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Thoi gian l[am bai: 180 phut

Bai 1. (5 diém) Cho day s (x,) x4c dinh boi:

X, =1 X :3+i vol n=12,....
X

n

n+1

Tim s6 thuc duong a sao cho diy sb (y,) xac dinh boi:

n

a g
y,=——— vbi n=12,...
X, X, X

n

c6 g161 han hitu han va limy, #0.

Bai 2. (5 diém) Cho tam giac ABC nhon, khong can noi tiép dudng tron (O) c6 dudng cao
AH va tam duong tron noi tiép 13 1. Goi M 1a diém chinh giita cung nho BC ciia (O) va D
1a diém ddi xtng v6i A qua O. Puong thang MD cit cac dudng thing BC, AH theo thir tu
tai P va Q.

a. Chirng minh rang tam giac IPQ vuéng.

b. Puong thang DI cat (O) tai diém E khac D. Hai duong thang AE va BC cét nhau
tai diém F. Chimg minh ring néu AB+ AC =2BC thi | la trong tdm cua tam giac APF.

Bai 3. (5 diém) Tim tit ca cac da thirc P(x) hé sb thuc thoa man diéu kién:

(P(x)f ~3(P(x))’ = P(x*)-3P(~x) véi moi xR.

Bai 4. (5 diém) Xac dinh tat ca cac s nguyén duong n théa man tinh chat: ton tai mot
cach chia hinh vuong c6 d6 dai canh la n thanh ding ndm hinh chir nhat sao cho do dai
céc canh cua nim hinh chit nhat d6 1a cacsé 1,2, 3,4, 5, 6,7, 8, 9, 10.

HET

e Thi sinh khéng dwoc sie dung tdi liéu va may tinh cam tay.
o Gidm thi khong giai thich gi thém.
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HUONG DAN CHAM

Chii y: Moi cach giai khac dap an, néu dung va ngan gon thi cho diém tuong tng.

Bai Noi dung Pi¢m

Bai 1. . 5 .
5didm Tacod X, , =3+X— = X, X,4 =3X,+5 vl n=12,...

n
bat z, =xX,..X, v6i n=12,... thitaco
Zn+2 = X1X2"'Xn Xn+1Xn+2 = Zan+1Xn+2 2
= z,(3x,,, +5) = 32,X,,, +52, =3z,,, +52
Nhu vay day (z,) xac dinh boi:

z,=%=1,2,=xX%x,=18=8va z,,,=3z,+5z2, v6i n=12,...

n+1 n+1 n-

n+1

Theo cach tim cong thirc ciia ddy truy hoi tuyén tinh cip hai ta tinh duoc:

3+429) 3-v29) .
Z, = +B > voi n=12,...

2 1
, 13+429 | 13-+/29
trongd6 A=—= va B=——.
29+ 329 293429
Do dé vy, = na .
3+@ . B 3—@
2 2
3+429)  (3-429)  (3+429) 3-429)
+B A+B 2
2a 2a 2a 3++/29

++/29

thi (yn) c6 gidi han hitu han khac khong.
29+ 329 3++/29

.Vaydapsdla a= ;-

N .y 3
Twrdosuyrachico a=

13++/29
Bai 2. Céc hinh v& sau cho trudng hop AB < AC.
5diém a. (3 diém)

Ta c6: ZOAC =90° — %AAOC
=90° —/ABC = ZBHA
va Al 1a phan gidc ZBAC nén
ZHAl = ZOAI. 1
Suy ra AAQD cén tai A = MQ = MD (1).
Goi L 1a giao diém AM va BC.
Khidé ~ZLPD =90°— ZHQP
=90° -~ ZADM = ZLAD.
Do d6 tir giac ALDP ndi tiép dugc
— MD.MP = ML.MA (2).




Ta 6 AMLC ~ AMCA (g —g) nén = =M€ _ vic? — MLMA (3).
MC MA
. A+C A
Lai c6 ZMIC = ZMCI = nén AMIC céan tai M = MC = MI (4).

T (1), (2), (3), (4) ta c6: MI? = MC?= ML.MA = MD.MP = MQ.MP.
Suy ra tam giac IPQ vuong tai I.

b. (2 diém)

Tir cau a. ta suy ra HIPQ noi tiép

= Z/IHP = ZIQP = ZIDM = ZEAM
do @6 tir giac AIHF noi tiép

= /AIF = ZAHF = 90°.

Goi N 1a trung diém cua doan FA.
Khi d6 ZNIA = ZNAI = ZEDM

= ZIQP = ZMIP
nén N, I, P thang hang.

Theo tinh chat phan giac va gia thiét thi

E:%:BA: AB.BC :BA:AB'BC:Z.
’ IL BL AB + AC 2BC
Ap dung dinh 1y Menelauyt cho tam gidc AFL véi cat tuyén NIP ta c6
AN FP LI FP 1

— — —=1&1-—.==1=Llatrung diém cua PF.
NF PL IA PL 2
Twr d6 suy ra | 1a trong tdm ctia tam gidc APF.

Bai 3.

5diém

Gia st da thirc P(X) thoa man
(P(x))* =3(P(x))* = P(x*)—3P(= x) (1) véi moi xeR.
Truong hop 1. P(x) 1a hing s6, dit P(x)=c.
=0
Thay vao (1) ta duge ¢ -3¢’ =c-3c < |c=1
c=2

(@]

Truomg hop 2. P(x) khong phai 1a hang s6, dat n=degP(x),n>1 va a=0 la hé
sd bac cao nhét cia P(x). Ta c6 thé viét P(x) = ax" +Q(X) trong d6 Q(x) la da
thire hé s6 thuc c6 degQ(x)=k <n-1.
. . . a=1
Can bang hé so6 ctia bac cao nhat (bac 3n) trong (1) tacé a’ =a < [ %
a=-

+) Néu a=1,tacd P(x)=x"+Q(x). Thay vao (1) ta dugc
(¢ + QY ~3bc" + QU)F =+ Qbe) -3~ x)' +Q(-x)
& 3x"Q(x) +3x"(Q(X))* +(Q(x))’ —3x*" —6x"Q(X) —3(Q(X) ) =
QX°)-3Q(- x)-3(~1)x" (2).

Trong (2), néu k > 0thi bac cia VT 1a 2n + k, bac cua VP 1a h < max {3k; n} nén can
bang bac ta phai c6 2n+k =h <max{3k;n}. Diéu nay vo 1y vi 2n+k >3k va
2n+k>n. Do vay k=0, ta dat Q(x)=c.
Thay vao (2) di dén

3cx®" +3c’x" +¢° —3x*" —6ex" —3c® = ¢ -3¢ —-3(-1)" X"

& 3c—1)x*" +3(c? — 2c+ (—1)" K" +c* —3c? +2c =0 (3).

2




c-1=0

, c=1
Ping thiic (3) dung véi moi xeR < {¢’-2¢c+(-1)" =0 < {

n=2m(meN*)
c*-3c?+2c=0

Khi d6 ta c6 P(x)=x*" +1. Thir lai thoa man.

+) Néu a=-1,tacéd P(x)=—x"+Q(x).
Thay vao (1) ta duogc
(3-+QUF ~3-x + QU =" +Qx)-3-(-xF +Q(-x)
< 3x*"Q(x) —3x"(Q(x))? (Q(x)) —3x" +6x"Q(x) —3(Q(x))°
= Q(x*)-3Q(-x)+3(-1"x" (4).
Trong (4), néu k >0thi bac ctia VT 14 2n + k, bac cia VP 1a h < max{3k;n}nén can
bang bac hai vé di dén 2n+k =h < max{3k;n}. Diéu nay vo Iy vi 2n+k >3k va
2n+k>n.Do do k=0, tadat Q(x)=c.
Thay vao (4) di dén
3ex®" —3¢?X" +¢° —3x*" +6cx" —3c® = ¢~ 3c+3(-1)" X"
c>%c—ﬂﬁ"—d&—20+04f%”+§—3&+20=0(&
c-1=0
Pang thirc (5) dang véi moi xeR < ¢’ -2c+(-1)"=0 < {
c*-3c*+2c=0
Khi d6 ta c6 P(x)=—x"" +1. Thir lai thoa man.
Dép s6: P(x)=0;P(x)=LP(x)=2; P(x)=x*"+1; P(x) = —x*" +1.

c=1
n=2m(meN*)

Bai 4.
5diem

Piéu kién cén:

Goi a,,b;a,,b,;a5,b,;8,,b,;a,,b; 1a kich thude cta 5 hinh chit nhat dugc chia ra,
tacod: {a,b,,a,,b, a,hb,a,b, a,b} = {234,5,678,9,10}.

Khi d6 tong dién tich ciia 5 hinh chir nhat la:

S=ab, +a,b, +ab, +a,b, +a.b,

= %(albl +a,b, +a,b, +a,b, +a.b, +ba, +b,a, +ba, +b,a, +b.a;).

Theo bat dang thirc sap thir tu thi ta c6:

S> %(1.10+ 2.9+3.8+4.7+5.6+6.5+7.4+8.3+9.2+10.1)=110

va S s%(1.1+ 2.2+33+4.4+55+6.6+7.7+88+9.9+10.10)=1925.

Mit khac S =n? nén ta c6 110<n® <1925 = ne {11,12,13}.

Piéu kién di:

Vi 5 hinh chir nhat duoc chia ra ¢6 kich thudc khac nhau va déu nho hon 11 nén
trén mdi canh clia hinh vudng n x n phai co chira canh clia dung hai hinh chir nhat.
Nhu vay c6 ding 4 hinh chir nhat c6 cac canh nam trén canh cua hinh vudng con 1
hinh chit nhat nim hoan toan bén trong hinh vudng.




a 12-a Voi n = 12: Gia st c6 céach chia duogc.
o o o Khi @6 hinh chir nhat c6 canh 1a 1 hodac
12.c | 6 khong thé nim trén canh hinh vudng
d o $ vi canh hinh chir nhat con lai 1a 11
hodc 6 déu vo ly. Do d6 phai c6 hinh
10 chit nhat 1 x 6 va hinh chir nhat nay
1%6 nam bén trong hinh vuéng.
. Goi a la kich thuéc con lai cua hinh | (5
chr nhat ¢6 canh 10, b 1a kich thudc
& )\ d con lai cua hinh chr nhat c6 canh 2.
2 Khi d6 phai c6 hinh chit nhat canh la
12 — b va goi ¢ la kich thudc con lai,
® b T suy ra hinh chit nht cudi ¢6 kich thude
(12 —a) x (12 — ¢) trong d6 a, b, c 1a
cac sb phan biét cuia tap {3,4,5,7,8,9}.
Ttr hinh vé& ta suy ra trong 3 sb a, b, ¢ ¢ ding mét sb 1 sé chin (4 hoic 8). Tinh
tong dién tich 5 hinh chit nhat ta dugc
122 =1.6+10a+2b+(12—b)c+(12-a)(12—c) < (b—a)c—2)=6. 05
Diéu nay khong thé nghiém ding duoc vi trong @, b, ¢ ¢6 1 s6 chin, 2 s6 1é nén ’
b—a va c—2 cung tinh chén 1é. Do d6 n = 12 khong thoa man
Véin=11van=13:
Ta c6 cac céc chia nhu cac hinh sau thda man:
® O 9 @ O @
3X6
(2 o ] 9x8
10x5
10x5
1
7x4 8x2 !
le2
[
) { 3x7 4x6
I 1x9 I
QO @ Q®
(n=11) (n=13)

Vay dép sé can tim lan=11 van = 13.

Hét




