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FIGURE 2: A physical device to find the maximal outscribed equilateral triangle.
At A BandC, frictionless sleeves are free to pivot.
Through these sleeves pass telescoping spring-loaded bars.
The bars are welded rigidly &0° formers aD, E andF.
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99.09 A family of Napoleon triangles associatedwith the
Kiepert configuration

A classic theorem in plane Euclidean geometry, often doubtfully
attributedto Napoleon stateshat the centresof equilateraltriangleserected
outwardlyon the sidesof a triangle AABC form an equilateraltriangle. We
shall denotethesecentresby Np, Ng andN¢. Thisis easilyprovedfrom the
fact that the line of centresof two intersectingcirclesis the perpendicular
bisectorof their commonchord. It is alsotrue thatthe newverticesof these
trianglesform a trianglewhich is in perspectivevith AABC. Theseresults
alsohold whentheinitial trianglesareerectedacinginwards. Thecommon
centre of these triangles is the centi@Gidf AABC.
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A generalisationof this resultis due to Ludwig Kiepert. This uses
similar isoscelestriangles rather than equilateraltriangles, and the new
verticesagainform atrianglein perspectivevith AABC. As thebaseangles
vary (beingallowedto becomenegativeto give the inward-facingcase) the
locusof the perspectois the Kieperthyperbola. Detailsof all theseresults
can be found in [1].

In what follows, we producesomemore equilateraltrianglesfrom this
configuration. Let the baseanglesof the isosceledrianglesbe a and let
t = tana. Denotethe new verticesformed by the isoscelegdrianglesbe
Ay, By and C, and define the point A* on the ray AA, by setting
AA" = mAﬁo where a negative sign indicatesthat A* is on the
oppositesideof Ato Ay. PointsB* and C* aredefinedanalogously. In the
diagramwhich follows, « is takenas smallerthan 30°, but this doesnot
affect the argument. Denote the midpoinBGfby A;.

FIGURE 1

Then a series of simple calculations shows that

AO_A _ 1 \/ﬁt, ANa - _ ! and, of course2Z — 2

AA 2 N V3t -1 GA
so by Menelaus's theorem al\A A, it follows thatG, A*, N, are collinear.

Exactly the sameargumentworks for G, B*, Ng and G, C*, N¢ and

another application of Menelausshows that the ratios GA®™ : GN, are
independenbf which vertexis beingusedandthereforeequal. It therefore
follows that, sinceG is the circumcentreof the Napoleontriangle, AA'B*C*
is homotheticto ANANgNc andis thereforeequilateralwith centreG. In the
specialcasewhena = 30° the trianglesAA'B*C* and ANANgN¢ coincide.
If a = 60° AAis parallel toA;N andA’ is at infinity.

If the samemethodis usedwith AA" = , we obtain a
3+ \/étA'AO

similar configuration with AA'B*C* homotheticto AN,NyN,, the inner
Napoleontriangle, formed by the centresof inwardly-facing equilateral
triangles.
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99.10 Proof without words: T+ To + ... +T,= (

Underneaththe symbols Ty, Ty, ... , T, place (n + 2) balls, with two

ballsto theleft of T;. Threeof theseballscanbe selectedn (n ; 2) ways.

In the exampleshown, the second,fifth and (m + 2)th balls have been
selected.

We interpretthe third of theseasthe triangularnumberT,, andthenthe
first two balls representwo numbersin the rangefrom 1 to m + 1. We
shallinterpretthesetwo humbersasaninstructionfor defining a uniquedot
amongsthe T,, dotsin the triangulararray. The diagrambelow showshow
this is done in the case wham= 10, but it is clearly completely general.
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FIGURE 1

The diagramshowsthe array representingly, , 1, which canbe thought
of asatop row of m + 1 dotsbelowwhichis the arrayfor T,. Thesecond
andfifth dotsin thetop row havebeenhighlightedsincethe secondandfifth
balls were selected. Now theseare usedto pinpoint the seconddot in the
fourth row of Ty; astheintersectiorof two diagonaldn differentdirections.
This is alsothe seconddot in the third row of T;,. We now havea one-to-

one correspondencéetweenthe (n ; 2) choicesof three objects from

n + 2 objectsandthetotality of pointsin all thetriangulararraysfrom T; to
T,, and this is enough to prove the result.



