CHUYEN BE 2:
VAN DUNG PHUGNG PHAP LTE
VAO GIAI CAC BAI TOAN SO HOC

Pham Quang Toan !

Bo dé vé s6 mii ding (Lifting The Exponent Lemma) 1a mot bo dé rat hitu dung
trong viec gidi cac bai toan sd6 hoc va rat duge biét dén trong lich stt Olympiad.
Thue chat 14 né duge mé rong ra tit bo dé Hensel. Ta thuong viét tit tén ctia bo
de 1a LTE, ten Tiéng Viet thi c6 thé goi 1a b6 dé vé s6 ma ding. Bai viét nay xin
dugce giéi thieu véi ban doc vé bo dé va nhiing tng dung dic sic clia né vao cac bai
toan 1y thuyeét so.

Bai viét chii yéu diya vao tai liu ctia thanh vien Amir Hossein bén trang mathlinks.ro
(vé mat 1y thuyét thi minh gitt nguyen ban bai viét ciia Amir Hossein sang bai viét
nay) va c6 kem theo mot s6 vi du duge 14y tit cac ki thi Olympic toan trén thé gidi.

A

Mot s

5t sb khai niém
O day, thay vi ki hieu a‘b nghia 1a a chia hét cho b, ta sé ki hieu bla. Va a /b sé duge thay bing
bta.
Dinh nghia 1. Cho p 1a s6 nguyén t6, a 1a s6 nguyeén va « 1a s6 ti nhién. Ta c¢6 p® 13 lity thita
ding (exact power) ctia a va « 13 so6 mii ding (exact exponent) ciia p trong khai trién cla o
néu p®la va pt! { a. Khi dé ta viét p* || a hay v,(a) = a.
Vi du. Ta c6 v5(5400) = 3 hay 5% || 5400 vi 5400 = 53 - 32 . 22.
Sau day 14 mot s6 tinh chat. Chiing minh tinh chat nay khong khé, xin danh cho ban doc.
Tinh chat 1. Cho a, b, ¢ 1a cac s6 nguyen. Ta c6

L. v,(ab) = v,(a) + v,(b)

2. vy(a™) =n-vy(a)

3. min{up(a), vp(0)} < vp(a+b)
Déu déng thitc xay ra khi v,(a) # v,(b).

4. Up (ng(|a|7 |b|7 |C|)) = min{vp(a)’vp(b)vvp(c)}
5. vp (lem(lal, [0], [c])) = max{vy(a), vp(D), vp(c) }

Chu y. v,(0) = oo v6i moi s6 nguyen to p.
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Hai bo dé

Dau tién, xin gi6i thieu véi ban doc hai bo dé. Va hai bd dé nay sé gitp ta tim cach ching
minh dugce cac dinh 1i khéc ctia LTE.
B6 dé 1. Cho x,y 1a hai s6 nguyén va cho n la s6 nguyen duong. Cho sé nguyen t6 p bat ki

sao cho plr —y vaptax,pty. Tacod
bp(a" = 5") = vyla — y).
Chiing minh. Ta c6 p|x — y nén
" Py by P =02 #£0 (mod p)

Ma 2" —y" = (z —y) (@ P+ 2" 2y + -+ ay" 2 +9"1) nén ta suy ra dicu phai chiing
minh. O

Bo dé 2. Cho .,y 1 hai s6 nguyén va n 1a s6 nguyén duong 1é. Cho s6 nguyeén té p bat ki thda
méan plr +y vaptax,pty. Khido

vp(a™ +y") = xp(x + y).

Chiing minh. Ap dung b dé 1 ta c6 v, (2" — (—y)") = v,(x —(—y)) néen v, (" +y") = v,(x +y).
(vi n 1¢). Bo dé dugc chiing minh. m]

Lifting The Exponent Lemma (LTE)

Dinh ly 1. Cho z vA y 13 cac s6 nguyen (khong nhat thiét phai nguyén duong), n 14 mot s6
nguyeén duong va p 1a mot s6 nguyen t6 1é théa man plr —y va ptax,pty. Ta co

vp (a" = 0") = v,(a@ — b) + vy(n)

Chiing minh. Ta sé di chiing minh quy nap theo v,(n). Trudc hét, ta sé di chiing minh khang
dinh sau:

vp(aP —yP) =v(r —y) + 1

Dé chitng minh diéu dé thi ta can chi ra rang

pl.??p_1+mp_2y+ ...+myp—2+yp—1 (1)

prrat T aP Py 4y P (2)

Véi (1), nho ap dung * =y (mod p) ta suy ra

Pl yp_l = pxp_l =0 (mod p)
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V6i (2), tadat y =2 + kp véi k € N*. Khi d6 véi 1 <i <p—1 (i € N) thi

yil,p—l—i = ($ + lfp)il‘p_l_i

e ' i1
= gP 17t (xl +i(kp)aztt + il 5 )

(a4
=P (2 +i(kp)atT)
= 2" +ikpa’?  (mod p?).
Do do,
PP Py 4P =P (0P kpa? ) 4 (2P 2kpa? ) 4 4 (2P 4 (p — 1)kpatT?)
—1
=paP !+ p_2 - kp?aP?
=pr’ ' £0 (mod p?)

Nhu vay v,(a? — y*) = vp(x —y) + 1.
Quay lai bai toan, dat n =p* - h véi b,k € N, b > 1 ged(b, p) = 1. Khi d6 thi

vp(a” = 0") = v,((a”
= v, (@ ") = u (@ - ")
_ vp(apk—l B bpk:—l) 11— Up((apk:—z)p B (bpk—2)p))

= vp(r —y) + k= vz —y) + vp(n)
Dinh 1y duge chiing minh. 0

Dinh 1y 2. Cho hai s6 nguyén z,y, n 1a s6 nguyén duong 18, va p 1a uéc nguyen t6 1é sao cho
plr+y vapta,pty. Khidd

vp(a™ 4+ y") = vp(x + y) + vy(n).
Chiing minh. Ap dung dinh 1y 1 ta c6
vp(a" = (=y)") = vp(x — (—y)) + vp(n)

hay
vp(z" +y") = v+ y) + vp(n)

Dinh 1y 3. (cho truong hop p = 2) Cho x,y 1a hai s6 nguyén 1& théa man 4|z — y. Khi do
vo(2™ — y") = va(x — y) + va2(n).
Chitng minh. Theo bo dé 1 thi néu p nguyen t6, ged(p,n) = 1,plz —y vapta,pty thi

'Up(xn —y") = 'Up(x )
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Do dé6 ta chi can xét t6i truong hop n 1a liy thita ctia 2, tiic can chiing minh
v(2®" =) =z —y) +n

That vay, ta c6

-y = @ T ) (@ ) a4 y) (e - )

Viz=y==1 (mod 4) nen z¥° =y =1 (mod 4). Do d6

O R G

+y" ) = = +y) =1
Nhu vay va(2*" + y*") = n+ v,(x — y), ta c6 diéu phai chiing minh. )

Dinh 1y 4. (cho truong hop p = 2) Cho hai s6 nguyen 1& z,y, n 13 s6 nguyen duong chin va
2|z —y. Khi d6
vo(a™ —y") = v —y) + vo(x + y) + vo(n) — 1.
Chiing minh. Ta c6 4|x® — y? nén dat n = 2% - h véi k, h € N*, ged(h,2) = 1. Khi d6 ta c6
va(a™ = y") = vy = )

= u((@)” = ("))

=uvp(x® —y?) + k-1
= vz —y) +va(z +y) +van) — 1

Ta c6 hé qué sau:

Hé qua. Cho a,n Ia hai s6 nguyén duong:

i) p 1a hai s6 nguyeén t6 1é sao cho v,(a — 1) = o € N*, khi d6 v6i moi s6 tu nhien 3 ta c6
va" —1) =a+ B < vy(n) = pB.

ii) n chén sao cho vy(a®> — 1) = o € N*, khi d6 v6i moi s6 nguyén duong 3 thi vg(a™ — 1) =
a+ e v(n)=06+1.

Chd .

a) Néu trong cac bai toan doi hoéi van dung phuong phap LTE, ta nén dé ¥ t6i cac dicu kien
dat ra ctia n, x,y, lya chon dinh 1y phit hgp dua vao 16i giai bai toan.

b) Néu dit lieu bai toan cho alb véi a,b € N thi v6i moi p 14 uéc nguyen t6 ctia b, ta luon c6
vp(b) = vy(a). Nguge lai, néu v,(b) > v,(a) thi alb. Nhu vay

alb < v,(b) = vy(a)

Day la mot tinh chat rat thuong dudge dung trong céc bai toan sit dung phuong phéap
LTE.
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Mot so vi du

Sau day minh xin dua ra mot sd vi du vé cac ting dung ctia phuong phap nay.
Vi du . Tim s6 nguyén duong n nhé nhat théa man 2201%[1999™ — 1.
Loi gidi. Ap dung Dinh 1y 4 ta c6

19(1999" — 1) = va(n) 4+ v2(2000) + v5(1998) = va(n) + 5

Dé théa man 22013|1999" — 1 thi vy(n) + 5 > 2013 hay wvy(n) > 2008.
Vay s6 nguyén duong n nho nhat thda man de ra la 22098,
Vi du . (IMO Shortlist 1991) Tim s6 nguyén duong k 16n nhat théa man 1991% 1a wéc cia

19901991 4 19921991
Loi gidi. Dat a = 1991 thi a 1a s6 nguyeén t6 1é. Do d6 theo Dinh 1y 2 thi

v ((a= 1" 4 (@+ 1)) = v ((a = 1)) + (a+ 1))
= Va ((a 1" ta+t 1) +v(a"™")

=a—1+v, ((a—l)“2+a+1)

Ciing theo Dinh 1y 2 thi v, ((a — 1) + 1) = va(a)+v,(a®) = 3neén v, ((a 1) +a+ 1) =1

Vay, v, ((a — 1)+ (a+ 1)“‘171) — a. Ta thu duge maxk = a =[1991]

Vi du 1. (Italy TST 2003) Tim bo s6 nguyén nguyen (a, b, p) sao cho a, b 14 s6 nguyén duong,
p 1a s6 nguyen t6 théa méan 2% 4 p® = 19,

Lot gigi. Vi a nguyén duong nén 17|19* — 2%, Vay p = 17. Ap dung Dinh ly 1 ta cé

1)17(19a — 2a) = U17(17) + ’U17(CL)
s b= 1‘|‘U17(CL) <l+a

1. Ntub < 1+ ahay 1 < b < a. Dé dang ching minh quy nap rang 19¢ — 2% > 17% véi
a>1. Mal7* > 17" Vay a = b = 1 & trudng hop nay.

2. Néu b = 1 + a thi dé dang chiing minh quy nap 19% — 2% < 17%*! = 17, mau thuén.

Vay (a,b,p) = (1,1,17) 1a dap an duy nhat bai toan.

Vidu . (IMO 1990) Tim s6 nguyén duong n sao cho n?|2" + 1.

Loi gidi. V6i n = 1 théa man. V6i n > 2, nhan thay n 18.

Goi p 12 uéc nguyen t6 1é nhoé nhat ctia n. Khi dé ta suy ra 2" =1 (mod p). Goi k 13 s6 nguyén
duong nhd nhat théa man 28 =1 (mod p). Khi d6 k|2n. Theo dinh 1y Fermat nho thi 2°~1 = 1
(mod p) nén k|p — 1. Nhu vay ta suy ra ged(n, k) = 1 nén k|2. V6i k = 1 thi p|1, mau thuan.
Vay k = 2. Do d6 p = 3 hay 3|n.

Dat vs(n) = k (k € N*). Ap dung Dinh 1y 2 thi ta c6

U3(2n + 1) = U3(3) + ’Ug(n) =1 + k
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Lai c¢6 vi n?|2" + 1 nén v3(2" + 1) > v3(n?) & k+1 > 2k. Vay k = 1. Dat n = 3m v6i m € N*
va ged(m, 3) = 1.

Goi p; 1a u6c nguyen t6 nhé nhat ctia m. Khi d6 ta c6 2™ =1 (mod p;). Goi k; 14 s6 nguyén
duong nhd nhat théa man 2¥ = 1 (mod p;). Tuong tu thi ta dé dang suy ra k|6. Vi p; > 5 nén
k =3 hoac k = 6.

Véi k = 3 thi py|7 nén p; = 7. V6i kK = 6 thi p;|63 ma p; > 5 nén p; = 7. Tuy nhién
2" +1=2""4+1=8"+1=2 (mod 7) ma 7|n?, mau thun.

Vay uéc nguyen t6 duy nhat ciia n 14 3 ma 3 || n nén n = 3.

S6 nguyen duong n thdéa méan de bai 1a n € {1;3}.

Vi du 2. (European Mathematical Cup 2012, Senior Division) Tim s6 nguyén duong a, b, n va
sO nguyeén t6 p thda man

CL2013 T b2013 _ pn

Loi gidi. Dat a = p*™ -y, b=p* -t v6i x,y,2,t € N; t,y > 1 va ged(y,p) = 1, ged(t,p) = 1.
Khong lam mat tinh tong quét, gia sit ring « > 2. Dé nhan thay ring n > 2013z > 2013z. Khi
d6 phuong trinh ban dau tuong duong véi

t2013 _I_p2013(a:—z) . y2013 _ pn—2013z

Néu o > z thi p{ VT. Do d6 p {1 p" 293 suy ra n = 2013z. Vay ta duge phuong trinh

t2013 +p2013(z—z) 2013 _ 1

Y 5
mau thuan vi VT > 2 (do ,ty > 1). Vay « = z. Phuong trinh tré thanh
t2013 _|_ y2013 — pn—2013z — pk (k —n — 20132 G N*> (3)

Néu p|2013 thi theo dinh 1y Fermat nhé ta suy ra t?°'* + 3?3 = 2 (mod p), mau thuan vi p|p*.
Vay ged(p, 2013) = 1.
D@ thay theo (3) thi p|t + y. Do d6 béng viec 4p dung Dinh 1y 2 ta c6

oy (£275 4 y218) = o (¢ 1)
Ta lai ¢6 ¢ + y[t?°13 + 42913 va (3) nén ta suy ra

PP =t 4y = 2013 | 2013
£2012(4 — 1) 4 2012(y — 1) = 0

Vit,y > 1 nén tit phuong trinh tasuyrat=y—=1.Dodép =2, ttdésuyraa =b=2"n =
2013h + 1 v6i h € N.
Nhan xét. Ta c6 thé tong quat bai toan len thanh: Giai phuong trinh nghiem nguyéen duong

véi p nguyén to.
Vidu 3. (Romanian IMO TST 2005) Giai phuong trinh nghiém nguyén duong

37 =27y +1

Loi gidi. Ta xét hai truong hop:
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1. Néu x 16 thi 4p dung Dinh 1y 1 ta c6 12(3* — 1) = 12(3 — 1) = 1 hay 1(2* - y) = 1. Do
d6 x = 1. Tu phuong trinh ta suy ra y = 1.

2. Néu x chén thi 4p dung Dinh 1y 1 ta c6

19(3" — 1) =1(3—1)+v2(34+ 1) + va(x) — 1 = 24 vo(x)
Sue(27 - y) =2+ ve(x) © x+ va(y) = vax) + 2 (1)

Dat @ = 2™ - k v6i m,n € N*. Ta dé dang ching minh bang quy nap rang 2™ -k > m + 2
v6im € N, m > 3. Do d6 @ > vy(x) + 2 v6i vy(x) > 3 hay v6i x > 22(®) = 8. Nhu vay
x > 8 thi (1) khong x4y ra. Vay @« < 8, x chdn nén = € {2;4;6}. Tu day ta tim dugc
(7, y) = (2:2), (4;5).

Vay phuong trinh ¢6 nghiém nguyén duong (z,y) = (1;1),(2;2), (4;5).
Nhan xét. Qua bai toan trén, ta luu ¥ mot s6 ¥ tuéng ducc dung trong phuong phéap nay: Véi
p 14 mot uSc nguyen t6 cia a = p™ - k v6i m, k € N* thi:

1) a 2 pviﬂ(a)'
i) p™ -k >m+avéim > 3. Tiday suy ra a > v,(a) + a v6i v,(a) > B hay a > p°.

Cac bai trén chii yéu la cac bai khong khé dé van dung bo dé LTE vi ta da xac dinh dugce céc
véu to p,a,b mot cach dé dang. Tuy nhién, van c6 mot so bai toan doi héi ta phai di tim ra
cac yéu to p,a,b ...

Vi du 4. (IMO 1999) Tim tat ci cac cap (n,p) nguyen duong sao cho p 1a s6 nguyen t6 va
(p — 1)™ + 1 chia hét cho n?~!.

Loi gidi. Dé thay v6i n = 1 thi p 1a s6 nguyen to bat ki déu théa man dé ra. V6i n > 2, ta co
cac truong hgp:

Trudng hop 1. Néu p = 2 thi n|2. Do d6 n = 2.

Trudng hgp 2. Néu p 1&. Lay ¢ la wéc nguyen t6 nhé nhat cta n, khi d6 (p — 1)" = —1
(mod ¢) hay (p—1)** =1 (mod ¢) va ged(p — 1,¢) = 1. Ta lay o la s6 nguyén duong nhé nhat
théa méan (p —1)° =1 (mod ¢). Khi d6 thi ta suy ra o|2n. Ap dung dinh 1y Fermat nho ta ¢6
(p—1)71 =1 (mod q). Do dé6 o|qg — 1.

Nhu vay, o|2n va o|g — 1. Néu ged(o,n) > 1 hay o, n chia hét cho s6 nguyen t6 r, khi d6 ta suy
rarlnvar < o. Maolg—1nén o < g, dod6r < q. Mar va ¢ déu 1a u6c nguyén t6 ciia n, mau
thuan véi diéu kien nhé nhat ctia q. Vay ged(n, o) = 1. Do d6 2]o. Vay (p —1)2 =1 (mod q)
hay qlp(p —2).

1. Néuglp—2thitaco (p—1)"+1=1"+1=2 (mod ¢). Vay ¢ =2. Taco (p—1)"+ 1
chia hét cho 2 nén p = 2, mau thuan vi p 18.

2. Néu ¢|p. Dé nhan thay n phai 1é (vi néu n chén thi (p —1)" +1 =0 (mod 4), mau thuan
vip 1¢). Ta 4p dung DPinh 1y 2 ta cé

vg ((p = 1)" + 1) = vg(n) + vg(p) = vg(n) - (p = 1) (4)
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Dat p = ¢ - b v6i a,b € N*. Dé dang chiing minh bang quy nap ¢*-b > a + 2 (cha § vi
qlp nén ¢ > 3), dau bang xdy ra khi a = b=1,¢ = 3. Do d6 p > v,(p) + 2. Két hop vdi
(3) ta suy ra

P =2 = vy(p) = vy(n)(p - 2)
Vay ¢ = p =3 vavs(n) = 1. Bat n = 3k véi k € N*, ged(k,3) = 1, ged(k,2) = 1. Nhu
vay tit dé bai ta sé c6 9k2|8F + 1.
Hién nhien 9|8% 4 1. Ta chi can di tim k sao cho k%(8% + 1. V6i k = 1 thi n = 3, théa man.
Véi k > 2, hoan toan tuong tu, lay r 14 uéc nguyeén t6 nhé nhat ctia k va s 1a sé nguyeén
duong nhé nhat sao cho 8 =1 (mod r). Ta suy ra s|2 nén s = 2. Khi d6 8% — 1 hay
7|7, diéu ndy mau thuan vi 8¢ +1 =2 (mod 7).

Vay, cap s0 (n,p) théa man dé bai 1a (1,p), (2,2), (3, 3).
Vi du 5. (Brazil XII Olympic Revenge 2013) Tim cac bo ba s6 (p,n, k) nguyén duong thoa
man p 1a s6 nguyén t6 Fermat va

pttn=(n+1)" (5)
S6 nguyén to Fermat la s6 nguyén t6 c6 dang 22° + 1 vdi x tu nhién.
Loi gidi. Dat a =2°. Neun =1thi (5) < p=2¥-1=2*+1.Dodé k=2,a=1nén p= 3.
Néu n > 2. Ta goi r 12 mot u6c nguyen t6 ctia n. Tt phuong trinh ta suy ra p” =1 (mod n)
hay p"* =1 (mod 7). Do d6 ged(p, 7) = 1. Dat k 1a s6 nguyen duong nhé nhat théa man p* =

r—1 —

(mod r). Ta cling c6 theo dinh 1y Fermat nhé thi p"~* =1 (mod r). Vay ta suy ra klr — 1 va
kln. Vi ged(r —1,n) =1 nén k = 1. Ta c¢é r|p — 1 hay r|2*. Vay r = 2 hay 2|n. Ta ¢6

B)yep'—1=m+1)[(n+ 1) —1]
Tu phuong trinh dan dén ve(p™ — 1) = vy ((n + 1)*1 = 1).
Néu k£ — 1 1& thi
ve (n+1)F 1 =1) =wm(n) < vy (p° — 1) +va(n) — 1 = wm(p" — 1),
mau thudn. Vay k& — 1 chdn. Ap dung Dinh 1y 4 ta ¢6
va(pt — 1) = vy ((n+1)"1 = 1)
Sup(p? = 1) +v2(n) — 1 = va(n) + va(n +2) + vk — 1) = 1
Sua(p— 1)+ va(p+1) = vao(n +2) + vk — 1)

Néu vo(k — 1) = va(p — 1) thi p — 1|k. Do d6 (n + 1)* =n + 1 (mod p) theo dinh Iy Fermat
nhé. Tuy nhién theo (5) thi n = (n + 1)* (mod p) nén n = n + 1 (mod p), mau thuan. Vay
ve(k — 1) < wa(p —1). Khi d6 theo phuong trinh ta c¢6

1< Ug(p + 1) = ’U2(2a + 2) < UQ(TZ + 2)
Do d6 va(n +2) > 2. Tasuy ran =2 (mod 4).

1. Néup>5thi2¥ +1>5neénx >2 Dodép=2 (mod5). Ap dung n =2 (mod 4) thi
ta suy ra p" =4 (mod 5). Dod6 4 +n = (n+1)* (mod 5). Vin+4#n+1 (mod 5)
nén k#1 (mod 4). Vik1é néen k =3 (mod 4). Vay 4+ n = (n+1)* (mod 5).
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Néun =0 (mod 5) thid+n— (n+1)>=3 (mod 5), mau thuan.
Néun=1 (mod 5) thid+n—(n+1)>=2 (mod 5), mau thuan.
Néun =2 (mod 5) thi4+n— (n+1)> =4 (mod 5), mau thuan.
Néun =3 (mod 5) thi4d+n— (n+1)> =3 (mod 5), mau thuén.
Néun =4 (mod 5) thi 4 +n— (n+1)> =3 (mod 5), mau thuin.

Vay v6i moi n € N* thin +4 # (n+1)* (mod 5). Ta loai trudng hop p > 5.

2. Néu p =5 thi a = 2. Khi d6 thl 3 = va(n + 2) + va(k — 1). Vi va(n +2) > 2 nén ta suy
ra va(n +2) = 2, v3(k — 1) = 1. Ta ciing ¢6 5" +n = (n + 1)k

V6in =2 thi k = 3.

Véi n > 3. Goi ¢ 1a u6c nguyen t6 1é ciia n thi g5~ 1) — 1 =52 — 1 = 24. Vay ¢|3
nén ¢ = 3. Do d6n =0 (mod 6). Két hgp véi n = 2 (mod 4) ta suy ra 5" = —1
(mod 13) nén n — 1 = (n+ 1)* (mod 13). Ap dung Dinh 1y 1 ta c6

(5" = 1) =w3 (n+ 1)1 —1) &1+, (E) =v3(k —1) +v3(n)

2

Vay 3|k — 1. Ta ciing ¢c6 k =3 (mod 4) nén k =7 (mod 12). Theo dinh 1y Fermat
nhétasuyra (n+1)*=(n+1)"=+x(n+1) (mod 13). Nhuvayn—1=-n—1
(mod 13) dan dén n = 0 (mod 13), vo Iy. (vi v6i 13|n thi 5* = 1 (mod 13), mau
thuan do 5" =5 (mod 13)).

Vay (p,n, k) =(3,1,2),(5,2,3).
Vi du . Tim bo ba s6 nguyén duong (a, b, ¢) sao cho a’ + 1 = (a + 1)°.
Loi gidi. Goi p 1a mot uée nguyen t6 18 ciia a. Khi d6 thi theo Dinh 1y 1 ta c6

vp((a+1)° = 1) = v,(a) + vp(c) = vy(a) - b
Svy(c) 2 vp(a)(b—1)  (6)

1. Néuclé thitacovs ((a+1)°—1) =wvy(a). Dodé b= 1. Nhuvay thitacéa+1 = (a+1)°

suy ra ¢ = 1.

2. Néu ¢ chén thi vy(c) > 1 va b > 2. Theo Dinh 1y 4 thi

v((a+1)—=1)=w(a) +va(a+2)+va(c) — 1 =wy(a)- b (7)
Néu vy(a) = 1 thi ta luon c6 va(c) = vo(a). Ket hop véi (6) tasuy rac > a(b—1) > b,
mau thuan vi lic dé thi (a 4+ 1)¢ > a® + 1.

Néu vy(a) > 2 thl (7) & wva(c) = wve(a) - (b — 1). Két hgp véi (6) ta dan dén
a(b—1) > b, mau thuan

Vay phuong trinh ¢6 nghiem (a, b, ¢) = (k,1,1) v6i k 1& s6 nguyeén duong tly §.

Nhan xét. Ti bai toan trén, ta c6 thém mot s6 mé rong sau:

MGé rong 1. Tim cac s6 nguyen duong m, [, n, k théa man (1 +m")! = 1 +m*.
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Md rong 2. (IMO Shortlist 2000) Tim bo ba s6 nguyen duong (a, m,n) théa man a™+1|(a+1).

Ngoai viéc phuong phap LTE duge tng dung truc tiép vao 18i gidi thi phuong phap nay con
duge dung dé tim dang vo han clia bai toan chia hét.

Vi du 6. Chitng minh ton tai vo han s6 ty nhién n thda man n|3" + 1.

Phan tich va dinh hudng 107 gidi. Diéu bay gio ta can lam va di tim mot trong cac dang ctia n
thoa méan n|3" + 1.

Trude hét, nhan thay 5|32 + 12. Bay gio ta dé ¥ dén cac diéu kien a, b, p trong Dinh 1y 2, ap
dung va ta sé ducc 5’“+1|32'5k 1+125" Do do6 2- 5k|32'5k + 1. Vay ta chi can chting minh n = 2-5*
v6i k € N thi n|3™ + 1.

Loi gidi. Trude hét, ta 6 di ching minh 3*5*™" =1 (mod 5%). Ap dung Dinh 1y 1 ta c6

Vs (34‘5k—1 B 1) _ v5(34 — 1)+ U5(5k_1) — L

Vay 3% =1 (mod 5) hay 5| (32-5’“ - 1) (32~5k + 1). Do d6 5[32%" + 1. Lai c6 2[325" + 1
nen 2 - 5¥[3%5" 4 1,

Vi k € N* nén ton tai vo han s6 tit nhien n = 2 - 5% sao cho n|3™ + 1.

Vi du 7. (Romanian Master of Mathematics Competition 2012) Chiing minh ton tai vo han
s6 nguyén duong n théa man 22"+ 4 1 chia hét cho n.

Phan tich va dinh hudng 1o gidi. Ta s¢ tim mot s6 n théa man dicu kieén trén. Dé thay n = 3
théa man. Ta manh dan thit véi n = 9,27 --- cling déu théa man. T day ta dé dang tim dudc
mot dang ctia nn 1a n = 3F. O day minh xin giéi thieu hai 15i giai:

Loi gidi 1. Ta sé di chitng minh s6 nguyen duong a, = 3" théa man yéu cau bai toan. That
vay, theo Dinh ly 2 ta c6

v3(2°" + 1) = v3(3) + v3(a,) =k +1

Va
0322 1) = 03(3) F (2% 1) =k + 2

Vay a, 22" + 1.
Loi gidi 2. Ta sé di chitng minh sb nguyen duwong a,, = % théa mén yéu cau deé ra.
Ap dung Dinh 1y 2 ta c6

v3(an) = v3(3) +v3(3") —2=n—1
Dat a,, = 3" 'm véi m € N*, ged(3,m) = 1. Ta c6
03227 4 1) > 03(2% + 1) > vy(a,) =n — 1.
Vay 377122"" 1 + 1. Mt khac, tiép tuc 4p dung Dinh 1y 2 thi
v3(2%" + 1) = v3(3) + v3(a,) =n

Do d6 3™[29n + 1. Vay ta suy ra 23" + 1|22 4 1. Ma m|2% + 1 nén m|22" 1 + 1.
Vi ged(m, 3) = 1 nén a,[2*" T + 1.
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Bai tap van dung

1.

10.

11.

12.

13.

14.

15.

16.

Chtng minh phuong trinh 27 + y” = 1998 khéong c6 nghiém nguyén duong.

. Tim tat ci s6 nguyen duong n théoa man 72903|5" + 1.
. Tim s6 nguyen duong n 16n nhat sao cho 2720112013 ~1 _ 1,

. Chiing minh tén tai vo han s6 nguyén duong n € N théa man n?[2" + 3" + 6" + 1.

(Japan MO Finals 2012) Cho p 1a s6 nguyéen t6. Tim moi s6 nguyén n théa méan véi moi

s6 nguyén x, néu p|z™ — 1 thi p?|a™ — 1.

. Choa > b> 1, b1a mot s6 16, n 1a mot sé nguyén duong. Néu b"|a" — 1. Chitng minh

3’71
n '

ab >

. Tim s6 nguyén duong n théa man 9" — 1 chia hét cho 7™.

(IMO Shortlist 2007) Tim moi ham s6 toan anh f : N — N sao cho véi méi m,n € N va
v6i mdi p nguyeén thd, f(m +n) chia hét cho p khi v chi khi f(m) + f(n) chia hét cho p.

. (IMO 2000) Ton tai hay khong s6 nguyén n théa man n c6 ding 2000 wéc nguyen t6 va

2™ 4+ 1 chia hét cho n ?

Vé6i mot s6 ty nhién n, cho a 1a s6 tit nhién 16n nhat théa man 5 — 3™ chia hét cho 2°.

Lay b 1a s6 tu nhién 16n nhat thoéa man 2° < n. Ching minh réng a < b+ 3.
Chitng minh rang néu n > 2 sao cho n|7" — 3™ thi n chin.
Tim s6 nguyén duong n théa man

i) n|5" + 1.
i) n2l5" + 1.
iii) 75" + 1.

Tim moi s6 nguyén duong k sao cho k s6 nguyeén t6 1é dau tien py, ps - -+, pi, déu ton tai
hai s6 nguyén duong a,n thdéa man

p1-p2--pp—1=a"

(MOSP 2001) Tim céc s6 nguyen duong (z,r,p,n) thoa man 2" — 1 = p™.
Tim tat ca cic bo s6 (m, p, q) v6i p, ¢ nguyen t6 va m nguyen duong sao cho 2™p? +1 = ¢°.

(Iran TST 2009) Cho n 13 mot s6 nguyen duong. Chitng minh ring

n n
527 _1 327 1

377 = (=5)7 (mod 2"™)
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17. (IMO Shortlist 2010) Tim cac cap s6 nguyén khong am (m,n) théa man
m*+2-3"=m (2" - 1).

18. (Iran Third Round 2011) Cho s tu nhién & > 7. C6 bao nhiéu cap nguyen duong (x,v)

théa man
737" =9 (mod 2¥)?

19. Giai phuong trinh nghiém nguyén duong trong dé p 1a s6 nguyén to:

pr—1=2"(p—1)
Tai liéu tham khao

[1] Amir Hossein Parvardi, Lifting The Exponent Lemma: (tai lieu pdf)
[2] Céc dién dan toan:

diendantoanhoc.net /forum

forum.mathscope.org

mathlinks.ro



