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Lai lidgu nay khéng phdi la tai lidu chinh thic cia Dién dan todn hoc
(VMF) nhung do cd nhan t3i la thanh vién cia trang dién dan thdo ludn todn
hoc nay nén t3i xin mao mudi ghi xudt xi la VM mong qudn tri cida trang web
b3S gua yéu 18 trén.

Hang ndm mdi gido vién trung hoc phd théng déu lam mét sang kién kinh
nghigm vé linh vuc chuyén mén gidng day, tuy nhién luwong kién thic ma thdy
(c8) day céng b3S ra nghién ciu da phdn bi 63 guén. Hém nay 31 c& gdng téng
hop lai cdc samg kien kinh mgh/em deé dua vao chung thanh mét tai ligu ”C;Z\C
C/—/[/ll/C/\/ BC TO}Z\/\/ P/—/@ T/—/@/\/&W be tién cho viéc fong /1079 va theo
dsi, t8i chia ra thanh nhiéu rap voi ds day médi fap ram /</10a149 50 trang. Chrla
vide t8ng hop néi dung cdc sang kién dé’ cho cdc ban tham khdo nén cé diéu gi
sai s6t mong cdc ban b3 gua.

Ngusi t8ng hop
CcD13

Tap 2 nay gdm cdc ndi dung:

+ [/i'ng dung # s& thé’ tich trong gidi toan hinh hoc khéng gian.
+ Mot s8" ki nding gidi tich phan.

+ Mt vai cdch nhé céng thic lwong gide.

+ Mot phuong phap ching minh bat déng thite.

+ Phuong trinh mdt cdu va ing dung.

+ //i’mg dung dao ham vao ching minh b&t déng thiee.
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UNG DUNG Ti SO THE TiCH TRONG GIAI TOAN HHKG

CO SO LY THUYET.
Bai toan 1: (Bai 4 sgk HH12CB trang25) . ) 9
Cho khoi chép S.ABC, trén cac doan thang SA, SB, SC lan luot lay cac diém

A’,B’, C’ khic diém S. CMR: Yeazc -S4 5B 5CT
oS4 SB'SC

Giai:

Goi H va H’ lan luot 1a hinh chiéu vuéng goc ciia A va A’ 1én (SBC)

Ta c6 AH/A’H’. Badiém S, H, H’ cung thudc hai mp (AA’H’H) va (SBC) nén
S4' A'H'

chtng thing hang. Xét ASAH tacd 2 =2 = (*
& Thang ang SA  AH ()
Do do
1 ' ' -
Ve rge 301 Saswe g SB'SC'sinB'SC"

Vs.asc lAH'SASBC AH = SB.SC.sin BSC

Tu (*) va (**) ta dugc dpem O
Trong cong thuc (1), dac bi€t hoa, cho B’=B va p
C’=C ta duoc

Vs ape :& (1’)
Vs asc S4
Ta lai co
VS.ABC = VS.A'BC + VA'.ABC
\ SA'
(1= VS.ABC = S_A'VS.ABC + VA'.ABC
N Vi ane 1o S4' _ A'A
Vs inc SA4 SA
Vély: IV/A'.ABC _ AS: (2)

S§.4ABC
Tong quat hod cong thirc (2) ta co bai toan sau day: ‘
Bai toian 2: Cho khoi chop dinh S, day 1a 1 da giac 161 AjA,... A, (n>3), trén
doan thang SA, ldy diém A’ khong tring véi A;. Khi d6 ta co

VAI'.AIAZ...A” — Al 'Al (2,)
VS.A, Ay .. A, SAI
Ching minh (2°) bg“lng phuong phap quy nap theo n; ta chia khéi chop
S.AA;... A, thanh cac khoi chop tam gide 161 &p dung cong thirc (2)

DANG 1: TINH Ti SO THE TiCH CUA CAC KHOI PA DIEN
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Vidu I:

Cho khdi chop S.ABCD c6 day ABCD 14 hinh binh hanh, goi M 13 trung diém
ciia CD va I 1a giao diém ctua AC va BM. Tinh ti s thé tich cta hai khdi chop S.ICM
va S.ABCD hoctoancapba. com S

Giai:

Goi O 14 giao diém ctia AC va BD. Taco I 1a
trong tdm cua tam giac BCD, do do

1 1 1 111
VISCM 3VBSCM 3 2 VDSBC_EEEVS.ABCD

Viw _ 1

Va
ay B

S.4BCD

Vi du 2:

Cho khdi chép S.ABCD c6 day ABCD la
hinh binh hanh. Goi B, D’ lan luot 1a trung diém S
cua SB va SD. Mat phang (AB’D’) cat SC tai C’.
Tinh ti s6 thé tich cua hai khdi chép duge chia boi
mp(AB’D’)

Giai:

Goi O 14 giao diém ciia AC va BD va I 1a giao
diém cua SO va B’D’. Khi d6 Al cit SC tai C’
Ta co

Vi per  SB' SC' 18C'.

Vewe SB SC 258C’
Vs SC' SD' 18C'
Vewr SC SD 28C
1 SC' 1.8C
Suy ra Vsupro T Vsacp = E'E(VS.ABC Vs ac0) = 2 SC o Vs aco

Ké O0’//AC’ ( 0'e SC). Do tinh chat cac duong thang song song cach déu nén
taco SC’=C0’=0°C

Do do6 VSABCD ; ;VSABCD Haym:l

VS.ABCD 6

* Bai tap tham khdo:

Bai 1: Cho hinh chép tam giac déu S.ABC, day ABC 1a tam giac déu co truc tim
H va canh béng a. Goi I, J, K 1an luot 1a trung diém cac canh AB, BC, CAva M, N, P
lan luot 13 trung diém cac doan SI, SJ, SK. Tinh ti sé thé tich ctia hai khéi chop
H.MNP va S.ABC. Tir d6 tinh thé tich khdi chép H MNP

PS: HMNP :i

S.4BC 32

Bai 2:
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Cho hinh chép S.ABCD c6 didy ABCD la hinh binh hanh. Mot mit phiang (&)
qua AB cét SC, SD In luot tai M va N. Tinh % dé mit phing () chia hinh chop

thanh hai phan c6 thé tich bang nhau.
sM 3-1

ps: 22 =2
s 2

DANG2: UNG DUNG Ti SO THE TiCH PE TiNH THE TiCH

Vidul:
Cho hinh chép S.ABCD cé ddy ABCD la hinh thang, BAD = 4BC = 90",
AB =BC =a,AD =2a,SA 1 (ABCD) va SA = 2a. Goi M, N lan luot la trung diém cua

SA va SD. Tinh thé tich khéi chép S.BCNM theo a

Giai:
Ap dung cong thirc (1) ta co
Vipew _SM _1
Vs sca S S4 2
View  SM SN 1
Ve SA SD 4
Suy ra
Vssor =Vspow ¥ Vsow = %VS.BCA + ZVS.CAD
B a 2a B a’
23 43 3

Ghi chu:
1/ Viéc tinh thé tich khoi S.BCNM truc tiép theo cong thirc V :%B.h @dp nhiéu

khé khan, nhung néu ding ti sé thé tich, ta chuyén viéc tinh thé tich khoi

S.BCNM vé tinh VSBC;4 va VS‘CAD dé dang hon rc?t nhiéu )
2/ Khi day hoc co thé yéu cau hoc sinh tinh thé tich khoi da diéen ABCDMN

Vi du 2:
Cho hinh chép S.ABCD c6 day ABCD la hinh vuéng canh a, médt bén SAD la

tam giac déu va nam trong mit phang vudng goc véi day. Goi M, N, P lan luot 1a
trung diém cua cac canh SB, BC, CD. Tinh thé tich khéi t&r dién CMNP theo a

Giai:

Ta co
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CMNP  _ ] —— ( a)
Vs CB CD 4
VCMBD VM.BCD MB l ( )

VCSBD VS.BCD B SB 2,’
Lay (a) x (b) vé theo vé ta dugc
v 1 1

CMNP _ L

= 3 = VCMNP = g'VS.BCD

S.BCD

Goi H 14 trung diém ctia AD ta ¢c6 SH L AD ma

(SAD) L (ABCD) nén SH L (ABCD).
1 lav3 1 o a3

Do d6 vV 4. = 3 —SH.S sep = =

372 2 12
) a*\3
Vay: Veye :? (dvtt)

Vidu 3:

Cho khdi chop D.ABC c6 day ABC la tam giac déu
canh a, DA = 2a va DA vudng goc voi ddy. Goi M, N lan
luot 12 hinh chiéu vudng goc cua A 1én cac duong thang
DB va DC. Tinh thé tich khbi chép A.BCNM theo a

Giai:

Ta c6 Vo _ DM'DN

s DB DC

AM va AN lan luot 1a cic dudng cao trong cac tam
giac vuéng DAB va DAC bang nhau nén ta co

DM DA* 4a’ _ DM _4

MB AB° & DB 5

Tuong tu DN _
DC

Do do VD AMN % 16

25

. Vay Vasemn =

1 a2\/§ a3 . 3d°3
37 6 50

Ghi chu:
Ta co hé thuc luong trong tam giac vuong ABC
[ 2
sau ddy b—‘ = b—2
¢' ¢

( Chitng minh dwa vao tam gidc dong dang)

2a

9

.Vb.asc =— .Vpasc. Suy ra Vagemn = — - Vpasc

25
(dvtt)

A
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Vi du 4:

Cho hinh chop S.ABCD, day ABCD Ia hinh chit nhat, AB =SA = a, AD =a~/2
SA vudng gbc voi day. Goi M, N lan ,lu:ort 1a trung diém cua AD va SC, goi I 1a giao
diém cia BM va AC. Tinh thé tich khoi tir dién ANIM theo a hoctoan capba.com

Gidi:

Goi O 1a giao diém cta AC va BD. Ta ¢ I 1a trong tdm ciia tam giac ABD, do

do
Al 2 Al 1
—:—:>_:_
AO 3 AC 3
nen Loy AL AM _11_1 )
Viow AC AD 32 6
Mit khac Lacow - NC _ 1 2)
VACDS S 2
A ) VA[MN 1
Tu (1) va (2) suy ra 4% = —
ACDS 12
. 1 1 a2a a2 . 1 a’2
Ma VSACD ZE'SA'SAACD =§a. > = 5 . Vay VAIMN :E'VSACD :7 (tht)
ViduS:

Cho hinh chop S.ABCD c¢6 day ABCD la hinh
vudng canh a, canh bén SAW = a, hinh chiéu \{uéng
gbc cua dinh S trén mat phang (ABCD) la diém H

thudc doan théng AC sao cho AH = ATC Goi CM

1a dudng cao cua tam gidc SAC. Chung minh ring
M 1a trung diém cua SA va tinh thé tich khdi tir dién
SMBC theo a.

Giai:

Ttr gia thiét ta tinh duoc

AH :—"ﬁ,SH :—a\/ﬁ,CH: 3aV2
4 4 4 7
. Do d6 tam giac SAC can tai C nén M 1a trung di€ém cua SA.

V. SM 1 1
5.MBC ZQZE: Ve vne :EVSAABC

3
av14 a' V14 (dvtt)
4 48

,SC=a\2 = SC=AC

Ta co
S.ABC

1 1 a’
VS.ABC ZE'SH'SAABC :g?

* Bai tap tham khao:
Bail: Cho khdi t¢ dién ABCD c¢6 ABC = BAD =90°,CAD = 120",
AB =a,AC =2a, AD =3a. Tinh thé tich t& dién ABCD.
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3
DS: V0 :&

Bai 2: Cho khdi chop S.ABCD day ABCD 1a hinh vudng canh a, SA vudng goc
v6i day va SA = 2a. Goi B’, D’ lan luot 14 hinh chiéu vudng goc ciia A 1én SB va SD.
Mp(AB’D”) cit SC tai C’. Tinh thé tich khbi chop S.AB’C’D’ theo a

B 164’
AB'C'D' — 45

Bai 3: Cho hinh chép tir giac déu S.ABCD c6 tat ca cac canh déu bang. Goi M, P
lan luogt 13 trung diém cua SA va SC, mp(DMP) cit SB tai N. Tinh theo a thé tich
khéi chop S.DMNP

a’\2

36
Bai 4: (PH khéi B -2010) 7
Cho hinh lang try tam giac déu ABC.A’B’C’ c6 AB = a, gbc gilta hai mat phang
(A’BC) va (ABC) bang 60°. Goi G la trong tam tam giac A’BC. Tinh thé tich khoi
lang tru da cho va ban kinh mat cau ngoai tiép tir dién GABC theo a.
3
3‘18\/5 va R=14
DANG 3: UNG DUNG Ti SO THE TiCH TINH KHOANG CACH

DS: v

bS: VS.DMNP =

bs: Viscase =

Viéc tinh khodng cach tir mot diém dén mot mat phéng khé khin nhét 1a xac
dinh chan dudng cao. Kho khin nay c6 thé duoc khic phuc néu ta tinh khoang cach
thong qua thé tich cta khéi da dién, ma khoang cach d6 chinh 1a d¢ dai duong cao
ctia khoi da dién. Sau day ta s€ xét mot s6 vi du minh hoa.

Vidu I:

Cho tir dién ABCD c¢6 AD vudng goc mit phang (ABC), AD = AC = 4cm,

AB = 3cm, BC = 5cm. Tinh khoang céch tir A dén mp(BCD).

Giai:

Tacé AB* + AC*=BC® = AB L AC b

Do do V., = %AB.A C.AD =8cm’

Mit khac CD = 42, BD=BC =5
Nén ABCD can tai B, goi I 1a trung diém cua CD

= Sep = %DC.BI - g\/f —(2N2) =234 A

3 5
3V, 38 6334
Vay d(A4,(BCD)) = —4BD. — _
.y ( ( )) SﬁBCD 2@ 17 B

Vidu 2:
Cho hinh chép S.ABCD day ABCD Ia hinh thang, 4BC = BAD =90°, AD = 2a,
BA = BC = a, canh bén SA vudng goc voi day va SA = a+/2. Goi H 14 hinh chiéu
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vuong goc cua A 1én SB. CMR tam gidc SCD vuong va tinh theo a khoang cach tor H

dén mp(SCD)
Giai:
Ta cé VS.HCD :S_H
VS.BCD SB
ASAB vudng tai A va AH la duong cao nén
, SH SA> 24° SH 2
Ta co =——=""==2—==
HB AB a SB 3
. 2 21 a’> a2
Vay Viuep = EVS.BCD - \/5 T

==.—a+/2.
33 2 9
\ 1

Ma V. yp =5 d(H,(SCD)).S s

ASCD vudng tai C (do AC* + CD* = AD?),

3a°\2 _a
9a°\2 3

Vi du 3: Cho lang try dung ABC.A’B’C’ ¢6 day ABC la tam giac vuong, AB =
BC =a, AA’ = 4+/2. Goi M la trung diém ctiia BC. Tinh theo a khoang cach giita hai

dodod Sy, = %CD.SC = %.aﬁ.za = a’\J2. Vay d(H,(SCD)) =

dudng thang AM va B’C

Giai: . A ,
Goi E 1a trung diém cua BB’,ta c6 EM//CB’ C
Suy ra B’C //(AME) nén B
d(B’C;AM) = d(B’C;(AME))= d(C;(AME))
Ta c6 Ve aem :M_C :l a2
C.AEB CB 2 E
Lyl _11d a2 _a'\2 H_
C.AEM 5 EACB 5 . 3- 2 . 5 24 A .
Ta cé d(C,(AME)) = Ve a M
B SAAEM B
Goi H 1a hinh chiéu vudng goc cua B 1én AE,
tacd BH | AE
Hon nita BM 1 (ABE)= BM 1 AE, nén ta duoc AE | HM
Ma AE = & 6,AABEvu6ngtaiBnén 12: 12+ 12:% :>BH:a\/§
2 BH® AB° EB° a 3
2 2
ABHM vudng tai B nén MH = %+% = a\éﬁ
2
Do d6 S, = AEHM =+ 40 a2l _aVi4
2 2 2 6 8
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3a3\/§ B aﬁ
azx/ﬁ 7
8

Vay: d(C,(AME)) =

24.

Ghi chii: Cé thé dp dung cong thirc Hé — rong dé tinh S, ,,,,

Vidu4:

Cho lang tru ABC.A’B’C’ ¢6 do dai canh bén 2a, ddy ABC Ia tam gidc vudng tai

A, AB = a, AC=a+/3 va hinh chiéu vudng goc cua
A’ 1én mit phiang (ABC) tring véi trung diém cua
BC. Tinh khoang cach Tir A dén mp(BCC’B”)

Giai:

Theo gia thiét ta co6 A’H L (ABC).

Tam gidc ABC vudng tai A va AH 13 trung tuyén

nén AH = %BC = a. AA'AH vuong tai H nén ta cé

A'H =A' A2 -~ AH* = a3

3
Dodo ¥, g = a2 0"

Mt khac — a1
ABC.A'B'C" 3
2 2 &
Suyra V, yecp = EVABC.A'B'C' = 537 -a’
Tacod d(A',(BCC'B") _ Vascen

BCC'B'

Vi AB1 A'H= A'B'1l A'H = AA'B'H vuoOng tai A’

B C'

Suy ra B'H = Va’+3a> =2a=BB'. = ABB'H can tai B’. Goi K 1a trung diém

ciaBH, tacd B'K L BH.Do d6 B'K =+BB”-BK* =

Suyra S,.., =B'C'.BK =2a. a\éﬁ =a\14
3a’ 3144
Vay d(A',(BCC'B")) = =
ay d(A4',( ) o 14

* Bai tap tham khao :
Bai 1:

Cho lang tru dimg ABCA’B’C’c6 day ABC la tam giac vuong tai B, AB = a,
AA’ =2a, A’C =3a. Goi M 1a trung diém ctia A’C’, I la giao di€ém cua AM va A’C.
Tinh theo a thé tich khdi1 tor dién IABC va khoang cach tr A dén mp(IBC)
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DS: d(4,(IBC)) =

Bai 2:
Cho hinh hop chir nhat ABCD.A’B’C’D’ c6 AA’ = AB = a, BC = 2a, diém M
thudc AD sao cho AM = 3MD. Tinh khoang cach tot M dén mp(AB’C)

ps: d(A,(AB‘C)):%

2ax/§
5

Bai 3:

Cho tir dién ABCD ¢6 DA vudng goc véi mp(ABC), ABC =90°. Tinh khodng
cach tir A dén mat phang (BCD) néu AD =a, AB=BC=b

DS: d(4,(BCD)) = fb

a’+b’

Bai 4:

Cho tr dién déu ABCD, biét AB =a, M 13 1 diém & mién trong cua tir dién. Tinh
tong khoang cach tir M dén cac mat cua tir dién

DS: b +h, +h, +h, =M=a 2
AACB 3

Bai 5:

Cho ti dién ABCD va diém M & mién trong cua tur dién. Goi 1y, 1, 13, Iy lan luot
1a khoang cach tir M dén cic mit (BCD), (CDA), (DAB), (ABC) cua tir dién. Goi hy,
h,, hs, hy 1an luot 12 khoang cach tir cac dinh A, B, C, D dén cac mat ddi dién cua tur

dién. CMR: L4+,

1 2

E.}.r_‘*:]
h, h

3 4

DANG 4: UNG DUNG Ti SO THE TiCH TiNH DIEN TiCH PA GIAC

Viéc tinh dién tich da giac phang dugc quy vé viéc tinh dién tich tam giac theo
. , 1 . A C o 1x AA AAs .
cong thue S, = Eah’ trong d6 h — chi€u cao va a 1a do dai canh day.

Tuy nhién trong nhiéu truong hop, dic biét
1a viéc tinh dién tich cua cac da giac phang trong
khong gian, tinh tryc tiép theo cong thirc gip
nhiéu kho khin. Khi d6 c6 thé tinh dién tinh da
giac thong qua thé tich cua cac khdi da dién. Sau
day 1a mot s6 vi du minh hoa

Vidu I:

Cho hinh chép tam giac déu S.ABC dinh S,
c6 do6 dai canh day béng a. Goi M, N lan luot 1a




trung diém cta SB va SC. Tinh dién tich tam gidc AMN theo a, biét rang

(AMN) L (SBC)

Giai:

Goi K 1a trung diém cia BC va I 1a trung diém cia MN. Ta co
Ve v :SM.SN:l (1)
Ve se SB SC 4

Ti (AMN) L (SBC)
va Al 1L MN (do AAMN can tai A)
nén Al 1 (SBC) = AI 1 SI

Mat khac, MN 1L ST do do6 SI 1L (AMN)

SI1.S 1 1 SO .
Tu(l) > ——2MN —_ — § =——39 O la trong tam cua tam giac ABC
1) SO.S, e 4 MM 451 T ( e & )

Ta ¢ AASK cén tai A (vi Al vira 13 dudng cao vira 1a trung tuyén) nén

AK = AS = “23 — SO =+Ss4*-04* =2 615

2 2
vasi= Lsg @2 vay 5 L alls @3 _aN10 44
2 4 4" 6aN2 4 16

4

* Bai tap tham khao:

Bail: Cho ling tru dimg ABC.A’B’C’. Biét ABC la tam giac vudng tai B ¢o
AB=a, BC=b, AA’ =c (¢’ >4’ +b* ). Mot mit phang (o) qua A va vudng goc véi
CA’cit lang try theo’m(f)t thiét dién.

a) Xac dinh thiét dién do
b) Tinh dién tich thiét dién xac dinh ¢ cau a)

ab\Na* +b* +¢*

DS: Thiét dién AMN c6 dién tich S, = >
C

Bai 2: Cho tir dién ABCD c¢6 cac canh AB =x, AC =y, AD =z, cac goc
BAC = CAD = DAB =90°. Goi H 1a hinh chiéu cua A 1én mit phing (BCD)
1 1 1

. : 1
a) Chuing minh rang: -
) © S U y: oz

b) Tinh dién tich tam gidac BCD

1
DS: S0 = E\/xzyz +y%20 +2%x°
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MOT SO Ki NANG GIAI TOAN TiCH PHAN

Trudce tién hoc sinh phéai nam that ki nhom cong thirc co ban sau:
I/ Hoc sinh can nam virng cac cong thirc tinh nguyén ham sau:

a+l

l.'[dx:x+C 2. Ix“dx:x +C (a #-1)
a+1
1 1 -1
3. [ = dx=In|x]+C 4. [ = dx= ———=+C (a=1)
X x“ (a—1)x*
S.J-e"dx:e"+C 6.Iaxdx: a +C
Ina
7.jsinxdx=—cosx+C 8. Icosxdx=sinx+C
9.J- 12 dx = tanx+C 10. I .12 dx= - cotx+C
cos” x sin” x

Céc cong thuc: 1-2-3-4 ,thu(f)c nhom ham s Ity thtra; 5-6 thuoc nhom ham s6 mil; 7-8-
9-19 thudc nhém ham so6 luong giéc.

Chu y: )
+ Cong thirc nguyén ham khong ¢c6 mhém ham sé logarit nhu trong cong thirc dao ham.

+ Trong cac cong thirc nguyén ham khéng mé rong tir x sang ham sé u(x) nhu trong
cong thirc dao ham.
+ Trong cac cong thirc nguyén ham chi dwgec mé réng tir x sang ax + b nhu sau:

j f(x)dx=F(x)+C= j F(ax+b)dx = L rtax+b)+ Cla=0)
a
Vi du:

atl a+l
X +C:>J‘(ax+b)adXZlﬂ
a

1. jx“dx: +C (az0)

o+1 o+l
2. J.sin xdx =—cosx+C :>I sin(ax+b)dx = —lcos(ax +b)+C (a#0)
a

II/ Cac dang tich phin thwong gap:

b
1) Tich phan dang: 1= szldx(c £0) (P(x) 1a mét da thirc).
cX +

Néu bac P(x) 16n hon hodc bang 1 ta chia tir cho mau ta dugc cac tich phan c6 dang:

b a+l P b
+ jx“dx(a:s-l):[;J + chdjd=é[ln|cx+d|]j
Vidu: Tinh '
1 2
,:IMO,X
Y 2x-3
Giai
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— 1
I:.[ Sl 4 (30,1, +—1 |2x —3| —1—7—21 5
2 4 2 8

) 4 2x-3 4
P(x) A ,
2) Tich phan dang: 1 = J‘;d ( P(x) 1a mdt da thtrc)
X +px+q

Néu bac cua P(x) 16n h0’n hodc bang 2 ta chia tir cho miu ta dugc cac tich phan co
dang:

a+1 b b
Ax+B
+ J' %dx (a¢ 1) :Ll:baﬂ_aaﬂil + Il :J‘de
a+l] a+l ax2+px+q

Cach tinh I, :
= x*+ px+q=0 vo nghiém ( A<0)

Tabién d6i: Ax+B= é[(2x+p)—p]+B :£(2x+ p)+(3—%)

b
_A4 J- x+p _pj'
x’ +p+q 2 V¥t px+g
* IZ_J' x+p Datt=x2+px+q =dt =Q2x+ p)dx
x +p+q

béican: x=a=t=a;x=b=>t=p

ﬂ
I, = 7—[ln|t|] ln—

a

b b b 2
*13:.[ 2+dx+ :I L 2=I - ’m:q—}; >0)
ax px+tq a(x+£)2+q_p7 a

2 4

Pit x+§ = Jmtant = dx = Jm(1+tan’ £)dt

Doi can: x—a:>t=a'x—b:>t=ﬂ

\/_(1+tan Hdt _
13_j jdt ——[ ~a]
mtan® ¢t +m \/_
Vi du:
_j- 3x+2
Tinh _2x2—7x+13x
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3x+2=3[(2x—7)+7}+2=—(2 —7)+§

3} (2x—7) L 25 j dx
22x2—7x+l3 2 sz Tx+13
i (x-7)
+1, = jx _7x+13dx [In]x? —7x+13|] = - In3
3 3
dx
I.=
T Ix —7x+13 !( 7}2 3
xX—-—| +=
2 4
Dat x—Z =£tant te —Z;E X=2=>t=——
2 2 22 X A
boi can
:>dx=73(1+tan2t)dt Xx=3=i=—"
2T
3 9
3
:—1 3+25\/—
2 18
= x*+px+g=0 c6 nghiém kép ng(A:O)
Mx+2y4N  (M=4
Ax+ B Ax+ B M N 2 M
5 = = + = = Mp _B:> N
X"+ px+q (x+§)2 (x+§) (X+§)2 (x+§)2 T+N—

b

II_J.( p N Ydx = Mlnx+£‘——
a x+4 +
X+ (x ) )
Vi du:
2x+5
Tinh 7= I—d
X +2x+1
Giai
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2x+5 _ 2x+5 _ A N B
¥t +2x+1 (x+1)2 x+1 (x+1)2
=2x+5=A(x+1)+B

Ta co: {A:2 {A:Z

= =
A+B=5 B=3

2 2
= 2, 3 - x={21n|x+1|—i} —omi4+l
T x+1 (x+1) x+1] 2 2

= x*+ px+¢=0 ¢6 2 nghiém x; X, (A>0)

Ax+B Ax+ B M N N M (x-x,)+ N(x-x,)
x2+px+q (x=—x)(x-x,) (x—x) (x+x,) (x —x)(x—x,)
M+ N=4 M
=
-Mx, + Nx, =B N

b

J((x . (x xzjd [Mln|x xl|+N1n|x xzﬂ

a

Vi du:

Tinh = Iﬁd

x"—4x-5
Giai
4x -5 B 4x -5 ! B

5 = = + = 4x-5=A(x-5)+B(x+1)
x"—4x-5 (x+1D)(x-5) x+1 x-5

A+ B =4

3
=>4x-5=(4A+B)x-54+B > = 2
-54A+B=-5 5

2

35
2 n 2
x+1 x-5

I =

={iln|x+1|+§1n|x—5|} =—In—+—=In—
2 2 , 2 3 2 3

B Sy

+

b
3) Tich phan dang: I= IR(sin X,c0s x)dx

< R(—sin x,cos x) = —R(sin x,cos x) ( 1é ddi véi sinx )

b
I= .[R(sin X,C0S x) sin xdx
Def}t t = cosX = —dt =sin xdx
Doican: x=a=rt=a;x=b=t=p
B B
I={g(dt=[G(®)] =G(B)-G(a)

a

Vi du:
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Tinh =

sin® x cos? xdx

o~—.~m

Gidi:

2 2 :
I =|(l-cos”x)cos” xsin xdx

O'—.N‘N

bat ¢=cosx= dt =—sin xdx

A V4
Dboi can:x=0:t:1;x:5:t=0

t mvame b | £ L] _2
I—‘l[(l—t)t(dt)—i(t t)dt—L 51)_15

<= R(sinx,—cosx) = —R(sin x,cos x) ( 16 d6i véi cosx )

I= jR(sin X,COS X) COS xdx
bat t = sinx = dt = cos xdx
béican: x=a=t=a;x=b=t=p
B

B
I=[g(0dt=[G(1)] =G(B)-G(a)

Vidu:
3
Tinh I= J.szdx
o (1+sinx)
Giai :

bat t = sinx = dt = cosxdx
boéicin:x=0=t=0;x= 7] =>t=1

b
'[(1+t) L+t} )

= R(-sinx,—cosx) = R(sinx,cosx) (chin dbi véi sinx va cosx )
Dat t = tanx = dt = (1+tan” x)dx
Poicin: x=a=t=a;x=b=1=4

B B
/= _[ g(t)dt =[G(1)]

Ta co:
2 t’
sin“x = - cos’x=——
1+1¢ 1+t
Vi du:
4 dx
Tinh I:j :
5 COs" x
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Gidi:

- :
I={— j dx = [ (1+tan’ x)——dx
p COS X 0 COS X COS X 0 COS X
bat t=tanx =dt= ——dx
COS X

Poican: x=0 =t=0;x= t=1

T
7T

=
1 3!

I:I(1+t2)dt= LI .

) 3] 3

Hoac dung cong thirc ha bac :

.2 1—cos2x 2 1+cos2x
SINX= ——; COSX= ————
2 2

Vi du:

Tinh I =

sin® xdx

o!—.mm

Giai:

1-cos2x) 1
sinx = (Tj 22(1—2005 2x +cos’ 2x)

=%(1—2cos2x+mj 1(

3—4cos2x+cos 4x)

7
= Il(3—4c052x+cos4x)dx =l{3x—25in2x+lsin4x} =
)% 8 4 .16
<= Ngoai 3 truong hop trén
2dt

+1*

Pit:  t=tan® =dt =11+ tan’ X)dx = dy =
2 2 2 1

Dboican: x=a=r=a;x=b=t=p

B s
I= j g()dr =[G (1))

Ta co:
) 2t 1-t*
SINX = —— ; COSX=—
1+1¢ 1+t
Vi du:
3 1+sinx
Tinh 1 :J. dx
o 1+cosx
Giai:

z
2 3rx
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bat (= tan > = dt zl(l+tan2 i)a’x:> dx =
2 2 2

2t
1+

Poi can: x =0 =t=0;x=7=t=1

2t
. I+——
l+sinx = 1442

t2+2t+1

1+cosx 1+ 1-¢*
1+1¢

) 2dt

2

sinax.sinbx

sinax. cosbx =

Vi du:
3
Tinh 7= J. sin x cos 3xdx
0
Giat:
3
[ = I sin x cos3xdx =
0
j- dx
1+cosx
Chu y: ”b
J' dx
° 1+sinx

1
2

cosax.cosbx =

S t—ly

5 [cos(a —b)x+cos(a+ b)x]
%[Cos(a ~b)x —cos(a+b)x]

%[sin(a—b)ﬂsin(“b)x]

. . 1| -1 1 2
(sin4x —sin 2x)dx =—| —cos4x+—cos2x
2| 4 2

X
* 1+cosx=2cos’ 5

* 1+sinx=1icos(%—x)

=[r+1n|? +1H; —(1+In2)

_-!

.0 X
* 1-cosx=2sin’ 5

ap dung nhl trl zag hzp treh

b
4) Tich phan dang: I= jR(x, n/ cx+d Ydx  (ce#0)
/ ex+ f

cx+d

ex+ f
Doi cén :
T s
I= j gt =[G®)].
Vi du:
,
3
Tinh = J.
0

Giai:

(x+1)

\/3x+1

= X= @(t)=dx=¢@'(t)dt
xX=a=>t=a;x=b=>t=0

=G(f)-G(a)
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3

Dat r=3x+1=7F =3x+1=>x= = dx =1dt
2. A 7
bao1 can: x:0:>t:1;x:§:>t:2
£ -1
2 +1 2 2 5 2
I=J.3—t2dt=l.|.(t3+2)tdt=lj(t4+2t)dt=l Lip| 22
o 34 34 315 | 15

5) Tich phan dang:

b
= I= jR(x,\/m—xzdx (m>0)

Dit x=+/msin¢ (t € [—%,%D (hodc x= Jmcost (t € [O; 72']))

= dx =Jm costdt (- dx=~/msintdt)
boican: x=a=t=a;x=b=t=p

B
I=[g@dt=[GW)], =G(B)-G(a)
Vi du:

2
Tinh 7= Ixz 4—x*dx
0
Giai

Ddt: x =2sint te{%;%} =dt=2costdt;

e A T
Do1 can: x:0:>t:0;x:2:>t:3

s T
T

2 2 B
4sin® t\4—4sin’ t.2 cos tdt =8.[ sin® tcos” tdt = I (14 cos4t)dt = {t + i sin4t} = %
0 0

0

=

S 0 [N

= I= jLR(x,\/xzim)dx (m > 0)

Cach 1:

bit: t=x+vx’tm = x=p({)= dx=¢'(t)dt
Poicin: x=a=t=a;x=b=1=J

B
1=[ g0 =[GW)]. = G(B)-G(a)

Cach2: * \x*-m Dat xzﬁ * \x*+m Dat xzx/;tant

cost

Vi du:
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1
Tinh =[x +1 dx
0

Giai:
- 2 2 2 2 2 tz_l t2+1
bat t=x+Vx +l=t—x=vJx"+1 =t -2xt+x" =x"+1l=>x= Y =dx= e dt
2 2
/—x2+1:t—t 1 ¢ +1;
2t 2t
Poican: x=0=t=Lx=1=¢=1+2
1442 1+«/— 14++/2
1 1 1 2t +1 1 2 1
= J. t + t + - '[ # _ '[ £t+ + jdt
1 4 1 t 4 - t 7
) 142
_1 t—+21n|t|—iz - 3+2f Fin(4+2)——
4] 2 2| 4 23+242)

= Padc biét: cac dang tich phan sau

b b [ 2 b b [ .2
j(x”\/m—xz)dx; j( m:x X; j(x“\/xzim)dx; j{x—nidex(Véinlésé nguyén
x x

duong 1¢)

. *t=Am-x' = =m-x"=>x*=m—1t* = xdx =—tdt
bat
=~x*£m)

Doi can: x=a=>t=a;x=b=>t=p

s

B
I= j g(dt =[G
Vi du:

1
Tinh I:Ix3 1+ x%dx

(=]

Giai:

1 1
:jx3\/1+x2dx=jx2\/1+x2.xdx
0 0
Dat: t=Vx’+1==x’+1=2x* =t —1= xdx =tdt
DPoican: x=0=t=1; x:\/g

V2 7 . . 5
I=J.(tz—l)l‘.l‘dZ‘:J.(t4_t2)dt={t__t_} =2\/§+2
5 1

3 15

6) Tich phan dang: 1 —J' (lnx)

bat t=Inx= dt—@

X
Dboican: x=a=r=a;x=b=t=p
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B
I= j f(t)dt

Vi du:
3
Tinh 7= [—"%
1 x(1+1In” x)
Giai:
- dx
Pattr=Inx=dt=—;
X

Pbican: x=1=¢=0;x=3=¢=1In3

n3
o otdr 1 s 1 3
= ! — _2[1n\1+t HO =2 In(l+In’3)
III/ Tich phin tirng phan:

b

= 1= j p(x)In xdx

Dung phuong phép tich phan timg phan dit

= u'=_ b
{u Inx = X =/= [uv]b —Iu'vdx
v'=P(x) “

V= Jp(x)dx a
= |= iP(x)(ex;sin X;COS x)dx

Dung phuong phép tich phan ting phan dat
= u'=p'(x) b
{u P) 3{ =1= [uv]i —Ju "vdx

v'=e"(sin x;cos x) V= J.e" (sin x; cos x)dx

a

Vi du:
3
)Tinh 7= j xIn(x? +3)dx
1
Giai:
= 2x
_ 2 T2 4
Pit: u=In(x +3):> x> +3
v'=x x*+3
y =
2

3

2 3
1:{’6 2+3ln(x2+3)} ~[xdr=6m12-21n4-4
1 1

2)Tinh 1=

X Ccos xdx

S |y

Gidi:
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U=x u'=1
Dat = .
v'=cosx y=sinx

T

1 z[xsinx] sinxdx = 72[+[c0x]§ :%—1

o!—-.N\kz

2
3) Tinh I=[Gx+2)e dx
0
Giai:

5 {u=3x+2 {u'=3
Dat =

V=—€

—X

2 2 -8 2 =
= -Bx+2)e" | +|3¢'dx=—+2—-|3e" | =——+5
0 0 2 2

e 0 e

b
Cha y: 1= [L12,
X
Ddt t=1Inx = dt=d_x
X
Pdi cap: x=a = t=a; x=b = t=
. p
I=[gnadr=[G1)] =G(B)-Gla)
Vi du:
3/ >
Tinh /= [ RXV2HI X
! X
Giai:
Céch 1: Bdt t=Inx = dt=ﬁ
X
Dol caj: {XZI:IZO
x=e=>t=1

1
I:J't32+t2dt
0

Pdtu=N2+t* =>u’ =2+1 :%uzcht:tdt

o lt=02u=32
Doi can:
t=1:>u=3/§

=—judu—z[] (f Y4

Cich2: DPart=2+Inx =7 =2+Inx= ;t dt—lnxﬂ

X
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~

Il
| W

-~

3

x:1:>t:3/5
x=e:>t=3/§

3]s =2 -

4 4
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MOT VAI CACH NHO CAC CONG THUC LUQNG GIAC

Bai viét nho nay chia sé v6i cac ban nhitng kinh nghiém nhé cac cong thirc lugng giac cia
to1, moQt trong nhung hanh hanh trang ma t61 luén mang theo trén con dudng hoc toan cua minh .

1. Déu ciia cdc gid tri lwong gidc (GTLG) :

Céc ban nén biét trong goc vudng (goc phan tur) thir nhat, moi GTLG déu mang dau duong
(+),di chuyén dau + nay theo chiéu doc, ta dugc du cua cos, theo chiéu ngang ta co dAu sin va néu
di chuyén chéo di xudng goc phan tu thir 3 ta dwoc dau cia tan va cotan (con trong nhiing goc
vudng con lai di nhién diu s& 13 4m !). Thé nén dé ghi nh¢ déu cua cac ham sb luong giac ta co:
“cos doc, sin ngang, tan - cotan chéo”’.

2. Gid tri LG ciia cdc goc dic biét cdc ban cé thé dung mdy tinh, tuy nhién néu khéng cé mdy

tinh thi ta vin nhé dwoc mét cich dé dang nho cach chia nhém nhw sau:

Trude hét can nhé mot cau “than chi” quen thudc ma ta da biét tir cap 2 “sin di hoc, cos
khéng ham (khéng hw) tan doan két cotan két doan”.
Véi cac GTLG cua goc 45°ta co nira hinh vudng c6 canh bang 1 (d6 ciing chinh 1a tam giac

vudng can c6 canh bang 1) dé thdy khi d6 duong chéo cua hinh vudng nay la V2 . Tir dé ta co ngay

sin 45° = cos45° L , tan45° =cot45° =1

NG

Con v6i cac GTLG cua cac goc 30° , 60°, ta dung nira tam gidc déu c6 canh bang 1. Ta

NE

co: sin30° :%:cos60°,sin60° = ...

Cac goc 0°,90°,180° thi ta lai ding dén nira duong tron luong giac .

Chang han sin180° =0, cos180° = —1 ta dé dang suy ra tir tpa d6 cua diém
A’(-1; 0) ...(khi @6 ta dung céu sin ding , cos nam dé nh¢ M(cos a;sin a) v6i M nam trén dudng
tron hay ntra duong tron lugng gidc ; goc (Ox, OM) = a.

Mot diéu nita 1a nhiéu khi ta chi cAn nhd céc gia tri cua sin va cos thdi con tan va cotan ta
suy ngay ra dugc nho hé thirc quen thude.

sina cosa ., . ;1. A ke o . .
tana = , cota =——, tham chi chi can nhé doi vai tan vi tana va cota
cosa sina

1a 2 s6 nghich dao cua nhau .
* Khi n6i “ sin ting cos giam “ thi ta c6 thé hiéu 14 : trong goc vudng thir nhat , ham sin ting

(Ddng bién) , con ham cos giam (Nghich bién) khi goc ting tir 0 dén 90° .
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3. GTLG cua cdac goc co lién quan dac biét:

Chéc ching ta déu biét dén cau quen thudc “cos doi, sin bii, phu chéo, khdc r tan cotan”
cling can phai hiéu k§ hon ¥ nghia cta cau nay cdc GTLG dwoc nhdic dén thi bang nhau con néu
khéng dwoc nhdc dén thi ching déi nhau ! .
Vé cach nhé céc lién quan dac biét nay, toi hoc tur thﬁy giao day toan cua t6i. Cac ban cung
doc cho vui nhé :
* Lién quan déi (a va — a)
Néu 2 géc doi nhau
Cos cuia chiing bang nhau
Sin, tan cotan doi
Hay viét vdao mau mau .

* Lién quan bu (ava 7T - a)
Néu hai géc ma bi
Cos phdi thém ddu trir
Tan cotan ciing vay (*)
Sin bang nhau ré chia ?

* Hon kém mgt &7 (avaa+7)

Néu hon kém mét =
Chuyén do co kho gi
Sin cos doi ddu di

Tan cotan van vay

, ~ A < T
* Hon kém mgt vuong (a va a + E)

Néu hon kém mét vuéng ( % )

Chuyén nay kho khan hon
Sin I6n bang cos nho

cos lon bang trir sin con .
.7 n .7
Lién quan phu (a va 5 a)

Phu nhau thi dé ghé
Sin nay bang cos kia

Tan nay bang cotan no
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Nhé khong ha 11C ?
(Bay gio 16p hoc toan ghi 1a Aj, A,...nén kho gieo van qua!), tuy nhién cac ban ciing nén nhé rang :

Mudn bién cos thanh sin va nguoc lai thi hiy dung lién quan phu.
4 .4 1 .2 4 .4 1 .2 4 . 4 1 .2
cos"a+sin"a=1——sin"2a cos" a+sin" a =1—Es1n 2a cos” a+sin” a =1—Es1n 2a
4 - 4 1.,
cos a+sin” a =1—5s1n 2a

(Cac ban co thé kiém tra lai cac lién quan dic bi¢t nay béng cong thuic cong .Vi du hon kém 1

vudng , néu nhé duge cac cong thire nay s€ rat tot cho ban day

. /a T .
Sin E—a =Ccosa, cos E—a =-—=Sma

4) Cac cong thirc cong :

* Déi vdi sin v cos :

Cos thi cos cos sin sin

Sin thi sin cos  cos sin kho gi

Ban oi hay nho hay ghi

Cos thoi doi dau sin thi giiv nguyén.

Hoic sin “ cing ddu , khdc lodi ““ cos “ ciing lodi , khdc dau

* Cong thurc cong tan :

Tan cua tong 2 tang cao rong

Trén thuwong tang la tong hai tan

DuGi ha tang sé 1 ngang tang

Dam tru di tich tan tan oai hung .

5) Cac cong thirc nhin doi, nhéin 3, ha bdc :

Can biét rang chung duoc sinh ra tir cong thirc cong (vAy nén néu quén cong thirc nhan doi ,
nhan ba thi ta c6 thé “ mo lai “ d& dang nho cong thirc cong ).

Cong thirc nhan 3 1a mot trong cac cong thirc quan trong ma ban cin phai nhd néu muén lam
dugc bai phwong trinh luong giac thi dai hoc .Vay nhé thé nao day ? Riéng toi, t6i lai ding céu
“sin tdng, cos giam” quan sat cong thirc ta thiy :

+) sin chi biéu thi qua sin cos chi biéu thi qua cos

+) S6 mil ctia sin (tir 1 dén 3) ciing nhu hé s6 (tir 3 dén 4) ting tlr trai qua phai, con cos thi

ca mil va h¢ so tu trai qua phai déu gidm, con ¢ gilra van la dau trir (-), ban xem lai nhé :
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sin3a =3sina —4sin’ a
cos3a =4cos’a—3cosa

6) Cdc céng thire bién doi :

* Cong thirc bién doi tong thanh tich
Néu ban chiu kho dé y thi ciing thay dugc rang , chung ciing dugc sinh ra tir cong thirc cong
.Con cach nhé? chic chung ta déu di 1am quen véi “Bai tho™ sau :
Sin c¢ng sin bang 2 sin cos
Sin trir sin bang 2 cos sin
Cos céng cos bang 2 cos cos
Cos trir cos bang trir 2 sin sin
Vé trai la sin cos clia 2 goc a, b con vé phai 1a sin cos nira tong, ntra hiéu 2 goc do .
* Cong thirc bién doi tich thanh tong

O trén 1a cach nh¢ cong thuc bién dbi tong thanh tich, mudn c6 cong thirc tich thanh tong thi

2 A A . . 7 A M ’ N 1 A [N ’ . . M
chi can viét nguoc lai, khi d6 ta thay rang tich cos cos bangE cos tong + cos hiéu, tich sin sin bang

1 [N A - N \ 1 A [N ’ . M 1 . X . A
5 cos hi¢u - cos tong (hodc bang truE cos tong - cos hi¢u) tich sin cos bangE sin tong + sin hiu.

Dé nhd dugc ciing khong kho 1am, phai khong céc ban ?
* Mot vai chu y khi van dung cdc cong thirc lwong gidc :

Phai dé y van dung chiéu ngugc cia cong thirc va phai bién d6i cong thic trude khi sir
dung.

, . 1 . . l1+tana Vs
Vidu: sina.cosa=—sin2a, 1+cos2a =2cos’a, 1-cos2a=2sin’a, ——— =tan| a+—
2 l-tana 4

,1=sin"a+cos’a , —l=tan’a.....

2
Cos a

DPé giai phuong trinh lugng gidc phai co k§ nang bién d6i tong thanh tich, nguoc lai nhiéu

bai tim nguyén ham hay tinh tich phan lai doi hoi chung ta phai biét tich hay bién ddi tich thanh

téng.

Nhiéu cong thire lién quan dén cos thuong c6 ddu cong con sin thi ¢6 dau trir . Vi du: Cong
thire ha bac

Cosza:1+c;)SZa : Sinzazl—c;)sZa

Diendantoanhoc.net



3 3cosa+cos3a . 3 3sina —sin3a
cosa=— mg=————"770—
4 4

Mot s0 bicu thirc quen néu cac ban dé y va biét dugc cach bién doi cling sé€ rat cé ich cho

chung ta trong khi ddi bién, ha bac hay thuc hi¢n cac phép bién doi khac. Chéng han nhu:

sina+cosa=\/Esin(a+%j=\/§cos(a—%j

sina —cosa = \/Esin(a —%) = —\/Ecos(a +%)
4 . 4 l )

cos” a +sin azl—Esm 2a

) 3.
cos6a+sm6a=1—zsm22a

Cic ban thin mén !Trén ddy la nhitng kinh nghiém nhé cong thiic lwong gidc ciia bin
thin t6i cing véi nhitng diéu téi hoc dwoc cia thdy t6i, ban téi va cd tiv hoc sinh ciia t6i. Rit

mong nhiing kinh nghiém do giup ich dwoc cho cdc ban, du chi la mt phan nhé bé .
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MOT PHUONG PHAP CHUNG MINH BAT PANG THUC

I. Bat dang thirc Cosi:

Cho ay, ay, ..., a, la cac s0 khong am. Khi do6 ta co:

a,+a,+..+a,
> 1laa,..a,

n

DAu “=" xay ra khi va chi khi: a; =a,=...=a,
Vi du 4p dung:
Cho ay, ay, ..., a,> 0. Ching minh réng:

(a, +a, +...+an)(i+i+...+L]2n2 (*)
a, a, a

n

Bai giai:

Theo bat dang thirc Cosi, ta co:

~ >1a a,..a, (1)

>y (2)

Do ca hai vé cua (1) va (2) déu 1a s6 duong, nén nhan timg vé cua (1) va (2) suy ra diéu

phai chirng minh.

a,=a,=..=a,
Daubang xayra << 1 1 1 & a,=a,=..=a,
al a2 ) an

Hai dang riéng cua bat dang thuc trén. D6 1a khi a, b, ¢ > 0, ta co:

(a+b) (l%j > 4 (%) (Ung véin=2)

(a+b+c)(l+%+l] >9 (***) (Ung véin=3)
a C

Bat ddang thirc (*) tuy rdt don gian nhung né lai vé cing théng dung. Pé thdy ré hiéu

lyc cia bat d‘cfng thiee do toi dwa ra mot loat cdc bai toan minh hoa sau ddy
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I1. Cac bai toan:
Bai toan I:
Cho tam giac ABC ¢6 cac canh a, b, ¢ va p 1a nira chu vi. Chirng minh rang:

1 1 1 1 1 1
+ + 22 —+—+—
p—-a p-b p-c a b c

Churng minh:
Ap dung (**), ta c6:

1 1 4 4

+ > =-—
p-a p-b (p-a)+(p-b) c
1 . 1 S 4 _4
p-a p-c (p-a)+(p-c) b
1 1 4 4

+ > =—
p-b p-c (p-D)+(p—-¢c) a

Cong timg vé ba bat dang thirc trén suy ra:

1 1 1 (1 1 lj
+ + 22 —+—+—
p—-a p-b p-c a b c

Diubang xdyra < p-a=p-b=p-c <a=b=c

< ABC la tam giac déu.

Bai toan 2: Chirng minh réng trong moi tam giac ta ¢6: h, + hy + h, > 9r, trong do6 h,, hy, h,
13 ba chiéu cao cua tam giac con r 13 ban kinh dudng tron noi tiép.

Chitng minh: Ta biét ring trong moi tam giac déu c6 hé thirc sau:

1.
h,

1 1 1
-+ —
h, h, r

Ap dung (**¥) suy ra:
(h,+h,+h) LI IR h, +hy +h, > 9r
’ ‘ ha hb hc
Déubéngxéyra < h,=hy=h, ©a=b=c
< ABC la tam giac déu.
Bdi todn 3: Chting minh bét ding thirc Nesbit sau ddy: Cho a, b, ¢ > 0. Chimg minh:
a b c 3
+

+ >
b+c c+a a+b 2
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Chitng minh: Bét ding thirc can chimg minh twong dwong voi bat dang thirc sau:

b+c c+a a+

1 1

b+c c+a a+b

+1+ +1+ cb+12%c>2(a+b+c)( ! + + j29

1 1
+

1

N [(b+c)+(c+a)+(a+b)][b

+c¢c c+a a+b

Jz9 (1)

(1) hién nhién dung vi d6 chinh 1a (***) = d.p.c.m.

Dau bang xdyra < b+c=c+a=a+b <a=b=c < ABC la tam giac déu.

Bai toan 4: Cho a, b, ¢ > 0. Chung minh:

a’ b? ¢ _a+b+c
+ + >

b+c c+a a+b 2
Churng minh:
b+c=x >0
bt c+ta=y >0 vt g=2
ab: at+b=z >0 —XTYTZzTp

a+b+c=p >0
Khidba=p-x; b=p-y; c=p-z
Vay:

+ +
X v z

(p=x)° , (p=») , (p -2 z
p=x) (p-y)  (p )ch,p[

(1)

1
X

I 1
y oz

—+ — +—J —6p+(x+y+z) 2

1

1 1 1
<:>2p2(—+—+—j >9p <:>(x+y+z)(l+l+—] 29
z

I

xX Yy z

(2) ludn dung theo (***)= (1) ding = d.p.c.m.

CRLNT

Bai todn 5: Cho tam giac ABC vdi a, b, ¢ la cac canh tuong ting voi cac dinh A, B, C va R

13 ban kinh duong tron ngoai tiép. Chimg minh rang

1 1 1 1

>

— +
ab bc ca R?

Chung minh: Ta luon c6

1 1
(ab+bc+ca)| —+—+— |29

(Theo (***))
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1 1 1 9
- —+— +—2>
ab bc ca ab + bc + ca

Mit khac, theo bat dang thirc Bunyakovski

(ab + be + ca)’ < (a® + b* + ¢*)(b* + > + a?)
Dindénab +bc+ca<a’+b*+c’
Véi moi tam giac ABC ta c6 bat dang thic

1 1 1 1
A’ +b’+c’<9R> = —t—t—2— (d.p.c.m)
ab bc ca R

a,b,c>0
Bai toan 6: Cho .
a+b+c <1

1 1 1

7 inh rine: + + >9
Ching minh réng: a*+2bc b*+2ca c*+2ab

Churng minh: Theo BDT (***) thi

2 2 2 1 1 1
a“ + 2bc) + (b° + 2ca) + (¢c” + 2ab + + >9
L )+ ( )+ ( )]{a2+2bc b*+2ca cz+2ab}

1 1 1
<:>(a+b+c)2 5 +— +— >9
a - +2bc b +2ca c¢”+2ab

1 1 1

> +— +— >9
a +2bc b +2ca c +2ab

MiO<(a+b+c)f <1 =

Bai toan 7: Cho tam giac ABC nhon c6 duong cao AA;, BB;, CC; va truc tdim H. Chung
minh rang:

AH BH CH
AH BH CH

Churng minh: A
AH BH CH >6 C,
AH BH C\H
o[ 1+ A1 B CE s H
AH BH C.H
AA, BB, CC
. B A C

AH BH CH
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Liasc Leca Lec as
2 2 2

= 1 +1 +1 29@ SABC +SABC +SABC 29
JHABC _HB.CA  HC.AB Susc Suca S

1 1 1
(8,5 Sy S B)[ | | ] >9

SHBC SHCA SHAB

hién nhién dung vi d6 chinh 1a (***) = d.p.c.m.

Bai todn 8: (Pé thi chon HSG toan 16p 10 Tinh Thai Nguyén nim 2010)
Cho tam gidc ABC va diém G ¢ trong tam giac d6. Cac dudng thing AG, BG, CG cit
cac canh BC, CA, ABtai M, N, P.

Chtng minh rang néu 4G BG €6 _ =6 thi G 1a trong tdm tam giac ABC.

MG NG PG
Churng minh: A
Theo dinh 1i Seva ta co: P

MG NG PG
MA NB PC

Ap dung (**¥), ta co: B M <

MA NB PC MG NG PG >9
MG NG PG )\ MA NB PC

MA NB PC MG+AG NG+BG PG+CG
+ + 29 = + +

= > >9
MG NG PG MG NG PG
AG BG CG
=
MG NG PG
MG NG PG

A 1.3 2 1
Dau bang xdy ra < =— ==
MA NB PC 3

< G la trong tam tam giac ABC.
Bai todn 9:
Ching minh réng: logb+Ca2 + logmb2 + loga+b<:2 >3, Va,b,c>2.
Churng minh:

Vib,c>2 = bc>2.max(b,c)>b+c
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Ina® S Ina® 2lna

Do do: 10gb+Ca2 = > =
In(b+c) Inbc Inb+Inc

Tuong tu: logmb2 > _2Inb ; logaﬂ,c2 > _2Mnc
Inc+Ina Ina+Inb
Tur d6 ta co:
longrCa2 + logc+ab2 + logaerc2 > 2Ina + 2Inb + 2Inc > 2.E =3
Inb+Inc Inc+Ina Ina+Inb 2

(O day str dung bai toan 3: S A 23
y+z z+x x+y 2

Bai toan 10: (V6 dich Nam Tu ndm 1976)

log, c+10gc a +10ga b
b+c c+a a+b ) a+b+c

Chtrng minh rang: 2(

1 1 log, b
og,c log.a log, ) 9

, . >
Churng minh: 2( b+c cta a+b

a+b+c

I I I
ob+e)+(cra)+(arp))| 08C 08 a log. b,
b+c c+a a+b

Theo bat dang thirc C6Si ta co:

(b+c)+(c+a)+(a+b) >3 y(b+c)(c+a)(a+b)

(logb c+10gc a +loga b j >3 3\/ log, c.log,_a.log, b

b+c c+a a+b ) \(b+c)(c+a) (a+b)

Nhan ting vé hai bat dang thirc trén ta duogc:

1 1 1
[(b+¢)+(c+a)+(a+by]| 108C 108 @ 108, D15 o anos g
b+c c+a a+b
Suy ra d.p.c.m.
2010 . 2010 S_a.
Bai todn 11: Bt S= Y a,. Chiing minh rang )’ L >2010*-2010
i=1 i=1 a.

l
Vo1 m01 ai, ay, ..., A2010 > 0.

Chung minh:

a.

voimoia,b,c>1

Vx,y,z>0) = d.p.cm.

2010 S—a. 2010 S—a.
D ——+22010°-2010 < Z(H ’J220102—2010+2010=20102
i=1

i=1 ai i
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2010 S 2010 2010 1
&Y =22010° < D a,. Y — 22010

i=1 4; i=1 =1 4
bung theo BDT (*) tng v&in = 2010.
Bai todn 12: (V6 dich UCRAINA)

ay...,a,>0 , ) s Loa, n
B Ching minh rang: > —— >
a,+..+a, =1 o 2—-a, 2n-1

Cho {

Churng minh:

n

. a; n
> > o
i=1 2 - ai Zn - 1 i=1

a, n 2n°
> +n=
2 —aq, 2n -1 2n -1
1

(1+
i 2 2n? i n’
= > = >
;2—% 2n —1 ;2

- a, 2n -1
@(Zn—l)izla2n2<:>zn:(2—ai).zn:21a > pn’
i=1 - Y i=1 i=1 -

Bét dang thirc nay dung theo (*)= d.p.c.m.
Bai todn 13: (Pé thi & nghi Olympic 30 thang 4 1an thtr VIII)
Tam giac ABC c6 dic diém gi néu:

cosA + cosB + cosC > 2P =4  2p=b  2p=c (1) (p la nira chu vi)

2p+a 2p+b 2p+c

Loi giai:
Ta chung minh cosA + cosB + cosC < %
Ta co:
C+— C-—
cosA + cosB + cosC + cos % = 2c0Ss 4 ; B cos 4- + 2cos 3 cos 5 3
c+Z A+B+C+ 2 A+B—(C+j
< 2| cos + coS < 2.2cos cosS 2 < 4cos—
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T
A+B-Cc-=
Vio<cos 28 < 1; 0<cos (E—ZJS 1:0<cos —— 3 <1
2 6 4
A-B
cos 1
2
r 2 C-ﬁ
Déu “=” xdy ra khi va chi khi {cos 23=1 & A=B=C
A+B-C-Z
cos =1
4
Vay cosA + cosB + cosC = % < AABC déu.
Ta chirng minh 2p_aqup_quZP_c 22 (2)
2p+a 2p+b 2p+c 2
) < 2p=a g, 2p=by 2pme L0
2p +a 2p+b 2p +c 2
& 4p + 4p + 4p 22
2p+a 2p+b 2p+c 2
< 4p ! + ! + ! 22
2p+a 2p+b 2p+c 2
SN l(2p+a+2p+b+2p+c L, 1 >2
2 2p+a 2p+b 2p+c 2

(Vi2p=a+b+c)
Bit dang thirc nay dung theo (**%)
Véy (2) dang

Do d6 (1) xAy ra <> VT = VP = % < AABC déu.

Bai toan 14: Cho hinh chép S.ABC c6 cac canh bén d6i mdt vudng gdéc voi nhau. Goi a, B,

v 1a cac goc gitta dudng cao xuét phat tir dinh va cac canh bén cua hinh chop. Chimg minh:

3
2 2 2 2 2 .S
sin“ f+sin“y sin“a+sin”y  sin“a+sin° g 4

2 2 2
cos” a cos cos
- P - 4

Chung minh:
V& chiéu cao SH.
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bat ASH = a; BSH =3, CSH =y.

1 1 1 1
RO rang ta co: = + + 1
8 SH* S4* SB* SC? M

Nhan ca hai vé cua (1) v6i SH ta co

cos’a + cos* + cos’y = 1 (2)
Dit sin’ B+ sin’ y=a; sin® o + sin’ y=Db; sin® o + sin’ B=c,
Khi d6 dwa vao (2) ta cé a + b + ¢ = 2(sin’a + sin’p + sin’y) = 4
Tacdcos’a=1-sina=1—(2 - sin’p - sin’y) =a — 1.
Tuong ty cos’p=b—1; cos’y=c — 1.

Vay bt dang thirc da cho twong duong vai bat dang thirc

Theo (***) co: (a+b+ c)(l+ +1j >9,maa+b+c=4,
a

C

S| =

Vay (3) dung = d.p.c.m.

Diu“="xdyra < a=b=c¢c < a=p=y < SA=SB=SC.

Bai todn 15: Cho ttr dién ABCD, M 1a mot diém ¢ trong tir dién. Cac duong thang AM,
BM, CM, DM cit cac mat ddi dién véi cac dinh A, B, C, D cta hinh choptai A’,B’, C’,D’.
Chung minh:

MA MB MC MD
+ + + >
MA" MB' MC' MD'

Churng minh:
Goi H, I lan luot 13 hinh chiéu cua N MA V-V, _V {
A, M 1én mp(BCD). Ta ¢6 H, I, A’ thiang MA V V
hang. Goi V, Vi, Va, Vs, Vylan luot 1d Tyong g ]Z‘\g’ :VL_I; jf‘\;g zg_ :
thé tich cta tr dién ABCD va hinh chop 2 3
dinh M véi cac day la cac tam gidc MDD _ V.
MD' 7,
BCD, ACD, ABD, ABC
MA MB MC MD
lAHS MA'+MB'+MC'+MD'
Taco: A4 _AH 37 7" ¥ Tur d6 suy ra: Lol 1
He'  Mr 1, 4 V| —+—+—+—| -4
3 D W n o now
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S S B
=(Vi+ Vot V3+Vy) | —+—+—+—| -4>16-4=12  (d.p.cm).
( 1 2 3 4)(V v % VJ - (pcm)

1 2 3 4

II1. Bai tap tuong tu:

Bai 1: Cho a, b, ¢ > 0. Chung minh:
2 N 2 N 2 > 9
b+c c+a a+b a+b+c

Bai 2: Cho tam giac ABC. Goi Oy, O,, O3 la tam cac duong tron bang tiép cac goc A, B, C.
Goi Sy, Sy, S; 1a dién tich cac tam giac OBC, O,CA, O;AB. Chirng minh: S;+ S, +

S; > 38.

Bai 3: Cho tam gidc ABC. Chimg minh: absin% + bcsin% + casing > 2438

Bai 4: Cho tam giac ABC néi tiép trong dudng tron tim O. Ba chiéu cao AA’, BB’, CC’ cit

duong tron tam O tai A, By, C;. Ching minh:
A4A' BB' CC'_9
+ >

+ 2—.
A4, BB, CC, 4

Bai 5: Vay, a,,...,a3010 > 0. Chung minh rang:

a, a, Ayo10 S 2010

+ +...+ Z
A, +a,+.+ay, a +a;+..+a,, a,+a,+.+a,, 2009

n . n 2
Bai 6: Dat S = ) 4, . Chirng minh rang: )’ < L, ( L oS

i=1 i=1 i

Y ap, ay,...,a, > 0.
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PHUONG TRINH MAT CAU VA UNG DUNG

I. Cac kién thirc co ban:

1. Phwong trinh mdt ciu:

Dang 1: Mit ciu tam I(a; b; ¢), ban kinh R: (x—a)’ +(y-b)" +(z—¢)’ = R*. (1)

Dang 2: x* +y> +2° +2ax+2by+2cz+d=0 (a2 +b*+c* —d > 0) (2). Khi d6: Mit ciu

tam I(-a; -b; ), ban kinh R =~/a* +b* +c* —d .
2. Vi tri twong doi ciia mt cau véi dwong thing:
Cho mit cau (C) tdm I(a; b; c), ban kinh R va duong thing (A).
Tinh: d(1,A).Néu: d(1,A)>R:(A)N(C)=D;
d(I,A)<R:(A)n(C) tai 2 diém phan biét;
d(1,A)=R:(A), (C) tiép xtc nhau, (A) goi la tiép tuyén clia mat cau.
3. Vi tri twong doi ciia mt cau véi mit phing:
Cho mit cau (C) tdm I(a; b; c), ban kinh R va mit phang (P): Ax+By+Cz+D=0.
B |Aa +Bb+Cc+D |

JA+ B +C*
Néu:

1) d(1,(P))>R:(P)n(C)=D;

Tinh: d(Z,(P))

2)d(1,(P)) < R:(P)n(C) la duong tron (H;r = \/RZ —d* (I;(P)) ) voi H 1a hinh

chiéu cua I trén (P).
Vay duong tron trong khong gian c6 phuong trinh:

(x—a)2 +(y—b)2 +(z—c)2 =R’
Ax+By+Cz+D=0
3) d(1,(P))=R:(P), (C) tiép xtic nhau tai diém H 1a hinh chiéu cta I trén (P), (P)
goi la tiép dién ciia mat cau (O).
II. Cac dang toan:
Dang 1: Xdc dinh tdm va ban kinh cia mgt cau cho truwée (dang pt (2)):
Cach I: Pua vé dang 1
Cdch 2: Kiém tra diéu kiéna’ + 5’ +¢> —d >0 = tam va ban kinh.
Vi du:
Cho phuong trinh: x° +y* +z° = 2m’x — 4my+8m* —4=0
Tim djéu kién dé phuong trinh trén 12 phuong trinh mat cau. Khi dé tim tap hop tam
cua ho mat cau do.
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Giai:
Pt da cho <::>(x—1712)2+(y—2m)2+z2 =m'* —4m® +4

1a phuong trinh mit cau < m* —4m* +4 = (m2 —2) >0 < m# 2
2
Khi d6 tim 7 (m?;2m;0) . Ta thay tam I thudc mit phang Oxy va: x, = )jT’

2

Vay tap hop tam I la parabol x = yj nam trong mp Oxy bo di 2 diém: M (2;2\/5 ;0) va
N (2;-2+/2;0).

Dang 2: Viét phwong trinh ciia mdt cau khi biét mét so yéu t6 cho trude
Pi xac dinh tim va ban kinh ciia mit ciu:
- Biét tAm: tim bén kinh;
- Biét ban kinh: tim tam;
- Chua biét tim va ban kinh: Viét phuong trinh mat cau ngoai tiép tor dién, tiép xuc vo1 2 mat
phang cho trude.... thuong xac dinh tim trudce sau d6 di tim ban kinh.
Bail:
Lap phuong trinh mat cau tdm I(4; 3; 2) va tiép xtc v6i mit phing (ABC) voi:
A(3; 0; 0), B(0; 3; 0), C(0; 0; 3).
Gidi: Phuong trinh mp(ABC): §+§+§= 1 x+y+z-3=0

Bén kinh mt cdu: R =d (1,(4BC))= 243 = Phuong trinh mat ciu:

(x=4) +(x=3) +(x-2) =12
Bai 2: Lap phuong trinh mit cdu tam I(2; 3; -1) sao cho mit cau cit dudng thing (d) c6
5x—4y+3z +20=0

tai 2 diém A, B sao cho AB = 16
3x-4y+z —-8=0

phuong trinh: {

Gidi:
(d) di qua M(11; 0; -25) va c6 véc to chi phuong u = (2:1;-2)
Goi H 1 hinh chiéu cta I trén (d). Co:

[¥.4]

IH =d(1,AB)="=—=—"=15 = Ban kinh mit cau:

[

Bai 3:

~1_ y-2 z-3

Trong khéng gian Oxyz cho duong thang (d) c6 phuong trinh: x2 " 5

va hai mit phang (B):x+2y+2z-2=0; (B ):2x+y+2z-1=0. Lap phuong trinh mt
cau c6 tam I nam trén (d) va tiép xtic v6i 2 mat phang trén.
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Giai:
Ie(d)=I(2t+1;t+2;2t+3)
Mit cau tiép xtic voi 2 mit phang < d(l,(Pl)) = d(l,(P2))
8 +9=97+9 t=0
< [8t+9|=9r+9| < ST

8 -9=-9t-9 t=—+
17

t=0 =1 (L23); R, =3=>Ptrmic(S): (x=1) +(y—=2) +(2-3)" =
2 2 2
=18 :>12[—QE 15) R2=i:>Ptm/c (S,): (x+£j +(y—£j +(z—£j N
17 17°17°17 17 17 17 17) 289

Néu (R)II(R):
1) d song song nhung khéng cach déu (Pl)vd (P2 )hodc nam trén (Pl)hodc (P2 ) . Khong
c6 mat cau thoa man.
2) d song song va cdach déu (P ) va ( ) C6 vé s6 mat cau thod man.
3) d khéng song song, khéng nam trén (P)va (P,): C6 1 mat cau thod man.
Bai 4: . )

Lap phuong trinh mat cau ngoai ti€p t¢ dién ABCD vdéi A(1; 1; 0), B(3; 1; 2),
C(-1; 1; 2) va D(1; -1; 2).

Gidi:
I4* = IB?

Cidch 1: Goil(x;y; z) = 1B =IC* = I(L;1;1), R=14=2
IC* = ID’

Cach 2:

Goi phuong trinh mat cau 1a: x* + y* + z° +2ax+2by+20z+d=0(a2 +b*+c’ —d > 0)
Mit cau di qua 4 diém A, B, C, D nén:
2a+2b+d+2=0
6a+2b+4c+d+14=0
= =>a=b=-1lc=-2;d=2
—2a+2b+4c+d+6=0

2a-2b+4c+d+6=0
Két luan: Phuong trinh mit cau 1a: (x—l)2 +(y —1)2 +(z- 2)2 =4

Chuy:

Bai toan (DH KD-2004): Trong khong gian Oxyz cho 3 diém A(2; 0;1), B(1; 0; 0),
C(L; 1; 1) va mat phang (P) c¢6 phuong trinh: x +y + x - 2 = 0. Viét phuong trinh mat cau di
qua 3 dlem A, B, C va ¢6 tim thudc mit phang (P).
Cach giai bai toan nay twong tw nhu cach I cua bai toan trén.

Dang 3: Lidp phwong trinh tiép di¢n ciia mdt ciu
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Bai toan 1:

Lap phuong trinh tiép dién (P) ctia mat cau (S) tim I, ban kinh R tai diém A
Cach giai:

mp(P) di qua A va nhan véc to I4 lam véc to phap tuyén
Bai toan 2:

Lap phuong trinh tiép dién (P) cia mit cau (S) tdm I(a; b; ), ban kinh R biét véc to
phap tuyén cua (P) 1a: n = (4; B;C)
Cach giai:
(P): Ax+By+Cz+D=0.
|Aa+Bb+Cc+D | ‘ .

= R = tim dugc D suy ra phuong trinh mp(P).

VA* + B> +C?

Co: d(1,(P))=Re

Chu y: ) )
Trong bai toan cho biét véc to phap tuyén duodi dang:

- Biét (P) song song v&i mot mat phang hodc song song v4i 2 duong thang cho trude.
- Biét vuong goc véi 1 dudng thang cho trude.
Bai toan 3:

Lap phuong trinh tiép dién (P) cia mat 05}1 (S)
tam I(a; b; c¢), ban kinh R biét (P) chtra duong thang
(d) cho trudc.

Cach giai:
- Xét dudng thang (d) dudi dang phuong trinh tong quat;
- Viét phuong trinh chum mat phang di qua (d);
- Sir dung diéu kién tiép xuc tim ra mp(P).
Bai toan 4:
Lap phuong trinh tiép dién (P) ctia mat cau (S),
tam I(a; b; ¢), ban kinh R biét (P) di qua diém C va:
1) Song song v&i dudng thang (d) cho trudc.
2) Vudng goc v6i mit phang (Q) cho trude.

Cach giai:
1) Goi: (Q)=(d;C); a=(P)n(Q)= a di qua A va song song v6i d nén c6 pt xac dinh
Bai toan trd thanh viét phuong trinh mp(P) di qua a va tiép xac véi mit cau (S)
2) Tuong ty nhu trén véi: d di qua A va vudng goc voi mp(Q).

Dang 4: Dwong tron trong khong gian
Bai toan 1:

Xac dinh tdm, tinh ban kinh dudng tron 13 giao cia mit phing v6i mit cau cho trude:
Cach gidi:

St dung tinh chit & phan B.I dé tim tam, tinh ban kinh dudng tron

Bai toan 2:
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Tim tdm va ban kinh cta duong tron 13 giao cta 2 mit cau (S), (S') ¢6 tam lan luot 1a
I, I'; ban kinh R, R".
Cach gidi: o )
- Dua pt duong tron 1a giao cua 2 mat cau vé pt duong tron la giao cua mat cau (S)
voi mot mat phang (Q).
- TAm cta dudng tron 140 = II'n (Q);
ban kinhr = \[R* —d* (I3(P)).
Bai toan 3: ) )
Lap phuong trinh ti€p tuyén cta duong tron sau ké
tor A cho trudc:
2 2 2
(x—a) +(y—b) +(z—c) =R (1)
Ax+By+Cz+D=0
Cach giai:

GoiBla tlep diém. Bé ¥ rang B thudc duong tron nén toa d6 B thoa mén (1).
Lai co: tlep tuyen AB cuia dudng tron dong thoi 13 tiép tuyén cua mit ciu tim O nén:

— AB1 OB=> AB.OB = 0(2)
tir (1) va (2) suy ra toa do B= tiép tuyén AB.

Dang 5: Ung dung ciia mdt cau gidi mét sé bai todn dai sé
Bai 1:

X+ +z =1

(1)

Tim m dé phuong trinh sau c6 diing mot nghiém, hay tim nghiém do:
2x—y+2z=m

Giai:

Nghiém ctia hé phuong trinh (néu c6) 1a toa d6 diém chung cua:

mit cau (S): x>+ +z°=1, (S) ¢ tam O(0; 0; 0) ban kinh R = 1

va mit phing (a):2x—y+2z-m=0

Do d6 hé (1) c6 diing mot nghiém khi va chi khi (S) va (o) tiép xtic nhau

& d(0.()= L BN {m::%
V21 422 m==3

TH1:m = 3 nghiém cta hé 13 hinh chiéu vuéng goc H ctia O trén (o;): 2x -y +2z—-3=0

x=2t
duong thiang A qua O va vudng goc véi (a) ¢6 phuong trinh y=—t(teR)
z=2t
e £ , e 3:R , < A 1 1 2 12
gia tri ciia tham so t tuong ing véi diém chung cua (o) vaAlat= 3 = H [g—ggj
TH2: m = -3. Goi H’ 12 hinh chiéu vudng goc ctia O trén (0,,): 2x —y + 2z + 3 =0
= H (—% % ——j (twong tu nhu TH1)
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Vay khi m = 3 thi hé c6 mghiém duy nhét Ia (x:g;y:—%;Z:gj

khi m = - 3 thi hé c6 mghiém duy nhét Ia (xz—%;y:%;Z:—gj

X+y+z =3(1)
Bai 2: Giai h¢ phuong trinh: 1 x° +y* +2° =3(2)
X +y +7° =3(3)

Gidi:
Mit cau (S): x*+y>+2z> =3, tim O ban kinh R = V3 va mp(a): x+y+z—-3=0
v : -3
tiép xac v4i nhau vi d(O,(a))z#zx/g:R :
VI +17 +17

x+y+z=3(1) . .
Do do6 h¢ phuong trinh c6 nghiém duy nhat,

X +y’+7° =3(2)

dé théy’ nghiém do6 1a x =y = z =1 va nghiém nay ciing thoa (3). Vay h¢ da cho c6 nghi¢m
duynhatx=y=z=1

Bai 3: Cho ba sd thuc x, y, z thoa: x*+»*+z>=1. Tim GTLN va GTNN cua:
F:|2x+2y—z—9|
Giai:
Xét mit cau (S): x*+y>+z°=1, tdm O, ban kinh R = 1 va mit phang (a): 2x+2y—z-9 =0
x=2t
Puong thing A qua O va vudng goc véi (ar) ¢ phuong trinh { y =21 (t €R) gia tri tham

z=—

sO t tuong Ung vai giao diém ciia A va (S) lat=+

b

3
= A va (S) cét nhau tai 2 diém: A[g 2. —lj va B(—g;—z;lj
3 3 333

‘4 4, 1_9‘ ‘_4_4_1_
@33 L @)l 333 1,

2 2 2 2 2

J2+2+ J2 +27 +(-1)

Lay M(x; y; z) € (S), d(M,(a))= =—F
22422 4(-1)" 3
Lu6n ¢ d(A,(a))<d (M, (a))<d(B,(a)) & 2< % F<4 & 6< F<I2

Vay Fpin = 6 dat khi x = y=g Z__l

W
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Frax =6datkhix=y=

wlt\)
N
Il
W | =

Bai tap vin dung:
Bai 1:
. ) . 5 2x-2y-z+1=0  _ ,
Trong h¢ toa do0 Oxyz cho duong thang (d): va mat cau (S) co
Xx+2y-2z-4=0
phuong trinh: x* + y* + z° + 4x— 6y +m=0 . Tim m dé d cat mit cau (S) tai 2 diém M, N
sao cho MN =9
Bai 2:
Trong khong gian Oxyz cho mp(P): 2x + 2y +z+5=0va I(1; 2; -2):
a) Lap phuong trinh mit cau (C), tdm I sao cho giao tuyén ciia mit cau (C) va mp (P) 1a
duong tron ¢6 chu vi bang 87

b) CMR; mit cau (C) néi trén tiép xuc véi (d): 2x-2=y+3=z
¢) Lap phuong trinh mat phing di qua (d) ma tiép xtic véi mit cau (C).

Bai 3:

x’ +(y+2)2 +(z—1)2 =9(9)
xty+tz =2

a) CMR: M nam ngoai (C). Lap phuong trinh céc tiép tuyén ké tir M t6i (C).

Cho diém M(0; 2; 0) va duong tron (C): {

b) Tir M ké cac tiép tuyén t&i mat cau (S). Tim tap hop cac tiép diém.
Bai 4:
Cho mit cdu (S): (x—2)" +(y+3) +(z+3) =5 vamp(P): x -2y +2z+ 1 =0
a) CNR: Mat phang (P) cat mat cau theo mot dudng tron. Lap phuong trinh dudng tron (C)
1a giao tuyén va tim tdm, tinh ban kinh cua duong tron do. i
b) Lap phuong trinh méat cau chira (C) va tam nam trén mat phang (Q): x+y+z+3=0
Bai 5:
Cho 2 mit cau: (S,): (x—2)2 +(y+3)2 +(z+3)2 =5
(8,): (x=3) +(y+5) +(z+1)" =20
a) CMR: Hai m/c cit nhau, 14p phuong trinh dudng tron giao tuyén cua 2 m/c.
b) Tim tam va ban kinh cua duong tron.
Bai 6:
Cho mit cau (S): (x+1) +(y—-2)" +(z-3)" =9 vamp(P): x - 4y - 32+ 5 = 0. Lap

phuong trinh tiép dién cua (S) di qua A(0; 1; 0) va vudng goc véi mp(P).

X+ 42 —2x—4y—62=0
Bai 7: Giai hé phuong trinh: <3x+ 2y—-2z-8=0

3x+3y—-4z-12=0
DAP SO - HUONG DAN:
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Bai 1:

(8):1(~2;3;0),R =13—m (m >13)

d :A(O;l;—l);vtcp& =3(2:1;2),d(1,d)=3,IM*> =IH* +d*(1,d) =m __ %
Bai 2:

a) Ban kinh dudong tronr=4, d(1,(P))=3=R=5= (x-1) +(y-2) +(z+2) =25
b) d(1,(A))=5=R =dpem

¢) 2x - 11y + 10z - 35 =0.

Bai 3:

X +(y+2) +(2-1) =9(9) o
Xxty+z=2

Laico: = IH L MH=IHMH =0 x+y+z=2=2(2)

6 4 16
Tu (1) va (2) c6: H,(2;0;0); H, (—7,7 7jz>pttt

a) Goi tiép diém 1a H(x; y; z). Vi H thudc (C) nén: {

b) Goi T 1a 1 tiép diém nén T thudc m/c (S) (1)

Lai c6: MT =+ R? + MI* =22 nén T thudc m/c (S') tAm M, ban kinh2+/2 ¢6 pt:
x’ +(y—2)2 +z°=8(2)

Tu (1) va (2) tap hop T 1a giao ctia 2 m/c (S), (S') nén 1a mp c6 phuong trinh

{szr(y—Z)szz2 =8

2y-z=0

Bai 4:
5 -7 -11

a) Puong tron tam H(— — —j r=2
33 3

b) Tam J ctia m/c ndm trén duong thang IH= J = [H N (Q) = J (3;-5;-1)
I=d(J,(P))=4=Dbankinh m/c: R® =r* +[* =20

Bai 5:

(x—2)2 +(y+3)2 +(z+3)2 =5

a) R, —R <111, <R,+R =DPCM. Pt
x—2y+22+1=0(a)

5 -7 -11
b) Tam O =1,1, n(a) = H(— — —j,r=2
33 3
g 5 \ 2 : o 4x+y-1=0
Bai 6: Lap pt duong thang d di qua A va vuong goc véi (P): 3 0
X—z=
Bai toan trd thanh 1ap pt mp di qua d, tiép xuc véi (S).
Bai 7: 7
Nghiém cua h¢ 1a toa do diém chung cua:
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3x+ 2y-2z-8=0

Mit cau (S): x* + ) +2z> —2x—4y—62=0 va duong thang A:
it cau (S):x+y g & Tang {3x+ 3y—4z-12=0

A qua M(0; 4; 0) va c6 VTCP u = (-2; 6; 3)

x=-2t
= A ¢6 phuong trinh tham sb: { y=4+6¢( € R)
z=3¢
Gi4 tri tham sd t twong g v6i diém chung ciia (S) va A 13 nghiém cta phuong trinh:
t=0
(=20) +(4+60) +(3t) —2(-2t)-4(4+61)-6.31=0 < 10
t=——
49
= A va (S) ¢ hai diém chung 4(0;4;0) va A(ﬁ;@;—ﬁj
49 49 49
. . 20 136 30
Vay hé (3) ¢6 hai nghiém (0;4;0) va | —;—;——
iy e (3) 06 hai nghigm (0:50) va [ 30:2%: 30
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UNG DUNG PAO HAM CHUNG MINH BAT PANG THUC

Tuy theo tinh chét cua timg bai toan, trong qua trinh thyc hién c6 thé két hop dao
ham v&i nhidu bat ding thac khac nhau nhu: Bat ding thic Cauchuy, Bunhiacopski,
Trébusép...... két h0'p Vo1 chung minh bang quy nap toan hoc.

Sau day la mot so bai todn vé bat dang thu’c dung phwong phap tren dé gidi:
Bai 1: Cho hai sb a, b théa man: a + b = 2. Chung minh rang a*+b* =2
Hudng dan: Pat x=a - b =2 —x. Khi 46 a* + b* = x* + (2 —x)*

Xét ham sb: f(x) = x* 4+ (2 — x)*

Taco: fllx)=4[x—(2—x)3]; fllx)=0ex=1

BBT:
x —o0 1 4o
f(x) 0 +
flx) +00 +00

Vay f(x) = 2,¥vx — BDT dugc ching minh.

Tong qudt hon: 1/ Cho hai s6 a, b thoa mén: a + b = k. Chimg minh céc bat dang thirc:
ﬂ-4 _|_ b‘l = 2, [Ejd gf}ll} + b:.'DlD = 2. E :I‘D:Ll}

2/ Cho hai sb a,bthbamana+5b=0,n EN".

g+t -ath.

= ()"
Bai 2: Choa, b 1a cac sb khong am. Chung minh rang: 7a® + 3b° = 9a’b

Chiing minh:

Hudong dan: Ta c6 bat dang thirc: 7a® + 3b° — 9a’h = 0. (1)
Néu a = 0 thi (1) ding v6i moi b = 0.

Neua>0th1[1)<~3: —9x+7 =0, vﬂzx—z;xzﬂ.
Dit flx)=3x22—9x+7(x=z0) = Ff(x)=9x"—9 =2 f'(x) =0 x = +1.
BBT:

x 0 1 Lo

(=) 0 +

f(x) 7 +o0

\1
Vay f(x) = 1,vx 20— f(x) = 0,vx = 0 = BDT duogc chirng minh.
Bai3: Cho x € {o-E‘J. Chl'rng minh rémg: p2sinx 4 pranw - piS¥+l

Can ChlIIlg minh: zwﬂﬂgsmnﬁta_n o= 2L5\1+1 hay 2; Ein x+tan x - 233:

________

— 2einyttanx — 3x >0, ?“n’?T"G"‘TF{l-I E}

&

Xét ham s6 f(x) = 2 sinx + tanx — 3x.
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PR if::cts.x—j_}i\(:c'sx-lé} o Y s 2 ) -
Taco f'lx)= == 0vx e (0] = flx) dong bién trén ( 0; 3)

I‘.'D.i‘ E

Do d6 voi x = 0 tacod f(x) = £(0) = 0 = BDT duogc chirng minh.
Bai 4: Chung mmh rang Neu x >0, n 1a s6 nguyén duong thi ta lubn cé:
e*>1+x+-+= +- +—
Huong dan: Dat j_n(x,] =e¥—(14+x+ I—Z+ ;—S + - +§j.
Cén chirmg minh £, (x) = 0, ¥x = 0.
-Taco: fi(x) =e* — 1> 0,véi x = 0.
- Gia st f(x) = 0,v4i x > 0. Ta ching minh f,,,(x) = 0,vé6ix = 0
That vay: oy (x) = fi(x) = 0,véi x > 0 — ham sb fresq(x) déng bién trén (0; 4+o0).
Do @6 khi x = 0ta ¢ fi.,(x) = 0.
Vay f,(x) = 0,¥x = 0 = BDPT duoc chimg minh.
Bai 5: Cho £4Bc ¢6 3 gbc nhon, chiing minh réng:
- - . B d -
sa+b+o)=n(2+2+2) (1)

Huéng din: BDT (1)<—:~ 3(sind + sinB + sinC) < (4+ B + C) [":“1 4 SnE L sney

B c -

Xét ham sb £(x) = ===, véi x € (0; 7). Taco: f(x) = =28

Xét ham s6 g(x) = x.cos x —sinx, voix € {o, 1. Taco: g'(x) = —x.sinx < 0,vx € (o E] -
ham s 4(x) nghich bién trén (o; E} —glx)= g(0)=0.

Suyra f'(x) < 0,véi ¥x € [o;g:] hay ham sb f(x) nghich bién trén [ja;gj.

Tir d6 néu gid st A > B = C thi f(4) < f(B) < f(C) hay =5 < =22 < 225

Ap dung BDT Trébusép cho 2 diy sb: (4,B,C) va (E'%'ﬂj ta c6 BDT can ching

& Chtng minh rang: Néu phuong trinh x*+ ax®+ bx?+ ax +1 =0 c6 nghiém thi
a® + b* = 151 . D4u dang thirc xay ra khi nao?
Huéng dan: Gia st phuong trinh ¢6 nghiém 1a x, thi x, = 0va

xi+axd+ bxg +taxg+1=06 [".-x.-c.+i']f - m{x0+ij+b —2=

DAt v, = xo+ -, (I3,|  2) ta duge phuong trinh: y§ +ay, +b—2=0
2 -y =ay, —I—b Do do: (2 - yi)* = [av-l—-l.?j < (@ + 605 + 1)
o at btz l‘;,:fl— Xét ham s6: £(£) =& :} , VoIt =4 = fi(t) = t.:::}_’*g’

fl)=0e [‘f; . Tac BBT:
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t 4 +oo
F'() +
f(e) oo

[

Vay f(£) ==, vt = 4 - BDT a® + b* = <. déu dang thirc xay ra khi:

o | s

i

5
;ra_:-'-b::i az_l_bzzi a:_i a=-
t BV B & g v °,
2a+2b= -2 2a—b=2 b=-2 |b=-:2
Bai 7: Ching minh rang: Néu 0 < x < Zthidx—x°< Bl:”;r
Huéng dan: Xét cac ham sb: f(x) = m: —va glx) =3x —x3
(9°(x) =0 .
g'(x)=3—3x? 1 x € (0,5 o x=1 = g(1)=2
9"(x) = —6x < 0,¥x € (0;5). Suy ra: g(x) = g(1) = 2,vx € (0;5), dau “=" xdy ra khi
x = 1.
- p il
Vay 3x — x% < ——, VOl x € (IZI ]

Bai8: Go1 V, S 1a thé tich Va dlen tich xung quanh cua mot hinh nén tron xoay.

5V

Ching minh rang: [—)‘ < —1 (1)

Huéng dan: Ta co: V = —mfd VI — R? ( R: ban kinh ddy; I: dudng sinh, I = R)
Do @P-r=ZL o Il (g

bat x =§ (0= x< 1) xétham sd: f(x) =x —x% = f'(x) =1 — 3x°

S fl(x)=0 x= i%.Ta c6 BBT:

x 0 = 1
3

f'(x) + 0 -

) :

(o]
al

Vay vx € (0;1)taco f(x) < 7 —BDT dugc chu:ng minh.

Bai 9: Cho a,b.c = 0 thdoa man a® + b% + ¢?

b c -, 33 -
Chting minh rang; 5+ sttt a2 (D)
Huéng dan: T gia thiét suy ra: 0 < a, b, c < 1
- 2 ] e o A3 a* B® e 33
— — F— e —_—
(14] 1-g? + 1-57 T 1-=— 2 a—a® + b—k% + e—c® T 2
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Xéthamsd: f(x) =x—x*véi0<x <1 = f'(x)=1— 3x°

Tuong tu bai 8 ta co: flx) = ? JVx € (0;1) & f.-l;,} =
o =—z= _13:{2 (2).
.'If—..',k’ =

Lan luot thay x = a, b, ¢ vao (2) r01 cong Ve theo vé ta dugc BDT (1).
. 1+ cos2. Dau dang thtrc xay ra khi nao?

Bai 10: Ching minh rang: co ﬂz oS

Huéng dan: BPT da cho < cﬂsliin + cos 14;:3 +1 = cosl + 2cos?1 (1)

Xét ham s6: v = cos +fﬂ'~‘1ﬂ1+1

1tx?

batu = 1:.15

Néuu=0thix=0, u=0 thiJu/ 1

Dit t = cosu, tir ful < 1~ cosl < ¢t < 1va duoc ham sb g(t) = 2t% +t

- g'(t) = 4t + 1= 0,Vt € [cos1; 1] - ham sb g(t) déng bién trén [cos1; 1]
— g(t) = gl(cosl) = 2c0s*1 + cos1,vt € [cos1;1] = BDT duogc ching minh.

o ux’—2x4+u=0

DAu dang thirc xay ra khit = cos1 hay cosu = cos1l & u=11 < x = 11
Bai 11: Cho 0 < b < @ Chimg minh rang: ﬂ < lnf =& ()

b

Huong dan: BDT (1) & 1 -2 <l <2—-1.(2)

bat x = g dod0=bhb<anén x> 1. x;l <lhx<x—1,vx > 1.
Chimg minh: Inx < x—1,¥x > 1 nx—x+1<1, Vx=>1,
bat f(x) =Inx —x+1 = f'(x) = ;: —1 < 0,¥x = 1f(x) nghich bién trén (1;+o0).
Dodovéix=1thi f(x)<f(1)=0—-Inx< x—1,Vx=>1
Chung minh: E <lnx,vx>1e Inx —E =>0,¥x > 1.

bat g(x) =lnx —— Chung minh tu:orng tu ta duoc g(x) dong bién trén (1; +o0).

= gl(x) = g(1 ]—ﬁ‘ﬁ*x r=1haylnx— - L 0%x = 1.

Tir @6 suy ra BDT can duoc ching minh.
Bai 12: Chlrng minh rz‘“mg: Voix = 2thi (V3+ 2\,@)"" + (3 — 2v E]“ =6 (1)

Huéng dan: Pat t = (v/3+ 2v2)%, t = 3 + 24/2 voi moi x = 2.
( t4-= flt)=t*—6t+1=0
Tacé:(l)e{ +r_ .H{’”"J +__
t=34+2¢2 t= 34+ 2y
t — 3242 3+ 242 4o
f(e) + 0 - 0 +

Vay f(£) =0, vt = 3+ 2y2 — BDT cén ching minh.

Bai 13: Cho a = 6,b = —8, ¢ < 4. Chung minh réng: Yx = 1 ta déu co:
x*—ar?—bx4+1=c

Hudng dan: Xét ham sb: f(x) = x* —ax® —bx+ 1
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Taco: f'(x) = 4x? —2ax—b; f'(x)= 12x"— 2a = 2(6x* — a)
Véia <6,vx = 1thi £”(x) > 0 =ham s6 £'(x) ddng bién trén [1; ; +%0)
Suy ra f'(x)= f (1)=4—-(2a+b)=0,Vx € [1 +m) —ham s6 f(x) dong bién trén
[4w).Dodd fix) =f(1)=1—a—-b+1=2—(at+b)=4z=c
Vay f(x) = ¢ — BDT duoc ching mlnh.
Bai 14: Ching minh rang: x* + px4+ g = 0,vx €R & () = [E]”’ (1)
Ap dung chimg minh ré‘mg: Néu 2 s6 m,n thoa man (1) thi: nx* + mx®+1 =2 0,¥x €R (2)
Huong dédn: Xét ham sb: f(x) = x* + px +q.

-
Tacod: flx)=4x+p = F(x)=0 < x= —SE —BBT:

\
=
X —® _EI]E ten
f(x) - 0 +
) oo oo
\_3_?5@ /
4 4
il
Suy ra f(x) =0« —3??5'?+q =20 gz :-—”‘ﬁ [ )3 2[%1 —+BDT (1) duogc
"‘hl

chimg minh. ’

Ap dung: * Néu x = 0 thi (2) thdéa man ¥x € E.

Néuxz0thi@2) e D +m(I)+n=0.

batt = i,p =m,q = nthitaco f(t) =0 — BDT (2) duoc chirng minh.
Bai 15: Cho 3 s a, b, ¢ € [0:1]. Chirng minh réng:
-+:+1 +c+:+1 t rz+f+l +(1-a)1-b)(1-c)=1

Hudng dan: Pat x = a,x € [0;1]. Xét ham s6:

— = _ _ .

fl) = —— E+I+1+IJthrl +(1—x)(1-b)(1—¢),vx € [0;1]

Tacod: F'(x) = _.--I+f+1}z _ .I+b+1}= +d,trongdod = — —(1-b)(1—0¢)
Zb 2e

- f'"(x) = rerD® T aeeDe = 0,¥x € [0; 1] =ham s flx) dong bién trén [0;1]

Ta xét 3 trrong hop sau:
TH 1: f'(x) = 0, ‘u"r € [0;1]. Ta co:

Fad c - i b o
f['fj C: f[ 1] btet+i + 1+ec+1 + b+i+1 = bt+ctl + btetl + b+e+l 1 vx € [D" 1]
TH2: f'(x) < 0, ¥x € [0;1]. Ta co:
il S K l+b+5+b2ﬁ2 . , — T, 4
flx) = fl0) = c+1+m+[1 b ,]—mﬂl,‘v’xt:[ﬂ,l]
TH 3: f'(x) c6 dau thay doi trén [0; 1] Ta c6 BBT:
E E g 1]
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Suy ra: masxpy,q; f(x) = Max{f(0); f(1)}

Ma £(0) < 1, (1) < 1 nén maxp, ;) f(x) = 1. Vay f(x) < 1, vx € [0;1]

BAI TAP

Bai 1: Ching minh rang: Véi x = 0 ta ¢6 cac bat dang thuc:

@) 24/x = 3 — %(HD: Xét ham s6: f(x) = 2yx— 3 + f Vol x = 1.

b) Inx < 222 (HD: Xét ham s6: £(x) =

X

1)

zl

21

Bai 2: Cho AABC ¢6 3 goc nhon, chimg minh rang:

sind + sinB + sinC +tand4 + tanB +tanC = 27
HD: Xét ham s6: f(x) = sinx + tanx — 2x, v6i x € (0;5)

Bai 3: Cho x € [(I;?]. Chting minh rang: 25°% 4 pmnx = px+1,

Bai 4: Cho 0 < a < b < = . Ching minh rang: g <

HD: Xét ham s6: f(x) =

Bai 5: Cho a + b = 2. Chting minh rang: a* + b* = a® + b®

BN X

vOi 0 < x < £ va chimg minh f(x) nghich bién trén{ﬂ; HE}
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—Inx, vO1 x = 1.

HD:Pitx=a =b=2—x Xéthamsb: f(x) =x* + (2 —x)* —x®— (2 —x)®
Bai 6: Ching minh rang: Néu |x| < 1, n € N,n = 1thi (1 — x)" + (1 +x)" < 27

Bai7: Véia =2 — — Chtng minh rang: 4x2 — 4a x+a® — 2a = 2, voi ¥x € [—2;0].
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