SO GIAO DUC VA PAO TAO KY THI CHON POI TUYEN

NINH BINH DU THI HQC SINH GIOI QUOC GIA LOP 12 THPT
- NAM HOQC 2015 - 2016
PE THI CHINH THUC Mén: TOAN — Ngay thi: 15/9/2015

Thoi gian l[am bai: 180 phut

Bai 1. (5 diém) Tim tat ca cac ham sd f :R »> R thoa mén:
fx*+f(y)=y+f*(x) vx,yeR
a+b+ceZ

Bai 2. (5 diém) Cho cac sb hiru ti a,b,C thoa man: ) , ,
(2a-1)°+(2b-1)°+(2c-1)° =3

2

Chtng minh rang ton tai cic nguyén m, n thoa man: (m,n) =1 va abc = %
Bai 3. (5 diém) Cho tam giac ABC nhon ndi tiép duong tron (O). Puong tron (J) tiép
xic ngoai voi (0) tai D ddng thoi tiép xuc voi tia dbi ciia cac tia BA,CA lan luot tai E
va F.
DB 1+cosC
"7 DC 1+cosB’ ‘ q

b) Gia st AJ cat (O) tai T khac A. Goi P,Q lan luot 1a cac diém di dong trén
cung nho AB, AC cuia (O) sao cho PQ song song voi BC. Cac duong thang AP va BC
cit nhau tai M. Goi I,N lan luot 1a trung diém cua cac doan théng EF,IM. Ching
minh rang giao diém cta cac dudng thing NT va 1Q ludn thudc mot duong cd dinh.

a) Chting minh rang

Céu 4. (5 diém) Cho P 1a mot da giac 16i 2016 canh. Mot cach chia P thanh cic tam
giac bang cac duong chéo khong cit nhau bén trong P duoc goi 1a mot cach chia dep P.

a) Chtrng minh rang sé dudng chéo can phai ndi dé chia dep P theo cac cach khac
nhau déu bang nhau.

b) Mot tam giac thu dugce tir phép chia dep P ndi trén duge goi 1a mot tam giac
trong néu ca 3 canh ciia n6 déu 1a cac duong chéo ciia P. Hoi cé tit ca bao nhiéu cach
chia dep P ma c6 dung mot tam gidc trong biét rang hai cach chia 1a khac nhau néu c6 it
nhat mot cip tam giac khong trung nhau.

HET

e Thi sinh khéng dwoc sik dung tdi liéu va mdy tinh cam tay;

e Gidm thi khong giai thich gi thém.
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HUONG DAN CHAM
Bai Noi dung Pi¢m
Bai 1 | f(x*+f(y)=y+f'(x) wxyeR (1)
>diem Trude hét ta chimg minh: f (0)=0
Pit a=f(0).
Cho x=0taco f(f(y)=y+a’ (2 1
Cho y=0taco f(x*+a)=1f*(x) (3)
T (2) suyra f 13 song anh, do do tontai b dé f(b)=0
Cho y=b vao(2)taco a=b+a*
Cho x=b vaio(2)tacé f(b*+a)="f*(b)=0= f(b).
Vi f song 4nhnén b*+a=0. 1
Ta c6 hé {bj+a=b:>a4+b4=0:>a=b=0 hay f(0)=0
a’+b=a
Dodo f(f(y) =y f(x")=f"(x)
= f(x*+f(y)=f(f(y)+f(x) vx,yeR 1
= f(x+y)=fT(X)+ f(y) vxeR,y>0
Do f(x*)=f*(x)>0= f(x)>0 vx>0.Vi f songanhnén f (x) >0 Vx>0.
Véi X>Ytaco T(X)=FfT(X=y+y)=FT(x=y)+ f(y)>f(y) 1
Ta s& ching minh f(X) =X VX eR.
Néu 3X, € R saocho f(X,)> X, thi X, = f(f(%,))> f(x,)>X, (vo1y)
Néu 3X, € R saocho f(X,) <X, thi X, = f(f (X)) < f(x,)<X, (vd1y) 1
= f (X)) =X VX € R. Thi lai thiy ding.
vay f(X)=xVxeR.
Bi\iZ e,k 2 2 2 1 2
5didm | Tur gia thictsuyra 2" +b° +C :a+b+c:>a+b+c2§(a+b+c) 05
O<a+b+c<3.via+b+ceZ nen a+b+ce{0;12;3}
Néu a+b+c =0, két hop véi gia thiét suyra a=b=c=0.
Luc d6 taco M=0;n =1 thoa mén yéu ciu bai toan. 0s

Néu a+b+c =3, két hop véi gia thiét suyra a=b=c=1.
Luc dotaco m=1n=1 thoa man yéu cau bai toan.




Néu a+b+c=1.

Vi a,b,c 12 cac s6 hiru ti nén ludn ton tai cac s6 X,Y,z€Z; d e N” sao cho

aXp Y. 2
d’ d’ d’ 0.5
X+y+z=d
Licdotaco .~ =>Xy+yz+2x=0 (1)
X“+y +2z°=d
Vi d >0, khong mit tinh tong quat ta gia st Z >0
T (1) taco (X+2)(y+2)=2z>=c*d* (1)
laico X+Z+Yy+2>0 nén
X+2>0;y+z>0suyratdntai r, p,ge N (p,q) =1 thoa mén:
X+z=r.p’
{ , (2 1
y+z=rq
Thay vao (1) suyra Z=rpq vi (z>0). Két hop véi (2) ta co:
x=rp(p—0a); y=ra(q—p).dodo d =r(p*+q° - pa)
XVZ 2.2 _ 2
—abc=Y2_ PA(P=0)
d*  (p"+9° - pa)
Chon m=pa(p—a); n=p*+0q° - pg
Ta chimg minh (Mm,n) =1
Gia st (m,n) =k = m,n:k
Vi (p,q)=1nén (p;p-0)=(0; p-0a)=1 (3)
p:k
Taco m:k = | q:k
p-qik L
- Néu pk=qg*k=k=1.Vinéu k>1, goi h Ia udc sd nguyén t6 16n nhat
cuak,taco g°:h=>qg:h, ma p:h suyravély.
- Néu q:k, chimg minh twong tu suy ra k=1
. ik ik
- Néu p-q’k=(p-q)°-nk= pg:k = p. = q.
g:k p:k
suyrak=1
Néu
(1-a)+ (1-b)+(1—c) =1
arbre=2 b+b 1= {(2(1-a)-1) +(201-b)-1)° +(2(1—c)-1) =3 '
—ab+bc+ca=1= —a)-1) +(21-b)-1) +(2(1-c)-1) =
a’+b*+c*=2
(1-a)1—b)(@—c)=-abc
Twong tu trén thi ton tai cac nguyén m,n thoa man:(M,N)=1 va
0.5




2 2

(1—a)(1—b)(1—c):r:— suy ra abc= Do (m,n)=1=(m,—n)=1 suy ra

3 _n)3 '
dpcm.
Bai
3a
2diém
Bo6 d@é : | 1a tim duong tron bang tiép trong goc A cua tam giac ABC .
That vay, goi X, Y lan luot 13 giao diém khac D cua DE,DF véi (O) va |’ 1a tim
duong tron bang tiép goc A cua tam giac ABC. Dé& thdy XO|| JE nén XO L AB.
Suyra X,C,I|’ thang hang.
Tuong tu Y, B, 1’ thiang hang.
, I L [ XAY , ' S i
Ap dung Dinh 1y Pascal cho luc giac BDC ta co E,l’,F thang hang. Mat khac
Al' 1a phan giac goc BAC nén |'=1 suy ra bo dé duoc ching minh.
Trév lai bai todn : Tacé Al = pA v6i 2p=a+b+CvaAE = AF = P -
cos cos’
2 2
Goi B’,C' lan luot 1a giao diém cua cac dudong thang DB, DC véi (J), ta co
DB DB' BB’
ADBC ~ ADB'C'(g-0) = = =
DC DC' CcC'
.., DB +BDBB'" BE AE-c
Tu do = = = i
DC Jcbcc' CF AF-b
a+b+c 2bc . N
Thay AE=AF =P - 8¥B*C vio biéu thitc trén rdi bién
2 A b*+c*-a* b+c-a
cos"— 1+— — —
2 2bc
d6i dai sd ta thu duoc DB = c(a+b-c) = 1+cosC ,
DC b(c+a-b) 1+cosB
Bai | Gia st vi tri cac diém nhu hinh vé€, cac truong hgp khac ching minh tuong tu.
3b A
3diém




Gia str 1Q cat (O) tai S khac Q; ST lan luot cit cac duong thing Ml va AM tai N’
va R. Ta s& chimg minh N’=N. That vay do tir giac ASIR noi tiép (do

RSI =TAQ = RAI ) nén ARI = ASQ = AMC hay RI || BC.

. N'M TI RA
Ap dyng Dinh ly Menelaus ta c6 ——.—. =
Nl TA RM 1
TI  RM
Pé ching minh N'= N, ta s& ching minh — = —— (1)
TA RA
Goi V=ATNBC. Do T la tam duong ngoal tiép AIBC; ATBA~ ACVA nén
T _TB CV s IV _RM . CV CV _CA_sinAIC
= . Lai _:_( ) suy ra (1)
TA TA CA’ 1A RA CA VoA
COSE 1
dang, do do N'=N.
Vay giao diém cia NT va 1Q Iuén di dong trén mdt phan ctia dudng tron (O).
Bai | Nhan xét rang phép chia dep P 1udn tao ra 2014 tam giac. That vay, do tong tat ca cac
4a | goc cua cac tam giac thu dugc tir phép chia dep P 1udn bang tong tat ca cac goc cia P
2diém | nén goi s6 tam giac thu dugc 1a T thi ta ludn c6 1
T.180° =(2016—2).180° < T =2014.
Theo Pinh Iy vé dic s6 Euler ctia da giac, néu goi C 14 s6 duong chéo can phai ndi dé
chia dep P taluon c6: 2016 —(2016+C)+(2014+1) =2 < C =2013. 05
Vay ‘sé duong chéo can phai ndi dé chia dep P theo cac canh khac nhau déu bang nhau '
va bang 2013.
Bai | Ta goi mdt da giac 10i c6 cac dinh 1a dinh cua P 1a da gidc ria néu n6 c6 dung 1 canh
4@ la duong chéo cua P va cac canh con lai cua no 1a cac canh cia P. Ta dinh nghia phép
3diém chia dep mot da gidc ria tuong ty nhu dinh nghia chia dep P.
Bo dé: So cac phép chia dep mot da gidc ria k dinh ma trong cac tam giac duoc tao ra
khong chira tam gidc trong cia P nao la S, =2 k > 4.
Chirng minh: Dé thdy S, =2. Ta s& ching minh S, =2S, . 15
That vy xét da gidc ria AA,...A c6 K dinh va chira canh AA 1 duong chéo ciia P. |
Do phép chia dep AA,...A khong thu dugc tam gidc trong nao nén tam giac chtra
canh AA phai co dinh A, hoic A_, (vi néu nguoc lai thi né chta tam gidc trong).
Khi d6 cac da giac AA,..A, va A..A A la cic da giac ria K—1 dinh, do vay
S, =25,
Xét phép chia dep P c6 chira tam giac trong duy nhat 1a ABC. Khi d6, cac canh
AB, BC,CA tré thanh cac canh cua 3 da giac ria c6 s6 dinh lan luot 1a a+2, b+2 va
C+2 trong d6 a,b,c e N, Khi d6 1
a+b+c+3=2016<a+b+c=2013
S6 nghiém a,b, ¢ € N ctia phuong trinh nay 1a CZ .
Liy A cb dinh, khi d6 c6 CX,, cach chon tam gidc trong ABC. Khi A chay trén
2016 dinh thi mdi tam gidc duoc dém 3 1an nén sd cach chon tam gidc trong 1a
2016
—C22012 = 672C22012' 1

Véi mdi cach chon tam giac trong ABC d0, theo bd dé, sb phép chia dep P nhan
ABC lam tam gidc trong duy nhit [a 22271257 = 2%%,
Tém lai dap s6 ciia bai toan 1a S =672.2°°C2 ..




