Chuyén dé : S6 phikc va irng dung Nguyén Thanh Nhin

PHAN THU NHAT- PHAN MO DAU
1. Ly do chon deé tai.

S6 phirc 1a mot chuyén dé quan trong chuong trinh toan phd théng. Sau nhiéu 1an cai
cach gido duc va thay sach gido khoa, s6 phirc dugc chinh thirc dua vao tir niam hoc
2008-2009 trong chwong trinh giai tich 12. Trong cac dé thi dai hoc , cao ding, cac dé
thi hoc sinh gioi, cac dé thi Olympic ta thay cac bai toan lién quan vé sé phirc xuat
hién rat nhiéu va dugc dé cap dudi nhiéu dang phong phti. Cac phuong phap giai vira
mang tinh tong hop cao vira mang tinh dic thu sau sic.

Qua mot s6 nam giang day ban than théy s6 phtrc 1a mot cong cu todn hoc déc luc ,
c6 nhidu tng dung , nhung dugc trinh bay trong sach gido khoa con rat don gian. Do
d6 rat nhidu hoc sinh, tham chi 12 hoc sinh gi6i sau khi hoc xong chwong trinh s6
phtc ciing chi hiéu mot cach don so. Viée st dung s6 phire ciing con rat han ché nhu
tinh toan trén s6 phtrc, giai phuong trinh bac hai, mot sé phuong trinh bac cao dang
dac biét, tinh cac téng c6 dang dacbiét. Thuc té nghién ctru ta théy s6 phtic c6 ung
dung rong rai hon nhiéu. S phirc c6 thé dung 1am cong cu giai quyét bai toan dai sb,
bai toan sd hoc , bai toan td hop, dac biét té ra hi¢u qua nhat 14 bai toan hinh hoc
phang va bai toan luong giac. Nho biéu dién cta s6 phirc dudi cac dang dai sé , hinh
hoc va luong giac nén nhimng tmg dung nay 13 hét sirc tu nhién. Qua qua trinh tng
dung ta thdy dugc mdi quan hé chit ché giira s6 phtrc v6i hinh hoc va vécto.

Trong tim cua dé tai tic gia chd trong t6i van dé sir dung sd phtrc 1am cong cu giai
toan chir khong chu trong tinh toan dbi voi s phirc. Hudng nghién ciru cling xody
sdu vao ndi dung tmg dung cia nd. Tac gia dd cb gang tim toi va dua vao nhimg tng
dung tiéu biéu nhiam gitp hoc sinh c6 thém cong cu giai toan.

Khi nghién ctru dé tai nay, tic gia mong mubn c6 mot cai nhin toan dién toan hoc
dué6i nhidu goc do, thay duoc mdi twong quan giira cac linh vire toan hoc. Trén hét 1a
rén luyén cho hoc sinh kha nang tu duy linh hoat, théy duoc tam quan trong cua s6
phurc trong gidi toan. Gidi thi¢u tdi cac em mot cong cu toan hoc tdt ma cac em it c6
diéu kién tiép can.
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Viéc nghién ctru dé tai nay ciing 1a mot phan trong qua trinh tac gia tham gia boi
dudng hoc sinh gidi va luyén thi dai hoc ¢ trudng pho thong. Qua trinh nghién ciru
cling d3 giup cho ban than co cai nhin sau sic va day du hon vé sé phirc, tao cho
minh mot tai liéu chuyén vé sé phirc , phuc vu cho qua trinh giang day.

2) N¢i dung nghién ctru.

Dé tai nghién ctru vé ndi dung sd phirc dudi goc do cac tmg dung ciia nd vao trong
giai toan.

2.1) Khach thé nghién ciu.

Dé tai nghién ctru trén khach thé 1a hoc sinh trung hoc phd thong, d6i twong chi yéu
13 16p luyén thi dai hoc va 16p bdi dudng hoc sinh gioi.

2.2) Tac dong dwogc thue hién.

+ Hién trang :

Hoc sinh nam kién thtrc vé s phuc so sai. Chua thay duoc nhimg tng dung cua sb
phtc vao cac phan toan hoc khac. Chua st dung s6 phtre linh hoat va sang tao dé lam
cong cu gidi toan.

+ Co sé khoa hoc:

Co s& khoa hoc 1a céc kién thirc vé sé phire duoc trinh bay trong chuong trinh giai
tich 16p 12.

Céc kién thirc nén tang cua nhimng linh viee ma dé tai nghién ctru .

+ Co sé thure tién:

Co sé thyc tién 12 nhitng noi dung kién thirc hoc sinh gip phai can giai quyét trong
cac 16p luyén thi va 16p bdi dudng hoc sinh gioi.

2.3) Nhitng thuin lgi va khé khin khi thye hién dé tai.

+ Thuan lgi:

Puoc su quan tam chi dao ctia ban gidm hiéu nha truong. Pugc su dong vién gitp do,
dong gop v kién cua thay t6 truong va thay co khac trong bd mon Todn.

Puoc tao diéu kién trong viéc giang day cac 16p luyén thi va 16p bdi dudng, qua d6
hoc sinh c6 diéu kién tiép xtc v6i nhitng kién thirc trong dé tai thudng xuyén, do do

dé tai c6 diéu kién ap dung thuc té giang day nhiéu hon.
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+ Kho khan:
Kién thirc nén tang vé s6 phirc duoc trinh bay trong chwong trinh con ¢ mirc do don
gian nén hoc sinh gap khé khan khi linh hoi kién thirc trong chuyén dé. Thoi gian
danh cho cho noi dung sb phirc trong chwong trinh han ché nén viéc trién khai gap
phai nhiéu kho khin vé mat thoi gian.
Hoc sinh ¢ trudng giang day da phan 1 yéu trong khi cac kién thirc trong dé tai &
muc d6 kha cao nén cac em ndm chua duoc nhiéu.
Chuong trinh sé phirc trong chuong trinh chinh khéa duoc trinh bay cubi nam 16p 12
nén dé hoc sinh 16p 10 va 11 ¢6 thé van dung duoc can trang bi cho cic em nhiing
kién thirc co ban vé s phtc.
3) Phwong phap nghién ciru dé tai.
Pé nghién ctru dé tai nay , tac gia da phdi hop cac phuong phap:

- Phuong phap tiép can van de.

- Phuong phap phéan tich , binh luin

- Phuong phap tong hop, hé thong hoa

- Phuong phap chon loc .

3.1) Phwong phap tiép cin vén dé .

Pé tai nay duoc tac gia 4p u tir nhitng nam 2009 sau mot thoi gian tham gia giang day.
Tir d6 dén nay, tac gia da tiép can v6i nhidu khoa hoc tro, tiép can v6i nhidu dé thi dai
hoc va hoc sinh gioi , tir do rat ra dugc nhiéu ndi dung hon, c6 su danh gia ngay cang
toan dién hon. Qua phan tich va giai dé thi, gitp tic gia c6 dwoc nhiéu vi du dan
ching cho dang bai tip ma minh dua ra. Tir 46 dé tai c6 ndi dung phong phii hon.

Pé tai dugc trinh bay theo cac van dé tir mirc d& dén kho hon. Tir d6 dan dat hoc sinh
c6 thé linh hoi duoc dan cac nodi dung kho.

Céc kién thtrc Toan s& dugc dung trong phan nao tac gia déu cd gang trinh bay cu thé
co s& dé hoc sinh c6 thé nam bat 1y thuyét trude, sau d6 méi van dung vao lam bai

tap. Xem d6 1a kién thic co s cho ndi dung dang xét toi. Vi cach trinh bay d6, hoc
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sinh s& khong cam thay don nhan kién thirc mot cach guong ép. Cac em co thé tir tir
tiép can van dé mot cach tu nhién.

Cac ndi dung ung dung khac nhau dugc trinh bay theo dang céc bai hoc § , nham
tranh sy ning né khong can thiét cho hoc sinh. Cubi mdi bai c6 phan bai tap dé nghi
dé hoc sinh c6 thé tu rén luyén kién thuc va ky nang cho minh.

3.2) Phwong phap phan tich , binh luén.

Trude khi di vao mbi dang , tac gia thuong dua ra nhitng phén tich ctia minh vé céc
van dé thuong gip cua dang d6. Khéi quat phuong phép giai cling nhu chi ra cac viée
can 1am khi giai. Hoc sinh s& budc dau hinh dung duoc nodi dung phuong phap giai
téng quat cua van dé minh dang gip.

Qua cac vi du , tac gid thuong co6 cac binh luan vé dang bai tap do, ttr d6 hoc sinh co
thé thiy rd ban chét cta van dé minh dang gip phai. Thay duoc tinh cu thé ciing nhur
téng quat trong mdi bai toan.

Qua mdi binh luén tic gia mudn trao ddi véi nguoi doc vé phuong phap giai, cach
suy nghi nao di toi 101 giai nhu thé. Thay dugc tinh twong tu hoa trong cac bai toan
khéac nhau.

Mot khi ndm duoc ban chit, hoc sinh 6 thé 1am dugc cac bai tap twong tu , cling nhu
c6 thé sang tao ra cac bai toan khac tir bai toan gdc.

3.3) Phwong phap tong hop, hé thong héa.

Pay 14 phuong phap chii dao cua dé tai. Noi dung dé tai dugc phéan chia thanh nhiéu
dang Toan, d6 14 qua trinh tong hop nhitng kién thire tir nhidu ngudn tai liéu va tir ban
than rat ra. Cac dang bai tap dua ra ciing & mirc d6 kha tro 1én, nén doi hoi nhidu qua
trinh suy ludn va tong hop 10 giai .Vi ndi dung dé tai xuyén sudt ca mot van dé Toan
hoc kha rong , nén doi hoi nguoi viét phai co su chuan bi kha 1au dai vé mat thoi gian
( y tuéng hinh thanh), va khi viét ra cAn phai tong hop cac kién thirc lai thanh cha dé
thong nhat.

Céc chi dé khac nhau dugc hé théng hoa theo mdt bd cuc chit ché , nham 1am toat

1én tinh tng dung ctia sé phtc trong mdi dang bai toan.
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Poc qua dé tai ta thay cac vin dé Toan hoc dé cap t6i ¢ ddy déu gan trén cai cot sdng
sd phire, cac biéu dién, cac bién dbi s6 phirc. Tac gia di cb ging tong hop cac van dé
Toan hoc ¢o cung ban chét do.

3.4) Phuong phap chon lgc.

Ung dung cua sb phtrc con rat nhiéu nhung & ddy tac gia chon loc ra nhitng tmg dung
mang tinh rong rai hon, phu hop véi trinh dé cia hoc sinh, véi ndi dung chuong trinh
ma cac em thudng gip hing ngdy. Cac tng dung mang tinh chuyén sau nhu tng dung
vao sd hoc, vao ddy sd, vao to hop khong duogc trinh bay ¢ day. Cac vi du dua ra lam
minh hoa cho phuong phap ciing dugc chon loc rat k¥, vira ¢b ging ddm bao tinh
dién hinh, vira c6 mirc kién thirc vira phai, pht hop véi chuong trinh phé thong.

4) Muc dich nghién ctru dé tai.

Chon d¢ tai s6 phtrc va cac tng dung dé nghién ctru v6i nhitng muc dich nhu sau:

Mudn ¢6 sy ddu tw nhiéu hon vé ndi dung s6 phtic, mot ndi dung ma ban than cam
thdy minh con vap phai nhiéu kho khin trong qua trinh giang day. Do s6 phirc 1a mét
cht dé méi nén chwa ¢ nhiéu tai liéu tiép cdn mot cach day du. Bang viéc nghién
ctru tim toi dé viét vé no, t61 hi vong minh sé& trau dbi thém kién thic va k§ ning vé
toan s phirc.

Tao cho minh mét tai liéu riéng theo cach hiéu ctia minh, bang ngdn ngit ctia minh,
phuc vu cho qua trinh giang day va boi dudng hoc sinh gidi, luyén thi dai hoc.

C6 diéu kién dé trao d6i, hoc hoi kinh nghiém tir ddng nghiép gan xa.

Pua t61 cho hoc sinh mot tai liéu tham khao da duoc ban than nghién ctru, trinh bay
theo ngdn ngit cia minh, giup cac em trong qua trinh bdi dudng hoc sinh gioi va
luyén thi Pai hoc.

5) Nhiém vu ciia viéc nghién ciru dé tai.

Qua trinh nghién ctru dé tai dé ban than trau doi thém kién thirc chuyén mén va
nghi¢p vu. Céach thuc thuc hi€én mot dé tai khoa hoc . C6 diéu kién dé trao doi nhiéu
hon véi thiy c6 trong to Toan vé cac van dé Toan. Quan trong hon nita 1a dua téi cho
hoc sinh mot sé dang bai tap co ung dung cao trong cac ky thi, gitip cac em co két

qua tbt hon.
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Pé tai ma tac gia thuc hién véi nhiém vu 1a giup hoc sinh cai tién phuong phéap hoc
tap. Biét quan tim t&i ban chit Toan hoc trong mdi phét biéu. Co cai nhin linh dong
dbi véi cac dang toan. Cac tmg dung duoc tac gia dua ra day 1a nhing dang thuong
gip trong cac ky thi, nham rén luyén k§ ning va phuong phap giai cho hoc sinh.

Pé tai khi dugc cong bd, nd gitip hoc sinh nim vitng hon vé sd phtc, st dung sd
phtrc mot cach linh dong va hiéu qua, thdy duoc mbi quan hé mat thiét giita sd phirc
vo1 cac linh vuc toan hoc khac.

6) Pham vi nghién ctru.

Dé tai nghién ctru vé linh vuc sd phuc dudi goc do nd 1a mot cong cu giai toan.
Nhitng img dung cua $6 phtrc trong dai $0, luong giac, to hop, hinh hoc s€ lan luot
duoc trinh bay. Do d6 cac linh vuc trén s& duogc tac gia dé cap t6i trong chuyén dé.
Pham vi kién thtrc tic gia st dung 13 hoan toan so cip, chi phat trién tir sach gido
khoa. Do d6 phu hop cho dbi trgng hoc sinh phd thong. Chang han c6 nhiéu bai toan
trong chuyén dé néu biéu dién sd phuc ¢ dang mii 13 z=re s& cho két qua gon hon
nhiéu nhung tac gia khong trinh bay & day, vi 1y do dang mii hoc sinh phd thong

khong nghién ciu.
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PHAN THU HAI-NOQI DUNG PE TAI

§1.Ung dung s6 phirc dé giai phwong trinh, hé phwong trinh, bit phwong trinh.
Phén tich
Xét phuong trinh f(z)=0 va v&inghiém z=x+yi (x,yeIR), ta co thé giai bang cach

h(x,y):O

Y
g(x,y)=0

tach phan thyc riéng va phan 4o riéng, dua vé xét hé phuong trinh {
tuong ndy ta cd thé gip trong sach gido khoa khi tim cin bac hai, bic ba cia mot s6
phuc dudi dang dai $0.

Bay gio ta xét y tuong dé dudi goc do gidi mot phuong trinh hodc hé phuong trinh.
Vidu 1:

PR S O D
X +y
; (xy €R)
X+
Yo r=0 @)
X +y

Giai:
Nhan phuong trinh (2) véi i 1di cong vé theo vé v6i phurong trinh (1) ta dugc:

C 3(x—yi) i(x—yi
ES =3 =>x+yi+ )E2+y2)— )(c2+y2):3

(3-i)z

2

3x—y—(x+3y)i

X+ yi+

bat z=x+yi (x,y eIR), phuong trinh tré thanh z + =3.Tacd |z|2 =zz.Néntaco

\ 3_'
phuong trinh z+g:3 <7 -3z+3-i=0 <:{
z

:2+i N y A
- : .. Ttr d6 suy ra nghiém (x;y)
z=1-i

la (2;1) 5 (1,-1).
Vi du 2: ( Thi hoc sinh gi6i qudc gia 96)

@(H 1 j:z
X+
Aesfes

Giai h¢ phuong trinh sau:

xX+y
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)3
1 j=4\}/_5'
7

Ta dat z=u+vi (u;v e IR). Nhan phuong trinh thur hai voi 1 10i cong vé theo vé ta duoc

Giai: Piéu kién x;y>0. Dt u=+/x ;v=./y . Dua hé vé hé méi

v 11—
u® +1?

phuong trinh
u+vi+ﬂ—i+4\/§i
W+ BT
Vit o= o L phuong trinh duge viét lai
u - +v |Z| z

Z+l—i 4\/7 ozt - (2 4\/71]24-1 0.
NN NERENG] B

Giai phuong trinh cudi ta duoc z =% % [2\/{ +2 J Tt do suy ra
12 242
0= 2 2B =)
2 2
Cudi cung hé c6 hai nghiém (x;y):{[%i%j ;{%i 2] ]

Binh lugn:

Qua hai vi du trén ta thdy diéu can ban dé cia viéc sir dung s6 phire d6 la thdy dwge
cdc Vé trdi cia moi phwong trinh la ting véi phan thuwe va phan do ciia mot biéu thire
phike nao dé. Bang cdc bién doi hop Iy ta dwa vé mdt phirong trinh phirc. Ky ning

nhdn hai vé phuong trinh nao do voi so don vi do i la can thiét.

Vidu 3:
2014
J1Hx +J1+x, ot 1+ xy, = 2013‘f
A \ 2013
Giai hé phuong trinh
JI=x +l=x, +..+1-x,,, =2013 2012
2013
Giai:
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Xét cac s0 phirc z, = fi+x, + i-x i j=1.2....2013. Khi d6 |z | =2 .Do d6

2013

Y |z,|=2013V2.
j=1

2013

Mgt khac taco >z, =(«/1+x1 +4/1+x, +...+«/1+x2013)+(1/1—x1 +4/1-x, +...+1/1—x2013>i.
j=1
Nén

2013
ZZ/
Jj=1

=\/(1/1+x1 14X, +o+ 1+ X, )2 +(J1—x1 FJl=x, oyl =X )2

=2013.2014+2013.2012 =2013+/2 .

2013

Nhu vay taco Y |z,|=
=1

2013

E Z
J
=

. Chimg t0 céc s phirc z, bang nhau .

1

Vay hé c6 nghiém x, =x, =...=x,, =03
Vidu4:

. - 5 o, 45
Giai phuong trinh [Vx? +2x+5 —/x —4x+40‘:x +5x+7.

Giai :

Phuong trinh x4c dinh véi moi x thude R.

‘\/(x+1)2+4—\/(2—x)2+36‘:x2+5x+$. Ta xét cac s6 phitc z, =x+1-2i ; z, =2 x+6i.

Ta co z,+z,=3+4i ; |ZI+ZZ|:5 ; |Zl|:,/(x+l)2+4; |Zz|: (2—x)2+36.

Theo tinh chat mo dun ta co EAREA B EREARER
e A ovare o 45 5Y
Nhung xét vé phai ta co x +5x+7: X+ +5>5.

Két hop lai ta dugc ||z |~ |z, = |z + 2,/ =5. Dau dang thirc xay ra trong cac trudng hop
sau:
THI1 : z, =0 hodc z, =0 khong xay ra.

TH2: Hai sb phtrc thoa mén z, =z, v6i k<0 suy ra X—J;l: 2;x =S x=—% ( théa man )
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Vay phuong trinh ¢6 nghiém duy nhat x = —%.

Binh ludn :Théong thuong khi cdc vé xudt hién dang can thirc hodc tri tuyét doi thi ta
nghi dén mé-dun, dén hiéu mé-dun cia nhitng sé phirc nao dé. Can chii y viéc chon
cdc s6 phire hop Iy dé mé-dun ciia mét tong la mét hang sé. Piéu nay quyét dinh sw
thanh cong cua loi gidi.

Vidu5

Giai phuong trinh vx? —2x+5 +v/x> +2x+10 =29 .

Giai:

Xét cac sO phiic z, =1-x+2i; z,=1+x+3i.

Khi do ta co |zl|=\/m; |zz|=m; z,+z,=2+5i; |zl+zz| =J29
Két hop véi dé bai ta ¢ |z|+|z| = |z +z,|, diéu nay chi x4y ra khi va chi khi

z, =kz,; k>0. Do do ta co

1-x 1+x 1
—=—>0x=—.
2 3 5

Vay phuong trinh ¢6 nghiém duy nhat x = %

Vidu 6:

Tim m dé phuong trinh Vx> + x+1-+/x* —x+1=m c6 nghiém.
Giai:
Xét hai s6 phirc z, :%er—ﬁi; z, :l—x+gi .Tasuyra |z|=vx*+x+1 ;

2 2
|2, =Vt —x 4157, +2|=1.
Theo tinh chat m6 dun ta c6 |z|-|z,|<|z +z,| , d4u dang thirc xdy ra khi va chi khi
z,=0 hodc z, =0 hodc z +z, =0. Nhung ca ba trudng hop khong thé xay ra. Do d6 ta
luén c6 ||z,|-|z||<1.

Vay phuong trinh ¢6 nghi€ém khi -1<m<1.
Vidu7:

Giai phuong trinh vox® —18x% ++/36x% —9x® =9+x°.
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Giai:
Phuong trinh ¢6 nghia khi 2<x<4.

Xét cic s6 phrc z, =1+i; 2, =v9x’ —18x% +4/36x> —9x°i. Ta suy ra || =2, |z|=3xv2,

|Zl||zz|=6x.

Ta goi cac vécto u=(L;1); v= (\/9x3 —18x2:4/36x —9x3) 1a cac vécto biéu dién cho cac

sO phuc z;;z,.

Ta ¢ uy=+/9x —18x> +v36x> —9x° .

Ta ludn c6 bat dang thic Z&SM.‘T/ ,suyra 9+x’ <6x < (x-3) <0 x=3.

Thir lai x=3 thoa min. Vay phuong trinh c6 nghiém duy nhét x =3.

Vidu8:
Giai phuong trinh \x—2vx—4 -3 +y/x—4/x—4 =1,
Giai :

biéu kién x>4.

Viét lai phuong trinh thanh J(m -1)2 +J(z_mf =1.

Xét cac sO phirc z, =x—4-1+0i; z,=2—-+/x—4+0i. Ta suy ra

22|: (2— x—4)2 .

2
|zl|= ( x—4—1);
Va Zl+22=1+0.i:|zl+22|:l.
Vi |zl|+|22| > |Z1 +22| R két hop voi gia thiét suy ra |Zl|+|Zz| =|Z1 +Zz|.

vx—4-1 _ 5+6k

0= x

—=k>
2-Jx—-4 1+k

Dau « = » xay ra khi va chi khi

Bai tap dé nghi :
1) Giai bat phuong trinh (3—x)vx—1++/5-2x > 140 —-34x+10x* —x° .

2) V2 +1++4x7 = 2x+5 =410
3) Vil = x+1++/x3 = Bx+1=+2

4)  3-2x-x* +24-23x—x* =10
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Chuyén dé : S6 phikc va irng dung Nguyén Thanh Nhin

5)  N10-3x—x> +18-Tx—x> <77

6) 2+ x+ 1+ —x+1<2

7 ‘\/x2—4x+5 —\/x2—10+50‘25

8) VX +2x +42x—12/3x" +4x+1.

9)  Giai cac hé phuong trinh

Jxle 12 _y 3 2
3x+y ) {x -3xy° =1
’ 20 3__ 2
Bl e e
3x+y

10)  Giai phuong trinh

V25 —2x+1+\/2x2—(\/§—1)x+1+\/2x2+(\/§+1)x+1 =3

§2 Ung dung s6 phirc vao chirng minh bat ding thirc.
Phén tich :
Ta luu y ring |z|~|z,| <]z + 2| <|z|+|z| v6i z; z, 1 cac s6 phitc bat ky. DE sit dung
sO phirc vao chimg minh bat dang thirc, ta phai dua gia thiét va két luan cua bai toan
vé qua cac biéu dién s6 phirc. Dé 10i giai thanh cong thi cin phai chon cac sb phirc
hop 1y.
Vidu 1:

Cho 2n sb thuc duong a,,a,,...,a,;b,b,,....b,. Ching minh rﬁng

\/af +b/ +\/a§ +b] +...++Ja’ +b] 2\/(a1 tay+ota,) +(b b +.+b)

Giai :
Xét cac so phuc z, =aq, +ib; z, =a, +ib,;...;z, = a, +ib,. Khi d6 bat dang thirc can chirng
minh tr¢ thanh

.

|zl|+|zz|+...|zn| 2 |z1 +z,+..2,

Pay 13 bat dang thirc co ban vé mé dun.

THPT Binh An -Binh Duwong SKKN ndam hoc 2013-2014 1



Chuyén dé : S6 phikc va irng dung Nguyén Thanh Nhin

Binh ludn:

Sw xudt hién ciia can thire la dau hiéu dé ta nghi toi téng cac mé-dun cia cdc s6é
phike.tir 36 hudng gidi quyét la dwa vé chitng minh bat dang thirc vé mé-dun.
Vidu 2:

Cho bdn s6 thuc a,b,c,d thoa mén phuong trinh &* +5° =¢*> +d* =5. Ching minh réng

330

J5—a—-2b+5—c—2d +~J5—ac—bd < T

Chtrng minh:

Nhén hai vé véi 2 ta dugc V10—2a—4b +10-2c—4d +10—-2ac—2bd <315 (1)

Do &> +b*=c*+d* =5 nén

(1) (a=1) +(b=2) +y(c=1) +(d—2) +\(a—c) +(b-d) <3/15(2).

Xét cac s phitc z=x+iy; z, =a+bi; z, =c+di; z, =1+2i VGi 2| =|z|=]z,|=5.
Goi M, N ,P 1a cac diém biéu dién cac s phuc z; z,; z,. Khi @6 M, N,P nam trén
dudng tron tAm O ban kinh R=+/5.
Bét dang thirc (2) tré thanh |z, —z,|+|z, — z,|+]z, — z,| < 315

& MN +MP+NP <315
Vi MN + MP+ NP 13 chu vi tam gidc MNP, con 315 1a chu vi tam gidc déu néi tiép
duong tron . Theo tinh chat ctia hinh hoc so cap ta co diéu can ching minh.
Vidu3

Cho céc sb thuc duong x,y,z va x+y+z=1. Tim GTNN cua biéu thirc
P:\/x2+L2+\/y2+L2+\/zz+L2.
X y z

TP O 1. 1. 1. . 4y .
Ta xét cac s6 phuc z, =x+—i; z,=y+—i; z,=z+—i.Khido taco
x v z

Giai:

z,+tz,+ z4 :x+y+z+(i+%+éji;
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Chuyén dé : S6 phikc va irng dung Nguyén Thanh Nhin

Vafa|= @+ fal= e =
X y z

Ap dung bt dang thitc mo-dun |z |+|z,|+|z,| 2|z + 2, + z,| ta suy ra

2
\/x2+%+\/y2+%+\/zz+%z\/(x+y+z)2+(l+l+l]
X v z X y z

Ap dung bat dang thirc Co-si ta c6

2 2
(x+y+z)2+[l+l+l] =81(x+y+z)2+(l+l+lJ —80(x+y+z)
X y z X y z

z2.9.(x+y+z)(l+l+1j—80(x+y+z)2 >2.9.9-80=82
x y z

2
Nén \/(x+y+z)2 +(l+l+lJ >./2.9.9-80 =+/82.

X y z

Dau dang thirc xay ra khi va chi khi x=y=z= % :

Vay GTNN ciia P 13 32 khi x=y=z=%.

Vidu 4
Cho x, y,z e IR . Chttng minh rang sinx.sin y.sin z + cos x.cos y.cosz < 1.
Chtirng minh :

Ta xét cac sO phuc z, =sinx+icosx; z, =sinysinz+icosycosz.Khido tacod

lz|=1 |z|= \/sin2 ysin® z+cos® ycos’ z . Ta goi cac vecto

u= (sinx; cosx); v=(sinysinz;cosycosz) l1a cac vecto biéu dien cac so phirc z;; z,.

Theo tinh chét tich vo hudng ta c6

- =

uv< ‘u‘ M => sinx.sin y.sin z +cos x.cos y.cos z < 1.\/sin2 ysin® z+cos” ycos’ z .

Bay gio ta co

\/sin2 ysin® z+cos” ycos’ z = \/sinz y(1—cos’z) +cos” y(1—sin’ z) = \/1 —sin® ysin® z —cos’y.cos’z <1

Dau dang thure xay ra khi va chi khi sinx =siny =sinz=1 va cosx =cosy =cosz=1.

Vidu5:
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Chuyén dé : S6 phikc va irng dung Nguyén Thanh Nhin

Cho a,b,c bat ky. Ching minh rang \/(a+c)2 +b° +\/(a—c)2 +b* 22’ +b’ .

Chig minh:

Xét cac sO phuc z, =a+c-bi; z,=-a+c+bi.Khidotaco

|z]|:\/(a+c)2+b2; |22|:\/(a—c)2+b2; |Zl—22|:2 a’+b .
Theo tinh chat ciia mo-dun ta 6 |z,|+|z,|> |z - z,| , ta c6 dpem.
Vidu 6:

Chung minh rang v&i moi x;y e IR ta co

\/4 cos’ x.cos’y +sin’ (x—y) + \/4 sin” x.sin’y +sin* (x—y) > 2.
Chimg minh:

Xét cac so phuc

z,=2cosxcos y+isin(x—y)=|z] :\/4cos2 x.cos’y +sin’ (x—y);

z, =2sinx.sin y +isin(x— ) =|z,| = \4sin® x.sin® y +sin’ (x - ») .
Ta cling ¢ z, +z, =2cos(x—y)+i2sin(x—y) = |z, +z,|=2.
Ap dung bat dang thirc |z,|+|z,|>|z +z,| ta c6 ngay két qua.
Vidu 7:

Cho a+b+c=1va cac sb thuc x;y;z théa man ax +by +cz =4. Ching minh rﬁng

\/9a2 +a’x’ +\/9b2 +b%y? +\/9c2 +c’zt >5.
Chimg minh:
Ta xét 3 sO phirc sau: z, =3a+axi; z,=3b+byi; z,=3c+czi.
Ta suy ra |2, |=N9a* +&’x%; |z,| = 9B + 6%y |z,| =97 + 727

Va z,+z,+z,=3a+3b+3c+(ax+by+cz)i = |z, +z,+ 2| =V9+16 =5.

Ap dung bat dang thirc |2, +|z,|+|23] 2|z + 2, + 2| ta

\/9a2 +a’x’ +\/9b2 +b%y? +\/9c2 +c’z7 =5,

Vidu8:

Cho céc s a.b,c thay doi théa man a,b,c>0 VA ab+bc+ca=abe. Tim GTNN cua
biéu thirc

THPT Binh An -Binh Duwong SKKN ndam hoc 2013-2014 15



Chuyén dé : S6 phikc va irng dung Nguyén Thanh Nhin

b +242 e +20 ot 420
P= + +

ab bc ca
Giar:
X 2. 1 2 1 2 1 2
Ta bién doi P:\/a_2+b_2+\/b_2+c_2+\/c_2+a_2'

Xét cac s6 phirc zl=l+£i; 22:l+£i; Z3=l+£,~_
a b b ¢ c a

Ta suy ra z=zl+zz+z3=l+%+l+(£+%+—2}:l+\/§i (Vi ab+bc+ca=abc)
a C a C

DEY Pfaf+laffal= byt Bt L4 2 2, 2] =B

a b c c
Dau dang thirc xay ra khi va chi khi a=b=c=3.
Vay GTNN cua P 1a 3.
Vidu9:

Chung minh rang a’ +4 +va® —2ab+b>+1+/b> —6b+10 >5, VabeIR .
Chtrng minh:
Xét cac Séphl’l’C zy=—i, z,=3+3i, z;=a+i, z,=b+2i.

Khi d6 |z, —z|=vVa® +4, |z, - z|=Va® —2ab+b* +1, |z, - z,| =b* =6b+10, |z, -z |=5.

Ap dung bét dang thirc mo-dun ta c6

|z3—zl|+|z4—z3|+|z2 —z4|2‘z3 -z +(z4—z3)+(zz—z4)‘=|z2 —zl|

Hay la Ja& +4+a® —2ab+ b +1+b> —6b+10>5, VabeIR .
Vidu 10:
Cho x, y,z>0. Ching minh rang:

\/xz +xp+y° +\/y2 +yz+zt 4zt x >3(x+y+z2).
Ching minh:
Bién d6i bat dang thuc tro thanh:

J(Hg):[gf+J(y+g+[%+J(Z+g+[@jZ@WH).

Ta xét cac sd phirc
THPT Binh An -Binh Duwong SKKN ndam hoc 2013-2014
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Chuyén dé : S6 phikc va irng dung Nguyén Thanh Nhin

z, :x+§+%i, z, :x+y+yT+Z+73(y+z)i, z, :x+y+z+—x+)2}+z+§(x+y+z)i.
Khi do ta co
2 2 2 2
|zl|\/(x+§j +(%) =X +xp+y°, |zz—zl|\/[y+§j +£%} =y +yz+z",

2 2

5 2
|Z3—22|\/[z+£j +(ﬁJ =Nz +zx+x°,

2
|z3|:\/(%) (x+y+z)2+%(x+y+z)2 =\3(x+y+z)

Ap dung bat d.’fmg thirc m6-dun ta co |Z,|+|Z2 —Zl|+|Z3 —Zz| > ‘Z, +(z,—z,)+(z —22)‘ :|23|.

Hay la \/)cz+xy+y2 +\/y2+yz+z2 N 2\/§(x+y+z) ( Bpcm).

Nhan xét:
Néu khong dung cong cu sb phuc, ta co thé chirng minh bét ding thic trén bang

phuong phép danh gi4 dai dién nhu sau:

Ta co X+ xy+y° 2§(x+y).
& 2YxT +xy+y° Zx/g(x+y)<:>4(x2+xy+y2)23(x+y)2

o xT=2xy+y° ZOC:>(x—y)2 >0 (luon ding).
[ 3
Tuong tu ta co: \/y* +yz+z 27(y+z) (3).
L a3
va vzl +zx+x 27(2+x) 4).

Cong vé theo vé (2), (3) va (4) ta duoc:

\/x2 +xy+y2 +\/y2 +yz+z2 +\/z2 +zx+xt > \/g(x+y+z)(dpcm).
Binh lujn :
Viéc ap dung sé phikc vao chirng minh bat dang thire cho ta két qud nhanh chong trén
co s6 st dung cdc bat dang thirc co ban vé mé-dun. Hon nita ta c6 thé gidi quyét
dwoc cdc bdi todn vé ti, ddy la mét ndi dung twong doi khé trong bat dang thire. Bé
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Chuyén dé : S6 phikc va irng dung Nguyén Thanh Nhin

di dén 1oi gidi thanh c¢éng thi viéc chon sé phitc hop Iy la vdn dé cdn chii y. Qua cdc
vi du trén hinh thanh cho ta mét s6 ky nang can thiét khi chon sé phitc.
Bai tap dé nghi :

1. Cho a,b 1 cac sb thyc tiy ¥, chimg minh ring

2 2
\/2b2—6a+9+\/2b2—103ab+13a +\/139a —4a+4>13.

9

2. Véi Vx,y e IR, chimg minh rang

\/x2+4x+9y2—6y+5 +\/4x2+8x+y2—4y+8 2\/x2+4y2+4y+1.

3. Cho x,ye (O;gj, chtmg minh rang

\/4coszx+sin2x+sin2x—\/4coszx—sin2x+sin2x <sinx.

4.  Cho a+b+c=2 va ax+by+cz=6. Tim GTNN cua biéu thuc

P= \/16a2 +(ax)2 +\/16b2 +(by)2 +\/16c2 +(cz)2 .

5. Cho céc sb thuc x,y théa man |x|>1; |y|>1. Chimg minh ring

\/3x2 +3y° +2xy—4 Zx/x2 —lJr\/y2 -1.
6. Tim GTNN ctia biéu thirc

f(x)=+2x* —2x+1+\/2x2 —(\/g—l)x+l+\/2x2 +(V3+1)x+1

§3. Ung dung s phirc vao trong luwong giac.
Phdn tich :
Khi ap dung sb phirc vao lugng giac thi cong thirc ta hay st dung chinh 13 cong thirc
Moa-vro

Cho z=r(cosp+ising), khi d6 ta c6 z" =r"(cosnp+isinng),ne N'.

Ciing tur cong thirc Moa-vro ta ¢ cac can bacncua 1 1a

.. 2
@, = oS 7[+1sm kﬂ; k=0,1,2...,n-1
n n
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Chuyén dé : S6 phikc va irng dung Nguyén Thanh Nhin

pé chtirng minh cac h¢ thuce lién quan dén mot téng hiru han , ta con phai sir dung téi

khai trién Niu-ton trong cac phép chimg minh (a+b)" = Cla""b".

k=0
Bay gid ta xét mot sd vi du str dung cong thire trén dé giai.
Vidu 1:
Hay biéu dién tan5¢ qua tang.
Giai:
Ap dung cong thirc Moa-vro ta c6
cos5p+isin5p = (cosp+isin (o)5
St dung khai trién nhj thirc Niu-ton va tach riéng phan thuc , phan o ta duoc
cos5¢ = cos’@—10cos’ psin® @+ cos psin’ @

sin5¢ = 5cos’psin g —10cos’ psin® g +sin’ ¢

3 5
Tu d6 ta suy ra tan5¢:5tan¢ 102tan ¢+tin 2.
[-10tan” @ +5tan” ¢

Vidu 2:

Hay biéu dién sin’ ¢ qua cac ham luong gidc goc bdi ke.

Giai:

Ta dat z=cosp+ising. Khi d6 z7' =cosp—ising.

Theo cong thirc Moa- vro ta cd z* =coskp+isinkp; z™* =coskp—isinkp (kelR).
z+z" z—z" Xzt 4z

Tur do ta suy ra cose = ;. sing= ; coskgp = ;  sinkp=
y ¢ 2 v 2 ¢ 2 ¢ 2i

k

Ap dung céc cong thirc trén ta dugc

sin® o = z—z" i _ 2 =522 +10z-10z"" +5z7° =27
YT 32i

_ (ZS —Z_S)—-S(Z3 —2_3)‘*'10(2—2_1) _ 2i.sin5¢—5.2i.sin3¢+10.2i.sin@
32§ 32i

_sin5¢—5sin3¢+10sin ¢
16 '

Bay gid ta theo ddi cac vi du ing dung sd phurc dé tinh cac tong dic biét
Vidu 3:
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Chuyén dé : S6 phikc va irng dung Nguyén Thanh Nhin

” n
Tinh tong S = Z cos(kx) = cos x +cos 2x +¢os3x +...+cos nx .
k=1

Giai:
Ta x€t cac tong A =cosx+cos2x+cos3x+...+cosnx; B=sinx+sin2x+sin3x+...+sinnx

Ta xét sO phirc z =1+ A4+iB =1+(cos x +isinx)+(cos2x +isin 2x)+...+(cos nx +isin nx)

. . n+l
=1+(cosx+isinx)+(cosx+isinx) +..+(cosx+isinx)" = 1-(cosx +isinx)

1—(cosx+isinx)

. o n+l .. n+l n+l
1—cos(n+1)x—isin(n+1)x 2sin” = —x—2isin——xcos——x
_ _ 2 2 2

1- —1isin .. X L. X X
cosx—1smnx 2sin” = —2isin = cos =
2 2 2

. n+l . n+l . n+l . n+l n+l1 .. on+l
sin——x| sin—— x—icoS—— X sin——x| coS——x+isin——Xx
2 2 2 2 2 2

. X . X . X B . X X .. X
S —| SIn——1Cc0S — SIn—| coS—+1S1n —
2( 2 2] 2( 2 2)

. n+l n .. N n+l n n+l n
SIn—_—X| cOS X +iSm_Xx SINn——X.cOS—X  SIn——Xx.SiIn—Xx
2 2 2 2 . 2 2
= = +1
.X .X .X
Sin — Sin — S1In —
2 2

So sanh hai s6 phtrc trude va sau khi bién doi ta dugc

. n+l n
sin —— x.cos—Xx
2

n
A=8= ZCOS(/OC) =COSX+C0S2x+cos3x+...+cosnx =
X
k=1 .
sin

Nhan xét:
Tir qua trinh bién d6i o trén ta ciing thu duoc

. n+l . nm
sin——Xx.sin —Xx
2 2

n
S= Zsin(kx) =sinx+sin2x+sin3x +...+sinnx =
. X
k=1 SIHE

Ciing tir cac két qua trén ta co thé tinh cac tong
S, = kcos(kx) Va S, = ksin(kx)
k=1 k=1
Bang céach sir dung dao ham nhu sau:
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Chuyén dé : S6 phikc va irng dung Nguyén Thanh Nhin
S, = keos(kx) = (sin(kx))'=(B)";
k=1 k=1

S, = > ksin(kr) = 3 (~cos(hn))' = (~4)'

Bay gio ta thtr dung so phtrc d€ ha bac tong quat sin” x; cos”x.
Vidu 4:
Hay tinh sin” x; cos”x theo sin va cdsin cua goc bdi cua x

Ta xét sO phtic z = cosx+isinx. Theo cong thirc Moa- vro ta ¢ z'

Ny z+2z" . z-z"
Tir do suy ra cosx = —y > simx=

2i
Lai theo cong thirc nhi thirc Niu-ton ta c6

n

n
(Z + Zﬁl) =z"+ C,iz"*lzf1 + anz”*zzf2 +..+z

n

24z )+ C 22+ 27" )+ ..+ C2, néu n chan
(2 +=7)+ i

n n?

(z" +Z_”)+C1 (z"_2 +z("2))+...+an1 (z+z_1), néu nle

n n

Va
(z—zf1 )n =z"-Clz"' 2+ C2 "7 +...+(—1)n z"
(z” + z‘")—Cr]l (z"‘2 +zf("72))+...+(—1)i21 C2, néu n chan
= - =
(z” —z‘”)—C}'j (z”‘2 —Z(nz))+...+(—1)21 C,? (z—z" ), néu nle
Vay
%[cos nx+C, (cos(n —2)x)+...+lCn§], néu n chan
cos"x = 2 .
%[cos nx+C, (cos(n—2)x)+..+C,> cosx], néu nle
(-1): 1 2]
> 2cosnx—2C,cos(n—2)x+...+(-1)2 C? |, néu n chan
sin” x = .
() s
> 2sinnx—2iC, sin(n—2)x+...+(-1)2 C,> 2sinx |, neunle
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Chuyén dé : S6 phikc va irng dung Nguyén Thanh Nhin

Tt hai cong thiic trén ta 6 dugc cong thirc ha bac tong quat. RS rang cac truong hop
sin® x, cos’x la cac truong hop dac biét.

Tiép theo , ta s& dung s6 phirc dé chimg minh cac hé thic luong giac.

ViduS:

Cho tam gidc ABC c6 4= %; B= 27” C= 47” Chung minh rang

1. OH=0I,=R\2;
2. R=2r;

3. +b*+c* =7R".
Chimg minh:

1. Theo dinh Iy sinta cé a= 2Rsm7 b= 2Rs1n27 C=2Rs n477[

Theo hé thic O-le ta cO OH? =9R? —(a2 +b’ +c2) =9R? —4R2( S 7 +sin 27+s1n2 477[]

=9R> —4R’? i— cosz—”+cos4—7[+cosg—7[ =9R> —4R? §+1 cos£+cos3—+coss—7z
2 7 7 7 2 2 7 7 7

A * 2\ /4 /,\ L4 ﬂ. . . ﬂ.
Bay gio ta xét s6 phuc z = cos—+isin ..

, 3 s -1 27—z -1-z 1
Tacd z+z+z2° =z —=—F—=—F—= .
z2—-1 z°-1 2z -1 1-z

Tach phan thyc riéng ta c6 (cos7+ c0s 7 + cos 5—”} = %

Vay OH =9R’ - 4R’ GJ{%D —2R*. Hay OH =R\/2 .

Bay gio ta tinh 077 nhu sau

T 27 4
sin —.sin —.sin ——

OF =R +— ¢ _ 2 iqp? T
btc-a sin7ﬂ+sinl—sin§

\ 4 27 .o . 3xm . 5S«x . . Ir
Ma  sin— +sin— —sin— = sin — +sin— —| sin — +sin —
7 7 7 7 7 7 7

4 A RY/4 T 27 A7
=2cos— cos——ZSm— .c0S— =4sin —sin—sin—.
7 7 7 7 7 7
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Chuyén dé : S6 phikc va irng dung Nguyén Thanh Nhin
Do do6 01} =R*+R*=2R".

Vay OH =01, =R\2

2.Ap dung céac cong thirc quen thudc ta cd R = a—bc; r, = S
4S5 p—a
2
Tw d6 suy ra Rr, = abe ___abe _R° Vay R=2r,.

4(p—a) 2(b+c—a) 2

Theo cau 1 ta cd a® +b* +c* =4R? [sin2 %+ sin’ 27”+ sin’ 4%) = 4R2% =7R*.

Bai tap dé nghi:
1) Rut gon biéu thic

2) Tinh tong
S, =iqk sin(a+kp); T, =ichos(a+kﬁ)
= =1

Trong d6 ¢,a,p la cac sb thuc cho trude.
3) Chuang minh cac dang thirc
T . 2n . 3x . nrw N2n+1

sin sin sin ...sln =
2n+1 2n+1 2n+1 2n+1 2"

4) Chimg minh rang

sin nxsin(n +1)x

sin2x +sin4x +...+sin 2nx = - X#kr.
sinx
5) Lap phuong trinh ma nghiém ctia n6 14 tich céc s6
sin’ il ,sin’ 2z ,sin’ 37 ..., Sin’ .
2n+1 2n+1 2n+1 2n+1
6) Chtng minh rang
@ n+2

cosp+C,cos2¢+..C. " cosng+cos(n+1)p = 2" cos" 5 cos )

§4.Ung dung sb phirc vao da thic
Phdn tich :
Nho cong thirc Moa-vro (Moiverer) va cong thirc tinh cin bac n ctia don vi ta ¢6 thé

van dung linh hoat vao vi¢c chirng minh tinh phan tich duogc ( con goi 1a tinh kha
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Chuyén dé : S6 phikc va irng dung Nguyén Thanh Nhin

quy) , tinh bat kha quy, tinh chi hét trong da thirc. Khi sir dung cong thirc Moa-vro ta
c6 thé lam triét tiéu dan cac liy thira bic » cua da thirc dé dua vé da thic ¢6 bac don
gian.
Vidu 1:
Tim n dé da thic x> +x" +1 chia hét cho da thirc x* +x+1.
Giai :

V3

Xét da thitc Q(x)=x’+x+1. Da thitc ndy c6 nghiém la g:%+i7:cos§+isin%. Pa

thitc P(x)=x"+x"+1 chia hét cho O(x)=x"+x+1 khi va chi khi P()=0. Ap dung

cong thuc Moa- vro

Ta co
=3k+1
cos—4nﬂ+isin4n7[+coszn7[+isin2n7[+1=0 <:>2cos—2n7[+1=0<:> " ,(keZ)
3 3 n=3k+2
A , . n=3k+1 . 5 . x 5
Vay voi 32 (keZ) thi P(x)=x"+x"+1 chia hét cho Q(x)=x"+x+1.
n=3k+

Binh lugn:
Néu khong dung cong cu so phiec, ta phai tim diéu kién dé moi nghiém cua x* +x+1

+x"+1. Diéu do dan dén ly lugn néu o la nghiém thi o’ =1.

ciing la nghiém cua x
Do d6 ta phai biéu dién va Iy lugn n théng qua béi ciia 3. Phép gidi nhir vy sé phirc
tap hon.

Vidu 2:

Cho céc da thitc P(x); Q(x); R(x); S(x) thoa man

P(x5)+xQ(x5)+x2R(x5):(x4 +x +x° +x+1)S(x).

Chung minh rang P(x) chia hét cho x-1.

Giai:

. e 1A . , k2 . k2 \ ~ 2
Goi ¢ lacanbac Scua 1. Tacod &=cos 5ﬂ+is1n 5” ,keZ va & =1. Hon nita ta dé
yréng et+ed+et+e+1=0. Thayxlﬁn luot boi &,6°, 6%, ¢ tacod

P(1)+£0(1)+£R(1) =0
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Chuyén dé : S6 phikc va irng dung Nguyén Thanh Nhin
P(1)+£°0(1)+&'R(1)=0

0

P(1)+£°0(1)+&°R(1)

P(1)+&*0(1)+&°R(1)=0

Nhan cac phuong trinh tir thir nhét dén tht tu 1an luot vo1 —¢,—-s%,—-&°,—¢* ta duoc
—eP(1)-£’0(1)-&’R(1)=0
-&’P(1)-&'0(1)-¢R(1)=0
-&’P(1)-£0(1)-&*R(1)=0
-&'P(1)-£°0(1)-&’R(1)=0

Cong vé theo vé 8 phuong trinh trén dong thoi sir dung &' +&° + &% +e+1=0 ta dugc
5P(1)=0< P(1)=0. Vay P(x) chia hét cho x-1.

Vidu 3:

Tim tt ca cac da thirc P(x) thoa man diéu kién P(x)P(x+1)= P(xz).

Giai:

Gia st @ 1a mot nghiém cta phuong trinh P(x)=0. Tur gid thiét ta suy ra
a’;at;.;e;...cling 1a cdc nghiém cua P(x)=0.

Do d6 |a|=1 hodc |a|=0 vi néu nguoc lai thi ddy o’;a*;...;a*";...co vo han phan tir .
Tuong tu ta cling c6 «—1 cling la nghiém cua P(x) vi P(x+1)=P(a)=0. Ly luin
tuong tu ta ¢d |« —1|=0hodc |a—1|=1 .

Gia st [a|=1 va |a—1|=1.Ta dit a =cosp+isin # (Vi |a|=1). Ciing vi |o—1|=1 nén

2cos f=1suy ra ﬂ=§ hoac ,6’:5?7[.

Ta xét g =§, do «’ -1 ciing la nghiém P(x)=0 . Tuy nhién

2
‘az —1‘2 = [cos(%zj—lj +sin’ [2%) = 3. DPiéu ndy mau thuan vé6i 1ap ludn trén.
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Chuyén dé : S6 phikc va irng dung Nguyén Thanh Nhin

Tuong tu v6i truong hop g =5?”. Nhu véy ta c6 thé két ludn « =1 hay a—1=0. Tir
day P(x) co dang

P(x)=k"(1-x)". Thay vao gia thiét ta im dugc c=1 va m=n. Viy P(x)=x"(1-x)".
Vidu 4:

Chtng minh rang v&i moi gid tri ne N va a < IR thoa man didu kién n#1; sina =0, da
thirc P(x)=x"sina—xsina +sin(n—1)a chia hét cho da thuc O(x)=x"—2xcosa+1.

Chimg minh:
Ta dit x, = cosa +&sina; voi &==1. Khi d6 da thitc 0(x) duoc bicu dién dudi dang
Q(x) =(x—cosa—isina)(x—cosa+isina) =(x—xl)(x—x_1) .

n

Theo cong thitc Moa-vro ta c6 x! =(cosea +isinea)" = cosnea +isinnea = cosna +isinna .
Do d6 P(x,)=(cosna +isinna) sina —(cosa +sisina)sinna +sin(n—1)a
— cos narsina —cosasin na +sin(n—1)a =sin(n—1)a+sin(n—1)a =0.
Do d6 theo dinh Iy Bézout thi da thirc P(x) chia hét cho hai da thirc (x—x) va
(x—x.,) nén chia hét cho Q(x).
Vidu S:
Tim tat ca cac da thirc P(x)khéac da thirc hang sao cho
P(x)P(x+1)=P(x*+x+1) (1), VxeIR.
Giai:
Gia sur x, 1a mot nghiém cta P(x)=0, khi d6 x,” +x,+1 cling 1a nghiém .
Thay x boi x—1tacod P(x—1)P(x)=P(x’ —x+1).
Chon « 1 nghiém c6 mo-dun 16n nhét. Tir cach chon « ta suy ra ‘az +a+1‘ <lal ;
‘az—a+l‘£|a|.
Vicd o’ +a+1 va o’ —a+1 déu la nghiém cua P(x)=0.Ta thiy a#0.

Ta lai co 2|a|=

a2+a+1—(a2—a+1)‘ﬁ‘a2+a+1‘+‘a2—a+1‘£|a|+|a|:2|a|.
Vay déu ding thirc xay ra nén o’ +a+l=k(a’-a+1), k<0.
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Chuyén dé : S6 phikc va irng dung Nguyén Thanh Nhin

Hon nita tir tinh 16n nhat || ta suy ra ‘a2+a+l‘=‘a2—a+l‘:|a ,suy ra k=—1.Do dé

a2+a+1=—((xz —a+l):>a2+1:0:>a:i1.

Ta ciing suy ra x* +1 14 thira s6 ctia P(x), nén P(x) dwoc phén tich thanh
P(x)=(x"+1)"0(x), trong d6 O(x) khong chia hét cho x* +1.

Thé ngugc vao (1) taco O(x)Q(x+1)=0(x* +x+1) (2), VxeIR.

Néu O(x)=0 lai c6 nghiém thi tir Iy luén trén suy QO(x) phai chia hét cho x> +1, diéu

nay mau thuan. Ta suy ra O(x) 1a mot hang s6 ¢. Thay vao (2) tasuyra c=1. Vay da

thire thda man 1a P(x)=(x"+1)".

Vidu6:

Ching minh rang khong thé phén tich da thirc f(x)=(x*+ 1)2 (x*+27 )2 (e )2 +1

thanh tich cua hai da thirc hé s6 nguyén bac 16n hon hoic bang 1.

Chtrng minh :

Gia str ta phan tich dugc f(x)=g(x).h(x) v6i g(x), h(x)la cac da thirc c6 hé s6

nguyén véi bac 16n hon hoic bang 1.

Tachay réng f(xki)=1,V01 k=1,2,..,n,nén ta suy ra g(ki).h(ki)=1, v6i

k=+1,42,... +n.

Vi s6 1 chi ¢6 céc cach phén tich 1a 1.1;(-1).(-1);i(-i);(—i)i nén ta co

(g (ki)sh(ki)) € {(1:1):(=1:=1): (i=1): (=230}

Nhu vay ta ludn c6 g (ki)=h(—ki)=h(-ki).

Nhu vay da thic g(x)-A(—x) c6 2n nghiém phén bi€t, trong khi bac cua n6 nho hon
2n. Vay taco g(x)-h(—x) la da thirc khong , suy ra g(x)=h(-x). Tir do bac cua
g(x) bang béc cla h(x) va bang n.

Vi f(x) la da thirc c6 hé sd bac cao nhat 13 1 nén ta ciing co thé gia sir g(x) va h(x)

cO hé so bac caonhatla 1.
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Chuyén dé : S6 phikc va irng dung Nguyén Thanh Nhin
Khi d6 da thirc g*(x)—A’(x) c6 bac nhé hon 2n. Da thirc nay c6 it nhat 2» nghiém ki
Vi ke{#1;%2;..;4n}. Suy ra g*(x)—#*(x)=0. Tasuy ra g(x)=h(x) vi ta khong thé
cOg(x)=—h(x).
Vay nén f(x)=g*(x). T dy tacod g*(0)=/(0)=(n!) +1, diéu nay khong thé vi
¢*(0) 14 s6 chinh phuong.
Vidu7:
Chtng minh rang da thirc P(x)=x"+x""+x""* chia hét cho da thirc O(x)=x"+x+1
v6i moi s& m,n, p nguyén duong.
Giai :
Ta s€ di chung minh moi nghiém cua Q(x) cling la nghiém cua P(x).
Ta goi » la mot nghiém cta Q(x) thitacod &’ +w+1=0.

=—w'—w=1.

Terddétacd o’ =-0w-1; o
Thay o vao P(x) taduoc P(w)=o" +0™" + &' =1+ 0+0’ =0.

Ta c6 diéu phai ching minh :

Binh ludn :

Ta thdy ring o 14 nghiém cta > +w+1=0 thi » chinh Ia cin bac ba cta 1 nén

wzcosszﬂHsinszﬂ,k:O,l,L

Thay » vao P(x) tacling c6 P(w)=0. Loi gidi phirc nay sé gon gang hon.

Bai tap dé nghi :

1) Chimg minh rang v6i moi s6 nguyén duong n=1 va « IR théa man diéu kién
sina =0 ta co da thuc P(x)=x"sinx—xsinna +sin(n—1)a ludn chia hét cho da thirc
O(x)=x"-2xcosa+1.

2) Tim tt ca cac cdp sb m,n tu nhién dé cho da thirc P(x)=1+x"+x"+..+x™ chia

hét cho da thirc

O(x)=l+x+x"+..+x".
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Chuyén dé : S6 phikc va irng dung Nguyén Thanh Nhin

3) Chiing minh rang da thirc P(x)=x" +x*:" +.+x***"' ludn chia hét cho da thuc

Q(x) = x4 X1

§5. Ung dung s phitc vao nhj thirc Niu-ton.
Phdn tich :
Ap dung s6 phirc vao bai toan nhi thic thirc Niu-ton ta cht y vao diéu kién 2 =-1 va
sir dung cong thirc Moa-vro. Khai trién va so sanh hai cach khai trién ta thu dugc két
qua
Vidul:
Chtng minh rang véi moi s6 tw nhién n ta ¢6 :
cosna = cos"a —C:cos" *asin’ a+Ccos" *asin* a — C’cos" ‘asin® a +...
sinna = Ccos"'a —Ccos"*asin’® a + C cos" asin’ a ...
Ching minh :
Theo cong thiic Moa-vro, ta cod

(cosa+isina)’ =cosna +isina
Mat khéc st dung cong thuce khai trién Niu-ton ta cd

(cosa +isina)’ Zn: Cleosa(isina)" .
k=0

Chuy i =-1, tir d6 ta di dén

(cosa+isina)’ =cos"a—Cicos" *asin’ a+C cos" *asin a — Cicos" *asin® a +...
+i(Cicos"*la —C’cos" asin’ a+Ccos"asin’ a — )

Tir d6 so sanh hai sb phuc ta c6

cosna = cos"a —C:cos" *asin® a+Ccos" *asin* a — Clcos" ‘asin® a +...

sinna = Clcos"'a—Clcos" asin’ a + C cos" asin’ a ...

Binh lugn :

Céng thite trén ta goi la cong thirc géc nhan tong quat. Tir céng thike ndy ta tim thdy
céng thirc nhdn déi, nhdn ba, nhdn bon ... quen thujc.

Vidu2:

Véi moi n nguyén duong , hdy chimg minh h¢ thirc
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a n+2
1. Cleosa+C,cos2a +Cicos3a+...+ Clcos(n+1)a =2" cos” - cos a.
) : . . n n+2
2. C)sina+Cisin2a +Clsin3a +...+C" sm(n+1)a =2"cos Ecos a.
Chtrng minh :
Tt khai trién
(I+x) =C+Cix+ C2x* +.. 4+ C'x" = x(1+x) =Clx+ Cox* + C2x” + ..+ Cix™"! (1)

Trong (1) ta thay x b1 cosa +isina , sit dung cong thirc Moa-vro ta co

(cosa+isina)(1+cosa +isina)’ =C, (cosa +isina)+C, (cos2a +isin2a)+...
+Cy (cos(n+1)a +isin(n+1)a)

= [Cfcosa +C,co82a +...+Clcos(n +1)a]+i[Cf sina+C,sin2a +...+ C. sin(n +1)a] :

Nhung mat khéc ta lai c6 :

n
(cosa+isina)(1+cosa +isina)" =(cosa +isin a)(2 cosz%+isinﬂcos%j

n
a .. a ..« a .. no .. na
=2"cos”E(cosa+1sma)(cosz+1ssz ==2"cos”3(00505+1sma)(0057+1sm7j

2aj.

Tir d6 so sanh hai so phirc ¢ hai vé ta c6

... n+
a +1s1mn

o n+2
=2"cos" E(COS

n+2

, a
Cleosa +C,cos2a + Crcos3a +...+ Clcos(n+1)a = 2" cos” — cos a

. . . . a n+2
C,sina+C,sin2a +C,sin3a +...+ C, sin(n+1)a = 2"cos" —cos

a (dpcm).
Binh lugn :
Sw xudt hién ciia cdc s6 Ct la ddu hiéu dé ta sir dung khai trién Niu-ton. RO rang
khéng diing biéu dién Moa-vro dé chirg minh thi déy la mét bai todn rat khé trong
luwong giac.
Vidu3:
Chutng minh rang v&i moi n nguyén duong ta cé

(1-c+Ci-.) +(C-C+C-) =2
Chimng minh :
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Xét 86 phite 2" =(1+i)' =(1-C2+C} -..)+(CL - C} +C -..)i.

Ta ¢6 |2 z" =\/(1—c§+c,j—...)2+(c,1—cj+c,f—...)2.

=|o|" = (ﬁ) . Mit khéc ta ciing co

So sanh hai vé ta dugc (I—C,f +C! —...)2 +(C,i -C+C —...)2 =2".

Binh ludn:

Si xudt hién tong binh phwong la mét dau hiéu t6t @é ta nghi téi mé-dun ciia sé phire.
Nhuw vay viéc xét s6 phirc z" =(1+i)" la mot diéu rat ti nhién.

Vidu 4:

Chiing minh rang v6i moi n nguyén duong ta co

C'—3C2+32C =3C° +...= 2"cos%; C —C+C ==
Chtrng minh:

Xét s6 phirc z:l+£i:cos£+isin£.
2 2 3 3

A , . r .. xY) nTo. . nx
Theo cong thiic Moa- vro ta co z" = (cos§+1sm§j =cos—+isin—.

Theo cong thirc khai trién Niu-ton ta lai co

\ B e (1B el RV
z :[%+731) :;Cn (%) (%lj 2%;—;(/) (\/5) (l)

:%[(cf S3CHBC-FC L)+ B(C - L)

Tir do ta suy ra

n

Cf—3C,f+32C3—33C,f+...=2”cos%; C-CvC =2

NG sin% ( dpcm).

Binh lugn :

Néu khong str dung s6 phirc thi viéc chimg minh cong thirc trén 1a rt kho. Tur day ta
thdy viéc str dung sb phuc 1a mot phuong phap hét stc hiéu qua.

ViduS:

Ch Aner ¢ — 0 4 8 2004, ~2008
Tinh tong: S =C5059 + Co00 + Coo9 + -+ Caoos + Cao09

Ta co:
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i2009 C2009

22009 _ A0 Al
(1+)77 = Cypp9 +1Chp9 +--+ 2009

0 2 4 6 2006 |, 2008

= C009 — C2009 + C2009 = C009 +-+--— C009 + C009 +

1 3 5 7 2007 | ~2009+:
(C2009 = G009 + C2009 = Ca009 +-+-— Cap9 + Cap09 )i

A 1 L 0 2 4 6
Thay: S= E(A +B), VOl A=Cy00 —Cy00 + Cooo — Coo09 + -

0 2 4 6
B = Cy09 + Cop09 + Can09 +Coppo + -+

Ta co: (1+i)*° = (1+i)[(1+i)2]1004

Pdng nhat thirc ta o 4 chinh 1 phan thuc cua (1+i)°%

2009 2009 C2009

Ta co: (1+x) 5000

_~0 1 2~2
= C2009 + xC2009 +x C2009 +..+x

Nguyén Thanh Nhin

2006 . ~2008
= C000 T Co009

C2006 + CZOOS

2009 T C2000

— (1+i).21004 — 21004 +21004i )

nén A =210+

_ .. 0 2 2008 _ I 3 2009
Cho x=-1taco: C5009 + C3009 + -+ C3000 = Ca009 + Cao09 + -+ Ca009
_ .. 0 2 2008 1 3 2009 _ 2009

Cho x=1taco: (Cyye+Copo -+ Ciyno ) +(Cango + Copgo + -+ Copog ) =27

Suy ra: B =228

Tur d6 ta co: §=21903 422007
Bai tap dé nghi

. reA 0 2 4 2012 . _ Al 3 5 2013

1. Tinh cac tong sau 4=Cy,; —Cry 3 +Copis == Canis 5 B=Cly;3 = Caops + Cagps —-— Copl .

2. Chimg minh rang 1-C>+C° +... =§(2" +200$%j.

3. Chirng minh rang véi moi s6 n nguyén duong ta co

- (\/E)n COS%; (Ci -G, +C, -

(1-c2+ci-.)

..)2 = (x/E)n sin% .

§6. Ung dung s phirc vao hinh hoc phing.

Phan tich :

Ta goi « 13 goc dinh hudng tao boi hai tia 1an luot biéu dién cho hai sé phtc va hai

tia c6 chung gdc toa 6 O. Khi d6 ta cd a =argz, —argz, =

z
arg—%
Z

v

v
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Chuyén dé : S6 phikc va irng dung Nguyén Thanh Nhin
Néu hai tia xuat phét tir mot diém Z', khac diém O, v6i Z', 1a diém biéu dién sé phuc

)

Tur day ta rt ra nhan xét 1a cac diém Z,; Z;; Z, bicu dién céc so phiic z,; z,; z, thang

I S s s (#m=)
hang khi va chi khi arg-————= bang 0 hoac bang +r, tuc la :

@) (=)

z', nao do thi tacod « =arg(z'2 —z('))—arg(zl' —zg))zarg

Z'z A, A
, la mot so thuc .

Vidu 1:

Cho hinh vuéng ABCD . Piém M 1 trung diém cua CD, diém P nam trén duong

chéo AC sao cho PC =34P. Ching minh BPM =90°.

Chtrng minh:

A P
A B

v

Ta chon hé truc toa dd Oxy véi gbc tai A, 4B=i; AD=.
Khi d6 diém 4; B; C; D 1an lugt biéu dién cac s6 phitc z, =0; z, =1; z, =1+i; z, =i. Tu
gia thiét ta dé dang suy ra cac diém M, N 1an luot biéu dién cho céc sé phuc

| .
Zo=—+i; 2, =—+—1.

2 4

;(1+2i)—i(l+i)

1+3i .
= ':l.

J4 A 4 Ze—Z
Ta xét s6 phuc z==—"¢= 3
—1

%27 % 1—i(1+i)

Vi mot acgument cua z=i 1a % nén BPM =90’ .

Binh lugn :

Ta chon goc toa dé thuong la tai nhitng diém vuéng goc. Pong thoi cé thé biéu dién
cdc diém con lai don gidn va dé dang. D6 chinh la 1y do ta chon goc tai A trong bai
nay va badi tiép theo.

Vidu?2:
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Chuyén dé : S6 phikc va irng dung Nguyén Thanh Nhin
Cho ba hinh vudng bang nhau ABCD; BEFC; EPQF . Chitng minh rang

A
— — gy

b Pt

Ching minh :

\ 4

Ta chon hé truc toa do Oxy voi gbc tai A, AB=i; AD=.

Ta c6 diém A biéu dién s6 0, diem B1a 1, diém Cla 1+i,diémD1a i ;diémEla2,
diem F1a 2+i ,diém P 14 3, diém Q 13 3+i.

Vi @:E{z‘zarg(ljti); @z@’zarg(2+i>; @:@:arg@Jri).

Do d6

A/C\D+A/F\D+A/Q7)=arg(l+i)+arg(2+i)+arg(3+i)=arg(l+i)(2+i)(3+i)=arg(10i)=

oy

Viy ta c6 diéu can ching minh.
Vidu 3:
Cho tam giac ABC ( BAC #60°) , & mién ngoai ctia tam giac vé& cac tam giac déu

ABD va ACE. Dyng hinh binh hanh AEFD. Chimg minh tam giac BFC déu.

Giai: Chon hé truc toa dg co6 goc tai A, cac so phirc dugc biéu dién bdi cac diém A,

B.,C lan lugt 1 0; b; c.

Theo cach dung tam giac déu tir dé ra ta suy ra cac so phuc l1an luot biéu dién béi cac

diém E, D, F 1a
( T . 7[} [1 .ﬁ]
e=c|coS—+1smm— |=c¢c| —+1—
3 3 2

THPT Binh An -Binh Duwong SKKN ndam hoc 2013-2014 34



Chuyén dé : S6 phikc va irng dung Nguyén Thanh Nhin

B
C
T d6 suy ra BF =|b— f|= b+c)+§l(0 b)-b|=|c—b|=BC
CF = |f c| ‘ b+C)+gl(C b c=|c—b|:BC.

Viy tam gidc 4BC 1a tam giac déu.

Binh lugn:

Dé ndm viing co s Iy thuyét cia loi gidi trén, ta chii y diéu sau

Ta biét rcing s6 1 ¢6 n can bdc n khac nhau dwoc xdc dinh theo cong thirc

, —cosZk—”ﬂsinZk—ﬂ k=0,1,2....n-1
n n

Cdc can bdc n dé dwoc biéu dién thanh cdc dinh ciia mét da giac déu n dinh. Theo
cong thirc

Moa-vro ta co o =, .

Ta xét da gidc déu AA,..A,, cdc dinh dwoc biéu dién boi cdc sé phirc twong iing la

, —cos&ﬂstk—ﬂ k=1,2,..
n n

Goi a,a,,...,a, lan luot la cdac so phirc dwoc biéu dién boi cac diem A, A,,..., A, .

Theo tinh chat bién doi cua so phitc ta co két qud sau a,_ —a, =, (a,, —a,).

1

Dac biét trong tam gidc déu ta co két qua a, - a, = w(a, —a,), vOi

3

T .. T
w=cos—+1isin—=—+1—.
3 3 2 2

Do dé a,=a,+w(a,—a)
Pay la céng thire xdc dinh dinh thir 3 cia tam gidc déu qua hai dinh kia.
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Bai tap dé nghi:

1) V& phia ngoai tam giac ABC ta dyng cac hinh vuéng ABDE, ACFG . Goi
H,K,L 1an luot 13 trung diém BE, BC, CG.

a) Chutng minh rang tam giac HKL vudng can.

b) C6 nhéan xét gi vé vi tri thir tu ctia hinh vuéng c6 3 dinh 1an luot 1a H,K, L.

2)  Cho tam gidc ABC ¢6 M 1a trung diém BC. Trén canh AB ldy D sao cho
BD=2AD. Cac doan thang AM, CD cit nhau tai diém I. Chémg minh rang

a)  I1atrung diém cia AM

b) CI=3DL

3) Cho tir gidc 16i ABCD . Goi M, N theo thtr tu 1a trung diém cua AB, CD. Goi
E,F lan luot 14 giao diém cia AB, CD va MN. Ching minh rang néu AD=BC thi
AEM = BFM .

4) V& phia ngoai tir giic ABCD trén cac canh AB, BC, CD, DA ta lan luot dung
cac hinh vuong E,F ,G,H . Chung minh r::fmg néu EG=FH thi EG 1 FH .

5) Cho hinh vuéng ABCD. Goi M, N lan luot 1a trung diém cua AB, BC. Poan
thang CM va DN cét nhau tai P. Chtng minh rang AP bang canh hinh vuéng.

§7. Ung dung phwong trinh dwong thing trong sé phirc .
Phdn tich:
Ta biét rang ba s6 phirc khic nhau z,; z,;z, dugc biéu dién boi cac diém z,;7,; 2,

thang hang khi va chi khi goc gitta cac vecto Z,Z, va Z,Z, bang 0 hodc bang +7 . Do

y Zy,—Z \ A 4 A A Z, —Z Z,—Z
doé =2—= 1a s0 thyc. Theo tinh chat s6 thuc ta suy ra 2 %02 Zo
z,— 2z, L1742 575

Tt biéu thuc trén ta suy ra phuong trinh duong thang di qua hai diém z,; z, 1a

_Z()

Z-% _ z
472 Z_l_g
Hay la (Z_l_Z_())Z_(Zl_Zo);+(zlg_z_120) (1)

Phuong trinh (1) chinh la phuong trinh duong thang trong sd phc.
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Bay gid ta se xét ing dung cua phuong trinh dudng thing ndy trong cac bai toan
ching minh dong quy va thang hang trong hinh hoc.
Vidu 1:
Cho hai hinh vuéng OABC va 04,B,C, cing chiéu quay c6 diém chung O. Chiing

minh ring cac duong thing 44,; BB;CC, ddng quy tai mot diém.

Giar: C R

0

Bl
Chon hé truc toa d6 goc tai O. Goi a; a, 1an luot 14 cac sé phic duoc biéu dién boi
cac diém 4; A,.
Tir gia thiét ta suy ra cac diém con lai 1 cac s6 phiic
c=ai; b=a+c=a(l+i); ¢, =ai; b=a,+c¢ =a (1+i).

Céc dudng thang AA,; BB;CC, 1an luot ¢ phuong trinh 1a

(E—a_l)z—(a—al);Jraa_l—Eal:O (1);
(b=b,)z—(b—b,)z+bb b =0 (2)
(E—c_l)z—(c—cl)2+c;1—gcl=0 (3)

Taluuyla
ce, - ce, = (ai)(~ai)~(~ai)(ai) = aaq,—a,a
bb, —bb, =a(1+i)a,(1-i)-a(1-i)a,(1+i)=2(aq, - aq,).
do d6 néu cong (1) va (3) thi ta duoc (2), diéu d6 ching to mot diém la giao cua
AA, va CC, thi diém d6 nam trén BB . Vay cac dudng thang 44 ; BB,;CC, ddng quy

tal mot di€m.
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Chuyén dé : S6 phikc va irng dung Nguyén Thanh Nhin

Vi du 2: Cho tam gidc déu ABC . Trén cac canh AB, AC lan luot lay cac diém E, D

sao cho % = % = % . Goi P 1a giao diém cta BD va CE. Ching minh rang APC =90°.

C

Giai:

Chon hé truc toa d6 vudng goc c6 gdc tai A, vecto 4B cung hudng voi vecto . Ta
gia sir tam giac déu c6 canh 13 1. Khi d6 cac diém twong tng 1an luot biéu dién cho
cac sb phirc sau

b=1;c=b cos = +isin % :l+i£.
3 3 2 2

Tir cach cho cac diém D, E ta suy ra

1 1 43

d=—c=—+i—, e:gbz
3 6 6 3

2
3
Phuong trinh duong thang BD va CE lan luot 13

(b-d)z-(b—d)z+bd ~bd =0 (1)
(E—;)Z—(C—€)Z+C;—E€=O (2)

Goipla sb phtrc dugc biéu dién boi diém P, khi do p la nghiém cua h¢ (1);(2) nén

—Z—i+i£
b 14 147
1 3 (9 B
2y e s 2-i63 23
Bay gio taxéttisd L= =TS ANy
p 9 3 9+i3 3
1414

Ti s6 trén 13 mot s6 thuan ao nén argument ctia nd bang % Vay APC=90".

Vidu 3:
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Cho hinh thang ABCD c6 day 16n 1a AB, M 1a trung diém canh BC, P 13 giao cia
duong thing BM va dudng thang song song v6i BC xuét phat tir D. Chimg minh rang
néu AP=PM thi cac dudong thang AC, DP, MN dong quy tai mot diém, véi N 14 trung
diém cua AD.

Giai:

Goi O 1a giao diém ctia AD va BC. Chon hé truc toa do vudng goc co géc tai O.

Vi DP//OM va P 1a trung diém ctia AM nén ta suy ra D 1a trung diém ctia AO va

A0 =20D. Ta goi cac s6 phirc lan luot duoc biéu dién bai cac diém trén hinh 1a

aabac:damanap

Tacd a=2d; b=2c.Cac diém M, P 1a m= =T = -2 _

Goi Q la giao cua AC va MN thi ta ¢6 q:a;C:ZdJrc.

4d +3c
2a’+c_d+2 4 _d+2p

Mait khac ta co ¢ = 3 3

Pang thirc cudi ching to Q thudc duong thang DP.

Viy cac duong thing AC, DP, MN dong quy tai mot diém Q.

Vidu4:

Cho tam giac ABC , 13y K 12 trung diém AB.

Tir K ké hai duong thang song song v4i trung tuyén AA, va BB, cla tam giac ABC va
cat cac canh AC tai M, BC tai N. Chiing minh rang cac duong trung tuyén AA,, BB,

chia doan MN thanh ba phan bang nhau.
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Chuyén dé : S6 phikc va irng dung Nguyén Thanh Nhin

Giai :

K

Goi cac sb phuc 1an luot dugc biéu dién boi cac diém trong hinh 1a a,b,c,d,m,n,a,,b, .

Goi P, Q 1an luot 12 céac trung diém cua AA,, BB, .

Talﬁnlu’gtc(’) blza_-i-c . a1=b+c ;k=a+b : m=a+b1 :3a+c : n=3b+c.
2 2 2 2 4 4
b+c pidte
~ . a+a, a+t »  2a+b+c . b+b, 9 2b+a+c
Ta cling cO p= = = D g= _ -
2 2 4 2 2 4

Bay gio ta co m—n=%(a—b) ; m—p=i(a—b) ; n—q=—%(a—b) ; p—q:i(a—b).

Tir cac dang thuc trén suy ra PQ/AB va PQ di qua M, N. Hon nita ta c6
NP=PQ=QM.
Vidu5:

Cho hinh vuéng ABCD, M thu¢c doan AC sao cho 4M = %AC. Goi N la trung diém

iy N
CD. Ching minh tam gidc BMN vuong can tai M.

Giai :

A B

»
7 X

Chon h¢ truc toa do vudng gdéc Oxy nhu hinh v€ . Ta gid st hinh vuéng ¢ canh 1a 1.

Tu d6tacd céc sb phuc 1an luot ung voi cac diém trén hinh 13 a=0, b=1, d =1,

. I . 1.
c=1+1, n=5+1, m=—+—i.

4
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Chuyén dé : S6 phikc va irng dung Nguyén Thanh Nhin

Bay gio ta xét ty s6 Z_

Ty s6 ndy 1a mot s6 thuan 40 nén mot argumet ctia né 1a % Nén BM L MN .

Lai vi n—m:l+i— l+li :l+§i s b—-m=1- l+li zé—li nén ta coO MN =BM .
2 4 4 ) 4 4 4 4 ) 4 4

Vay tam gidc BMN vudng can tai M.
Bai tap dé nghi :
1) Cho hinh thang ABCD déy 16n 1a AB. Ké dudng thang song song v&i hai day
lan luot cét cac canh bén BC, AD tai N va M, cit céc duong chéo AC, BD tai P va Q.
Chtng minh ring MD=QN.
2) V& phia ngoai tam gidc ABC ta dung céc hinh vuong ABEF va ACGH . Goi
N 1a trung diém FH, M 14 giao cia BG va CE. Ching minh rang N,M,A thiang hang.
3) Qua diém M nam trong hinh binh hanh ABCD ta ké cac duong thing song
song véi cac canh cta chung , cat AB, BC, CD, DA lan luot tai P,Q,R,S. Chtrng minh
rang néu PQ va RS cit nhau thi giao diém cua chiing nim trén AC.
4) Cho 4,;8;C, 1an luot trung diém ctia BC, CA, AB cua tam gidc ABC va M 1a
diém bat ky trong tam giac. Goi M,;M,; M, lan luot ddi ximg v6i M qua 4;;B,;C,.
Chung minh rang cac dudng thang AM,; BM,;CM, dong quy.
5) Chung minh rang giao diém hai dudng chéo cua hinh thang, giao diém hai
canh bén va nhimg trung diém cta hai canh dy cting nam trén mot dudng thang
( Binh 1y Shainer)

§8 Ung dung ciia sé phic vao da giac déu.
Ta biét rf?lng s6 1 ¢6 n can bac n khac nhau duoc xac dinh theo cong thuc

2kr . . 2kx
+isin

n n

@, =cos , k=0,1,2...,n-1

Céc can bac n do dugc biéu dieén thanh cac dinh cia mét da giac déu n dinh. Theo
cong thue
Moa-vro ta cé o = w, .
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Ta xét da gidc déu 4,4,..4 , cac dinh dugc biéu dién boi cac sd phic twong tng 13

w, = cos%—”ﬂsinzk—”, k=1,2,...n.
n n

Goi a,a,,...,a, lan lugt 1a cac s6 phuc dugce bi€u dién boi cac diém 4, 4,,..., 4, .

Theo tinh chat bién do6i ctia so phtrc ta co6 két qua sau a,_, —a, =®,(a,, - a,).

1

Dic bi€t trong tam gidc déu ta c6 két qua a, —a, =w(a, —q,), VOI
r .. m 1
@W=coOS——+1SsiIn—=—+1——.

Do d6 a,=a,+w(a,-a,)

Pay 13 cong thirc xac dinh dinh thir 3 ctia tam giac déu qua hai dinh kia.

Bay gio ta s& ap dung nhiing nhan dinh trén vao cac bai toan da giac déu.

Vidu 1:
Cho tam giac bat ky ABC. Vé phia ngoai ta dung cac tam giac déu ABC’, BCA”,
CAB’. Ching minh rang cic trong tdm C,B,, 4, clia cic tam giac méi dung 1a dinh

cuia mot tam giac déu.
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A'}

Giai: C

Goi a,b,c 1an lugt 1a cac sb phic duge biéu dién bai cac diém A, B, C.

Theo cong thic xac dinh dinh thar 3 cta tam giac déu ta ¢
c'=b+a)(a—b); b'=a+a)(c—a); a'=c+a)(b—c).

Ciing theo cong thirc trong tam ta co

+b+c' 1
012%25[(1+a))a+(2—a))b]
b1=a+cT+b'=%[(l+a))c+(2—a))a]

b+c+a' 1
alz%:g[(l+a))b+(2—a})c]

Bang cach kiém tra truc tiép cudi cung ta co
a=a+o(b-a).
Chung t6 rang cac diém C,,B,, 4 1a cac dinh cua tam giac déu.
Vidu 2:
Trén cac canh cua tam giac ABC .
Ta dung cac tam giac déu ABC’, BCA’, CAB’ sao cho A’ va A, B’ va B nam vé hai
phia khac nhau d6i duong thang AB. Chirmg minh rang néu diém M 1a trong tim

ABC’ thi tam gi4c A’MB’ 14 can va goc & dinh M bing 27”

Chtrng minh:

C)

A)
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B’

A B

Str dung cong thire x4c dinh dinh th ba cua tam giac déu ta c6

a'=c+a)(b—c); b':a+a)(c—a); c':b+a)(a—b).
ViM la trong tdm cua tam giac ABC’ nén ta co m=#=%[(l+w)b+(2—m)a].
Khi do
b'—m=a+a)(c—a)—%[(l+a))b+(2—a))a]=%[(1—2a))a—(l+a))b+3a)c]

Va a'—-m= c+a)(b—c)—%[(l+a))b+(2—a))a] :%I:(a)—Z)a—(1—2a))b+3(1—a))c]
Vi ta chimg minh duoc b'-m=w’(a'-m).
Chung t6 rang A’M=B’M. Hon nita vi acgument clia ° 13 27” nén goc & dinh bang
27

3
Vidu3:
Trong hinh vuéng ABCD ta dung cac tam gidc déu ABK, BCL, CDM, DAN, . Chung
minh r::fmg trung diém cua 4 doan thrflng KL, LM, MN, NK va trung diém cua 8 doan
thang AK, BK, BL, CL, CM, DM, DN, AN la dinh cua da giac déu 12 canh.
Giai :
Chon hé truc toa do c6 goc tai tam O cua hinh vudng.
Céac diém A,B,C,D lan luot biéu dién cac sb phtrc sau :

a=-1-i; b=1-ic=1+i;d =-1+i.

»
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Chuyén dé : S6 phikc va irng dung Nguyén Thanh Nhin

Tir d6 ta suy ra cac diém cua cac tam giac déu 1a theo cong thie dinh thi ba ta ¢6
k=—1-i+2w ;, [=1-i+2iw ;, n=-1+i-2iw ; m=1+i-2w.
Pong thoi ta cling c¢6 cac trung diém sau :
a,=-l-i+w ; b=1-i+io ; c,=l+i-w ;
d, =-l+i-iw ; k,=—i+(1+i)o ; |, =1+(i-1)o
m,=i—(1+i)o ; m,=i—(1+i)o ; n,=—1+(1-i)o ;
b=—i+tw ;c¢=1l+iw ;d =i-w ;a =-1-iw.
Bang tinh toan ta di dén két qua 12 dinh trén 1a cac dinh cua da giac déu 12 canh .
tam cua da giac cling la tdm hinh vuong.
Bai tip dé nghi :
1)  Quadiém P nam trén dudng tron ngoai tiép tam giac déu ABC ta dung nhiing
duong théng song song v&i cac canh BC, CA, AB va lan luot cit cac canh CA, AB,
BC tai M,N,Q.
Chutng minh rang M, N, Q thing hang.
2)  Trong mit phang cho hai tam giac déu c6 cing hudng quay 12 44,4, va BB,B, .
Tir diém O bat ky ta ldy nhiing doan thang OC,, OC,, OC, sao cho OC, = 4B, ;
OC, = 4,B, ;
OC, = 4,B, . Ching minh rang tam giac C,C,C, déu.
3). Trén canh ctia mot tam giac bat ky ta dung ra phia ngoai cac tam gidc BQC, CPA,
ARP, sao cho OBC = CAP =45°; BOC = PCA=30"; ABR = BAR =15°.

Chtng minh tam giac PQR déu.

PHANIII - KET QUA
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Chuyén dé : S6 phikc va irng dung Nguyén Thanh Nhin

Trén day 1a noi dung ctia dé tai ”S6 phirc va tmg dung ”. Viéc ap dung dé tai vao
thuc tién giang day dugc thuc hién theo timg phan. é tai dugc phat huy ti da & cac
16p luyén thi dai hoc va bdi dudng hoc sinh gidi.

Sau day 1a phan két qua :

1) Str dung & 16p luyén thi Dai hoc :

Pé tai dugc str dung hiang ndm trong céc 16p luyén thi dai hoc va da phat huy duoc
tac dung kha nhiéu. Cung cép cho cac em mot cong cu toan hoc hiéu qua dé giai
quyét cac van dé toan hoc khac. Pé tai hd trg duoc phan nao cho cac em trong qué

trinh 6n luyén. Sau day la mot s6 két qua thu nhan duogc trong 16p luyén thi dai hoc.

Lop- nién Hoc sinh giai quyét duoc bai Bat Piém thi dai hoc mén

khoa dang thirc Toén

LOP 12A tr | 1. Nguyén Thi Yén Nhi 8,5(Khéi A) |9,5(B)

nim 2009 dén | 2. Bui Thi Thu Nga 8(A) 9(B)

2013 3. Nguyén T.Mong Tuyén 8 (A) 8.5(B)
4. Nguyén Thi Thay Quynh 8 (A) 8(B)
5. Pham Xuan Ha 8(A) 8(B)
6. Nguyén Pirc Tuyén 7,5(A) 8(B)
7. Bui Van Thanh Hao 8,5(A) 9,5(B)
8. Chau Nguyét Qué 8(A) 9(B)
9. Luu Ptic Trung 8(A) 8(A)
10. Ng6 T.T Trang 8(A) 8,5(B)
11. Nguyén T.M¥ Thu 8,5(A) 9,5(B)
12. B4 Thi Trang 8,5(A) 8,5(B)
13. Nguyén Viét Xuan 8,5(A) 9(B)
14 Nguyén Thi Cam Tu 8(A) 9(B)
15.Lai Thi Anh Thu 8(A) 8(B)
16. Keo Hoang Phuong 8(A) 8(B)

THPT Binh An -Binh Duong

SKKN ndam hoc 2013-2014

46



Chuyén dé : S6 phikc va irng dung Nguyén Thanh Nhin

17. Hoang Hai 9(A)

18. Nguyén Vin Tudng 8(A) 9(B)
19. Nguyén Thi Thao Trang 8,5(A) 9(B)
20. Vii Thi My Linh 8(A) 8,5(B)
21. Tran Pinh Pha 8(A) 8(B)
22. Bui Quang Ha 8,5(A) 8,5(B)

1) Sir dung & chwong trinh Boi dwdng hoc sinh gioi:

Chuyén dé nay tac gia hang nam van sir dung dé day doi tuyén hoc sinh gioi va budc
dau cling cho théy da co duoc mot sb két qua. Hoc sinh duoc boi dudng da cam théy

tur tin hon trong khi 1am bai. Cac em d3 biét st dung s6 phirc 1am cong cu dé giai cac
bai toan vé hinh hoc phéng, s6 hoc, da thirc, lugng giac. Mot s6 em cling da dat duogc

mot s6 gidi cap Tinh.

Ho va tén hoc sinh Tén giai thuong
Nguyén Thi My Thu Luong Thé Vinh( giai II)
Nguyén Viét Xuan Luong Thé Vinh( giai II)

Do Thi Trang Luong Thé Vinh( giai II)

Lai Thi Anh Thu Luong Thé Vinh( khuyén khich)
Tran Thi Nhu Xuan Luong Thé Vinh ( giai III)
Nguyén Thi Thiy Violympic( khuyén khich)
Hoang Hai Violympic(giai IT)

Hoang Hai Giai toan Casio ( giai II)

Sau khi ap dung chuyén dé nay vao giang day , t6i nhan thiy rang dbi voi hoc sinh
khé gio1 da gidi cac bai tdp nhanh gon hon, c6 su xtr ly linh dong trude cac tinh
huéng . i c6 sy két hop giita cac mang toan hoc khac nhau. Cac em di tiép can va

ching minh bt ding thirc chi dong hon trude. DPbi voi bai toan hinh hoc phiang cac
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em c6 nhiéu cach giai da dang.Nhiéu em da biét sir dung linh hoat cac phuong phap
dé chimg minh nhiing bai bat dang thirc kho. Cac dang bai tap vé sb phuc ciing dugce
xur 1y thanh thao hon trude khi dé tai duoc trién khai.Cac em d3 cam théy duoc s6
phtc ciing gan gui va c6 tinh ing dung cao nhu cac phan toan hoc khac.Riéng
chuong trinh luyén thi Pai hoc, cac em déu giai dugc bai $6 phuec.

Du rat ¢b gang trién khai t6i hoc sinh , nhung do ndi dung kién thire twong ddi kho va
moi la nén d6i twong hoc sinh ndm bat dugc chua nhiéu. Tuy vay , tic gia ciing
manh dan viét dé tai nay gi6i thiéu voi quy dong nghiép gan xa. Du ban than da rat c¢b
gang tim toi trong qua trinh viét, nhung do ning lyc va kinh nghiém con nhiéu han
ché nén dé tai s& khong tranh khoi nhitng thiéu sét. Mong dugc sy thong cam va chia
s& dé de tai dugc hoan chinh hon.

Cudi cung xin dugc cam on cac ddng nghiép bdo mén Toan , Ban giam hiéu trudng

THPT Binh An di dong vién, gitip d& t6i hoan thanh dé tai nay.

Nguoi viét dé tai

NGUYEN THANH NHAN
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DANH GIA CUA HOI BPONG KHOA HQOC NHA
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DANH GIA CUA HOI PONG KHOA HOC SO GIAO DUC .
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TAI LIEU THAM KHAO
Trong chuyén dé nay co su dung mot s6 tai liéu tham khao:
1.  Chuyén dé Bat dang thiic
( Vo Giang Giai- NXB BDHQG Ha No1)
2. Dung Hinh hoc giai tich dé giai PT, BPT, HPT, BDT
( Tran Pinh Thi, NXB DPHQG Ha Nbi)
3. Phuong phap sé phtic va hinh hoc phang
( Nguyén Hiru Bién NXB DPHQG Ha Noi)
4. Céc chuyén dé nang cao toan PTTH Dai sb va giai tich
( Pham Qudc Phong , NXB DPHQG Ha Noi)
5. Chuyén dé chon loc Sb phirc va ap dung
( Nguyén Vin Mau, NXBGD)
6. Bai giang cho hoc sinh chuyén todn Cac van dé vé da thic
( Lé Hoanh Pho , NXBGD)
7. Mot sb chuyén dé Pai s6 boi dudng hoc sinh gioi
( Nguyén Vin Mau, NXBGD)
8.  Chuyén dé Bt dang thic
( Nguyén Thanh Nhan, SKKN niam 2013)
9. Chuyén dé Tich phan va S6 Phuc
( Phan Huy Khai, NXBGD )
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PHU LUC
STT NOI DUNG TRANG
1 | Phan tht nhat- Phan mo dau. 1
2 | Phan tht hai - Noi dung dé tai. 7
3 | §1.Ung dung sb phic dé giai phuong trinh, hé phuong trinh, 7
bat phuong trinh.
4 | §2 Ung dung s phtic vao chimg minh bét ding thirc. 12
5 | §3. Ung dung s phtic vao trong luong gic. 19
6 | §4.Ung dung sb phirc vao da thuc. 24
7 | §5. Ung dung s phirc vao nhj thirc Niu-ton. 30
8 | §6.Ung dung s6 phirc vao hinh hoc phang. 33
9 | §7.Ung dung phuong trinh dudng thing trong s6 phirc . 38
10 | §8 Ung dung cua sb phirc vao da giac déu. 43
11 | Két qua. 48
12 | Tai liéu tham khao. 52
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