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Bang PT

PT.1 Bing cach xét cAc gid tri tai —1 va 1, gia thiét lax+b| < 1khi|z| < 1demlai|—a+b| <1
vala+ bl <1.

(i) Titbat dang thitc tam gidc, ta c6 |2a| = |(a+b) — (—a+b)| < |a+b|+|—a+b| < 2.
Nghia la |a| < 1.

(ii) D€ chiing minh |bar: + a,| < 1 v6imoi |x| < 1 ta chi cn kiém tra tai & = 41. Néi cach
khac, ta can kiém tra rang la + b] < 1val|a — bl < 1.Nhung cac bAt dang thitc nay
da dugc thiét 14p 6 trén.

PT.2 Ditd = a + b+ ¢,e = a — b + c. Nhu vay, theo gia thiét thi ||, |d], |e| < 1.

(i) D& kiém tra bat dang thuc |2a:r; + b| < 4, tachi can kiém tra tai cac gia tri ¢ = +1.
No6i cach khéc, ta can kiém tra rang [2a + b| < 4va [2a — b < 4

Tﬁcécdéngthﬁ’cd:a—l—b—l—c,e:a—b+ctasuyraa:§(d—|—e)—c, b=
1 1 3 1
5(d—e).Nhu’v€1y,2a—|—b:(d—l—e)—2c—|—§(d—e):5d—2c—|—56.T1‘1’dé,theo
b4t ddng thic tam giac,
|2 -|—b|<3|d|—|—2| |—|—1| |<3—|—2—|—1 4
a — cl+ —le| < = — =
-2 2 -2 2

Hoan toan tuong tu, ta cling ¢6 |2a — b| < 4.
(ii) Ta co
d
cw2—|—ba:—|—a=c(m2—1)+§(1—|—w)—|—§(1—w).

Tur do, dua vao bat déng thitc tam giac, ta c6 khi |z| < 1,



d
lcx?® 4 bx + c| = c(azz—l)—i—a(l—l—a})—i—g(l—m)
) 1 1
<le? =1+ 1+ o] + o [1 2l
1
=1—w2+§(1—|—w+1—w)=2—m2§2.

PT.3

(i) D& théy: cd hai vé clia dang thitc can chitng minh 14 khong déi khi ta hoan d6i vi tri clia A va
B, hoéc khi ta d6i dau mot trong hai s0 A, B. Vi thé, chi can xét truéng hop A > B > 0;
va chinh trong truong hgp nay,

|A+B|+|A—B|=A+ B+ A— B =2A =2max{A, B} = 2max{|A|, |B|}.

(ii) Xem
(o« = —a + b — ¢ + d
3 a+b c+d
8 4 2
2+ 24+ S 4+4
7 8 4 2
0 a + b + ¢ + d

nhu mot hé phuong trinh véi cac 4n sb a, b, ¢, d. Giai hé d6 ta tim dudc “nghiém”:

(a:—2%+4é—4%+2§
TE T T
= 20 - 20 - 20+ 2
R TR
C—g—4——|—4§——
P S R A
\ 6 3 3 6

Thay ching vao g(x) := 3ax? + 2bx + ¢, ta co
(87 2 IB 2 ’7 2 6 2
g(x) = —6(12:13 —8x—1) —|—4§(3w —x—1) —45(3:13 +x—1)+ 8(1233 +8x—1).

Nhung theo gia thiét, max{|al, |3, |v1,161} < 1, nén ap dung bét dang thiic tam giac va
két luan ctia bai toan PT. 3 (i), ta thay néu || < 1 thi

1 4
lg(z)| < E(|12:1:2 — 8z — 1| + |122* + 8z — 1|) + 5(|3ac2 —xz— 1|+ |32 +z — 1))
1

1 8 8
= gmax{uzac2 — 1, 8|=|} + gmax{|3a:2 — 1], |z} < 3 11 + 3 2=0.
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(iii) Thay cac “nghiém” a, b, ¢, d tim dugc & PT.3 (ii) vao h(x) := dx® + cx? 4+ bx + a ta suy ra

2

h@) = =23 <1—%> (1—w)+4§(1—w2) (1_9
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—4—(1 — 1 — 2— (1 — — 1 .
Ta-ah (143) 25 (1- %) a+e)
Vay, khi |z| < 1, ta c6 danh gia:
2 2 4 4
h@l < (1% )a-o+ja-a (1-F)+ja-an (14 +

4
2(1_;1;_2) 1+ x)

4

PT.4
. . 1 1 .
(i) Tacoa = §(d+ e)—c, b= E(d — e). Nhu vay,
d 2n € 2n 2n
fl@) =S @™ +a) + (@™ —=2) +e(1 —2™).

Theo gia thiét, max{|c|,|d|,|e|} < 1, nén dua vao két luin ctia bai toan PT. 3 (i), khi
|z| < 1 thi

1
|f ()| < 5(|w2”+w|+|w2"—w|)+|1—w2"| = max{z®", |z|}+1-2*" = 1+|z|—2*". (*)

Cach 1: Mit khac, 4p dung bit dang thitc TBC-TBN cho 2n s6 khéng 4m:

1 1 1
) 2n:; sb ’
ta co
x?" o1 >2n ¥ 2™ = |x|.

2n—W —_ 4nn2n
Vi thé, (%) = | f(@)] < % + 1, dpem.
Cach 2: Mit khac, ta ¢6 thé khdo sat hamsby = g(t) = 1+t — 2" v6i 0 < t < 1. D&
thiy ¢’(t) = 1 — 2nt?™1 > 0khi0 < t < t, := %; g'(t) < 0khit, <t < 1.Vay,

V2n



gl<1a<x1g(t) =g(t.) =1+t.1—-2"H =1+t.2n - 1)t2" ' =1+ (2n — 1)t>"
_t_

2n — 1 1
T e

T do, (*) cho ta dpcm.
(i) Khil < || < M < oo, dua vao (*) va két luin cta bai toan PT. 3 (i), ta co:
1
[f(@)] < (& + 2| + [2°" — ]) + |1 — 2| = max{z®", 2|} + 2™ — 1
=2z*" — 1< 2M>*" — 1.




