay tity ¥. Néu ho ngdi rieng, i.e. mbi
ngudi ho ngdi gitta hai ngudi trong 4n ngusi trude thi cé thé chon ho thudc
hai nhém khac nhau, sau d6 lai xép hai ngudi néi dén & trén vao hai nhom
con lai. Téom lai truong hop nay luén xit Iy duge.

Truong hop 2. Mdi ngudi trong 4 ngusi clia nuée thit n + 1 déu ngoi
gitta hai ngudi trong 4n ngudi da cé trude dé. Gia sit 4 ngudsi thém vao 6 cac
nhém tuong tng 1a ay, az, as, ay véi a; € {1,2,3,4}, dong thoi ngudi § nhém
a; ngdi gitta hai ngudi ¢ hai nhom (b, ¢;), i.e. ngoi theo thit tu b; — a; — ¢;.
RO rang b; # ¢; theo gid thiét qui nap. Ro rang c¢6 4! = 24 cach xép {a;} vao
cac nhom 1,2,3, 4. Ta sé chiing minh rang s6 cach xép vi pham nhé hon 24.
That vay, véi moi k = 1,2,3,4, dé c6 mot cach xép véi it nhat k nguoi vi

pham yéu cau dé bai la
4
2k (4 — k)
(1) 2 -a-n

(trude hét chon ra k ngudi vi pham, sau d6 4 — k ngudi con lai duge sdp xép
bat ky). Theo nguyén lyj bu tri, sd cach xép vi pham la:

4
4
Ejbiﬁ*-c)-ﬁ-@—kﬂ=46<24:m
k=1
Vay luon ton tai mot cach sap xép khong vi pham. Va do dé, truong hgp nay
ciing duge xit 1y.
Bai toan dudgc giai quyét hoan toan. O



