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Chuong 1

Cac dé thi Olympic chinh thic

1.1  Olympic nam 1993

1.1.1 Vong 1 (Ngay thit nhat)

Cau 1.
a) Tim tit ca cdc ma tran thuc X = (j 3;) sao cho

s (10
=5 1)

b) Cho 2n s6 nguyén aq, ..., ayn; b1, ..., b, thoa man diéu kién

aiby + -+ apb, = 0.

bat
1+a1by arby a1by,
e asby 14+ agby --- asby,
anb1 anbo - 14+ apby
Tinh |det A|.
Cau 2.

a) Cho f(x) = max {2@ X arctg x, %}, xz € R. Tim mot nguyén ham
x

cua f(z) trén R.
b) Tinh tich phan
/2

/ dx
I = .
) 1+ (tgz) V2
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Cau 3.

a) Cho ham s6 f(x) xdc dinh va c6 dao ham bac hai lién tuc va khong
dong nhat bang khong trén bat ky doan nao ctia R. Biét rang d6 thi cia ham s6
y = f(z) cat dudng thang ax + by + ¢ = tai ba diém phan biét. Ching minh
rang ton tai zo € R sao cho f”(zg) = 0 va f”(z) d6i ddu qua = = xo.

b) Ki hiéu P, (X) la tap hop tit ca cdc da thic v6i hé so thuc c6 bac khong
vuot qui n . Cho hai s6 phan biét a,b € R.

Xét anh xa f : P3(X) — P»(X) xdc dinh theo cong thiic

Vp(z) € P3(X): f(p) =p(z+a) —p(z +b)
i) Hoi f c6 phai la toan anh khong?
ii) Tinh £~1(0).
1.1.2  Vong 2 (Ngay thir hai)
Cau 1. Cho 0 < o < 1. Chtng minh ring, v6i moi a,b € C, phuong trinh
2 —az+b=0
¢6 it nhat mot nghiém thoa man di€u kién
lz—a] <2—a.

™

Cau 2. Cho0 <z < 5 va 0 <y < +oo. Chiing minh rang

y(arctgy — x) > In (cosz/1 + y?).
Hoi khi ndo thi xdy ra ddu dang thic.

Cau 3. Cho p(x) (# const) la da thic v6i hé s6 thyc. Ching minh rang néu he
phuong trinh

[p(t)sintdt =0,
0
[ p(t)costdt =0.
0

c6 nghiém thuc thi s6 nghiém thuc chi c¢6 thé Ia hitu han.

Cau 4.  Cho hai ma tran thuc vuong dong cdp A va B. Gia thiét rang
det(A + B) # 0 va det(A — B) # 0. bat

- (48).

Chiing minh rang det M # 0.
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1.2  Olympic nam 1994

1.2.1 Mon thi: Pai s6

Cau 1. Cho aq,as,as3, a4 € R. Chiing minh ring ma tran

1+ a2 —ag —as aq
A— az 1+ a% aq as
o as a4 1+ a% —as
—aq —as a9 1+ a%

kha nghich. Tim A~!,

Cau 2. Cho a;; (i,j = 1,...,n) la cdc s6 thuc nguyén. Hay giai hé phuong
trinh

1
?azl =a1121 + apx2 + -+ apTy
51’2 = a21x1 + a22T2 + - - - + aopTy
1
—Tp = Apl1T1 + Gp2T2 + - F AppTy

2

Cau 3. Cho ma tran

2mj s 2mg
COS — Sin .
Aj = ( n n > ; JEN.

sin2nﬂ cos2nﬂ
Tinh t6ng
Sp=Ab+ AV +---+ AP |+ (p,n € N¥).
Cau 4. Tim

lim ( lim l(A" —F)

).
z—0 ‘n—oo I

trong d6 E la ma tran don vi va

, neN*

=318

A: x
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CAu 5. Ching minh ring néu A 13 ma tran vuong cip n véi A2 = E thi

hang (A+ E) + hang (E — A) =n.

CAu 6. Cho A 12 ma tran vuong cip hai thoa min diéu kién A2 = A. Ching
minh rang d¢ AX — XA = 0 (X 1a ma tran vuong cap 2, 0 12 ma tran khong),
diéu kién can va du 1a ton tai ma tran vuong cap hai X, sao cho

X =AXy+ XpA — X,.
1.2.2 Mon thi: Giai tich

Cau 1. Cho n s6 nguyén duong, ay,br, € R (k=0,1,...,n). Chiing minh rang
phuong trinh

x + Z(ak sin kz + by, coskx) =0
k=1

¢6 nghiém trong khoang (—, 7).

Cau 2. Cho ham s6 f(z) lién tuc va c6 dao ham cdp mot trén (0, co) va khong
phai 12 ham héng. Cho a, b 12 hai s6 thuyc thoa méan diéu kién 0 < a < b. Chiing
minh ring, phuong trinh

of'(a) — fla) = LU

¢6 it nhat mot nghiém thuoc (a, b).

Cau 3.
a) Cho ham s6 f : [a,b] — [a,b], v6i a < b va thdéa mian diéu kién

’f(x)_f(y)’<’x_y’a Vx,ye[a,b] va .T?éy
Chitng minh rang phuong trinh f(z) = z ¢6 duy nhat mot nghiém thuoc [a, b].

b) Cho ham s6 f(z) kha vi trén [a,b] va Vz € [a,b] thi |f'(z)] < |f(z)].
Chitng minh rang f(z) = 0 v6i moi x € [a, b].
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Cau 4. Xét tich phan

4
In:/aj”\/ —zdr (n € N*).

0

a) Tinh I,,.
b) Ching minh ring
I, < 22”+3(2ne)_%.

Cau 5. Tim dao ham cép n cta ham s6 y = arctg z tai x = 0.

Cau 6.
a) Ching to rang tich phan

7 dx
0/ (14 22)(1 + z9)

khong phu thudc vao .
b) Tinh

I—/ dx
r+vVZfz+1

1.3 Olympic nam 1995

1.3.1 Mon thi: Pai s6

Cau 1. Cho A 1a ma tran vuong cp n sao cho A~! = 3A. Tinh det(A!9% — A).

Cau 2. Cho céc s6 a;j +a;; = 0, Vi,j = 1,2,...,n. Ching minh rang hé
phuong trinh

az1 + aiex2 + - - - + apxy, =0
ao1x1 + agxs + -+ + aspxy, =0

an1T1 + anaTo + -+ + appTyp =0

¢6 nghiém khong tdm thuong.
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2 1

Cau 3. Cho ma tran M = <1 5

>. Tinh M™ tGng v6i moi n nguyén duong
cho truéc.

Cau 4. Cho hai s6 thuc phan biét a,b va cho B = (b;;) la ma tran vuong cép
6 dugc xdc dinh nhu sau

z khi i=j,
bij =4qa khii#j, i+j=2n,
b khii=j, i=j=2n+1
Gia su
6
detB:Zozk(az—a)k.

k=0
Tinh ay.

Cau 5. Cho ma tran vuong A = (a;;) cdp n (n > 1) c6 hang r. Xét ma tran
A* = (A;j), trong d6 A;; 1a phan bu dai s6 cla a;; trong A. Tim hang cla A.

Cau 6. Cho B la ma tran vuong cap n va « 1a mot s6 thuc thoa man diéu kién
det(B — aFE) =0 v6i E 1a ma tran don vi.
Ching minh rang v6i moi ag, ay,...,a, € R, n € N, ta déu c6

det(iakBk — f:akakE> =0
k—0 k—0

1.3.2 Mon thi: Giai tich
Cau 1. Cho ham s6 f(z) lién tuc va nghich bién trén [0, b] va cho a € [0, b].

Chiing minh rang

b/af(a:)da: > a/bf(m)dm.
0 0

Cau 2. Xét da thic
1 4"
Po(z) = ———
(2) 27n! dxn

Chiing minh rang néu f(z) la da thic bac m (m < n) thi

(2% = 1)"]

/ F(@)Py(2)dz = 0.

-1
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Cau 3. Chitng minh rang ham s6

CJe VP khi oz #£0
o=

kha vi vo han tai x = 0.

Cau 4. Cho ham s6 f(z) kha vi vo han trén R va thoa man cdc diéu kién
1) 3M >0 saocho fMM(z)] < M Vz e€R, VneN,
1
2) f(—) —0 VneN-.
n
Ching minh rang khi d6

f(z)=0, VzeR.

Cau 5. Cho ham s6 f(x) lién tuc trén [0,1]. Ching minh ring

1

mas [7(x)] = lm_( / F@)Pd)

xz€[0,1] p—+o0
0

=

Cau 6. Tim f: R — R thoa man céc diéu kién

a) f(x+y) < f(z)+ fly) (Vo,y €R)

by lim 2% — 1.
z—0 X

Cau 7. Tinh

™

Inz/smmda;, n € N.

sinx
0

1.4 Olympic nam 1996

1.4.1 Mon thi: Pai s6

Cau 1. Cho P,(x) la da thic bac n va cho m € N*. Chiing minh rang
i) Néu P,(z™) chia hét cho x — 1 thi n6 chia hét cho z™ — 1.
ii) Néu P, (z™) chia hét cho 2 —a)* thi né chia hét cho (2™ —a™)* (a # 0).
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A:<a b>, a,b,c eR.
0 c

i) Chiing minh ring néu A% = 0 thi 42 = 0.
ii) Xdc dinh a, b, ¢ sao cho ton tai n € N* dé A" = (1 0).

Cau 2. Cho ma tran

01
Cau 3. Cho
2 0 0\" ai1(n) aiz(n) aisz(n)
0 3 0] =a2(n) axn(n) as(n)
01 2 asi(n) asa(n) ass(n)
Tinh

lim az(n)
n—oo a32 (n)

Cau 4. Cho A 12 mot ma tran vuong cdp n. Ching minh ring néu A khong
kha nghich thi c¢6 thé thay th€ cdc phan tlr a;; cha A bdi s6 0 hodc s6 1, con céc
phén tir khac van git nguyén, dé€ nhan dugc ma tran mdéi S kha nghich.

Cau 5. Ching minh riang néu a # 0 thi he

ax+(1—-by+cz+(1—-dt=a
(b—1)z4+ay+(d—1)z+ct=0>
—cx+(1-—dy+az+(b-1)t=c
(d—1z=cy+(1—-Db)z+at=d

ludén ludén c6 nghiém Vb, c,d € R.
1.4.2 Mon thi: Giai tich
Cau 1. Khao sat tinh kha vi ciia ham s6

flx)=|z—1] |z —2|-- |z — 1996].
Cau 2. Cho b € R. Tinh
d
lim v

a~too | (14 22)(1+ ebz)’

—a
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Cau 3. Ching minh rang ton tai ham h(z) thoa man hai diéu kién sau
1

) Vz+2+yr=\z+1+h(z+1)— ———, Vz =0,
z + h(z)

o 1

i) Igl)l{)lh(l?) =71

Cau 4. Cho g(z) 1a mot da thic bac 1996. Biét ring, ting v6i moi = € R, ta
déu ¢6
g(z +h) = g(x) + hg'(z + h)0(z, h),

trong d6 6(z, h) bi chan va ¢”(z) # 0. Tinh %in%) 0(z, h).
—>

Cau 5. Cho M > 0 va ham s6 f(z) xdc dinh va lién tuc trén R sao cho

[f(z+y) = fz) = fy)l < M.
Chiing minh rang Vo € R déu ton tai giGi han

lim f(nz) .

n—oco n

1.5 Olympic nam 1997

1.5.1 Mon thi: Dai so

Cau 1. Gia st xg, yo, zo 12 cdc s6 thuc cho truGc. Hiy xdc dinh tat ca cic s6
thuc zp, yYn, 2z, (n = 0,1,...) thod min hé phuong trinh

Tn+l = —Tp +Yn + 2n
Yntl = Tn — Yn + 2n (n=0,1...)
Zn+l = Tn + Yn — 2n
Cau 2. Chon,p € N (p < n). Xét tit ca cdc ma tran vuong A = (a;;) cap n
hang p trén trudong s6 thuc va thoa man he thitc A% = A. Tinh cic gia tri c6 thé
c6 cua biéu thic
S=a11+ax+- -+ an,.

Cau 3. Chiing minh ring v6i mot ma tran vuong cap n cho trudc trén trudng
s0 thuc, déu tim dugc s6 nguyén duong N sao cho hang

A* = hang A**!, Wk > N.



1.5. Olympic nam 1997 15

Cau 4. Tim ma tran nghich dao cia ma tran

cy 209 22¢) ... 270
v |0 ct —20ci ... 2nlcd
0 0 o ... Cr

1.5.2 Mon thi: Giai tich

Caul. Cho A € R\ {0}. Xét ham so f(z) xdc dinh, lién tuc trén [0, +-00) va
thoa man diéu kién lir+n f(z) = A. Tinh
T—>+00

n—-+00

1
lim f(nx)dz.
/

Cau 2. X4c dinh tat ca cic s6 duong a sao cho
a®*>1+z, Vrek

CAu 3. Chiing minh ring, v6i moi ¢ > 0, phuong trinh 23 + ¢tz — 8 = 0 luon c6
nghiém duong duy nhét, ky hiéu 1a x(¢). Tinh tich phan

/ w(t)]2dt.
0

lim <n/tg”xdw>.
n—-+00
0
Cau 5. Xét cdc da thic P(x) v6i hé s6 thyc thoa mén cdc diéu kién

Cau 4. Tinh

NE]

1
P(0) = P(1) = 0, /]P’(az)]da: = 1.
0

Chiing minh rang
1

P < =,
P)| < 5

Vz € [0,1].

Cau 6. Ching minh rang ton tai day s6 thuc {a,} v6i a, € [0, g}, sao cho
cosap = a, . Tim gidi han cta day do.
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1.6 Olympic nam 1998
1.6.1 Mon thi: Pai s6
Cau 1. bat
Ala) = <c98a —sina) '
SN —COSK&

Chitng minh rang A(a)A(B) = A(a + ).

Cau 2. Gia st A 1a ma tran gébm n + 1 hang va n + 2 cot sau day

a cy C3 o Oy Cpyy
0 ¢ ¢ - a dl,
A=|[0 0 C3 - CF Chy
0o 0 0 - C2 C24

Goi Dy, 1a dinh thiic cia ma tran nhan duoc tir A bang cach gach bo cot thi k,
k=1,2,...,n+ 2. Ching minh ring D}, = Cs;%

Cau 4. Cho

o

Il
(aw] (e NN
S Wl =
D= = —

an(n) alg(n) alg(n)
A" = | a21(n) az(n) ags(n)
azi(n) az2  azz(n)

Tim nh_)ngo a;j(n), véii,j =1,2,3.

Cau 5. Goi M la tap hop tat ca cdc ma tran vuong cd n X n, (n € N*), c6 cdc
phan tir 1a 1 hoac -1. Cho B € M ¢6 det(B) # 0. Ching minh riang ton tai
A € M sao cho

| det A| =| det B,

trong d6 A c6 téng cac phan ti trén cing mot hang déu 16n hon hodc béng 0,
tong cdc phan tlr trén cling mot cot déu 16n hon hodc bang 0.
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1.6.2 Mon thi: Giai tich
Cau 1. Cho f(x) € €'[0,1] va f(0) = 0. Chiing minh ring

1 1

/If(t)f’(t)ldt< %/(f’(t))?dt.

0 0

Cau 2. Cho f(z) la mot ham kha vi lién tuc va duong trén khoang (0, +00).
Chitng minh ring néu mot trong hai ham so

r
F(””)Zlf RSO

¢6 giGi han hitu han khi z — +oo thi ham s6 con lai cling ¢6 gidi han hitu han
khi x — +o00.

T

dt

f(t)

7

Cau 3. Gia st a, b 1a hai s6 duong va a < b. Chiing minh rang ham so

flo) = (a”;kb””)%

12 ham don diéu tang. Tim gidi han cua f(x) khi z — Fo0

Cau 4. Cho f(z) lién tuc trén doan [0, 1], £(0) > 0 va

1
f(z)dz < 1093’ Vo > 0,h > 0.

o

Ching minh ring phuong trinh
371997 — f(l’)
ludn c6 it nhat mot nghiém thuoc (0,1).

Cau 5. Cho ham s6 f(x) c6 céc tinh chit
0< f(z) <1, V>0,

1
fatNl=f@)> 7 [ fE)ds < g
Tinh lim f(x).

r—-+00
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1.7 Olympic nam 1999

1.7.1 Mon thi: Pai s6

Cau 1.
a) Cho ma tran
T
1999
A= 19098 .
2000

Ky hieu

A — (an(n, x) alg(n,m)>
as(n,x) ag(n,x))’
Tim nh_)ngo :?Eg a;ij(n,x), i,j=1,2.

b) Cho f(x) = 2'9% 4+ 22 — 1 va cho ma tran

RN
N © W W

o O
N O OO

ot

Tinh det f(C).

Cau 2.

a) Cho A, B 1a cdc ma tran vuong cdp n. Ching minh rang tap cdc gid tri
riéng cua AB va BA tring nhau.

b) Cho A 1a ma tran c6 1999 dong va 2000 cot. Goi A’ 1a ma tran chuyén
vi cia A va B 1a ma tran phu hop ciia ma tran AA’. Biét rang det(AA’) # 0 va
B # 0. Xac dinh hang ctia ma tran B.

Cau 3. Gia sir da thitc v6i hé s6 thuc
P(z) =ap+ a1z + -+ apa"
c6 n nghiém thuc phan biét. Chiing minh ring

ap—10k+1 < a%, Vke{1,2,...,n—1}.
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Cau 4. Giai hé phuong trinh.

1 + 2x2 + 33 + ... + nx,
Tro +2x3+ 314 + ... + N1 =2

Tn+2x1+329+ ... +Nnxp_1 =n

1.7.2 Mon thi: Giai tich

Cau 1.
a) Xac dinh cdac ham f(z), thoa man diéu kién

f(z+h)— f(z —h)| < h? Yz eR,Vh > 0.
b) Xac dinh ham p(z) thoa man diéu kién: 3 g(x), sao cho
p(z + Az) — p(z) = g(z) Az + oz, Az), Vo R,

trong d6
la(z, Az)| < c|Az|®, 0 < c=const.

Cau 2. Cho ham s6 f(z) kha vi trén [0,1] va thod man diéu kién
f0)=0, f(1)=1,0< f(z) <1, Yz € R
Chiing minh rang Ja,b € (0,1), a # b sao cho f'(a).f'(b) = 1.

Cau 3. Cho ham s6 f : N — R, thoa man diéu kién
a) f(1)=2,
b) f(1)+ f(2) +---+ f(n) =n*f(n), Vn>1.
Tinh lim n2f(n).

n——+00
Cau 4.
Gia st ¢(x) 1a ham s6 duong va don diéu tang trong (0, +00) sao cho
2
im 4G _
t—4-o00 q(t)
Ching minh ring
4(2000¢)

1m —-
t—+o00 q(1999t)
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Cau 5. Tinh
n
. e Tdx
lim .
to+oo ) 14 e n
0

1.8 Olympic nam 2000

1.8.1 Mon thi: Pai s6

Cau 1. Cho s6 nguyén duong m > 1 va s6 thuc ¢ ¢6 moédun bang 1. Chiing
minh rang phuong trinh
(1 + zm)m
= C,

1—wx

c6 cdc nghiém déu thuc.

Cau 2. Cho A va B la cdc ma tran vuong cap n va thoa man cac diéu kién
AB = BA, A? =0, B* =y,

Chiing minh rang ma tran £ + A + B kha nghich.
Cau 3. Ma tran vuong cdp n dang A = [a;;] dugc goi la ma tran phan doi xdng
néu
ajj+aj; =0, Vi,j 1 <14, j<n.
Chitng minh khing dinh sau:

Tich cua 2 ma tran phan d6i xing A va B ciing 1a mot ma tran phan doi
xung khi va chi khi AB = —BA.

Cau 4. Cho ma tran A cdp n c6 cdc phan ti trén dudng chéo chinh béng 0, cic
phan tlr con lai bing 1 hoac bang 2000. Chitng minh ring hang ctia A hoic béing

n, hodc bang n — 1.

Cau 5 Cho a,b € R. Tim tat ca cac da thic P(z) thod man diéu kién

zP(x —a) = (z —b)P(z), Vz € R.
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1.8.2 Mon thi: Giai tich

Cau 1. Tim tat ca cdc ham s6 f(z) c¢6 dao ham lién tuc trén R va thod man
diéu kién

fz+y) = f(z) + f(y) + 22y, =,y €R.
Cau 2. Cho ham s6 g(x) lién tuc trén [0,1] va kha vi trong (0, 1) va thoa man
cdc diéu kién g(0) = g(1) = 0. Ching minh rang ton tai ¢ € (0,1) sao cho

g'(c) = g(0).

Cau 3. Cho a € (0,1). Gia st ham s6 f(z) lién tuc trén doan [0, 1], thoa
man diéu kién f(0) = f(1) = 0. Ching minh rang 3b € [0, 1], sao cho, hoic
f(0) = f(b—a) hoac f(b) = f(b+a—1).

Cau 4. Gia str a 1a mot s6 thuc cho trude. Xét day s6 thuc {z,} dugc cho boi
hé thiic
x1=0b, Tpy1= 33% +(1—2a)z, + a2, n > 1.

Xdc dinh b dé day {z, } hoi tu va hdy tinh gi6i han cla diy trong trudng hop dé.

Cau 5. Cho ham s6 f(z) xdc dinh va lién tuc trén [0, 1] va thoa man di€u kién

2 3.3
Lo — X7

Ju@pra < 225

1

vOi moi 1,z € [1,2] sao cho x; < 2. Ching minh ring

N W

2
1/ f(2)dz <

1.9 Olympic nam 2001

1.9.1 Mon thi: Dai so

Cau 1. Cho ma tran

1
A= |0
0

S = O

-1

Tim tit ca cdc ma tran vuong B cdp 3 sao cho AB + BA = 0.
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Cau 2. Cho cédc ma tran vuong thuc A, B thoa man di€u kién sau
AP0t — 0 AB= A+ B.
Chiing minh rang det B = 0.
Cau 3. Cho a,b,c,d, e 1a cac s6 thuc. Chitng minh ring néu phuong trinh
ax’ + (b+c)r+d+e=0
¢6 nghiém thuc thugc khoang [1, 00), thi phuong trinh
azt + bz +cx? +dr+e=0
cling c6 nghiém thuc.

Cau 4. Ky hiéu (a,b) la tich vd hudéng cua hai véc to a,b € R™. Cho cic véc
to ai,as,...,ar € R". Dat

(a1,a1) (a1,a2) ... (a1,ak-1) (a1, ax)
(a27a1) (a27a2) (a2aa’/€—1) (aQ,ak)
A= .. .
(ag-1,a1) (ag-1,a2) ... (ar—1,ap-1) (ag—1,ax)
(ag,a1) (ax,a2) ... (ag,ar—1) (ak, ar)

Chiing minh rang

1) detA > 0.

2) A la ma tran d6i xting va c6 tt ca cac gia tri riéng khong am.
Cau 5. Cho A la ma tran vuong cdp n c6 tt ca cac phan to déu 1a nhiing s
nguyén chin. Ching minh ring ma tran A khong thé c6 gid tri riéng 1a mot s6

nguyén Ié.

Cau 6. Cho a,b € R v6i a # b. Tinh dinh thic clia ma tran cap n sau

[a+b ab 0 0 0 0 7
1 a+b ab ... 0 0 0
0 1 a+bd ... 0 0 0
0 0 0 ... a+b ab 0
0 0 0 1 a+b ab

0 0 0 ... 0 1 a+b]
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1.9.2 Mon thi: Giai tich

Cau 1. Cho ham s6 f(z) ¢6 f”(z) > 0 v6i moi = > 0 va d6 thi cua f(z) c6
tiém can xién y = az + b khi x — 4-o00.

1) Chimg minh rang ham s6 g(z) = f(z) — ax — b ¢6 dao ham ¢'(z) < 0
v6i moi x > 0.

2) Ching minh rang d6 thi ham s6 f(z) (v6i > 0) luon nam phia trén cla
tiém can xién.

Cau 2. Cho cic s6 p > 0,q > 0,p+ ¢ < 1 va day s6 {ap}nen khong am
thoa man diéu kién a, 12 < pani1 + qan, n = 1,2,.... Chiing minh rang day
{an}nen hoi tu va hdy tim gidi han cua day do.

Cau 3. Ching minh rang ton tai s6 thuc z € (0,1) sao cho

1 t2000dt x2001
[C L+ ) (1 +22)--- (L +2900) ~ (T4 z)(1+a2)--- (1 + 22000)

Cau 4. Cho ham so f xdc dinh va ¢6 dao ham cép 2 trén R va thoa man diéu kién
f(x)+f"(z) > 0v6imoi z € R. Chiing minh rang f(z)+f(z+7) >0, Vx € R.

Cau 5. Cho ham s6 f(x) xdc dinh trén [1, +00) va thoa man céac diéu kién sau
) f(1)=a>0,
i) f(x 4+ 1) = 2001f2(x) + f(x), Vz € [l,+0o0).
Tim
f 1@ f(n)

lim [Tt o ]
A T Ie T e
Cau 6. Cho ham s6 f(z) kha vi trén doan [a, b] va thoa man diéu kién

[f(@))* + [f'(2)]* >0, Vz € [a,0].

Chiing minh rang s6 cdc nghiém cta phuong trinh f(z) = 0 trén doan [a, b] 1a
hitu han.
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1.10  Olympic nam 2002

1.10.1 Mon thi: Dai so

Cau 1. Cho hé phuong trinh

(ax1 + bxg + brs + . . . 4 brago1bra002 =
bx1 4+ axs + bxs + ...+ bxrogg1bragye = 2
bx1 4+ brg + brs + ...+ axogpibragoe = 2001
bx1 4+ brs + brs + ...+ bxogorargoe = 2002

Tim diéu kién d6i v6i a va b dé hé phuong trinh da cho c6 nghiém duy nhét.

Cau 2. Cho

3 5
V3. 2

A= 2
1 V3 )
2 2
Tinh A20029
Cau 3. Cho hé phuong trinh tuyén tinh ¢6 10 phuong trinh va 11 4n s6. Biét
rang
1) Bo s6 (1992, 1993, ..., 2002) 1a mot nghiém cta hé phuong trinh da cho.
2) Khi xo0d cOt thit j trong ma tran hé s6 ctia hé da cho thi ta dugc mot ma
tran vuong c6 dinh thiic ding bang j (j = 1,2,...,11). Hay tim tit ca cdc
nghiém cta hé phuong trinh da cho.

Cau 4. Cho P va @ la hai ma tran vuong cap n thoa mén céc di€u kién sau :
P2 = Pa Q2 = Q

va I — (P + @) la mot ma tran kha nghich (/ 1a ma tran don vi cdp n). Ching

minh rang hang ctia P va @ bang nhau.

Cau 5. Ton tai hay khong ton tai mot da thitc P(x) bac 2002 sao cho P(z? —
2001) chia hét cho P(z)?

Cau 6. Cho B la ma tran thuc, vuong cidp n c¢6 hang bang 1. Chiing minh rang
ton tai duy nhat s6 thuc A sao cho B% = \B.



1.10. Olympic nam 2002 25

1.10.2 Mon thi: Giai tich

Cau 1. Tinh tich phan
2m
I :/ sin(2002z + sin z)dz.
0

Cau 2. Chitng minh ring v6i moi o < 3, ta déu cé

sin T\ @ s
> =.
( . ) > cosz, Vx € (0,2)
Cau 3. Cho ham s6 f(z) kha vi trén doan [a, b] va thoa man diéu kién
fla) = f(b) =0, f(z) #0, Vz € (a,b).

Chiing minh rang ton tai day {z,}, z,, € (a,b) sao cho

!
lim I (@n

nose (e — 1) f(n)

~—

= 2002.

Cau 4. Tim tit ca cic ham s0 f(z) xdc dinh va lién tuc trén (—oo, +00) va
thoa man diéu kién sau

2x+y

f(@) — fy) = / F()dt, .y € (—00, +00).

42y

Cau 5. Cho day s6 thuc {u,} dugc xdc dinh nhu sau
1 2
uy=a€R, upt1 = 5111(1 +u;) — 2002, n>1.

Chiing minh ring {u,} 1a mot day hoi tu.

Cau 6. Cho ham s6 f(x) lién tuc trén [1,e] va cho ddy s6 {J,} xdc dinh nhu
sau:

1++
Jn:/ f@)dz, n=1,2,...
1

Tim giGi han cta day.



26 Chuong 1. Cdc dé thi Olympic chinh thiic

1.11  Olympic nam 2003

1.11.1 Mon thi: Dai so

Cau 1. Cho ma tran

a b 0 O
b -1 0
4= 0 -1 a b
0 0 b a

V6i a,b 1a céc s thuc, a > |b|, hdy chi ra rang c6 it nhit mot gid tri riéng cia
A la s6 duong.

CAau 2. Biét raing moi ma tran thuc doi xiing déu c6 cac gid tri riéng 12 s6 thuc.
Ching minh ring, néu «, 3,7 1a cic s6 thuc khac 0 va a, b, c,d,p,q 1a céc s6
thuc tuy y, thi ma tran

& e
=
[

cling c6 cac gia tri riéng 1a s6 thuc.

Cau 3. Tinh tong S, = da +ds + - - + d,, trong d6 dj, 1a cic dinh thic cép
k, k=2,3,...,n, dang

01 11

1 0 T
dp =

1 =z 0 =z

1 z z 0

Cau 4. Cho P va @ la hai ma tran vuoéng cip n thoa mén cdc diéu kién sau:
PQ = QP va ton tai cac s6 nguyén duong s,r sao cho P* = Q" = 0. Chiing
minh ring cdc ma tran £+ (P + Q) va E — (P + Q) 1a cdc ma tran kha nghich.

CAau 5. Cho A 1a ma tran vuong théa man diéu kién A?°3 = (. Chiing minh
ring v6i moi s6 nguyén duong n ta luon c6: hang A = hang (A+ A%+ ...+ A").
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Cau 6. Cho ma tran

1+ 1 1 1
A= 1 1+ 2 1 1 7
1 1 1+ 23 1
1 1 1 1+ 24

trong d6 x1, o, T3, 24 12 cdc nghiém cta da thic f(z) = z* — x4 1. Tinh det A.

Cau 7. Cho da thic v6i hé s6 thuc P(x) bac n (n > 1) ¢6 m nghiém thuc.
Ching minh ring da thic

Q(z) = (z* + 1)P(z) + P'(z)

c6 it nhat m nghiém thuc.

1.12 Olympic nam 2004

1.12.1 Mon thi: Pai s6

Cau 1. Cho cdc ma tran:

-1 -3 0 -1 -3 -3
A=|-3 2 1]; 7= 0 —2 5
0 1 -1 -3 1 1

a) Tinh B =T"1AT

b) Tim gia tri riéng va véc to riéng cua ma tran A.
Cau 2. Ching minh ring v6i moi ma tran vuong thuc cép hai A, B, C ta luon
co

(AB — BA)2004C = C(AB — BA)20%4,

Cau 3. Biét rang cdc ma tran vuong A, B déu la nghiém cua da thic f(z) =
2?2 — 2 va AB + BA = 0. Tinh det (A — B)?

Cau 4. Cho ma tran thuc A = (a;j)nxn thod man diéu kién

0 néui=j
iy = o .
+1 néui #j.

Ching minh ring:
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a) Néu n = 3, thi ton tai ma tran A dé sao cho det A = 0;

b) Néu n = 4, ta luon ludn c6 det A # 0.

Cau 5.
a) Xdc dinh da thic f(z) dang

f(z) = 2% — 3z* + 223 + az® + bz + ¢

biét rang né chia hét cho da thic (z — 1)(z + 1)(z — 2).

b) Cho P(z),Q(z), R(z) la cic da thic v6i hé sO thuc cd bac tuong tng
1a 3, 2, 3 thod man diéu kién (P(2))? + (Q(z))* = (R(x))?. Hdi da thic
T(z) = P(z)Q(z)R(x) c6 it nhat bao nhiéu nghiém thuc (ké ca boi cla nghiém).
1.12.2 Mon thi: Giai tich
Cau 1. Cho day s6 {z,} xdc dinh nhu sau:

Tn—1

~ 2004

zo =0, xy +(-1)", ¥Yn>1.

2

Tinh lim z;.

n—-+o0o
Cau 2. Cho ham s6 f(z) lién tuc va duong trén [0, +o0). Ching minh rang
ham s6

dong bién trén [0, +00).

Cau 3. Cho 0 < a < b. Tinh tich phan
1
a) I(\) = /[bm +a(1 — z)Ndz
0

va tinh )

b) lLim|[I(A)]>.

) Jim [1(0)3

Cau 4. Xic dinh cdc ham s6 f(z) thoa min dong thoi cdc diéu kién sau

(i) f(z) >, Vo e R,

(i) f(z+y) = f(2)f(y), Yo,y eR.



1.13. Olympic ndm 2005 29

Cau 5. Cho da thic P(z) thoa man diéu kién P(a) = P(b) = 0 v6i a < b.
Pt
M = max |P"(z)].

a<z<h

Ching minh rang

b
a)/P" )z —a)(z — b)dzx 2/P

b) ‘/P da: < M(b—a)

1.13 Olympic nam 2005

1.13.1 Mon thi: Pai so
Cau 1. Xét ma tran dang

33% +1 x129 T1T3 T1T4
T1T2 m% +1 x9x3 Loy
T1x3 T3 37% +1 Tr3x4
T1T4 Loy T3T4 mi +1

A=

Chiing minh rang dinh thic cia A 1a mot da thic d6i xing theo cdc bién
Z1, T2, X3, 4. Tinh dinh thic cua A khi z1,x9, 3,24 1an luot 12 bd 4 nghiém
clia da thic Py(x) = 2* — 23 — 522 + 1.

Cau 2. Cho ma tran
2 2
A= (1 3) .

Tim ma tran B c6 cdc gia tri rieng duong sao cho B? = A.

Cau 3. 1) Ton tai hay khong da thic P(x) thoa man P(z) > P"(z) va
P'(z) > P"(x), v6i moi x?

2) Biét rang da thic Q(z) c6 tinh chdt Q(z) > Q'(z), Vz € R. Chiing minh rang
Q(z) >0, Vz € R.

Cau 4. Cho ma tran

Il
S O N
O = =
N OO
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w

3
Dat M"™ = {bij(n)}i’jzl’g,g, (7’L S N, n = 2) Tinh Sn = Z bij (7’1,)
=1 1

J
Cau 5. Giai hé phuong trinh

a
1 +x2+--+Tp-1+Ty 22004
_a+uz
To + +ZTp—1+xp = 20052 — 1

\ B 2005™ — 1

1.13.2 Mon thi: Giai tich

Cau 1. Cho day s6 {z,}(n=1,2,3, ...) dugc x4c dinh bdi cong thic truy
héi sau ¢, 11 = 2 — 2, z1 = 5. Tim gi6i han

lim _ Tntl .
n—00 T1T2...Tp
Cau 2. Cho ham s6 f(z) xdc dinh va lién tuc trén doan [a, b] (a < b) va thoa
man diéu kién
b
/ f(z)dx = 0.
a

Chitng minh rang t6n tai ¢ € (a,b) sao cho
flc)= 2005/ f(z)dx.

Cau 3. Cho s6 duong a va ham s6 f(x) c6 dao ham lién tuc trén R sao cho
f'(z) > a v6i moi z € R. Biét rang

0< /2 f(z)sinzdx < a.
0

Chiing minh rang khi d6 trén doan [O, g}, phuong trinh f(z) = 0 ¢6 duy nhét

nghiém.
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Cau 4. Cho ham s0 f lién tuc trén doan [0, 1] va thoa méan diéu kién

1 2
/ f(t)dt > 1_2”3 , Ve 0,1].

Hay ching minh
1

1
[ (2)]2dz > /0 o f(2)dz.

0

Cau 5. Gia str f(x) 1a ham s6 c¢6 dao ham cap 2 lién tuc trén R va thoa man
diéu kien f(0) = f(1) = a. Chiing minh rang

;?[%,}i]{f”(x)} > 8(a —b),

v6i b = min {f(z)}.

z€[0,1]

Cho mot md rong két qua trén d6i véi doan [«, 5] € R.



Chuong 2
Pap an va chi dan

2.1 Olympic nam 1993
2.1.1 Ngay thir nhat
Cau 1.
a) Gia sit X = (ﬁ ?) thoa méan diéu kien X2 = E. Khi d6
{x2+yz:t2—|—yz: 1
ylx+t)=z(xz+1t)=0.
Giai ra, ta dugc ba truong hop
X,=E, Xo=—E
va
z —X

X3:<:B y> Vi yz=1-—2°

b) Ta lap cong thic truy hoi.

Ta c6
1+ a1b aiby aiby,
A, = asby 1+ ashy --- asby, Ayt anby
anby anbs - 1+ apby

32
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Tu do, suy ra
n
A, =1 —l—Zaibi =1.
i=1
Cau 2
a. Bang viéc chia khoang thich hgp, ta thu dugc f(x) nhan céc gia tri
fi(z) = 2aarctg

hoac
x
fo(z) = Z1
trén cac khoang d6. Xay ra ba truong hgp can xét.
1) Xét a < 0. Dé thay ngay

) fa(w), khiz >0,
f(x)_{fl(a:), khi z < 0.

2) Xéta >1/2. Ta co

2a 1 222 ,

f{(aj) = 22 + 1 Z 22 + 1 - (332_1_1)2 = 2(:17)7 fl(o) = f2(0)

Tu do6 suy ra

fi(z)
fa(x)

f2 (33) khi x > 0.

>
> fi(z), khiz <O0.

Do vay

) A(z), khiz >0,
fe) = {fg(m), khi 2 < 0.

3) V6i 0 < a < 1/2,tacé f1(0) = f2(0) va f1(0) < f5(0). Suy ra trong mot
lan can phai nao d6 cla diém x = 0 thi fi(x) < fo(z). Mat khdc, fi(+o0) >
f2(+00) nén ton tai 1 > 0 dé cho f1(z1) = fa(z1).

Hon nita, phuong trinh f](z) = f5(z), hay (2a + 1)z = 1 — 2a chi c¢6 mot
nghiém duong, nén phuong trinh f;(z) = fo(z) chi c6 2 nghiém 0 va z; trong
khoang [0, +00). Do d6

f(z) = {fl(m), khi 2 € [—x1,0] U [z1, +00),
fi(z), khiz € (—oo0, —z10U (0,21).
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Vay, nguyén ham cén tim la

b. St dung déi bién ¢t = tanz, suy ra

.
dt
= / 1+ 2)(1+v3)

1 +o00

-/ L e gm0
[ | wraneen

. v e x 1 .
bé tinh I, ta dung phép doi bién u = T Khi d6

1

du — 1
/1+u2 (14 uv? /1+ '

0
1
_/ . _
) 142
0

Cau 3.

a) Vi duong thing az + by + ¢ = 0 cit d6 thi y = f(z) tai 3 diém phan biét nén

suy ra b # 0. Dat
ar +c¢

o(@) = (@) + 22
thi phuong trinh g(x) = 0 ¢6 3 nghiém phan biét .

Do f"(z) = ¢"(z) va f(x) c6 dao ham bac hai lién tuc va khong doéng nhat
bang 0 trén bat ky mot khoang nao cia R nén g(x) cling ¢6 tinh chat dé.

Theo Dinh 1i Rolle thi ton tai 2 nghiém x1,22 v6i x1 < x2, cia phuong
trinh ¢'(z) = 0 sao cho ¢'(z) # 0 v6i moi = € (x1,x2) va Jzg € (x1,x2) sao
cho g”(zg) = 0. Ta thdy, g”(x) doi ddu cho qua zo vi néu khong nhu vay, thi
g"(z) = 0 hoac ¢"(x) < 0 trong [z1, 2] kéo theo ¢'(z) hoac dong bién hodc
nghich bién trong [z1, z2], di€u nay 1a khong thé xdy ra. Suy ra f”(x¢) = 0 va
f"(x) d6i ddu qua z(, diéu phai ching minh.
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b) Ta thdy f 1a dnh xa tuyén tinh tir P3(X) vao Py(X), v6i p(z) € P3(X)
c6 dang
_ .3 2
p(z) = azz® + az® + a1z + ay,
p(z) = p(z+a) —p(z+D)
i) V6i mdi maz? + nz + q € Pa(X), ta c6

p(z +a) = p(z +b) = mz? +nx +q,

hay
a m
3= 57 1~
_ 3(a —0)
p:’(a) _]j”(b) = 2m ~n—m(a+Db)
Y@ -pb)=n & 0= g
p(a) —p(b) = ¢ al:q—%(“w(ajtb)—%(a?qtabjtb?)

a—b
Vay, f la toan anh.

ii) Thay m = n = g = 0, ta nhan dugc a; = az = a3 = 0. Do dé
f7Y0) = ag Vap € R. Vay nén f71(0) = Py(z).

2.1.2  Ngay thd hai

Cau 1.
Goi 21, 29, z3 1a 3 nghiém cta phuong trinh 23 — bz + b = 0. Khi d6, theo
dinh 1i Viet, ta c6
21+ 224+ 23=0

Z129 + 2923 + 232 = —b
212923 — —b
Suy ra
1=1- (2’1 + 20 + 2’3) + (2122 + 2023 + 2’32:1) — 212923
= (1 — 21)(1 — 2’2)(1 — 23).
hay

|1—2’1’ |1—2’2’ |1—2’3’:1.

Suy ra ton tai z; dé cho |z; — 1] < 1.
Khi dé

2—a=1+14+a>|z—-1+1—-a| > |z —al
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Tic 14, c6 it nhat mot nghiém thoa man diéu kién |z — a| < 2 — a.

Cau 2.

Nhan xét rang ham s6 v = tant véi t € |0, ) la ham lién tuc va dong bién

N

trén [O, g) nén c6 ham ngugc ¢ = arctgu (u > 0) va u(0) = 0. Vay, ta c6

T Y
/tantdt+ /arctg tdt > xy, = € [0, %), y € [0, +00).
0 0

Suy ra
(—ln|cost|r —|—tarctgt‘y — l1n|1 —|—t2|‘y >y
0 0o 2 0
hay
y(arctg y — x) > In (coszv/1 + y2).

y 33
xr

Dau dang thic x4y ra khi va chi khiy = tanz va = = —— hay z = %, y =13
™

Cau 3. Goi p*)(t) 1a dao ham cap k ctia p(t)  (p°(t) = p(t)) va ky hiéu

xT

Uy = /p(k)(t) sin tdt,

0
z

Vi = /p(k) (t) costdt.
0

Gia st degp =n. Suy ra Uy, =0, V4, =0 néu K > n. St dung cong thic tich
phéan timg phan, ta thu dugc

Up = —p®)(2) cost‘g + [ p*+1(2) sin tdt
0
Vi = p®)(t) sint‘g — [ p%FD () sin tdt.
0

Suy ra

U, = —p(k)(t) cost’g + Vi
Vi, = p®)(t) sint|g — Up1a
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Ta cé tiép

_ o +p* in.¢[
{Uk = —p (@) costfg + pE W) sintly —Ukso o

Vi = p®) (t) sint‘g + plk+1) (t) cos t\ﬁ — Vit2

2k<n z (2k+1)<n x
U= -3 p®t)cost| + 3 pEth(e) Sint’
k=0 0 k=0 0
2k<n z  (2k+D)<n .
Vo= 3 p®(t)sint| + 3 p®HD(#)cost
k=0 0 k=0 0
dat
2k+1<n
p) = > p)
k=0
Suy ra degp; = n.
2k+1<n

pa(t) = Z P (),
k=0
Suy ra degps = n — 1. Khi dé, (1) dugc viét duéi dang

Up= —pi(t)cost|y + pa(t) sint|,
Vo= pi(t)sint|; + pa(t) cos |

Goi X la tap nghiém cta hé da cho, tic hé
Up=0
Vo = 0.

—pi(t) cost|§ + pasint|§ =0
p1(t) sint|§ + p2 cost|§ = 0.

Véi moi z € X taco

Pat P(0) = a, P»(0) = b. Khi d6

p2(x)sinz — pi(x) cosz = —a
pa(x)cosz + p1(x)sinz = b.

Suy ra

(p2(z) sinz — py(x) cosx)? + (p2(x) cos z + p1(z) sinx)? = a® + b2,



38 Chuong 2. BPdp dn va chi dan

Do dé
pi(e) +pi(x) — (a® + %) = 0.

Goi Y la tap nghiém cta da thiic

Q(z) = pi(z) + pi(e) — (a® +b%).

Suyra X CY. Tt degQ = 2n suy ra | X| < |Y| < 2n. Tic X chi c6 hitu han
phan tur.

Cach khac.
Ta c6 thé sir dung s6 phic dé giai bai toan. Viét lai hé dudi dang

T

F(z):= /P(t)eitdt = 0.

0

Ta c6

F'(z) = P(x)e"
nén phuong trinh F'(z) = 0 chi ¢6 hitu han nghiém. Suy ra phuong trinh
F(x) =0 c6 khong qué hitu han nghiém.

Cau4. Taco

A B
det M = [B A]
la dinh thic cap 2n.
Ta nhan (—1) vao cot n + 4 va cong vao cot i(i = 1,n) thi dinh thitc khong
thay ddi, do dé
det M = [A —B B}

B-A A

Ta lai nhan (+1) vao hang n + ¢ va cong vao hang i(1 < ¢ < n) thi dinh
thitc khong thay doi do dé

detM:[ 0 B+A}

B-A A
Khai trién Laplace theo n hang dau tién ta dugc
det M = det (B + A)det (B — A)(—=1)"".

Do det(B + A) # 0 va det(B — A) # 0 nén det M # 0.
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2.2 Olympic nam 1994
2.2.1 Mon thi: Dai so
Cau 1. Dé thay ATA = aF, vé6i

a=(1+a})*+a3+a3+aj>0.

1
Suy ra |A| = a® > 0. Do d6 A kha nghich va det A~! = —.
a
Cau 2
Hé da cho tuong duong vé6i hé sau
(0n-3)
ai] — = ag--- a
-3 12 | n - 0
ai (azz — 5) azn 932 _ 10 (1)

n 0

VS
S

S

3

|

N —

~—
8

anl ap2 -
Xét P(X) la da thic dac trung cta ma tran (a;;);;_;. D€ thay cdc he s6 cla
1
P(X) nguyén. Suy ra P<§) # 0. He (1) ¢6 ma tran véi dinh thic khdc khong,
nén n6 cé duy nhat mot nghiém tam thuong.

Cau 3
Vé6i moi p € N, ta c6

1
o ni:l 27pj nil sin 27p(j + 3)n — sin —2—27“’(; )
= cos =
P ; n ; 2sin 72
Jj=0 Jj=0 n
1
sin 2rp(n — $)n — sin Zﬂp; 2) 0
2sin 72 ’
g . nz:lsin 2mpj nz:l cos 2mp(j — 3)ncos 2mp(j + $)n
L n o 4 2 cos 22
J=0 J=0 n

_1
_ cos 27mp(—3)n — cos %—) 0
- - )

Dé thay

n—1
SP_,ZAJ'_<SP ¢, ) \o o)
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Cau 4

Biéu dién A duéi dang

A—a < c08 sm<p> ,
—sing cosg

\(ul
\/1+ i arcsin <
a = 5 = —_—
n2 7 Vn? + 22
Suy ra
A gn ( cosny  sin ncp)

—sinne cosny

Chu y ring

x
lim a" = 1; sinny = sin (narc sin —)
n—00 vn? + x2

nx 1
= sin <—+0(—>> <—>sin:1: khi n—>oo>
vn? + z? n
Do dé6  lim (An_E):<cosaj—1 sinx )

n—00 sinx cosxz — 1

z—0 \n—+4oo I

Suy ra lim ( lim l(A" — E)) = <_01 (1)) :

Cau 5.

Dé dang thdy ring, néu A va B la c4dc ma tran cung cd thi
rank (A + B) < rank A + rank B < n + rank (A + B).
Viy nén
n+ 0 = nrank (E — A?) > rank (E + A) + rank (E — A) > rank (2E) = n,
suy ra ngay dugc di€u phai ching minh.
Cau 6
Gia st X thoa man diéu kién AX = X A. Xét Xg =24AX — X. Khi d6
AXo+ XoA — Xo = (242X — AX) + (2AXA - XA) — 2AX — X) = X.
Nguogc lai, gia st X = AXy + XoA — Xp. Suy ra
AX = A*Xo+ AXgA — AXo = AXoA + XoA® — XoA = X A.
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222 Mon thi: Giai tich
Cau 1. Xét ham

2 n b
%+ (%coskm—l—fsink‘m), z e R.
k=1
Nhan xét rang F'(z) kha vi trén R. Xét

F(z) =

Fl(z) =2+ Z(ak sin kx + by, cos kz).
k=1

Khi dé

2 n
i a
F(-m) =5+ (- E(-1*)
2 k
k=1
7T2 & af k
F(r) =5+ 3 (= F(-1*)
2 k
k=1
Do d6 F(—m) = F(m). St dung dinh 1y Roll trong khoang (—, 7), ta nhan dugc
diéu phai chiing minh.

Cau 2 Tu gia thiét f(x) 1a ham lién tuc va c6 dao ham trén (0, +00).

Ta ¢6, hai ham s6 g(x) = @ va h(z) = i kha vi trén (a,b) va
o(z) :<fiﬂ)3))’ _zf (w)mz— f(z)
-2

Theo dinh 1y Lagrange, ta thdy 3z € (a, b), sao cho

[h(b) — h(a)lg'(z0) = [g(b) — g(a)]W (z0),

hay

(1 B l) zof'(wo) — f (o)
b a

2
Lo

(P-4
(a—b)[aof'(@0) — fwo)]  af(b) —bf(a)

2 2
bazxj abxg
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Suy ra

rof(z0) - f(o = L@

b—a
Suy ra phuong trinh
of'(x) - (o) = LU

¢6 it nhat mot nghiém thuoc (a,b), dpcm.

Cau 3.
a) Xét ham s6 g(x) = f(z) — z. Ta thdy g(x) lién tuc trén [a,b]. Do d6 ton
tai xg € [a, b] sao cho

g(wo) = Jéﬂﬁ]g(x)' (1)

Ta s& chiing minh rang g(xzo) = 0. That vay, gid sit g(zg) # 0 va vi vay,

f(z0) # 0.

Tir bat dang thic da cho, ta ¢6

| (f(20)) = f(@o)| < |f(z0) — ol

Suy ra

f(zo) < g(wo)
biéu nay mau thuln véi (1), nghia 1a f(z¢) = zo. Gia st phuong trinh f(z) =z
con ¢6 nghiém 1 véi xg # z1 € [a,b]. Ta c6

T1 # X0
x1 € [a,b)].

|f(z1) = f(zo)| = |21 — wol,
Mau thuin vé6i bat ding thitc da cho.
Tém lai, phuong trinh f(z) = = ¢6 duy nhdt nghiém trén [a, b].

Suy ra

b) Gia str zo 1a nghiém cta phuong trinh f(x) = 0 v6i z¢ € [a, b]. Theo khai
trién Taylor tai xg, thi

f(@) = f(@o) + f'(c)(x — z0) = f'(c)(x — o).

1 1
Xét khoang déng G := |z — 57 %0 + 5} N [a,b]. Vi f(x) kha vi trén [a, b] nén
f(z) dat cuc dai trén doan dong G. Gia su

|f(@m)| = max 1f(@)], zmeG.
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Suy ra

|f(zm)| = ’f/(cm)’ [Zm — 2ol < |f(cm)| |2m — 20

1 1
< 5l em)| < 51f@m)l

Hay f(z) = 0 v6i moi z € G.

Nhu vay, néu tai mot di€ém trén [a,b] ma f(z) = 0 thi f(z) = 0 trén toan
bo lan can véi ban kinh bang 1/2 cta diém d6. Bing viéc xét cdc diém zg khac
nhau (ma tai d6 f(z¢) = 0) lan dan vé hai phia cla doan [a,b] thi sau mot s6
hitu han budc ta s€ duge f(z) = 0 véi YV € [a, b].

Cau 4.
4
a) Xét I, = [2"\/4 — zdz. Pt x = 4cos’a (a € [0,7/2). Suy ra
0

dr = —4.2 cosasina = —8sin a cos a,

va
£"V4 — xdx = (4cos® a)"/4 — 4 cos? a(—8sin a cos a)
= —22" cos a® L sin? ada.
Khi doé
0
I, = / ( — 2214 0 5g2n L (o 5in? a) do
b
w/4
— g2t / cos®™ 1 a(1 — cos? a)dzx
0
/2 w/2
:22"+4< / cos?™ ! ada — / cos?nt3 ozdaj). €))
0 0
Xét
w/2

Im = /cosmada, m > 1.
0
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Ta c6
/2
Im = / cos™ ! ad(sina) =
0
/2
=cos™ 1 a sinoa‘g/2 + /(m — 1) cos™ 2 asin? adz
0
/2
=(m—1) / cos™ 2 a(1 — cos? a)da
0
/2 /2
=(m—1) / cos™ 2 ada — (m — 1) / cos™ ada.
0 0
Do do
(m—1)Jm—2 =mdp.
Hay

Dé dang tinh duoc

w/2
. w/2
J1 = /cosada = sma’o =1.
0

Thay vao (1), ta dugc
I, = 22" (Jani1 — Jonts).

Bang qui nap, ta thu dugc

n+12n—1 37 2n+32n+1 3
Coonia 2n(2n—2)...2 2n + 2
- (2n—|—1)(2n—3)...3( _2n+3>
oonia 2n(2n—2)...2
B (2n+3)2n+1)...3"

In:22"+4( 2n 2n—2 21 2n+2 2n 21)
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b) Ta c6

4 1
I, = / 2V wdy = / (44)" /A = did(at)
0 0
1

_ g3 / Tt
0
Ta ching minh rang véi ¢ € (0,1), thi
1
t"V1-t<
V2ne
hay
1
t2n(l —t) < —
n( ) 2ne

That vay, ta c6

t2nvT = t2n(1 — t) = (2n)2n(%)2n(1 1)
<[%+---+%+1—t}2n+1 _ (2w
= 2n+1 (2n 4 1)2n+L”
Nhu vay, ta can chiing minh
(2n)%" 1

_— < ,
(2n 4 1)2n+1L " 2ne

hay

2n + 1\ 2n+1
e < ( )
2n

o1 <2n—|—1ln<2n+12n>

ln(2n—|—1)—2n> 1
2n+1—2n 2n+1
1

2n+ 1’

& fl(x) >

v6i f(z) =1In z, = € [2n,2n + 1]. Bit dang thic cudi cling twong duong véi

1
- >
T 2n+1
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12 hién nhién.
Nhu vay

1 1
1
I, =2nt3 / t"V/1 — tdx < 2273 / 2—da;
ne
0 0

_ 22n+3(2ne)—1/2,
chinh 1a dpem.
Cau 5. Ta ¢6

y =arctgz, y(0) =0

. 1
va y = Tt y'(0) =1
—2x
n__ 1" _
hay y —m, y'(0) =1

Tu dé suy ra
(1+a?)y" + 22y =0,

hay
Y + x%y" + 2z = 0.

St dung cong thic Leibnitz ctia dao ham cap n — 2(n > 2), ta thu dugc
y™ 4 g2y C(n,2)2xy("+1) +C2 Ly pogy(nl) L 0 o2 =0,
Thay = = 0 vao cong thic vira nhan duoc, ta c6
y™(0) +2C7 5y P(0) + 205 "2 (0) = 0,
& y™(0) = =271y 2(0) = —(n — 1)(n — 2)y"(0).

Suy ra
n _ J0 néun chin,
Y0 (_1)271271 (n—1)! néunlé.
Cau 6.
a) Ta c6
oo 1 o
I— = L+1s.
/ 1—|—a:2 1+:ca /1+:c2 1+ x9) +/1+:c2 + ) 1
0 0 !
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X v px 1 .
Ta tinh I, bang phép doi bién x = n Khi dé

1 t

0
/ / t*dt /
+1t2 1+¢2)(1 + to) —1—332 l—l—xa)
1

9 0

Thay vao biéu thitc di cho, ta thu duoc

1

+
(1+m2 1+ z%) / —1—332 1+93°‘)
0

—arctgm’l =z
= 0= T

Nhu vay I khong phu thudc vao o, dpem.
b) bat Va2 +x +1= x +t, ta dugc

22+ x+1=2a%+ 22t +t°

Do d6
(2t—1)=1—1¢2 a:—l_t2 (t;ﬁl)
N T2t —1 2/
Suy ra
1—¢t2 2t — 1)(—=2t) — 2(1 — ¢2 —2(t2 —t+1
dz = d( t)z(t J(2) —21 =) ) 2t D)
2t—1 (2t —1)2 (2t —1)2
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Do dé

I / —2(t2 —t+1)dt
- _ 42
(2t — 1)%% +t)

—2t2 + 5t — 2

:/—2(t2—t—|—1)dt:_2/(t2—t—|—1)dt

2t—1)2 1

_ /(2t2—5t+2+3t>dt_t+/ 3tdt
N 22 — 5t + 2 N 2t2 — 5t + 2
2t —5)dt 1 dt

202 -5t +2 4 (t_

-t (- m )

1
= t+21n|t—2]—§ln|2t—1]+0

= —x+\/9:2+x+1—|—2ln’\/:c2+a:+l—x—2’

1
—§ln‘2\/x2+x+ —2x—1‘+C.

2.3 Olympic nam 1995

2.3.1 Mon thi: Pai so

1
Cau 1. Tir hé thic A~ = 34 ta thu dugc A% = 5E.
A1994: 1 E
3997 ’
1
AP = —.
3n
Do d6 .
| A1995 _ 4| = (1—3 )”
3997\/5

Cau 2. Pat A = (a;5). Dé thay AT = A. Nhu vay thi

Suy ra

det A = det AT = det(—A) = (—)"det A = — det A.

Do d6 det A = 0. Tt d6 suy ra hé phuong trinh da cho c6 nghiém khong tam

thuong.
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Cau 3. Taviet M = E + A, v6i

11
A= (1 1).
Suy ra A* =214 Do d6

n n
M= CFA*+E=) Ck* A+ E
k=1 k=1
3n _1 3"+1 3"—1 )

A+E= (3"2—1 311
2 5 5

Cau 4. Bién d6i dinh thic

“g f; Z Z Z Z b a—z 0 0 0
a b 2 b a b b =z 0 a—x 0 0
f@=b a b z b ol = 12 b z—a 0 a—2z 0
a b ab z b b a 0 r—a 0 a—T
b a b a b x a b 0 0 T —a 0
1 2345 6 b a 0 0 0 r—a
x+ 2a 3b 0 0 O 0
3b r+2a 0 0 O 0
| a b 1 0 -1 0 4
| b a 01 0 -1@-9
a b 0 0 1 0
b a 00 O 1
=(2% + dazx + 4a®> — 9*)(z — a)*.
(
Suy ra
(4)
ay = / 4'(6‘) = (a* 4 4a® + 4a® — 9b%) = 9(a® — b?).

Cau 5. Ta chia ra 3 trudng hgp dé xét.

1) Khi r < n — 2 thi A;; 1a dinh thic cha ma tran vuong cdp n — 1, hang
<n—2nén A;; =0 Vi,j va (A*) =0. Do d6 rank A* = 0. Dé thdy rang
det A =0. Suy ra A.A* = 0.

2) Khi 7 = n — 1 thi A ¢6 mot dinh thic con cap n — 1 khiac khong, hay
A* #0. Suy ra rank A* > 1. Do vy rank A* = 1.
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3) Khi 7 = n thi |A| # 0. Vi AYA* = |A|E nén |A*| # 0 va rank (A*) = n.

Cau 6. V6imoi k=1,2,...,n, tacéd
B¥ —o*E = (B—aE)B" ' +aB* 2 +...+ " 1E)

n n n
= (B —aE)My — ZakBk — ZakakE = Zak(Bk — akE)
k=0 k=0 k=0

= (B—aFE))_axMy = (B—aE)M.
k=0

Suy ra
det (Zn:akBk - zn:akakE) = |B - aE||M|=0.
k=0 k=0

Day chinh 1a diéu phai chiing minh.

2.3.2 Mobon thi: Giai tich

CAu 1. Bat dang thiic da cho tuong duong véi
a b
(b— a)/f(:r)dx > a/f(x)da:. (1)
0 a
Do f(x) nghich bién trén [0, a] va [a,b] nén

o= [ f@)ia> b~ a) [ fla)ds = (b~ a0
0 0

Vay (1) dugc chiing minh.
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Cau 2. Sir dung cong thic tich phan tiig phan

dz™

|
H\H
&
2
—~
8
[N}
|
—_
SN—
3
&h
—
8
S~—
U
8
I

Cau 3.
TruGc hét, ta c6 nhan xét ring
tn
lim — =0, neN,
t—+oo €

1
lim g(—)efl/gc2 =0,
z—0t x

trong d6 g(z) 1a mot da thic bat ky. Bay gio, ta trd lai bai todn. V6i moi n € N,
n =2, x9#0,taco

FO (o) = gn1 (i)e_l/x%,
o
trong d6 (g,—1(t) 1a mot da thic.
Ta s& ching minh quy nap rang ham f(x) kha vi vo han c6 dao ham cac cip
déu béng 0 tai diém z = 0.
That vay, ta c6

71(0) = lim LB 1O e /e

z—0 T z—0 T

=0.
Gia st da c6 f*~1(0) = 0, thi

F™(0) = lim F D (@) = FD(0)

z—0 T

Gn—1 <%>671/x2
=lim ——————

z—0 xT z—0

1
= lim gn(—)e*l/g”2 =0.
x
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Suy ra
F™0)=0, VneN,

dpcm.

Cau 4.
Ta chitng minh khing dinh sau:

Gia st f(x) c6 dao ham trén R. Gia thiét rang ton tai ddy don diéu {an }n>1
hoi tu dén zy va thoa man diéu kién f(a,) = 0, Vn € N. Khi d6, ton tai day
don diéu {a, }n>1 hoi tu dén z va thdéa man diéu kién f'(a,) =0, Vn € N.

Chiing minh.

Dé dang thu dugc phép chitng minh bang céch st dung dinh ly Rolle trén
céc khoang [a1, ag), [ag,ag), .. ..

1
St dung két qua trén cho ham f(x) véi a,, = —, n € N, sau d6 dp dung
n
ti€p véi f'(x), f"(z),... ta thu dugc

£(0) = lim £(=) =0,

7'(0) = Jim_ f'(a}) =0,
£(0) = lim_ f(at) =0,

Nhu vay, f((0) = 0,¥n € N. Khai trién Taylor cud ham f(z) tai diém z = 0
ta dugc f(z) = 0.
Cau 5. Vi f(x) lién tuc trén tap compact [0,1] nén e € [a, b] dé

7€) = ma |(@)] = M.

Giasta < ¢ < b, Ve > 0,30 > 0 sao cho Vz thoa man di¢u kién |z — | < 4, thi

F@) = fe)] < 2.
Khi do
ct+6 . " ) /
(/ (M—Z) da;) < (/ |f"(x)]da:>
c—90 c—6
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hay
b
(26)"(M - %) < (/ ()| dx)l/n < M(b— a)/m.

Dé thay rang
lim (20)Y" =1, lim (b—a)'/" =1.

n—oo n—oo

Xétc=a.Taco

Ve>030>0a <z <a+dthi|f(z)— f(a)| < e (10 giai hoan toan tuong
tu trén, chi doi can tich phan thanh a,a + §).

Tuong tu, néu ¢ = b, thi ta 1ay tich phan véi hai can b — 4, b.

Tém lai, ta luon nhan dugc

()

Cau 6. Tir a) ta ¢6

Suy ra

Do d6

Véi zg > 0 thi

i) ()
A e =l g =1 (theo b))
Suy ra f(%):ﬂ__—;)o):L Ve >0, va f(x)=z, Ve #0

Chon g # 0, ta c6
0< f(0) <0< f(zo) + f(—w0) =20 —20=0

nén f(0) =0. Vay f(z) =z, VzeR.
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Cau 7.
Véin > 2, ta cod

sinnx = sin(n — 2)x — 2cos(n — 1)z sinz.

Suy ra

s
I,=1,_5— 2/cos(n — Dadx = I,,_o.
0

T do, ta nhan duoc
- Néu n 1é thi

- Néu n chin thi

2.4 Olympic nam 1996

24.1 Mon thi: Dai so
Caul
i) Sir dung cau ii) khi k = a = 1.
ii) Gia sir

Po(z) = ap(z — a™)" 4 - + az(z — a™)? + a1 (z — a™) + ao.

Ta ching minh
ag=a; =---=ap_1=20

bing phuong phdp phan chiing.

That vay, gia st a; 1a s6 khac khong dau tién, trong d6 0 < a; < k — 1. Dé
dang thay ring P,(z™) khong chia hét cho x —a)i + 1, v6i i + 1 > k. Suy ra
P, (™) khong chia hét cho (z — a)¥, mau thuin. Suy ra diéu phai ching minh.



24. Olympic nam 1996 55

1996
A1996 _ a * -0
= 0 o996 | =Y

trong d6 * trong ma tran dugc hiéu 1a mot s6 ndo dé. Suy ra a = ¢ = 0. Do d6
0 b
=0 o)
hay A% = 0.

n
i) A" = (% CZ;) — E, néna” =" = 1.
Ta c6 4 truong hgp phai xét.
1 b R n 1 nb . , , Y aes
A = (0 1) nén A} = <0 1> va do d6 b = 0 thoa méan diéu kién
A =FE.
Tuong tu, ta dugc As = —F.

_ (1 b an A2 _
A3—<0 _1> nén A; = F.
-1 b
Tuong tu, A4:<0 1).
Cau 3

Dong hé nhat s6

an(n—l—l) alg(n+ 1) a13(n+ 1)
agl(n+1) a22(n+ 1) a23(n+ 1)
agl(n—l—l) a32(n+ 1) a33(n+ 1)
2 0 0 CLH(TL) alg(n) alg(n)
= 03 0 agl(n) ang (n) a23(n)
01 2 agl(n) aso (n) a33(n)
ta thu dugc
{(ZQQ (n + 1) 3ao9 (n)
a32(n + 1) = agg(n) + 2a32(n)
bat
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Suy ra

up = 37
3un,,
Up + 2

Up41 =

Béng quy nap, ta chiing minh dugc rang day {u,} don diéu gidm va u,, > 1. Suy
ra ton tai gi6i han lim, ,oo u, = a > 1. Chuyén qua gi6i han dang thic cu6i

a .
,tica=1.

cung ta dugc a =
&t au T2

Cau 4.

Ta ching minh bang qui nap theo n.

V6i n = 1, hién hién ding.

Gia thiét ménh dé da ding dén n — 1, nghia la ta di thay thé cac phén ti a;;
cia A, i = 2,...,n bdi 0 hoac 1 dé nhan dugc ma tran A;; (ma tran A bo di
hang 1 cot 1) kha nghich.

Ta c6 |A| bing tong cla aj1|Ai1| v6i mot dai lugng khong phu thudc vao
a1. Vi |A11| # 0 nén néu ta thay

0, néuai; #0,
a1l = .
1, neu aipj 75 0,

thi

Al #0.
Caub

Hé¢ da cho tuong duong véi

o>
|
—_
)
ISH
|
—_
o
[SINR SN
Il
S
S+ N8

a
b
c
d
(tacd ALA=mE, v6im=a?>+ (1 —b)2+c2+ (1 —d)). Via#0nén

Al=m?=[a>+ (1 -0)?+c*+(1—-d)?*?*>0, Vbec,d.

Suy ra hé luon cé nghiém véi moi b, ¢, d, diéu phai chiing minh.
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2.4.2 Mon thi: Giai tich
Bai 1. Khdo sét tinh kha vi cia ham s&
flx)=lx—=1| |z —2| - |x — 1996]|.

bat P(z) = (x — 1)(z — 2) ... (z — 1996). Khi d6, ton tai P’'(z) véi moi
x eR.

Xét xp € R bat ky. Ta ¢6 céc truong hop sau:

—) xo < 1,

—) Fi,saochoi € {1,2,...,1995} vai < zp < i+ 1,
) Jie{1,2,...,1996} va zo = i,
—)  mo > 1996.
Truong hop 1: Khi zg < 1, ta ¢
f(@o) = (=1)"**P(z0) = P(xo).
Suy ra tén tai A > 0 dé z9+ A < 1, sao cho

f(zo+ A) = P(zg + A).

Khi do6
. fleo+A) = f(xo) . Plzg+A)—P(xg)
i St Ty P P <
i J@0+A) — flzo) _ . PlazotA) — Plzo) _ P (o)
A—0— A A—0— A

(do f(z) = P(x) Vz <1).
Suy ra f(x) kha vi tai moi diém zo < 1.
Truomg hop 2: Khi Ji € {1,2,...,1995} dé i < 2o < i + 1. Khi d6

330—|—A1<’i—|—1,

JdA; >0, As >0 sao cho { ,
zo — Ao > 1.

f(z) = (- P(e), Vei<z<i+l=(-1)"P(x).

P(zo+ A) — P(zo)
A—0+ A A1 —0t A1

= (—1)'P'(z0)
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va
i f@+A) = flwo) o fl@ot Bo) = flwo) _ o i gy, Pl2ot Az) — Plao)
A—0— A Ag—0— Az Ao—0~ Az

tic f(z) kha vi tai Vo € (i,i+ 1) v6i i = T, 1999.

Truong hop 3: Khi zp — A > 1996 thi 3A > 0 dé¢ z9 — A > 1996 va
f(z) = P(z), Vz > 1996.

Do d6
lim flwo+A) = flwo) _ lim P(zo+A) — P(xo) _ P (o)
A—0F A A—0t A

va

lim f(iUO T+ A) _ f(iUo) = lim P(LEO —+ A) - P(.TO)

A—0— A A—0— A

Suy ra f(x) kha vi tai moi x > 1996.

Truong hop 4: Khi 3i dé zg =i € {1,2,...,1996} va f(zo) = 0. Suy ra

VAG(O,l), f(iUo—l—A):( ) (iL‘o—l—A)
VA € (—1,0), f(zo+A) = (=1)~1P(zo + A)
Suy ra
. flwo+A) — f(xg) . Plro+A) i o
R N A0
. J@o+A)—j(wo) . i1 P@o+A) o vicipr,
A T i ()T = (YT P a)
Do d6

. Jlwo+ A) — j(zo) . d(xo+ A) —j(x0)
1 1 .
A1—>n3+ A 7 A1—>n(}* A
Vay f(x) khong khi vi tai Vz = i € {1,2,...,1996}.

Bai 2. Vé6i b € R, ta xét tich phan

a

dx
Sla) = / 1+ 22)(1 + ebz)

—a
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Pat z = —¢t. Khi d6

—a a a

S(a) / —dt / dt / dx
a) = = =
(1+t2)(1 — ebt) (1+t2(1 — ebt) (1+ 22)(1 — ebx)
a —a —a
hay
[ d [ od
x 1 1 z 2
25(a) = ( )= / .
(a) / I+ 2\T1 ez 1-cha 1+ 22 (1 —e?Pz?)
—a —a
Suy ra
a a
S(a) / e2bdy / e2ddy €20 4 2032 4 1 — 2042
a) = =
(e + eBz2)(1 — e%a?) e 11 (2 + e2b22)(1 — e2)
a —a
a a a
_ / e?dx ( 1 N 1 ) 1 (/ eld(ebx) N / ldx )
) e+ 1\e2h 4 e2g2 1 —e2bp2) e 41 1 — (ebz)? 1+ 22
—a —a —a
a a
e / d(e’x) n 1 / dz
e 41 ) 1—ebx)?2 241 ) 1422
—a —a

bat ez =y, e’ =, ta thu duoc

ac

a
2
c dy 1 dx
S(a) —
(a) c2—|—1/1—y2+c2—|—1/1—|—m2

—ac —a

ac

c /ld 2 + 1 ) a
- = arctg z
2+1 ) 2 y(l—y)(1+y) 21,

—ac

ac ac
c 1 dy dy 1
S(a) = —( ) tg a — arctg (—
(a) 2112 /1+y+/1—y —I—C2+l(arcga arctg (—a)
—ac —ac
:#(111 1+y||* — In ]1—y|‘ac>+ = 2arctga
2(02 + 1) —ac —ac c2 +1

c 1+ac arctga
o 1 [Lh0E]) | pitea

2(c2+1) 1—ac 2 +1
~In|l1+ac)— In |1 —ac|)c+2arctg a ¢ln (1""2“0_1‘ 2arctg a
B 2+1 B 2+1 2+1
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(khi ac > 1).
Do d6
. s C . arctg a o T
i S = Jim g i (14 ) + B 2y = 0
tirc - -
agl—Ts—looS(a) T2+l g1
Vay
a
dz ™

li = .
4300 (1+22)(1+ebz) e2b+1

—a

Bai 3. Ta xdc dinh ham h(z) nhu sau:
-V6iz <0, thih(z)=pi(z) tuyy.

1
- Véiz €[0,1), thi h(z) = pa() tuy ¥ sao cho minge(y 1) = T

- V6i x € [1,400), thi h(z) xdc dinh bsi cong thic truy hoi

2
1
h(z)=|Vz+1—+vz—1+ — .
(@) ( 2\/w—1+g(33—1)>
Dé thdy h(z) thoa man cédc diéu kién cua bai todn.
Bai 4.
Véi x xdc dinh, ta khai trién Taylor véi da thic f(z) = g(z +h) tai h =0 :
" % 1996 1996
/ 9" (x), 5 g (2),3 g " (z)h
- h Ly wn
g(x+h)=g(z)+ g (x)h + 5 + al h? 4+ 19961
(do f'(0) = g'(x),..., F1#9(0) = g9 (x)).
Theo dé bai thi g(z + h) = g(z) + hg'(z + hé(x, h)). Do vay
B2 7,1996
hg%t*‘hﬁ($7h))=:hgqﬂﬁ'+'E;9"($)‘F"'+‘1§§679“9mn($)

Khai trién Taylor bac 2 v6i ham ¢'(z + hé(x, h)) tai diém h = 0.

g (x+ ho(x,h)) =g (z) + g"(x)hb(z, h) + 0(hO(z, h)),

nen
2

hg'(z-+hé(z, h)) = hy'(x)+h*" (x)0(x, h)+hO(hb(z, h)) = hg’(ﬂf)+h—g”(93)+-

2

199617

0 (1996)
(
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Suy ra

0(hO(z,h)) 12 h 1996
Me0(x. )+ ——2 27— _Z — B —
g (@), h)+=— 50" (@) 450" (@) e lim

Do ¢"(z) # 0 va lim 6(z, h) = l, nén
n—0 2
. 1
lim 6(z,h) = -.
n—0 2

Bai 5.
Ta c6 dinh 2 € R va ching minh bat dang thic bang quy nap theo n € N

|f(nz) —nf(z)| < (n—1)M <nM (n=>2).

Véin=2 thi|f(2z) — f(z) — f(z)| < M < 2M ding.

Gia sir bat ding thitc ding v6i n = k — 1. Ta can chiing minh vé6i n = k bat
dang thiic ciing ding.

That vay, ta c6

[f(kz) = 5((k = Dz) —j(z)| < Mf((k = Dz) — (k= ) f(z)| < (k- 1)M.

Suy ra |f(k —x) — kj(z)| < kM. Ménh dé dugc chimg minh.
Véiz=a+n, Yne{0}UN,tacé

|f(nz) —n(p(z)| <nM, VeeR, YneNZ>2

|f(mnx) —nf(mz)] <nM, VrxeR n>=2 meN,
|f(nmx) —mj(nz)] <mM, VYreR, m>2 nelN

Chia ca hai v€ cho mn, ta c¢6

[flmn) _ St} 3 flonns) _ fins))

< —.
mn m mn n n

Suy ra

<=+ =

Hf(m:v) B f(naj)‘ M M

n
Véimoie >0,dN : m,n > N, m # n, ta luon ¢

1 1 2
—+—-\M< =M
(m+n) N

(1996) (2} = lim ¢"(z)0(x, h) = %g”(:p).
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2M
4 day, ta lay N > —)
€
Suy ra Ve > 0, 3N, dé Vm,n > N, ta ¢

Hf(gw)_f(zw)’<%+%<a

* Vay day (fM) hoi tu.
n

Ma (n)
nx
A5 ] <
n
nén (na)
nx
P22 < M+ 1f (@)
Suy ra
(nw))
(f n neN
bi chan khi x c¢6 dinh.
Vay ta c6 két luan: Ton tai
lim f(nz) =a € (—o0,+00).

n—-+o0o n

2.5 Olympic Nam 1997

2.5.1 Mon thi: Dai so

Cau 1. Theo gia thiét ta ¢ 11 + Ynr1 = 22,. Suy ra

Zn4+2 = Tn+1l + Yn+1 — Zn+1 — Zn+1 + 2Zn-

Dé dang ching minh rang {z,} c6 dang

zn = a+ (=2)"0.
Mit khéc

21 = To + Yo — 2o-
Thay n =0 va n =1 vao (*) ta thu dugc

xr 2
o= 0+ Yo+ 20 3

3 3

:220—930—110
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Nhu vay
Ty + Yo + 2 220 — X0 —
! 3;0 0+(_2)n< 0 30 yo).
Tuong tu
xo + Yo + 20 2yo — To — 20
=g (2 ().
Zo + Yo + 20 2T0 — Yo — 20
e !

Cau 2. Xét phép bién déi tuyén tinh f trong R™. Ky hiéu A 1a ma tran cua phép
bién déi nay trong hé co s& e, e, ..., e,. Ta biét ring a1 + age + -+ + app =
Tr(A) 1a s6 d6i ctia he s6 A trong da thitc det(A\E — A), va né khong phu thuoc
vao cach chon co sd trong R™. Mat khéc, ta ¢6 R™ = ker f & f(R™). Hai khong
gian con nay lan luot ¢6 so chiéu la n —r, 7.

Chon trong ker f moco s& la €1, €2, ... €, va trong f(R™) mot co s&

€n—r+1,€n—r42;- .- En.

Khi d6 {éy},_15 1a co so trong R™. Ta c6

1,n
_ 0, k=1,n—r
f(ek):{

ér, k=n—r+1,n.

Nhu vay, trong co s6 méi ta ¢ ma tran

=5 5)
SuyraTr(f) =141+ ---+1=r.Dodbaj; +ase+ - +ap, =7
Cau 3. Tu BdT rank (AB) > rank (A) suy ra
n > rank A > rank A2>... > rank A" > ... >0. (%)

Vi rank A* € N nén tit mot s6 not ndo d6 tré di, cic ddu trong (*) trd thanh
dang thic.

Cau 4. dat
X =(1,z,2%...,2").

X':(1,(2—|—a:),(2—}—3;)2,...,(2—}—1:)”).
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Dé thdy rang Vé6i moi = € R thi
XM=X, hayy X=XM"1 (%)
Thay z = ¢t — 2 vao (x) ta thu dugc

(1, (t—2),(t—2)%. .., (t— 2)”) - (1,t,t2, .. ,t").M—l (+).

dat M1 = (aij). Khai trién (xx) ta thu dugc

0, V6ii>j,
Ai; = L.
Y (—2y e, veii <

j—i?
Do dé
cy 209 209 ... (=2)"C?
0o ¢ 20} ... (—2)~!c}
M=
0 0 c: ... (=2 2C?
0 0 0o ... cn

2,52 Mon thi: Giai tich

Cau 1.
Ta co

S|
S|

1 1
1
f(nz)dnx = f(t)dt = —F(n)

1
/f(m:)dx:
0
trong d6 F'(z) = f(x). Vi ll)rf f(x) = A — e > 03zg sao cho [f(z) — A| <
e Ve >uzothi A—e < f(z) < A+ e suy ra v6i z du 16n (z > zo) thi

T

/(A—s)dt<O/f(t)dt</(A+5)dt.

0 0

T

& (A—eg)lx < F(zx) < (A+¢e)x Vz > xo.

<:>(A—E)<@<A+€
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Suy ra Vn > xg thi

1

F F
A—s<ﬂ<A—|—s —  lim ﬁ:A < lim | f(n,x)de=A
n n—oo  n b—+o0
0
1
Vay lim [ f(nz)dz = A.

TL*}OOO

Cau 2. Ta c6
a*>14+z< zlna> In(l+2) (1)

Dé thay (1) tuong duong véi
zlna>In(z+1) véiz>0. (2)
zlna>In(z+1) véi —1<z<0 (3)
In(1+ x)

+Néuz>0thi2)< Ina> ——=.
x
Ta thdy x > In(1 + z) thay vay Xét ham s6 f(z) +z — In(1 + z)(z > 0)

1 T

@) =1 = =T 205 f 1 1) > f0) =05 2 > (1 +2)
In(1 In(1 L
LAED) oy vas0 v dim 2EED o BT
x z—0 x z—zr 1
—Ina>21—a>0 (*)
In(1
+Neul<xz<0thi(3) & lnaﬁwzg(ﬂﬁ)
T — In(1+2z) A=)
_ 14z _
gl(m)— ) T2

;= (a;j:1)2 <0 (TX hR*U{0})

1
(x+1)2 (z+1
<h(0)=0 —g() <0 () |

In(1 1
lim g(z) = lim In(l +2) = lim x—Jlrl (L’Hopitan)

z—0 z—0 T z—0
=1— gz)=21 V>0 — lna<l — a<0 (%)
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tlr () va (%x) — a =e. Vay c6 duy nhat gid tri cla a 1a a = e.

Cau 3.
Pat f(z) = 23 + tz — 8. Suy ra f'(x) > 0¥z > 0. Mat khéc, ta c6 f(0) =
—8 < 0.va lim f(z) =+o0. Vay f(z) = 0 c6 nghiém duong duy nhat.
Tr—00

8
Tir phuong trinh 23 +tx —8 =0 — t=22—— Khit=0thiz=2.Ta
x

t=7—-2’+te—8=(z—-1)(2*+z+t)=0—>z=1
7

—>/[x(t)]2dt __ 2/1:1:2d(x2 _ %)

Il
H\l\') o

&

[N
/N
[\V]

&
+

ol
N—
ISH

5

Il

H\M

—
[\V]

&
w

+
X
Q

53

Il
N

v
+
S
N——

|

|
| &

Cau 4. bat

1 i
an, :n/tan” zdr = /mdt.
0

Dé dang ching minh dugc

Nhan thdy rang néu lim a, = Athi A=1/2. Tacé
n—oo

1 1

1 n /tn—l
—=|=n dt| =
2 241 2
0 0
1 1-1/vn
tn 1 1 —t tn—l(l _ t)2 1 t’n—l(l _ t)2
n —dt = 2—dt—|—n 2—dt
0 0
1-1/y/n

1
/ " 2dt+/ t" 11 —t)2dt
1-1/vn

0
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1-1/v/n L
< t"Ldt + / (1—t)%dt
9 1-1/y/n
1 1yr 1 /112 1 \valY" 1
<”[Z<1_ﬁ) +%(%)}‘[( ﬁ) ] 7 )
Vay

lim a, = =
n—oo

Cau 5. Ta st dung phuong phép chimg minh phan ching, gia st 3xg € [0, 1]
sao cho |P(zg)| > 1/2.
Do P(z) € Rlz] — P(z) lién tuc tai zo suy ra

1 o 1 x0 1
/|P’(:Jc)|daz:/|P’(:B)|daz—|—/|P’(az)|daz < ’/P’(:p)d:p’ + ’/P’(az)daj‘
0 >|33(930) - P(0)|z—(|)' |P(1) - P(€B0)[|) > 2|P (o) >z10

1
(mau thuan véi / |P'(z)|dx = 1).
0

Suy ra gia st 1a sai.
Vay [P(z)| <1/2 Vz € [0, 1] (dpcm).

Cau 6. Xét ham s0 fp(z) = 2™ —cosz —  fn(x) lién tuc trén R. Ta
thdy fno(r) = nz" ! +sinz > 0 Vz € [0,7/2] — fn(z) 1. Mat khidc
£(0) = -1 <0
fu(m/2) = (x/2)" — 0= (7/2) > 0.
Suy ra fy(z) c6 nghiém duy nhat a,, € [0,7/2] hay Jla, cosa, = all.
Ta ching minh {a,} 1a day tang. Gia st ngu owng c lai
Han > Qp41 (1)
— cosa, < cosanpt1 (do ap,ant1 € [0,1])
& al <alti<aly; (do anpy1 €[0,1])
— ap < apy1 (mau thuan (1))
Vay {a,} la ddy tang va bi chan trén boi 1 — 3 lim a, = a. Ta cé
n—oo
an = (cosan)'/™. V& trdi ton tai gi6i han, suy ra o = cos®
hay

a=1 Vay a =1,

lim a, =1.
n—oo



63 Chuong 2. BPdp dn va chi dan

2.6 Olympic Nam 1998

2.6.1 Mon thi: Pai so

Cau 1.
a) Ta cé

cosa —sina cos —sinf

sina  cosa sin3 cospf
_ ((cosacos B —sinasinf) —(cosasinf + sina cos 3)
~ \(sinacos 3 + cosasinf) (cosacos B — sinasin 3)

_ [(cos(a+B) —sin(a+f)
~ \sin(a+3) cos(a+ )
=A(a+B8) — (dpcm).

b) Tinh A" (g) Do A(a)A(8) = A(a+8) — khi a=tacé

A(a)A(a) =A%(a) = Ala + a) = A(2a)
A3(a =A%(a)A(a) = A(2a)A(a) = A(2a + a) = A(3a)

n cosna —sinno
A'(a) =Ala+a+--+a) = A(na) = (sinna o8 ey )

e ™ L
Vol o = (5) ta co

Lan luot xét n =1,2,3,... ta cé

AG-(0 ) 2G-(3 2
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Mot céch téng quat ta c6

0 —1)*
o1 (=1) khin=2k—1 Vk=1,2,..
2 (-DF 0 N _
khi n =2k Vk=1,2,...
0 (=1F

Cau 2.
Nhan xét rang néu d6i dau 1 phan tl a;; bat ky cta A, ta dugc ma tran A’
ma

> (Ap+Bp) = ZAk+ZBk_A +Y Ap+Bj+ Y By
k=1

ki k#j

> (4 + Bj) = ZAk+ZBk—A*+ZAk—B*+ZBk
k=1

k#i k#j

Dé thdy > Ay = > Aj (cdc phan tr & cdc hang c6 chi s§ # ¢ khong thay d6i)
n#i k#i
va Y B = Y Bj (céc phan tir & cdc cot c6 chi s6 # j khong thay d6i). Con
ki kA
hi¢u gitta (A} + B;) — (Ax + By) luon 1a mot s6 chia hét cho 4. (C6 thé bing
-4, 0, 4).

n
Do d6 khi d6i ddu mot phan tir thi sy thay déi tdng > (Ag + By) 1a mot s6
k=1

chia hét cho 4. .

Xét AM 1a ma tran goém toan cdc phan tit 1a 1Rightarrow Y. AM +BM =

k=1

2n.

Sau mot s6 14n thay ddi cdc phan ti ctia AM, ta thu duoc ma tran A.

n
Gia st Y (Ag + Bg) = 0 thi theo nhan xét trén 2n...4. Do n 1é — vo ly.
k=1

Vay > (Ax + By) # 0.
f=1

Cau 3.
Viét théem mot hang cudi 1, z,z2,..., 2" vio ma tran A ta duoc ma tran
vuong cip n+2. Ky hiéu D,, ;5 la dinh thitc chia ma tran méi d6. Bién déi Dy, 1o
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nhu sau L&y cot k, nhan véi (-1) r6i cong vao cot k+1,véik=n+1,n,...,1
ta duoc.
Dn+2 = (.T - ]-)Dn—i-l == (.T - 1)n+1_
Suy ra
n+2
Dpiz =Y (1) *Chja*! (1)
k=1

Mait khac, néu khai trién D,, o theo hang cuéi cung ta dugc

n—+2

Doz = Y (-1 Dyt @)
k=1

Tir (1) va (2) suy ra Dy, = CF 1.

Cau 4.
1 1
2 | 1 -6 15\ |2 g O /1 6 21
A=lo =2 1l=1o 1 =6 o 2 of o1 6
. g 1 0 0 0 . g 1] \o o 1
6 6
~ 0 0
1 -6 15\ 20 ] 1 6 21
An=|o 1 -6 0 — 0 01 6
00 1 S 00 1
O &
1 3 9 21 4 15
2_n 2n71 - 3n71 2_n 3n71 6n
1
=10 3n gn—1 1
1
0 0 o

Vay li_>m aij(n) =0 Vi,j=1,3.

Cau 5.

+ Truong hop 1 Néu B c¢6 tinh chat nhu cia A yéu cdu thi B = A.

+ Trudng hop 2 Néu B ¢6 hang (cot) nao d6 c6 téng am. Ta nhan hang (cot)
dé6 véi (-1). RS rang sau mot 1an thuc hién phép nhan véi (-1) cua hang (cot) cé
tong am ta dugc ma tran mdi.

- C6 dinh thac # 0.
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- C6 s6 phan tir 1 tang lén it nhat mot.
Ma s6 phan tir cia ma tran 12 n? nén sau khong qud n? budc mot s6 budc
nhé hon n? ta nhan duogc ma tran A can tim.

2.6.2 Mon thi: Giai tich

Cau 1. bat
f@) = [ 17 170t
0
Ga) =5 [0 o] e
Khido

Mat khéac Vz € [0,1] f(z) = fzf’(t)dt. 4p dung bat dang thitic Cauchy-Svac
0
7 , o2, f . 1/2
f(2)] = ‘/f(t)dt‘ < </d:p) (/[f o) ar)"”.
0 0 0

Khi do6, ta os
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Cau 2 . Theo gia thiét, ta luon c¢6 danh gid

U S W o M
@) f@)+ (@) f@)f(2)+ ()]~ f(=)
Xétf&dt = —ﬁ‘z Vi f/(t) > Onén f(t) luon dong bién nén 3 lim fm [L—
1 f2(2) 1 e—ooy Lf(T)
m} dt va tir d6 suy ra diéu phai chiing minh.
T, 1l
Cau 3 biéu dién f(z) dudi dang b(l ta ) v6i o = %
a) bat g(z) = (HTa)l/x. Ta c6
1
Ing(z) = =[In(1+ a®) —1n 2].
x
Suy ra
d 1 1a” Inao” 1+a” 1
9@ = F[ Trar 73 } = zh@):
Ta c6 h(0) =0 va
reon za®In? o
@)= e

Suy ra

h'(z) >0, khiz>0
h'(z) <0, khiz<O0.

Do vay h(z) > 0 v6i moi x € BbbR. Vay Ing(z) c6 dao ham duong v6i moi
z # 0. Suy ra Ing(z) va g(z) 1a cdc ham don diéu ting, suy ra f(x) cling don
diéu tang.

b)
1 T 1/2 li a® lnmg
lim f(z)=b lim ( ta ) = pearioo 7T — el =,
T—-+00 T—>+00
Suy ra
lim f(z0=a.
T—r—00

Cau 4. Xét ham F(z) = 2197 — f(x) lién tuc [0, 1]
* F(0) < 0 (gia thiét)



2.7. Olympic Nam 1999

73

1 1
* [ F(z)de = —— —
Of (#)dz = 7505
— dzqi € (0, 1
Cau 5.

1
[ f(z)dz > 0 (gia thiét)
) F(ﬂfl)o> 0. Do F(z) lién tuc — 3¢ F (&) = 0 (dpem).

Theo bat ding thitc giita trung binh cong va trung binh nhan

flat+h)+(1=f)(@)) = 2/ f(z + h)(1 - f(z)) = 1,Yh > 0 — f(z+h) > f(z) Yz

— f(z) don diéu tang va bi chan trén (< 1) 3 liI-iI-l f(z) = a > 0. T gia thiét
T—+00

fle )= f@) 2] Ve

Cho z — 400, ta dugc a(l —a) >

lim f(z)= ;

T—r—+00 )

1
a= 3 Vay

2.7

271

Cau 1.
a) Dat

. a b 2 _[a
A_<O ) —>A_<0

Mon thi: Pai s6

Gia sl rang

Nhu vay ta c6

AkJrl — ak
0

Olympic Nam 1999

k k
b(a® — c") a b
CLC—kC 0 ¢

1
4

. Mat khic max[a(l — a)]

)62
a3—c
- (0 b(“;a"
b(ak — ck)
=

k+1

C2

ab + bc>

b(ak-i-l _ Ck—i—l)

a C
ckJrl

|

—
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Theo nguyén ly quy nap ching ta c6

, bla™—c")
A=Y Ta—¢ | vnent
0 c"
Thé a = ——; b = 1999 ¢ = —— ta chi ra dugc lim lim a;;(n, z) =
eva_ o0’ 0 = ;c o= 5000 a chi ra duogc n~1>IJIrlooa:l—>InlaZ] n,r) =
0 Vi,j=1,2

b) Gid st A\, k = 1,n la gid tri riéng cla ma tran A cép n. Vay det (A —

n

AE) = [T(A =)
k=1
Néu ma tran A c6 gid tri riéng A;, thi ma tran AP c6 gid tri riéng A}.
That vay, gia st rang 3X # 0; AX = N X — APX = AP X vi

APX = AP7HAX) = AP71(\p,) = AP2[A(V X))
= AP 2(NX) == ANTIX) = A X.
Tiép theo néu f(z) lada thic bat ky, f(X) c6 gid tri rieng f(\g). Vay
det f(A) = kl_[ F%).
=1
ap dung

4-) 3
23—
M=2 d=-1 X=1 \=6

det(C—AE):(2—)\)(—1—A)‘ ‘:0.
Véi f(z) = 2199 + 22 — 1.
F2) =243 f(-1)=-1; f(1)=1; f(6)=06""+35
Vay det f(A) = — (21999 + 3)(619%9 + 35).
Cau 2.

a) + Néu A kha nghich AB va A~Y(AB)A c6 cling da thic dac trung. Mat
khic A"'(AB)A = BA — AB va BA c6 cing da thic dac trung. Vi vay
AB va BA c6 cung cdc gia tri riéng.

+ Néu A khong kha nghich — detA = 0 — Jm da I6n dé théa méan

1
Ap=A— %E, Vk > m la khong suy bién.
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— ApB va BAg(k > m) c6 cung da thic dac trung.
det (AxB — A\E) = det (BA;, — AE)
Cho k — +o0 ta ¢6 diéu phai chiing minh.

b) det (AA") £0 — r(AA") = 1999.
— 7(A)=1999 (do 1999 = r(AA") < r(A) <1999) — r(A’A) < 1999).
Do B # 0 nén khong xay ra r(A’A) < 1999. Ma tran A’ A 1a ma tran vuong
cdp 2000 c6 hang 1999. Goi ¢;; 1a cdc phan tir cia A’A va Cj; 1a phan bu dai
s0 cua c;j, ta c6

Cn Ca1 -+ Co00,1
Ci2 Ca -+ Cop00,2 .
B=1| T T | caCuyteaCayts - Aeio00Ca000, = 0 Vi
C12000 C22000 - - C2000,2000

Suy ra cdc dong cta ma tran B 1a cdc nghiém cta hé phuong trinh tuyén tinh
thuan nhdt (A’A)X = 0 v6i s6 4n bang 2000 va hang cla ma tran hé s6 bang
1999. Tap hop cac nghiém cuia hé phuong trinh nay 1a mot khong gian con mot
chiéu ctia khong gian R20%°, Vay cdc dong clia B ty l¢, suy ra r(B) = 1.

Cau 3.

Ta s& ching minh

Q') —Qx)Q"(z) >0 VzeR (1)
néu Q(z) € R(x), deg Q(x) = m va Q(x) c6 m nghiém thuc don. Ta cé
Q) =al](@—ai), ai#a; (i#))
i=1
Suy ra
Q) ~_1 [Q'(2)* - Q(z)Q"(z) _ 1
v Fw =G ar O

a) Neu v6i t € Rma Q(¢) = 0 thi [Q'(1)]? — Q(1)Q"(t) = [Q'(t)]?> > 0 do
Q'(t) # 0 (vi t 1a nghiém don).
b) Néu véi t € Rma Q(t) #0 thitr 2) — (1).
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ap dung cho da thic Q(z) = P¥)(z),k =0,1,...,n — 1. Cic da thic d6
déu c6 nghiém thuc don (dinh 1y Role). Suy ra

PED ) PFD0) < [PW)2 o (k— 1)lag_1(k + 1)lagpr < (apk!)?

k
& Ap—10k41 < (ak)2k—_|_1 < CL%.

Cau 4.
Cong tat ca cac phuong trinh cta hé
— Tt atta,=1

Tiép theo trir phuong trinh thd &k cho phuong trinh k — 1, (kK < n), trit phuong
trinh thit n cho phuong trinh thi nhat

xr1+To+---Fxy, 1

(x1+zo+ 4 xp)—nepg=k—(k+1) — zx= - +5
2
== (k=12..,n-1)
va
n—2
(xt1+z2+ - Fzp) —nEp=n—-1 — z,=— —
2.7.2 Mon thi: Giai tich
|f(z+h) — f(x —h)| < h? VzcR, Vh>0. (1)
h  f(zx+2h)—f(x) _h
_ = < =
& 2< o7 <3 Ve eR, Vh>0
& lim f(x+2h)_f(x):0 Vx
h—0 2h

& fl(z)=0 Vz <& f(z)= const

Dé dang thir lai dugc rang f(z) = const théa man (1).
b) Theo ddu bai

p(x + Az) —p(z) = g(z)Az + a(z, Az), Vz € R, (2)
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trong dé
la(z, Az)| < c|Az|®, ¢=const > 0. (3)
Ta c6 ( Az) ()
plx + Ax) — p(x
2) &
(2) Ao
Ldy gi6i han khi Az — 0 va st dung (3) ta thu dugc g(z) = p/(z). Vay (2) ¢6
dang

=g(x) + a(z, Azx)Ax

p(x + Az) — p(z) = p'(z) Az + a(z, Az) )
— p(z) —p(z + Az) = p'(z + Az)(—Az) + a(z + Az, —Az)  (5)

Twr (4) va (5) ching ta thu dugc

0= —[p(z+ Az) —p'(z)]Az + a(z + Az, —Az) + a(z, Ax)
p'(z+ Az) —p'(z) oz + Az, —Ax) n a(z, Azx)
Ax B (Az)? (Ax)?

Ly gi6i han khi Az — 0 va st dung (3) mot 1an nita ta thu duoc
p'(z) =0

Do vay p(z) = ax + b. Dé dang thu lai duge rang f(z) = ax + b thoa man (2)
va (3).

Cau 2.

Xét ham s6 g(z) = f(z) + « — 1 thi g(z) 1a ham kha vi trén [0,1]. Do
g9(0) = —1; g = 1 nén 3c € (0,1) sao cho g(c) =0. Suyra f(c)+¢c—1=0
hay f(c) =1—c.

ap dung dinh ly Lagrange cho f(z) trén cdc doan [0, c| va c, 1]

fle) — f(0) f) = fle)

0 = f'(a) vé6i a € (0,c) T,

= f'(b) véi b€ (c,1)

Tu day ta suy ra

diéu phai chiing minh.
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Cau 3. 5
)= 1) =4f@) > f@)=-.
Véin > 3
F)+ @)+ + f(n—1) + f(n) = nf(n) @1
FO+ @)+ + fn—1)=(n—-1)°f(n—1) (2.2)
Trir hai déng thdc trén cho nhau ta thu dugc
F) = () = (0= D2 (= 1) = fln) = S f(n 1)
_(n=D®n-2).2 6
- ) (n+1)n..4 f2) = n(n + 1)f(2)
4 .
= T D) — nan;Oan(n) =4
Cau 4.

Xét t > 1. Do g(x) don diéu tang trén (0, +00) nén ta c6

(2000t)  ¢(2000¢)

1< <
2(1999t) ~ ¢(1000¢)

Theo gia thiét

q(2000¢) ) . q(2000t)
im ———==1, nén lim —=
t—-+oo q(1999¢) t—+o0 q(1999t)

1
Cau 5. bat t = T o= —dz, ta ¢
n n

Vio<t<1ltacd
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Suy ra

1
= 1 —(n+1)} <I, < _(1 o —n)
RETES [ ¢ nSp\tTe
Cho n — 4+
L <I, < 1
2 ~ n 2
n —T 1
Vay lim f © - = —.
n—toopy 14 e n 2
2.8 Olympic Nam 2000
2.8.1 Mon thi: PDai so
Cau 1. Gia st c = cosf + isin 6. Khi d6
1—|—z:x _ itk g — 0 + 2km
11—z 2m
Suy ra
tan 2
r = tan —
2

Cau 2. Ta ¢6
AB = BA, (A+ B)* =0, 3999 = 1999 + 2000.
Suy ra
E=E 1 (A+B* =(E4+ A+ B)(E—-(A+B)+ (A+B)* - ...
Vay F + A + B kha nghich.
Cau 3.

Ta co

n
AB = C, Cij = Zaikbk]‘
k=1
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n
BA=C', ¢;= Zbikakj
k=1
Vay AB= -BA khi va chi khi

n n
/
Cij = Cij = — E aikbr; = — E bikak; = —¢ji
k=1 k=1

Cau 4.

Xét B khi c¢6 cdc phan tir déu bang 1. Khi d6 A-B = {¢;;}, ¢ij = —1, ¢;; =0
hoac =1999. det (A—B) = (—1)"9mod 1999. Suy ra det(A-B) =(—1)"9mod1999.
Suy ra det(A-B)#0 va n=hang(A-B) < hang A+hang(-B )=hang A+1, dpcm.

Cau 5.

i) Khia =0, b=0 thi P(z) tuy §.

ii) Khi a =0, b+ 0 thi P(z) =0 Va.

iii) Khi a # 0, b= 0 thi P(z) =const tuy §.
iv) Khi a # 0, b# 0 thi

a) Néu g ¢ N thi khi thay = = b vao ta dugc x = b — a la nghiém. Tuong tu
khi thay x = b — a thi s€ c6 x = b — 2a la nghiém,... Suy ra P(z) = x V.

b)Néu 2 € N thi P(z) ¢6 z =a, = = 2a,...,7 = (n — 1)a la nghiem.

Suy ra P(z) = (z — a)(z — 2a)...(x — (n — 1)a)Q(x).

Thé vao bai ta dugc Q(xz — a) = Q(x) Vz, hay Q(x) =const. Vay P(x) =
(x =a)(z = 2a)...(x — (n — 1)a).

2.8.2 Mon thi: Giai tich
Cau 1. Vé6i x =y =0 thi f(0) = 0. Theo gia thiét ta c6
fle+y) = flz) +2zy, Vo,y=R

Suy ra

F2) = lim 28 = I@) o F+ 20y)

2 "0)=2
lig ) lig , z + f'(0) T+a

Vay
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Cau 2.

bat f(z) = e"*g(z). Taco f'(z) = [ (w
cho ham f(z) ta tim dugc ¢ € (0,1) sao cho
diéu phai ching minh.

g(x)]¢~*. 4p dung dinh 1y Rolle
) =

)_
f'(c) = 0 hay ¢'(c) — g(c)le™ = 0.

Cau 3.

M& rong ham f(z) ra toan truc thuc dé dugc ham tuan hoan chu ky 7' = 1.
Do f(0) = f(1) = 0 nén ham méi (van ky hiéu 1a f(x) lién tuc trén R). Dat
g(x) = f(z+ a) — f(x). Khi d6

1

1
/g da;-/fas%—a x—o/f(as)d:v

0
1+a

1
_ /f(:p)dm—o/f(af)d:z:

a

Suy ra 3¢ € (0,1) sao cho g(c) =0 = f(c+a)— f(c) = flc+a—1)— f(c),
véin € Z. Néuc+a € [0,1] tachon b=c+a. Néuc=a > 1tachonbd=c

Cau 4.
Ta cé
xn+1:w%+(1—2a)wn—|—a2:(ajn ) +T, =T, n>1

Vay ddy don diéu tang. Gia sl ton tai lim z, = 1. Chuyén qua giéi han ta
n—oo

dugc 12 = (I —a)?>+1. Suyral = a.
Néu t6n tai k D€ 23, > a thi z, > a Vn > k kéo theo ddy khong c6 gidi han.
Gia st z, < a Vn € N. Khi d6 (xn—a) +z, < ahay a—1zn < a. Nguoc
lai, néu c6 a — 1 < z, thi

xn+l:(xn—a)2—|—xng(a—mn)—l—xn:a.

Vay Dé ton tai lim z, cdn va dd 1a a — [ < b < a va khi d6 lim =z, = a.
n—00 n—00

Cau 5.
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Ta co 2
[irpa < 220
1
hay
@ @
/[f(x)]2dx < /3:2d:1:.
1 1
Vay

Suy ra ton tai ¢ € [x1, z2] sao cho [f(c)]? = 2 < 0.
Do ham h(z) = x? — f(x)]? lién tuc trong [1,2] nén [f(z)?] — 2% < 0
Vz € [0,1]. Vay |f(z)| < aVz € [1,2]. T d6

jf(x)dx<j|f(x)|dx</2xdx:%.
1 1

1

2.9 Olympic Nam 2001

29.1 Mon thi: Dai so

Bai 1. Dé dang thdy ring A?> = I. Gia st B 1A ma tran vuoéng thod min
AB+ BA=0.Suyra B=—-ABA. Ta c6

B= %(B +B) = %(A2B — ABA) = A(%AB) - (%AB)A = AX - XA,
trong d6 X = %AB. Ngugc lai, moi ma tran B ¢6 da ng
B=AX-XA
déu thoad man dang thic AB + BA = 0. That vay, khi d6
AB+BA = A(AX - XA)+(AX —XA)A = A’X - AXA+AXA-XA%*=0.

Vay, ma tran B can tim la
B=AX — XA,

trong d6 X 1a ma tran vuong cap 3 tuy y.
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Bai 2.

Cdch 1. Gia st nguoc lai, det B # 0. Khi d6 B c6 ma tran nghich dao B~ L.
Tir cac gia thiét 42001 =0, AB+ BA =0 suyra
0= A200L — A2001p _ 420000 4y — A2000( 44 BY) — A20014 A2000p _ 42000

Do do
0= OBfl — AZOOOBBfl — AQOOO_

Nhu vay 13 42000 = 0. Lap lai qué trinh trén nhiéu 14n nita, ta thu dugc A = 0.
Tur gia thiét AB = A 4+ B suy ra B = 0. Mau thuan véi det B # 0.

Cdch 2. Tir gia thiét A2°°" = 0 suy ra det(A) = 0. Mat khdc, gia thiét
A+ B = AB suyra B = A(B—1I). Do d6 det B = det(A(B —I)) =
det(A)det(B —1I) = 0.

Bai 3. Goi 2 € [1,00) 1a nghiém cua phuong trinh

az® + (b+c)r +d+e=0,

nghia la
axt 4 cxo + e = —(bxg + d).
dat
f(z) = az* 4+ ba® + ca® + dx + e.
Khi do
F(V/&0) = (ax§ + cx0 + €) + /o (bzo + d)

f(=vZo) = (axd + cxo + €) — \/zo(bxo + d).

Suy ra

F (/@) f(—v/0) = (axg + cxo + €) — zo(bxo + d)?
= (axd + cxo + €)* — zolazd + cxo + e)?
= (ax? + cxo + €)*(1 — ) < 0.
Do d6, f(z) = 0 c6 it nhit mot nghiém thuoc doan [—,/Zg, /Zo]. Vay, phuong

trinh
az* + b3 +ex’ +dr+e=0

c6 nghiém thuc.
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Bai 4. 1)Ky hiéu as = (as1,as2,...,0sn), s=1,2,... k. Khido

_ n n -
2
Z alj Z a1;a25 ... Z a15ak;
Jj=1 Jj=1 Jj=1
n n 9 n
Z a25041; Z a2j PN Z a250kj
A — j:l j:l j:l
n n 9
> agjar; Y agjaz; > i
Lj= j=1 7j=1 A
Phan tich ma tran A thanh n"™ ma tran ta thu dugc
alj;  QAljs ... Al
_ a2j; 0255 ... A2
detA= > ayayyag | 0 0 T ()
11,02,k
Akjy  Qkjy -+ Okjy
Ky hiéu A <j,<...<j, 12 nhiing ma tran trong v€ phai cua biéu thic (*) tuong
tng v6i (j1,jo2,...,jk) cO dinh va theo thi tu taing dan. Khi d6, cdc s6 hang c6
cung cap chi s6 (41, j2, - - -, Jk) €6 tong tuong tng bing

Yoo ()OSR Sy agg, . agg, det(Aj, <jp<cgy) =
J1<j2<-<Jk
2
= [det(Ayy<joc<jp)]” -
Tu biéu thic (*) ta thu duoc
det A = Z (det Aj1<j2<"'<jk)2 2 0.
1< <ge<-<jgr<n
2) Tich vo huéng la dang song tuyén tinh d6i xdng, nghia 1a (a;,aj) =
(aj,a;). Do vay, A 1a ma tran d6i xing va c6 cic gid tri riéng thuc.
Theo phén 1), tat ca cic dinh thiic con chinh cua A déu khong am. Do do,
da thic dac trung cua A c6 dang
Pa(t) = (=D*F 4 (1) Lat* 4 —ap it + ag,

trong d6 céc hé s6 aq,as,...,a; > 0. T d6 suy ra P4(t) > 0 khi ¢ < 0. Vay,
A ¢6 cédc gia tri riéng khong am.

Bai 5. Goi A = {aij}i,j:L—n la ma tran vuong cip n v6i cdc phan tir a;; la
nhitng s6 nguyén chan. Xét ma tran dic trung
ail — A ais ... ain
a ag — A ... a

anl an2 cer Qpp — A
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Néu )¢ 12 s6 nguyén 1€ thi ma tran (A — \oJ) c6 dac diém sau: Tat ca cdc phan
tlr ndm trén dudng chéo chinh 1a s6 nguyén 1€, cdc phan tlr con lai 1a nhitng s6
nguyén chin. Do d6, det(A — \oI) # 0. Vay, A khong thé c6 gid tri riéng 12 s6
nguyén Ié.

Bai 6. Ky hiéu

fa+b ab 0 0 0 0 7
1 a+b ab 0 0 0
0 1 a+b 0 0 0
A, = )
0 0 0 ... a+b ab 0
0 0 0 1 a+b ab
L0 0 0 ... 0 1 a+b]

1. Xétn=1. detA; =a+b.
2. Xét n = 2. det Ay = a® + ab + b2.
3. Xét n > 3. Khi d6

a+b ab 0 0 0 0
1 a+b ab 0 0 0

det A, = (a+b)det A,—1 — ab

0
0 0 0 e 1 a+b ab
0 0 0 e 0 1 a+b
= (a+b)det A,_1 —abdet A,,_».
Bang qui nap, ta chiing minh duoc
n+1 _ bn+1
det A, = a—, Vn > 3.
a—b

Ch y Dap s6 clia bai toan c6 thé duoc viét du6i dang
det A, = a™ +a" 1b+a" 2% + - +ab" !t + b

29.2 Mon thi: Giai tich
Bai 1.
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1) Tur gia thiét suy ra lim g(z) = 0 va ¢"(z) = f"(z) > 0 Vz > 0. Gia
T—>+00

st ngugc lai, ton tai g > 0 sao cho ¢'(zg) > 0. Khai trién Taylor ham g(z) tai
xo ta thu duoc

o(2) = glw0) + 9 (20) (& — 20) + 5" (w0 + 0z — 20))(z — 20, & > 0.

T d6 suy ra lim = +o00. Mau thuan.
T——+00

2) Néu ton tai zg > 0 sao cho g(zg) < 0. Theo két qua phan 1) ¢'(z) < 0 va
do ¢"(x) = f"(z) > 0 trén khoang (0, +00) nén g(z) < g(xg) Yz > . Suy ra
lim g¢(z) < g(xo) < 0. Mau thuan.
T—+00
Hon nita, néu g(zo) = 0 thi g(z) < g(xo) = 0 Vz > z¢. Suy ra g(z) =0
trén khoang [0, +00). Do vay, ¢"(x) = 0 Va > xg. Vo ly, vi ¢’ (z) = f"(z) > 0.
Vay, d6 thi ham s6 f(z) (v6i x > 0) luon ndm phia trén cua tiém can xién.

Bai 2. Bang qui nap, ta chitng minh duoc

q n—3
0 < ap < (paz + qaﬁ(m) Vn > 3.

Tir gia thi€t suy ra 0 < 4 < 1. Do d6, dé dang thay rang lim a, = 0.
1—0p n—oo

Bai 3.
Cadch 1. dat

t2000

(1+1)(1+12)--- (1 + ¢2001) t€0,1].

ft) =

Xét ham sO

1
F(z) :az/f(t)dt, z€0,1].

Do f lién tuc trén doan [0,1] nén F' c6 dao ham trén (0, 1), lién tuc trén doan
[0,1] va
1

F’(:p):/f(t)dt—wf(a:), vz € (0,1).

T



2.9. Olympic Nam 2001 87

Mt khdc, ta ¢c6 F'(1) = F(0) = 0. Theo dinh ly Rolle, ton tai s6 = € (0,1) sao

cho F'(z) = 0, nghia la
1
[ ot = s

day chinh Ia diéu phai chiing minh.

Cach 2. Xét ham so

1
252000(:125 332001

F(‘”):/(1+t)(1+t2)...(1+t2001)_(1+m)(1+x2)---(1+m2001)’ !

T

€ [0,1].

Dé dang thdy F'(x) lién tuc trén doan [0, 1]. Hon nita,

1 1
/ t2000dt / t2000 0
1+12).-- (14 ¢2001) ~ 2001
0 0
F(1) = 22001 < 0.

Tir d6 suy ra ton tai = € (0,1) dé€ cho F(x) = 0. day 1a diéu phai ching minh.
Bai 4. V6i mdi x € R ¢6 dinh, xét ham s6
9(y) = f'(y) sin(y — x) — f(y) cos(y — x).
Dé dang thdy rang
g(y) =f"(y) + fy)lsin(y —x) >0 V véimoiy € [z,z + 7.

Suy ra g(y) khong giam trén doan [z,x + 7]. Do d6 g(x) < g(z + 7), nghia la
flz)+ f(z+m) >=0.

Bai 5. Tu gia thi€t suy ra f(n) > f(1) =a>0 Yn=1,2,3,... Tacé

f(n+1) =2001f%(n) + f(n).

Suy ra

fn) 1 (f1 1

Fn 1) = 5001 (n)_f(n+1)>’ Vn=1,2,3,....
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Khi dé6

N~ fk) 1 g1 1
M = < f(k+1) 2001 (5 B m)

Dé dang thdy rang day s6 duong {f(n)}n=1,2,3,... don diéu tang, nén ton tai gidi
han (suy rong)

lim f(n+1)=a, trongdd0< a < +oo.
n——+00

Néu a < +oo thi @ = 2001a? + a. Suy ra a = 0. Mau thudn. Do vay,
lim f(n+ 1) = +oo, nghia la 111}: (1/f(n+1) =0. Tir 6 suy ra gi6i han
n—-+0oo

n—-+4oo
can tim

. 1
Jim My, = oo

Bai 6. Gia st nguge lai, phuong trinh f(z) = 0 ¢6 vo s6 nghiém {z,} €
[a,b], n =1,2,3,... Khi d6, ton tai day con {z,, } — a € [a,b]. Do f(z)
lien tuc nén f(a) = 0. Tir gia thiét [f(z)]? + [f'(z)]?> > 0, Vz € [a,b] suy ra
f'(a) # 0. Nhung

T—o Tr —

£0.

diéu nay chiing t6 f(z) # 0 trong mot 1an can nao d6 cta diém a. Mau thudn «
1a diém tu cta day {z,}n=123 ..

2.10 Olympic nam 2002

2.10.1 Moén thi: Dai so

Cau 1. Ky hiéu D la dinh thiic ctia hé phuong trinh. Ta cé

a b ... b b
b a ... b b
D= .
b b a b
b b b 2002x 2002
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<c©ng tat ca cdc cOt vdi cot dau tién)

1 b b b

1 a b b
(@+20016) ... ... o ... ..

1 b ... a b

Lob oo b ayh09,0000

(( nhan hang dau vdéi -1 réi cong vao cdc hang con lai)

= (a + 2001b)(a — b)200L,

Vay, hé phuong trinh di cho c6 nghiém duy nhét khi va chi khi a # b va
a # —2001b.

Cau 2. bat

o

=
—_
=
—_

2 2

Khi d6, dé& dang kiém tra dugc ding thic sau: A = SA;S~!. Do d6 A" =
SATS~L. Bang qui nap, ta chiing minh dugc

nmw . nr . nr
CcOos — + sin — —2sin —
6 6 6
n __
T =
. onm nmw . onm
sin — COs — — sin —
6 6

Thay n = 2002 ta thu duoc

1 V3
7 s V3
A2002
V3 1+\/§
2 2 2
Twr d6 suy ra
1 5v/3
R
42002 _
V3 o1
X2 43
5 2+\/_
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Cau 3. Ky hiéu
A= <aij>
10x11

la ma tran hé s6 cta hé phuong trinh. T gia thiét 2) suy ra rank A = 10, nén
phuong trinh thuan nhat tuong tng chi ¢c6 mot nghiém doc lap tuyén tinh. Theo
gia thiét 1) zo = (1992,1993, ... ,2002) 1a mot nghiém (riéng) cua phuong trinh,
do d6 moi nghiém cta phuong trinh da cho déu c6 dang

(z1,29,...,211) = (1992,1993, ... ,2002) + (a1, as....a11)t, VtER,

trong d6 (a1, az....a11) la mot nghiém nao d6 cua phuong trinh thudn nhét.
Vi vay, ta chi can tim mot nghiém cta hé phuong trinh thuan nhat. Vé6i mbi
Jj=1,2,...,10 ky hiéu @Q; 12 ma tran vuong cdp 11 c¢6 dong dau tién la dong
thit 7 cia ma tran A, 10 dong con lai van 1a cdc dong clia A, nghia la

a]al a]72 ttt a]alo a]all
a1 aG12 ... G110 Q1,11
Qi=1 a1 a2 ... ajo an
agl1 @92 ... A910 G911
a10,1 @102 --- 010,10 010,11

Nhu vay, det @; = 0. Mat khéc, khai trién dinh thiic Q; theo dong déu tién va
st dung Gia thiét 2), ta thu duoc

aj,l(1)+aj72(—2)+aj,3(3)+- . -+aj710(—10)—|—aj711(11) =0, Vj=1,2,...,10.

Tu d6 suy ra (1,—2,3,—4,5,—6,7,—8,9,—10,11) 1a mot nghiém cta phuong
trinh thuan nhat. Vay, phuong trinh da cho c6 nghiém

(21,22, ... ,211) = (1992,1993,1994, ... ,2001,2002)+(1, 2,3, —4,... ,—10,11)t =

(1992 + ¢,1993 — 2¢,1994 + 3¢,... ,2001 — 10¢,2002 + 11t), Vt € R.

Cau 4. Tir gia thiét I — P — Q 1a ma tran kha nghich suy ra
rank [P] = rank [P(I — P — Q)] = rank [—PQ)].

rank [Q] = rank [(I — P —Q)Q] = rank [—PQ)].
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D6 1a diéu can phai chiing minh.
Cau 5. Cach 1. Xét da thic P(z) = (z + a)?°2. Ta ¢6

P(22—2001) = (22—2001+0)%"? = [(z + a)? — 2a(z + a) + a® + a — 2001] .
Néu ta chon duoc a sao cho
—1 4 /8005 —1 — /8005
a®+a—2001=0 @a:% hoze @ = ————
thi
P(:E2 _ 2001) — (£U2 _ a2)2002 _ (:E + CL)ZOOZ(.T _ a)2002
chia hét P(z). Vay, da thitc
1 3005\ 2002
P = (e 225
hodc da thiic
—1— /3005 2002
P(LE) = (.T + T)
thoa mén diéu kién bai toan.
Cach 2. Ta tim da thitc dudi dang
2002
Poop2(x) = H(m —ay), ar€R.
k=1
Ta c6
2002
Paopz(z” — 2001) = ] (+* — 2001 — ay).
k=1
Néu ta chon duoc aj sao cho
—ay — 2001 = —a? (%)
thi
2002 2002
PQOOQ(.T2 — 2001) = H (£U2 — a%) = PQOOQ(.T) H (CE + ak)
k=1 k=1

chia hét cho Pago2(z). Tuy nhién, dé dang thdy ring
—14 /8005 ~ —1—+/8005

= hoac =
ag 2 : ag 2
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thod man (*).

Cau 6. Tir gia thét rank A = 1 suy ra ton tai mot véc to hang
U= (a17a2a"' 7an) 7é (0707 ,0)

sao cho moi véc to hang khac cua A dong phuong véi U, nghia 1a ton tai
cic s6 A\; € R, ¢ = 1,2,... ,n sao cho cdc dong clia ma tran A lan lugt 1a
MU U, ...\ U. Dat
A1
A

I

An

Khi d6, dé dang thay ring

UV:ZTL:)\Z‘CLZ‘:)\ER

i=1
va
Aaq Aas ... AMAp—1 Aan,
)\gal /\2(12 e )\gan,l )\gan
B = =VU.
An—1a1 Ap—1a2 ... Ap_1Gn-1 Ap_1Qn
An01 An@2 ... ApQp—1 AnQn,

Tir d6 suy ra
B%= (VU)(VU) =V(UV)U = A(VU) = AB.
Néu ton tai ' thoa man B? = \'B thi tir
0=B?>-B*=(\-X)B va B#0.

Suy ra A = .

2.10.2 Mbon thi: Giai tich
CAau 1. Déi bién t = x — w.. Khi dé6 ta c6
2T T

I= /sin(2002:1: + sinz)dx = /sin[2002(t + ) + sin(t + m)|dt
0 -7
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= /sin(2002t —sint)dt = 0,

(vi sin(2002¢ — sin t)dt 1a ham 1¢).

Cau 2. Khi z € (0,7/2) thi 0 < sinz < «, hay 0 < == < 1. T d6 suy ra
X

1 @ 1 3
<Sln$> 2 <Sln$> 7 v@gg
T Xz

Do d6, ta chi can ching minh cho trudng hgp o = 3. Tuy nhién, ta s& ching
minh bat déng thic sau: trén khoang [0, 7/2)

sin x

eosx

x.

Xét ham sO

F(z)= \;% —x  trén khoang [0, %)
Ta c6
Fl(z) = 2cos?x — 3cosz¢/cosx + 1.

3cosz/cosx (+)

Ta s€ chiing minh
Fl(z) >0 Vzelo, g).

That vay, lai xét ham so
G(t) = 2t — 3t/t+1  trén doan [0, 1].

Khi dé

G'(t) =4(t — Vt) <0 Vte|o,1].
Do d6 G(t) 1a ham nghich bién, nén G(t) > G(1) = 0, Vt € [0,1]. Dé dang
suy ra F'(z) > 0, Vz € [0, g) Nhu vay, F(x) ciing la ham doéng bién, nén
F(z) > 0. Bai toan dugc chimg minh.

Cau 3. V6i mdéi n =1,2,3,..., xét ham s6
2002
Gulz) = exp (=) f(@), € [a,].

R rang G, () xdc dinh va lién tuc trén doan [a, b], kha vi trén khoang (a, b) va
Gn(a) = G, (b). Theo Dinh 1y Rolle, ton tai z,, € (a,b) thod man G (z,) = 0.
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Ta s€ ching minh {,},_7 1a ddy thod man diéu kién bai todn. That vay, ta
co
2002 2002 2002
Gl (zn) = —Texp(— xn)f(a:n)—kexp(— :B")f’(a:n) =0.

Suy ra

f'(z,) 2002

f(zn) n
Do d6

I (zy) 2002

i @a) = 2002.
e e = Dflen) w5 (oxp(3) 1)

CAu 4. Tur gid thiét f lién tuc va thay y = 0 vao dang thitc gia thiét ta dugc

2x
nwzﬂm+/fwﬁ

va f € C1(R). Bing qui nap, ta ciing c6 f € C°°(R). Dao ham lan luot déi véi
x va y, ta thu dugc

f'(z) = 2f(2z +y) — f(z + 2y) ().

'@z +y) = f'(z+2y).

Thay z boi —2y ta c6 ti€p f'(—3y) = f'(0), Vy € R. Nhu vay, f' = const.
Do d6 f(x) = az + 0.

Thay f(z) = ax + b vao (*) va cho z = 0 ta thu dugc a = b. Lai thay
f(z) = ax + a vao (*) 1an nita, ta c6

a=2(a2x+y)+b) —a(r+2y)—a, Vz,y€eR.

Tur d6 suy ra a = 0. Vay, ham cén tim 1a f(z) =0 Vz € R.
Cau 5. Ta ¢6 .

fl@) = gn(1+ z%) — 2002
1a ham lién tuc trén R va

X

@l = || <
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Mat khac, néu dat
1 2
g(x) =2 +2002 - SIn(1 +2%) =z — f(z)

thi g(x) cling 1a ham lién tuc trén R va

2 —z+1

/ —
g (x) = o >0, VzekR

Nhu vay, g(z) 1a ham lién tuc va don diéu tang trén R. Ta c6
1
9(0)9(~2002) = ~2002.5 In(1 + 20022) < 0.

Tur d6 suy ra phuong trinh f(z) = 0 ¢6 nghiém duy nhat. Goi nghiém d6 1a L.
Theo dinh 1y Lagrange, ton tai ¢ € R sao cho

[un+1 = LI = | f(un) = F(L)| = [ f(c)| [un — L]

Suy ra

1

Do do .
Og]un—L|<§]un,1—L]
1 1\n

2 -1
<(3) =< <(3) Ll vezl

Tu do6 suy ra

lim u, = L.
n—oo

Cau 6. Déi bién t = 2™ ta thu dugc

9

I, = t%@dt

1

1
trong d6 w, = (1 + —)". Véi moi n € N va moi ¢ € [1,u,] ta cé
n

1 1
0<u, <e, 0Kt —1 < —.
n
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Do do
h—/i@ﬁ::/ﬁi—gﬂﬁﬁ<} /ﬂQﬁ
t n t
1 1 1
<;/ﬂﬁﬁ<l/i@dt
“n t S n t ’
1 1
Suy ra
lim In—/@dt =0.
n—00 t
1
Vay
lim I, = lim /&dt:/mdt.
n—00 n—00 t t
1 1
2.11 Olympic nam 2003
2.11.1 Mon thi: Pai so

Cau 1. Tinh truc tiép, ta thu dugc it nhat mot nghiém duong 1a Ay = a — b.

Cau 2. Xét anh xa tuyén tinh f véi hé véc to co so @, U, 0.
nay, f ¢6 ma tran B. Khi d6

@) = ot + 625 + L
[0 [0
f(v) = b%a +dv+ p%w;
f(w) = c%ﬂ + p—0 + qw;
Suy ra
f(an) = aau + bBY + cyw;
f(B0) = bau + dBv + pyw;
flaw) = cau + pBv + gyw.
Dat
u' = au, v =pv, W =yw

Gia st trong co s&
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Suy ra
f(u) = at' + v’ + cw'.

f(@') =bd + dv’' + pw'.
f(w") = ci' + pv’ + qw'.

Do d6, ma tran cua dnh xa tuyén tinh f trong co s6 @/, v’,w’ 12 ma tran d6i xding
vGi cdc hé s6 thuc

a b c
A=1|b d »p
c p q

Vay, A va B la hai ma tran déng dang, chiing c6 cting cédc gid tri riéng.

Cau 3. Véix =0thido =—-1vad, =0, n=>3 Suyras, = —1. Xét
x#0
Buéc 1. Xét dinh thic cap n

a x x T

x a x T

d=
xr x ... a =
xr x ... T a

Cong tat ca vao cOt dau, rit thira s6 chung a+(n-1)x ra ngoai dinh thic. Trong
dinh thiic méi nhan hang dau véi -x rdi cong vao tat ca cdc hang sau, ta dugc
d=la+ (n—1z](a—z)"?
Khia=0thid= (n—1)z(—z)" L.
Budc 2. Nhan cot dau va hang cta d, véi z ta dugc 22d,, = d. Suy ra
1
dn = —(n — Da(—z)" = (-1)"(n-1)z""2
x
Do dé
Sy =—1+2z—32%+---(=1)" Hn—1)z"2
1) Truong hop x = —1. Suy ra
n(n—1
PR}
2) Truong hgp = # —1. Suy ra

(14+2)Sp=-1+z—2*+ -+ (-1)" Hn—-1)z""t =
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(_1) [1 - (_x)nil} + (_1)n—1(n _ l)IBn_l.

1+
Do d6 oy )
—z)" " —1 1 x"”
= rnr TV

CAau 4. Ta chiing minh b dé sau day

Bo6 dé. A la ma trdn vuong cdp n thod man A* =0, (k> 1). Khi dé
E — Ava E + A déu la cdc ma tran kha nghich.

Chitng minh. Ta c6

E=E—-A"=(E—A)(E+A+ ..+ A,
Suy ra

det E = det(E — A)det(E + A + ... + A*1).
Do d6 det(E — A) # 0. Mat khéc,

E=E+ A — (E4+ A)(E - A+ A% — .+ A%),

Suy ra det(F + A) # 0. D€ chiing minh bai toan, ta chi cin ching minh t6n tai
m € N dé (P + Q)™ = 0. Sk dung khai trién Newton va gia thi€t PQ = QP ta
thu duoc

m

(P+Qm =Y crPriQ.

i=0
Chon m = 2. max(p, ¢) thi trong hai s6 m — i va i luon c6 it nhat mot so khong
nho hon max(p, ¢). Suy ra P™'Q* = 0, v6imoii = 0,1,... Vay (P+Q)™ = 0.

Cau 5. Xét cic phuong trinh

Ax = 0;

(A+ A%+ ..+ A"z =0,

RO rang moi nghiém cta (2.11.1) Déu 1a nghiém cuta (2.11.1). Ta s& ching minh
moi nghiém cta (2.11.1) cling 1a nghiém cta (2.11.1). That vay, gia st zg la
nghiém cta (2.11.1), nghia la

(A+ A%+ ..+ 4" =0.
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Suy ra
Axg = —A2.T() — .. —AMxy = AZ(—E —A- ---An72)x0'

pat
B=-E—-A—...— A" 2

Khi d6 AB = BA. Do d6
Azg = A’Bzg = AB(Axy) = ABA?Bxy = B>A%*(Ax) = - - - B¥AF(Axy).

Khi k& > 2003 thi A¥ = 0. Do d6 Az = 0. Do vay, hai phuong trinh c6 chung
tap nghiém. Tu d6 suy ra

rank (A+ A%+ ...+ A") =m — k = rank A,

trong d6 k 1a so chiéu cla khong gian nghiém hai phuong trinh trén, con m la
cdp cia ma tran A.

Cau 6. Taco

1 0 0 O z1 1 0 O
|1z 0 O 0 1 0 O
detA=11 0 25 0|T|o 1 @ o0
1 0 0 z4 0 1 0 x4
z7 0 1 0 z7 0 0 1
n 0 2o 1 O n 0 zo 0 1
0 0 1 0 0 0 =z3 1
0 0 1 x4 0 0 0 1
z1 0 0 O
0 o 0 O
+ = T2X3T4 + T1T3T4 + T1T2X3 + T1T2X4 + T1T2T3X4.
0 0 x3 O
0 0 0 x4

St dung dinh 1y Viet cho da thiic f(x) ta dugc det A = 2.
Cau 7. Xét ham so
z3 )
- T+
f(z) = e( 3 P(z).
Dé thdy f(xz) = 0 c6 tap hop tat ca cdc nghiém thuc tring vdéi tap cdc nghiém
thyc cua da thic P(z). Theo Dinh 1y Rolle phuong trinh

fl(@) = @3+ [P'(2) 4+ (22 + 1)P(z)] = 0
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¢6 it nhat m — 1 nghiém thuc. Hay
P'(z) + (2> 4+ 1)P(z) =0

¢6 it nhat m — 1 nghiém thuc.
1) Xét m chan Néu n 1€ thi P(x) c6 it nhat m + 1 nghiém thuc. Vo ly. Do d6
n phai chan. Khi dé

P'(z) + (z* + 1)P(x)

c6 bac bang n + 2 12 s6 chdn va ¢c6 m — 1 s6 1€ nghiém thuc. Suy ra da thiic
P'(z) + (z° + 1)P(z)

¢6 bac bang n + 2 1a s6 chin va m — 1 12 s6 1é nghiém thuc. Suy ra da thic nay
phai c6 it nhdt (m — 1) + 1 = m nghiém thuc
2) Xét m 1é¢ Néu n chan thi P(x) c6 it nhat m + 1 nghiém thuc. Vo ly. Do d6
n phai 1¢é. Khi d6

P'(z) + (z? + 1)P(z)

co bac n+ 2 1a so 1é va c6 m — 1 1a s6 chan nghiém thuc Vay s6 nghiém thuc
cta n6 khong it hon (m — 1) + 1 = m nghiém thuc.
2.11.2 Mon thi: Giai tich

Cau 1. Gia st ton tai f(z) thoa man

f(z + 2002) ( flz) + \/2003) — 2004, VzeR.

Khi d6 f(x) # 0 va f(z) # —+/2003 v6i moi . Do f(x) lién tuc nén chi c6
thé xay ra 1 trong 3 trudng hop sau:

Im f C (—o0, —v2003), Im f C (—+/2003,0), Imf C (0,00).

e Trudng hop Im f C (—o0, —1/2003)
Khi d6 v€ trai cua (2.11.2) > 0 > —2004, vo ly.

e Trudng hop Im f C (0, c0)
Khi d6 v€ trai cua (2.11.2) > 0 > —2004 (vo 1y).

e Trudng hop Im f C (—+/2003,0). Ta c6
—v2003 < f(z) <0
0 < f(z) + V2003 < /2003

Khi d6, v€ trdi cua (2.11.2) ¢6 tri tuyét d6i nhd hon 2003, vo 1y.
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Vay khong ton tai f(z).

Cau 2. Xét
2004

) =€ [f(x) 1], vei k—m-

<
8

Khi d6
9(0) = g(1) =0,
g'(z) = e [f'(z) + kf(x) —k] >0, Vze(0,1).

Vi g(z) lién tuc trén doan [0,1] nén g(x) khong giam trén doan d6, dong thoi
g(0) = ¢g(1) = 0. Do d6 g(z) =0,Vx € [0,1]. Vay, f(z) =1,Vz € [0, 1].

Cau 3. Theo Lagrange, ton tai ¢; € (a,b) sao cho

f’(C1) = f—

Khi d6
h(a)h(b) = —(a —b)? < 0.

Do d6 ton tai zg € (a,b) dé cho h(zg) = 0. Hay

f(ﬂfo):a+b

— XQ.

Theo Lagrange, ton tai ¢y € (a,zg), c2 # c1 sao cho

flxo) — fla) _ b—xo

To—a To—a

f'(e2) =
Tuong ty nhu vay, ton tai c3 € (xg,b), c1 # c3 dé cho

fleg - JO—F0) w0 —a

b—x() b—x()'

RO rang ¢y, co, c3 phan biét va f/(c1) f'(ca) f'(e3) = 1.

CAu 4. Dé dang thay rang {z;} la ddy don diéu tang. Tir dang thic

k 1 1

(E+1)! k' (E+1)!
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Ta c6

1
-1 - —
ok &+ 1)
Khi d6
Tz < LT + T + - + Thyo3 < 200325y03.
Hay
2003 < ’(/x? +ahy 4+ Ty < V200322003
Suy ra
J = Hm /@ + 2 + - + aloo3 = T2003-
Vay
_ 1
20040

Cau 5. bat F(z) = f(z) —sinz. Khi d6 F(z) lién tuc trén doan |0, g]

N

thoi

, dong

Khi dé
w/2
/ f(z)dz < 1,
0
hay
w/2
/ f(z)dx —1<0.
0
Suy ra
w/2 w/2
/ [f(z) —sinz]dz = /F(x)dx < 0.
0 0
Do d6 ton tai
s
celo, 5]

dé cho F(c) < 0. Tir (2.11.2) va (2.11.2) suy ra F(z) = 0, hay f(x) = sinz ¢6
nghiém ¢q € (0,¢) C [0, g]



2.12. Olympic nam 2004 103

Cau 6. bat h(z) = g(x) — . D& thdy h(z) lién tuc trén [a,b] va

Do d6 ton tai ¢ € [a,b] dé cho h(c) = 0, hay g(c) =
e Néu f(c) = c. Ta ¢6 diéu phai ching minh.
e Néu f(c) # c. Gia st f(z) tang. Dat
z1 = f(e), xzo= f(x1),..., Xn=f(Tp_-1)-
R& rang {z,} la ddy don diéu, thuoc doan [a, b], nén hoi tu. Dat
nhﬁrgo Tn = o € [a,b].
Khi dé
g9(x1) = g[f(c)] = fg(c)] = f(c) = =1

Gia st g(zx) = =g, k > 1. Bing phuong phdp qui nap, ta chiing minh
dugc g(xn) = zn, n = 1. Do f(x),g(z) la cic ham lién tuc nén ta c6

lin;oxn = lin;of(:rn_l) = f(zo).

Jim 2, = lim g(z,) = g(0).

f(zo0) = g(z0) = 0.

212 Olympic nam 2004

2.12.1 Mén thi: Pai so

Cau 1. Cho cdc ma tran

-1 -3 0 -1 -3 -3
A=|-3 2 1]; 7= 0 —2 5
0 1 -1 -3 1 1

a) Tinh B =T"1AT
b) Tim gia tri riéng va véc to riéng cua ma tran A.

Giai.
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a) Ta co
LT 0 -21 -1
T—1=7—0 —-15 =10 5|, B=T1'AT = -3
-6 10 2 4

b) Gia tri riéng (—1, —3,4).

Cau 2. Ching minh rang v6i moi ma tran vuong thuc cép hai A, B, C ta luén
c6

(AB — BA)2(C = C(AB — BA)?0%4,
Giai.

Tinh todn truc tié€p ta thdy vGi cap ma tran vuong cip hai A va B bat ky, AB

va BA c6 cing mot vét. Tir d6 suy ra ma train D = AB — BA ¢6 vét bang 0.
Viy nén

c —a

D= <a b> vi D? = (a® + cb)E.
Do d6
D204 — (g2 1 cp)1002E
va nd giao hodn véi moi ma tran C.
Cau 3. Biét rang cdc ma tran vuong A, B déu la nghiém cua da thic f(z) =
z? — 2 va AB+ BA = 0. Tinh det (A — B)?
Giai.
Tacé A2 = A, B2 = B nén

(A+B)?=A?4+AB+BA+B*=A2+B>=A+B
(A-B)?=A> -AB-BA+B?>=A2+B>=A+B

bat det(A — B) = «, det(A+ B)=0. Tacé

det(A + B)? = det(A + B) b 8% =3
det(A — B)? = det(A+ B) o? = 3

Suy ra (aaﬂ) = (070)’ (aa/@) = (17 1)’ (Oé,ﬂ) = (_17 1)
Vay ta c6 ba trudng hop
(i) Véi (e, 8) = (0,0),thi A=0,B=0
(il) V6i (o, 8) = (1,1),thi A=FEvaB=0
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(iii) V6i (o, ) = (—1,1), thi
1 0 0 0
-
Cau 4. Cho ma tran thuc A = (a;;)nxn thod man diéu kién
{ 0 néui=j
Qi5 =

+1 néui #j.

Chiing minh rang
a) Néu n = 3, thi ton tai ma tran A dé sao cho det A = 0;
b) Néu n = 4, ta luon luon c6 det A # 0.

Giai.

a) Vidu, v6i

0o 1 1

Az = 1 0 1

— 1 1

ta c6 det Az = 0.
b) Xét ma tran

0111

1011

B = 1101

1110

Ta tinh dugc det B = —3.
Theo dinh nghia cta dinh thic thi

det B= % (=1)NUt- 90y by, bajbaj,

(15 »Ja)

det A= Y (—1)NUIay; ag;,a3),a4,.
(jl""’j4)

()

RO rang 1a néu tich b1j1 b2j2b3j3b4j4 75 0 thi tich Q1j,02j,0353045, 75 0 va nguoc
lai. Do det B = —3 1a mot s6 1€ nén s6 s6 hang khac 0 trong (*) cling 1a mot s6

1€ va vi vay det A # 0.
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Cau 5.
a) Xdc dinh da thic f(z) dang

f(x) = 2° —32* + 223 + ax? + bz + ¢

biét rang né chia hét cho da thic (z — 1)(z + 1)(z — 2).

b) Cho P(z),Q(z), R(z) la cic da thic v6i hé s6 thuc cd bac tuong ung
1a 3, 2, 3 thod man diéu kién (P(2))? + (Q(z))* = (R(x))?. Hdi da thic
T(z) = P(z)Q(z)R(x) c6 it nhat bao nhiéu nghiém thuc (ké ca boi clia nghiém).

Giai.

a) Tur gia thiét f(1) = f(—1) = f(2) = 0, ta thu dugc hé¢ phuong trinh

a+b+c=0
a—b+c—6=0
4a+2b+c¢=0

Giai hé nay, ta thu duoc a = 1, b = —3, ¢ = 2. Vay da thic can tim 1a

f(z) = 2° — 32* + 22° + 2% — 3z + 2

b) Khong mat tinh tdng quat, c6 thé coi cdc hé sd bac cao nhit cha cic da
thic P,Q, R déu duong.

Trude hét, ta ching minh da thic Q(z) luon ludn cé 2 nghiém thyc.

Tacé Q> = (R— P)(R+ P). Videg P = degQ = 3 nén deg(R + P) = 3.
Do deg Q% = 4 nén deg(R — P) = 1. Do d6 da thitc Q2 c¢6 nghiém thuc va vi
vay da thic @ cé nghiém thuc. Vi deg @ = 2 nén ) c6 ding 2 nghiém thuc.

Tiép theo, ta ching minh da thic P(z) luon ludn c6 3 nghiém thuc.

Tacé P2 = (R—Q)(R+Q). Videg(R—Q) = deg(R+ Q) = 3 nén cic da
thic (R — Q) va (R + Q) c6 nghiém thyc. Néu hai nghiém thuc d6 khdc nhau,
thi P c¢6 hai nghiém thuc phan biét va nghiém con lai cia P hién nhién ciing 1a
nghiém thuc. Néu (R — @) va (R + @) c6 chung nghiém thuc x = a thi z = a
la nghiém clia R va cua ). Do vay

R(z) = (¢ — )Ri(2), Q(z) = (z —a)Qu(x), Pla)=(z - a)Pi(a).

Thé vao hé thic P? = (R — Q)(R+ Q), ta thu dugc PZ = R? — Q2, vé6i P, Ry
la cdc tam thdc bac hai, Q1 1a nhi thic bac nhat. Ta c6

Q? = (Ry — P1)(Ry + P1).
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Vi Q% la da thic bac hai va Ry + ()1 1a tam thiic bac hai nén Ry — P; 1a da
thiic hing. Vay, néu Pi(z) = az? + bx + ¢ (a > 0) va Q1(z) = dx + e thi
Ri(z) = az? + bz +c+kva

E[Ri(z) + Pi(z)] = (dz + ). (1)

Suy ra k > 0. Thay gié tri z = —2 vao (1), ta thu duoc

e e
m(-3)-n(-5) -
1 p + I P
nén Pl( — g) = —% < 0. Do d6 tam thiic bac hai P;(z) c¢6 2 nghiém thuc va
P(z) c¢6 3 nghiém thuc.
Trd lai bai todn. Do P ¢6 3 nghiém thuc, @ c6 2 nghiém thuc va R la da
thic bac 3 (c6 it nhdt 1 nghiém thuc) nén s6 nghiém thuc cua 7'(z) khong nhod
thua 6.

Vi du, ta chon
P(x) = 2® + 32° + 2u,

Q(x) = 2(x* + 2z + 1),
R(z) = 2 + 322 + 4z + 2
thi P? + Q? = R? va da thic (PQR) c6 ding 6 nghiém thuc.

2.12.2 Mon thi: Giai tich

Cau 1. Cho day s6 {z,} xdc dinh nhu sau:

2

Tinh lim z7.

n——+oo
Giai.
Ta ching minh coéng thic

(—1)"(2004)" — 1
(2004)"—1.2005

n =

That vay, dat z,, = % ta thu dugc

1
(2004)"

1
(2004)7—1

h(n) = Lh(n - 1)

= —1)".
2004 +(=1)



108 Chuong 2. BPdp dn va chi dan

Suy ra
h(n) — h(n —1) = (=1)"(2004)"
h(n) = h(0) =Y [h(i) — h(i—1)] = Y (—1)"(2004)".
=1 i=1

Do zg = h(0) = 0 nén
1 < (—1)"(2004)" — 1

(2004y1;£;(__1Y(2004)i:: (2004)"~1.2005

Tn —

Suy ra

lim z
n—oo

2 <2004)2
" \2005/ °

Cau 2. Cho ham s6 f(z) lién tuc va duong trén [0, +00). Ching minh rang
ham so

déng bién trén (0, +00).
Giai.

Ta co

Vi

va
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nén F'(z) > 0 khi z > 0. Do vay F(z) 1a mot ham déng bién trong (0, 00).

Cau 3. Cho 0 < a < b. Tinh tich phan

a) I(\) = /[b:c +a(l — 2)]Ndx
0

Giai.

a) Pat bx +a(l —z) =t, tacé

1 b t)\
/bm—l—al—x])‘dx:/ dt.
b—a
0 a

Véi A # —1 thi

1 pML g

1
1 1 b
/bm—l—al—aj])‘dm— —— M =
0

b—aX+1 a A+1 b—a
Véi A = —1 thi
/ / Inb—1
/bm—l—al—x )‘dm—/ dt:n —na.
b—a
0

b) Tir a) suy ra

Suy ra

Cau 4. Xic dinh cdc ham s0 f(x) thoa man dong thoi cdc dicu kién sau:

() f(z) > e vy c R,
(i) f(z+y) > f(z)f(y), Vo,y €R.
Giai.
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Dat f(z) = €29%2g(z). Theo gi thiét (i) thi g(z) > 1 v6i moi z € R.Thé
vao diéu kién (ii), ta thu duoc

e2004(z+y)g(aj + y) > 62004xg(x)€2004yg(y)

hay
9z +y) =2 9(z)g(y), Vz,y € R.
Véi z = y = 0 ta thu duge

Suy ra
1=9(0) =g(z + (-z)) > g(z)g(—x) > 1 Vz € R.
Do dé6 g(z) =1 va f(x) = 2004z,
Cau 5. Cho da thic P(z) thoa méan diéu kién P(a) = P(b) = 0 v6i a < b. Dat

M = max,<;<p |P"(z)|. Ching minh ring
b b

a) /P" (z)(z —a)(x — b)dx = 2/P(x)da:,

b>]/ < M- a).

Giai.

a) Ta chiing minh

/P” (x —a)(b—z) :—2/P (1)

That vay, st dung cong thic tich phan timg phan, ta thu duoc

b b
/P”(m)(m —a)(b—xz)dx = — /P’(x)[(x —a)(b—x))'dz =
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b) Tu (1) ta thu duogc

b

/P(m)dw =—

a

N —

b
/P”(m)(w —a)(b— z)dz.
Suy ra
b b
’/P(x)dx’ = %/!P"(x)H(x —a)(b—z)|dx.

Via<z<bnén |[(z—a)(b—z)=(x—a)(b—=x) va

b

b
‘/P(x)dx‘ < %/(m —a)(b—z)dz = %(b—a)?’.

a

2.13  Olympic nam 2005

2.13.1 Moén thi: Pai so

Cau 1.
Ta c6

1
1+ — T T T
x1
T2 T2+ — T2 T2
det A = z1xo2324. det z2
T3 T3 T3+ — T3
T3 1
T4 T4 T4 Ta+ —
T4
1
1+ — 1 1 1
I 1
1 1+ — 1 1
= 21°229%25%w42. det z2 1
1 1 1+ — 1
T3 1
1 1 1 1+ —
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1
1 1 1 1 10 0 o
1 12
0 — 0 0 1 1 1 1
x2
:x123:22x32m42. det 1 + det 1 +
0 0 — 0 0 0 — 0
T3 1 T3 1
0 0 0 — 0 0 0 —
\ 3342 3342
1 1
— 0 0 0 = 0 0 0
1 1 1 1
tdet | O 292 O | faet] © z92 (1) 0
1 1 1 1 o o L o
1 x32
0 0 0 — 1 1 1 1
X4
L 0 0 0
3312
1
0 — 0 0
—l—det 2 1
0 0 — 0
T3 1
0 0 0 —
1742 V,
1 1 1 1 1
2.2 2 2
R <m2233323342 212232242 + 212292142 + 212292132 + m1293223332m42)

:3312+3322+3332+3342+1:(331—|—$2—|—$3—|—334)2—

—2(x129 + 2123 + 124 + ToT3 + Toxg + T324) + 1.

Vi 21, o, 23, 24 12 nghiém cta da thic f(z) = z* — 23 — 522 + 1 nén

1+ T+ a3+ 24 =121200 + 2173 + X174 + T2x3 + Taxy + T3T4 = —5.
Vay det A=1-2.(-5)+1=12

Cau 2. Chéo hoi ma tran A

., (10
D=P AP_<O 4>,
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trong dé

P=(51) (15 )

Ma tran dudng chéo C' c6 cic gid tri rieng duong sao cho C? = D 1a ma tran

dang
10
¢= <0 2> '

Vay cén tim ma tran B = QCQ ! sao cho B2 = QC?Q ' = A= PDP~1?
Tac6 QDQ~! = PDP! = D(Q'P)=(Q 'P)D.

= Cin gi4i phuong trinh DX = XD, X = (‘;‘ g) .

“(o2)( 50562
(5 )= (0 %)

=7v=0,8=0, «,0-khiac 0 tuy y ! Vay ta cé

ser=(i ) = amr(y )= (0 )
o=t )r= i E) = m=ece = (1 57)

Ghi chi Néu thi sinh chon luén ma tran B = PCP~! = (éllg g;g) thi van

cho diém t6i da!!!
Cau 3. 1) Dé dang thay khong ton tai cac da thic bac 0, 1, 2Py(x), Pi(z), Pa(z)
thoa man diéu kién dau bai.

Xét truong hop n > 3. Gia st ton tai da thic bac nP,(x) thoa man dicu kién

P,(z) > P!(x), (2.3)
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P!(z) > P!(z) Vz (2.4)
T (2.3) = P,(z) — P/(z) >0VYz = n - chan.
T (2.4) = P!(z)— P!(z) >0Vz = (n—1) - chan.
Vo Iy!!!!

2) Tu gia thiét suy ra n - chan (n - bac cua da thic Q(z)). Gia st ngugc
lai, 3z¢ Q(z9) < 0 = phuong trinh Q(z) = 0 c6 it nhat 2 nghiém (n - chan!).
!/

= e *Q(z) = 0 ¢6 it nhdt 2 nghiém (ké ca nghiém boi) = <e—»’vQ(m)) —0
c6 nghiém. Tic 1a —e ?Q(z)+e *Q'(z) = 0 c6 nghiem = Q(z)—Q'(z) =0
c6 nghiém = Vo Iy!!!!

Ghi chu Ciing c6 thé ching minh hai phuong trinh Q(z) — Q'(z) = 0 ¢6 s6
nghiém khong it hon so véi phuong trinh Q(x) = 0 (bang cdch chiing minh tuong
tu nhu trén).

Caud. Tac6 M =E+ D véi
1 00 1 10
E=101 0|, D=0 00
0 01 0 01
Dé dang thdy ring E™ = E,D™ = D, Vn € N (n > 2). Khi d6
M"=(E+D)"=> ChE"*DF =) CFE""D"+E=) CFID+E.

k=0 k=1 k=0

Mit khac

n k=1 k=1
Y cip=| o0 0 0
h=1 0 0o S cCk
k=1
va > CF=2"—1.Do d6
k=1
o 2 —1 0
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Ti day suy ra S, = 3.2"
Cau 5. Cong thém biéu thitic 21 + x2 + ... + ;1 vao ca hai v& phuong trinh
thit 4 (¢ > 2) cua hé dd cho. V6ii=2,3,...,n,tacod

a+x1+x2+ ... +Ti—1
2005¢ — 1

r1+xo+...+x1+x+..tx, = +x1+xo+...+x—1

N a . a
2004  2005¢ — 1

1
(i)
+(£B1+LE2+ +x; 1)( +2005Z_1

a (2005i - 2005>

= 1= -
TLA T2+ F Tinl = oa0e 2004

Vay, v6i i = 2,3,...,n

€r; = (a;l—l—xz—k...—l—xi) — (a:l—l—xg—l—...—l—xi_l) =

a (2005“rl — 2005) a (2005i — 2005) a

= 2005+1 2004 ~ 20050 2004 = 20050
Lay phuong trinh thit nhat trir di phuong trinh thit hai ta dugc 1 = 2005
a a

Vay z; = (i=1,2,...,n—1); =,

20057 = 2004.200571°

2.13.2 Mon thi: Giai tich

Cau 1. Cho day s6 {z,} xdc dinh nhu sau:

Tn—1

~ 2004

z0=0, z, +(=1)", Yn>1.

2

Tinh lim zj.

n——+oo
Giai.
Ta ching minh coéng thic

(—1)"(2004)" — 1
Ty =
(2004)"—1.2005

That vay, dat x,, = % ta thu dugc
1 1 1
h(n) = ——h(n — 1) —— + (~1)".
oo "™ = 002" ~ Viggoayrt + (7Y
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Suy ra
h(n) — h(n —1) = (=1)"(2004)"
h(n) = h(0) =Y [h(i) — h(i—1)] = Y (—1)"(2004)".
=1 i=1

Do zg = h(0) = 0 nén
1 < (—1)"(2004)" — 1

(2004y1;£;(__1Y(2004)i:: (2004)"~1.2005

Tn —

Suy ra

lim z
n—oo

2 <2004)2
" \2005/ °

Cau 2. Cho ham s6 f(z) lién tuc va duong trén [0, +00). Ching minh rang
ham so

déng bién trén (0, +00).
Giai.

Ta co

Vi

va
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nén F'(z) > 0 khi z > 0. Do vay F(z) 1a mot ham déng bién trong (0, 00).

Cau 3. Cho 0 < a < b. Tinh tich phan

a) I(\) = /[b:c +a(l — 2)]Ndx
0

Giai.

a) Pat bx +a(l —z) =t, tacé

1 b t)\
/bm—l—al—x])‘dx:/ dt.
b—a
0 a

Véi A # —1 thi

1 pML g

1
1 1 b
/bm—l—al—aj])‘dm— —— M =
0

b—aX+1 a A+1 b—a
Véi A = —1 thi
/ / Inb—1
/bm—l—al—x )‘dm—/ dt:n —na.
b—a
0

b) Tir a) suy ra

Suy ra

Cau 4. Xic dinh cdc ham s0 f(x) thoa man dong thoi cdc dicu kién sau:

() f(z) > e vy c R,
(i) f(z+y) > f(z)f(y), Vo,y €R.
Giai.
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Dat f(z) = €29%2g(z). Theo gi thiét (i) thi g(z) > 1 v6i moi z € R.Thé
vao diéu kién (ii), ta thu duoc

e2004(z+y)g(aj + y) > 62004xg(x)€2004yg(y)

hay
9z +y) =2 9(z)g(y), Vz,y € R.
Véi z = y = 0 ta thu duge

Suy ra
1=9(0) =g(z + (-z)) > g(z)g(—x) > 1 Vz € R.
Do dé6 g(z) =1 va f(x) = 2004z,
Cau 5. Cho da thic P(z) thoa méan diéu kién P(a) = P(b) = 0 v6i a < b. Dat

M = max,<;<p |P"(z)|. Ching minh ring
b b

a) /P" (z)(z —a)(x — b)dx = 2/P(x)da:,

b>]/ < M- a).

Giai.

a) Ta chiing minh

/P” (x —a)(b—z) :—2/P (1)

That vay, st dung cong thic tich phan timg phan, ta thu duoc

b b
/P”(m)(m —a)(b—xz)dx = — /P’(x)[(x —a)(b—x))'dz =
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b) Tu (1) ta thu duogc

b

/P(aj)dm =—

a

N —

b
/ P'(2)(5 — a)(b — x)da.

Suy ra
b b
’/P(m)dm’ _ %/]P”(m)”(m — a)(b— 2)|dz.

Via<z<bnén |[(z—a)(b—z)=(x—a)(b—x) va

b b

’/P(m)dm’ < %/(az—a)(b—aj)dm: %(b—a)?’.

a a
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