Tuyén tap cac 16i giai hay cho cac bai toan hinh
hoc phang kh6(S6 2)(Thang 10/2016)

Nguyén Duy Khuong-chuyén Toan khoa 1518-THPT chuyén Ha Noi Amsterdam

D6i diéu vé chuyén muc: Trong tuyén tap 16n nay, toi sé mdi thang dua ra nam 10i
gidi cho nam bai toan khac nhau ma toi cho la hay. Sau mot thang nhan email phan
hoi clia cac ban(céc 101 giai khac ma cac ban nghi 1a hay hon,md rong cac bai toan,...),
toi sé bien tap lai ching dé viét ching trong phan phan hdi ban doc & s6 tiép theo.
Moi lién lac xin gdi vé dia chi email: nguyenduykhuong696@gmail.com

Két thic tuan thang thit nhat toi da trinh bay vé 5 bai toan hay véi cac 16i giai
toi cho la dep va nhan duge mot s6 phan hoi tit ban doc(dic biet 1a cédc anh 16p
12T1-THPT chuyén Ha N6i Amsterdam véi cac 16i giai khac nhau cho bai toan
s6 6). Bay gio 6 phan dau thang thit hai toi sé tiép tuc trinh bay vé 5 bai toan da dé
nghi trong s6 trude. Trong s6 mdi t6i muodn trinh bay vé 1 sé bai toan lien quan té6i
phuong tich,cac bién déi lien quan t6i dinh 1i Pythagoras va dac biet 1a dinh 1i bén
diém.

Bai toan 6(Ha Noi TST 2015-2016): Cho dudng tron dudng kinh AB. Lay diém
C trén nita dudng tron nay sao cho 90° < ZAOC < 180°. Lay K la 1 diém thay doi
tren doan OC. V& cac tiép tuyén AD, AE dén duong tron (K; KC). Chiing minh
raing DE, AC, BK dong quy tai 1 diém.



Loi giai 1(Nguyén Duy Khuong): Goi BK cat lai (O) tai diém tht hai J. Goi
JA cit DE tai diéem N. Do /ZKJA = ZKDA = 90° do d6 tt giac JADE noi tiép.
Do (O) tiép xtic (K) nén ap dung tinh chat truc dang phuong thi tiép tuyén chung
tai C cta (0), (K),DE va JA dong quy tai 1 diém N. Goi DE cat BK tai diém M.
Ké tiép tuyén thi hai NS t6i (K) thé thi do NC da la tiép tuyén t6i (K') nén ta co:
DSCE la 1 tit giac diéu hoa do d6 hién nhién la ta c6: A, S, C thang hang. Goi M
1a giao diém ctia BK va DE. Goi I la trung diém DE.

Do M la tryc tam tam gidc ANK nén: MN.MI = MJMK = MD.ME(do
A, J, K, D, E dong vién). Vay ta thu duge: (NM, DE) = —1(theo he thitc Maclaurin)
suy ra: C(NM,DE) = —1 ma § trén ta da chi ra duge: C(NS,DE) = —1. Do d¢:
S,C, M thang hang. Vay AC, BK, DE dong quy tai diém M (dpcm).



Loi giai 2(Mai Dang Quan Anh-12T1-THPT chuyén Ha Noi Amsterdam):
Goi AC cat duong tron (K) tai diém T,giao BK tai diem L. Do C la tam vi tu
AT OK

trong ctia (O) va (K) nén ta co: TC - KO do do6 ta c6: TK||AB. Ap dung dinh
1i Menelaus cho tam giac LAB véi cat tuyén OKC ta co:

CL OA KB CL TL

——.—— =1. Do TK||AB né 5 — = — 60: (AL, TC) = —1. M3
CA OB KL 0 | nén ta cé oA TAdodo (AL, TC) at

khac néu goi DE cat AC tai diém L' thé thi (AL'TC) = —1 do d6 L = L' do do ta
c6: DE, BK, AC dong quy(dpem).



L&i giai 3(Nguyén Tran Trung Hiéu-12T1-THPT chuyén Ha No6i Amster-
dam): Goi T 1 giao diém ciia AC' va (K). Goi L 1a giao diém ED va TC. Tit gia
thiét ta c6 duge: EDTC 1a mot ti gidc dieu hoa. Do d6 ta c6: E D, tiép tuyén tai T,C
dong quy tai 1 diém goi la diém P. Vay ta c6: PK 1 AC. Lai ¢c6: AK L ED nén L
la trie tam tam giac PKA. Goi BK cat AP tai diém Q vay ta thu duge: KQ L PA
vay ta c¢6: PQ.PA = PR.PK = PC?, hay la Q thuoc (O). Do dé6 c6: ZBQA = 90°
ma Z/KQA = 90° nén thu duge: BLK hay 1a DE, BK, AC dong quy(dpcm).

Nhan zét: O o giai thit nhat, thit ba khai thac triét dé van dé tiép tuyén cit nhau
dan t6i cac hang diéu hoa va tinh chat phu ti d6 thu duge dpem, rieng vé 10i gidi
thit hai thi diém dic biét chinh 1a viéc stt dung phép vi tu ¢ day rat hay va tu nhien
tan dung dugc gia thiét tiép xic. C6 thé noéi bai toan nay rat dic sic du khong qua
khé vi gitip hoc sinh khi lam bai van dung dude cac kién thiic rat da dang.

Bai toan 7(Tran Quang Hung-T12/466-THTT): Cho tam giac ABC nhon
khong can noi tiép duong tron (O). Lay P la 1 diém thuoc tam giac ABC sao
cho AP vuong goc BC. Ké PE, PF lan lugt vuong goc AB, AC( E, F thuoc AB
va AC). Duong tron ngoai tiép tam giac AEF cét lai (O) tai G. Chiing minh rang
GP,BE,CF dong quy tai 1 diém.



Loi giai(Nguyén Duy Khuong): Goi AP N BC = H,goi CE N BF = K, goi
X,Y lan luct 1 trung diém ctia BE va CF. Thé thi do ZPHB = ZPEB = 90° va
/PHC = /ZPFC = 90° nén ta c6: PEBH va PFCH la cac tit gidc ndi tiép do do
ta c6 ngay dugc rang AE.AB = AP.AH = AF.AC. Hay la ta ¢c6 BEFC cing 1a 1
t1t giac noi tiép. Goi J 1a tam ngoai tiép ti giac BEFC. Do GA, EF, BC lan luot
doi mot 14 cac truc ddng phuong clia cac dusng tron sau: (AEF), (BEFC),(O) do
do6 ching dong quy tai S.

Ap dung dinh If Borcard cho t gidc BEFC noi tiép thi ta ¢6 JK L SA. Cubi cling
ta can phai chitng minh duge JP L SA hay 1a J, P,G thang hang. Do (AEF) cét
lai (O) tai G. Do d6 ta c6 dugc ngay rang: AGEB ~ AGFC(g.g) tit d6 dé thay:
AGEX ~ AGFY (c.g.c) tit d6 ta c6 duge rang /GX A = ZGY A suy ra AGXY noi
tiép hay la ta c6 dudc rang: ZJGA = 90° = LPGA = J, P,G thing hang. Ma
JK 1 SA, tagoi JKNSA =G thé thi ZJG'A = LJXA = ZJYA = 90° nén c6
ngay: G' € (AXY) do d6 G = G’ hay 1a J, P, K, G thing hang dan t6i dpcm.

Nhan zét: Viéec st dung dinh i Borcard hop 1i 1a chia khoa t6i 10i gidi cudi clung.
Qua bai toan ta ciing thay duge tam quan trong ciia tu duy diém triing trong hinh
hoc.



Bai toan 8(Trich HNEU TST 2014-2015): Cho tam gidac ABC ¢6 cac duong
cao AD,BE,CF. Céac duong tron duong kinh AB va AC cét cac tia DF va DE
tai cac diem @Q va P. Goi N la tam ngoai tiép tam giac DEF. Chting minh ring:
AN 1L PQ.

Lai giai(Nguyén Duy Khuong):

Ta ¢6: LQAF = /FDB = /A va /QFA = /DFB = /C = /EFA do d6 hién
nhién ta c6 AQAF = AEAF (c.g.c) do d6 QA = AE va QF = E'F hoan toan tuong
tutht AP = AF va EF = EP. Do d6 ta c6: AP?—AQ* = AF?— AE? Goi X,Y lan
lugt 1a trung diem DF va DE, tacé: NP2 =Y P>+ NY?2va NQ? = NX?2+QX? hay

> 2 2 2 2 2 2 DE? — DF?
la NPP—NQ* = (YP?+ NY?)— (NX*+QX?) :EF(DE—DF)—FT—F
DF? — DE?

— = EF.DE — EF.DF. Cong doan con lai 1a chitng minh: AF? — AE? =
EF.DE — EF.DF. Néu goi H 13 tryc tam tam giac ABC khi d6 H 13 tam noi tiép
tam giac DEF (két qua quen thuoc). Hién nhién A la tam bang tiép goc D clia tam
gidc DEF do d6: AF? — AE? = EH? — FH?.

Ké HI vuong goc EF tai diém I trén EF ta c6 ngay rang: EH? — FH? = [E? — [ F?

6



chi y viec I la tiép diem duong tron noi tiép tam giac DEF do d6 IE? — [F? =
(ED+ EF — FD)?  (EF + FD — ED)?

4 4

(ED+EF —-FD—-EF —FD+ ED)(ED+EF —FD + EF + FD — ED)
4

4(ED — FD).EF
= ( 1 ) =FF.DE — EF.DF.
Vay tit day ta c6 AP2 — AQ? = NP? — NQ? nén 4p dung dinh 1i bén diém thé thi
NA 1 PQ(dpcm).

Nhan zét: Loi giai tren kha khiing néu xét vé mit bién ddi néi chung xong lai rat dep
néu xem xét ki ¢ chd la da tan dung toi da gia thiét dé tit do c6 cac bién doi hop I
v6i cach thue hien b dé 4 diém. Moi bién ddi déu duge thuc hien hét sic tu nhién
tit dau dén cudi nho tu tuéng dinh 1i bén diém xuyeén sudt.

Trude khi dén v6i hai bai toan con lai t6i mudén néi mot chit vé quan niem 181 giai
hay ctia minh. Theo t6i thi mot 161 gidi hay néi chung phai cé tu tuéng ré rang cua
nguoi lam dé thuc hien. Chung ta can luu ¥ ring tu tudng ding din thi sé c6 duge
161 gidi cudi cling va dit ¥ tudng d6 c6 dan t6i mot 161 gidi dai di chiang nita né ciing
da thé hien dugc trinh do ctia ngusi lam. Néu ching ta déi v6i cac bai toan nhu tro
choi tri thitc thi ta lai cang nhan ra tam quan trong clia viéc c6 tu tudng gidi- vi khi
d6 néu ta giai ra dudc bai toan thi d6 ciing 1a 16i tu duy ctia chinh ching ta. Con
dudng dé hoan toan cé thé gidng ngudi khac xong mdi ngudi lai c6 cach tu duy dé
tim ra van dé theo cach riéng ctia minh. V& di nhién néu dé cao tinh tu duy thi diéu
d6 sé kich thich tri 6c ta phat trién. Nhu vay tuu chung lai diéu can cé trong 15i gidi
hay nén la "moét tam nhin réng hon cai két luan ciia bai toan".

Bai toan 9(Dé thi chon HSG khbi 10,chuyén DHSP,2015-2016):Cho tit gidc
ABCD nai tiép dusng tron (O). M, N lan lugt la trung diém AB va CD. Gia st
AD cit BC tai E va 2 dudong chéo cit nhau tai diem F. EF cat AB va C'D lan luct
tai cac diem P va Q.

a) Chiing minh rang M, N, P, Q noi tiép dudong tron tam 7.
b) Chiing minh rang OT, NP, M(Q dong quy.



L&i giai gbc: a) Goi AB cit CD tai diém S. Khi d6 theo hang diém diéu hoa co ban
ta c6: (SQ, DC) = —1 va do d6 theo phép chiéu xuyén tam F thi ta c6: (SP, AB) =
—1 do d6 theo hé thiic Maclaurin thi SA.SB = SP.SM = SC.SD = SQ.SN do d6
MNQP la tit giac noi tiép.

b)Goi MQ cat NP tai diém I. Goi Z la trung diém EF theo dinh If vé dudng thang
Gauss thi M, N, Z thang hang. Do d6 4p dung dinh li Borcard cho tt giac MNQP
noi tiép ta c6: T1 1L SZ.

Goi EF cat (O) tai 2 diém X va Y thi ciing theo hang diém diéu hoa co ban ta
c6: (FE,XY) = —1 do d6 ap dung hé thiic Newton ta c6: ZE* = ZF* = ZX.ZY
thuoc truc dang phuong ctia (M NQP) va (O). Lai ¢6: SP.SM = SA.SB(Cmt) do
dé Psjoy = Psjiunpg)- Vay ta thu duge SZ la truc dang phuong ciia (MNQP) va
(O) do d6 TO L. SZ do d6 T,I,0 thang hang.

Nhan zét: Trén day 1a 16i giai ciia toi-xong lan dau tién toi ghi nhan viéc 16i gidi goc



va minh c¢6 chung mot y tudng. Qua bai todn nay ta thiy rang tu tuéng khéi nguon
dé giai toan mdéi 1a quan trong va chic chin sé tao ra nhitng 15i giai hay. Ngoai ra bai
toan nay ciing rat dang cha y khi da thyc sy huy dong rat nhiéu kién thic lien quan
t61 cau hinh cat tuyén,tt giac diéu hoa,... Sau khi lam xong bai nay c6 thé du doan
cam hiing ra dé la tit bai toan IMO Shortlist 2009 dugce dé nghi bdi Germany.

Bai toan 10(Nguyén Duy Khuong): Cho tam giac ABC sao cho AB + AC =
2BC. Tam giac noi tiép trong dudng tron (O) va ngoai tiép duong tron (I). (I) tiép
xtic BC,CA, AB tai D,E,F. AI cét lai duong tron (O) tai J khac A. Mot dudng
thing d qua A song song v6i BC cat EF tai M.Chtng minh ring:/JDM = 90°.

Lai giai(Nguyén Duy Khuong): Goi AI cit BC tai Q. DI cat lai (I) tai P
khiac D va cat d tai S. AP cat lai (I) tai T. Goi N la trung diém BC. Khi dé ta
dé c6 AP di qua tiép diém duong tron bang tiép géc A cia tam gidc ABC hay la
AP||IN. Do DP la duong kinh cta (1) do d6 ta c6 ngay ZDTP = ZPSA = 90°
hay ti giac DT'SA noi tiép. Lai c¢6 d||BC nén ta ciing dé thu ngay dugc rang:
ZISA = /ZIFA =90° = /ZIEA do d6 5 diém A, S, F, E, I dong vien do d6 ta ciing
c6 ngay dudc tit giac ASFE noi tiép. Dé thay ti giac EFTD nai tiép (I). Do do ta
c6 ngay duge rang SA, EF,TD dong quy tai M. Cha ¥y rang IN||AP do d6 ta ciing
c6 ngay duge rang DM 1 IN.

Ta c6 mot két qua co ban 1a: J 14 tam ngoai tiép tam giac IBC hay 1a JI = JB = JC.



Ap dung dinh i Ptolemy cho ti giac JBAC noi tiép thi ta c¢6 ngay duoe ring:
JA.BC = 1J.(AB + AC) hay 1a JA = 2IJ hay ta c6 ngay rang I 1a trung diém JA.

—

Do LQC’Jz%zéJAC’ nén ta cing c6 duge rang: AJQC ~ AJCA(g.g) suy ra

. 1.J? 1
duge rang JC? = JQ.JAsuyrala [J? = JQ.JA = JQ = JLA = JQ = 7J vay hay
la ta c6 @ la trung diem I.J do d6 ta ¢6 INJD la 1 hinh binh hanh suy ra IN|JD
hay 1a ZJDM = 90°.

Nhan xét: Bai toan trén duge toi tinh ¢ tim ra khi thyc hién chiing minh moét bai
toan khac vé dang tam giac dic biet: AB + AC = 2BC. Nho gia thiét nay ma da
giau di kha nhiéu diém quan trong dé la diéu khién bai toan tang do kho. Viec phdi
hop t6t phuong tich trong bai lam sé tao ra nhiing 10i gii hét siic an tugng. Céac ban
c6 thé tham khéo bai toan tuong tu trén tap chi Todn hoc Tudi tré thang 10 nam
2012.

Nhu vay la chiing ta da trai qua hanh trinh ctia thang thi hai, qua cac bai toan trén
t6i mudn cac ban hiéu ring khi lam toan ngudi hoc can phai biét vach trude ¥ dinh
ctia minh(mudn c6 bién déi nay can c6 gi va dan t6i gi...) khi thuc hién cac tu tudng
(huéng) gidi. Chan thanh cdm on anh Ngoé Thé Anh Khoa-12T1-THPT chuyén
Ha No6i Amsterdam da tap hop cac 1i gidi ciia bai toan sb 6 ciia 16p va gdi cho
toi.

Khép lai s6 2 nay xin néu mot cau néi ma toi rat yéu thich ctia mot nha nho Nhat
Ban:

"Tw tudng ciing nhu mang tre thuong bi chon vii dudi long dat”

Cac bai toan deé nghi thang sau

Bai toan 11(Nguyén Van Linh-T12/468-THTT): Cho tit giac ngoai tiép ABC' D
c6 dudng tron noi tiép (I). Tia AB cat tia C'D tai diém E va tia DA cit tia CB tai
diém F. Goi I, I, lan luot 1a tam noi tiép tam giac EF B va tam giac EFD. Chiing
minh rang: ZLIB = ZI,ID

Bai toan 12(chon doi tuyén Ha Noi 2017):Cho tam giac ABC(AB < AC) nhon
noi tiép duong tron (O). Goi M la trung diém BC. AM cit (O) tai cac diém A, D.
Gid st BDNAC = F,OCDNAB = E. (ABF) (ACE) = A, P. Goi (S) 1a dudng
tron qua C tiép xtc AB tai A. Goi (S3) 1a duong tron tiép xtc AC tai A va di B.
A, Q = (S1) N (S,). Chitng minh rang tam giac OPQ vuong.

Bai toan 13(Mathley-Tran Quang Hung): Cho tam gidc ABC c6 dudng tron
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(K) tiép xtic AC, AB lan lugt tai cic diem E va F. (K) cat BC tai cac diém M, N
sao cho N nam gitta M va B. (IFN) cat (IEM) tai J. Ching minh rang: IJ 1 KJ.

Bai toan 14(USA TST): Cho tam gidc ABC noi tiép duong tron (O). Lay K trén
(O) sao cho AK||BC. Goi (I) la dudng tron noi tiép tam giac ABC. (I) tiép xic
BC tai D. Goi DK cit lai (O) tai diém T. Al cat BC, (O) lan lugt tai E, A, F. Goi
(DEF) cat duong tron bang tiép goc A tai diem @y, Q,. Ching minh ring AT di
qua mot trong hai diém Q1, Q.

Bai toan 15(Nguyén Minh Ha): Cho tam gidc ABC khong can ngoai tiép dudng
tron (I). (I) tiép xtic AB va AC tai diém F va E. Goi H 1a tryc tam tam giac ABC.
Goi M la trung diém doan BC. Chiing minh rang néu H,I, M thang hang thi H
nam tréen EF.

Phan héi ban doc

Cac bai toan tit mot dén nam thi c6 kha it phan hoi song trong qué trinh do tim toi
da tim thay md rong cho bai toan Trudng hé Titan 2016 cia ban Nguyén Dinh
Hoang-THPT chuyén Phan B6i Chau cac ban c6 thé tham khao tai [1]. Dé tien
theo déi toi da dang them chuyéen dé thit tu trong blog vé céc 15i gidi bai toan sé
6,tai day[2]

Do méi xuat ban duge 1 sé6 ma phan nay con chua duge soi noi 1dm, hi vong trong
thoi gian sap t6i toi sé nhan duge nhiéu phan hoi tit ban doc hon.

Trich dan:
[1]diendantoanhoc.net

[2]khuongworldofgeo.blogspot.com
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