Tuyén tap cac 16i giai hay cho cac bai toan hinh
hoc phang khé6(Sé 1)(Thang 9/2016)

Nguyén Duy Khuong-chuyén Toan khoa 1518-THPT chuyén Ha Noi Amsterdam

D6i diéu vé chuyén muc: Trong tuyén tap l6n nay, toi sé mdi thang dua ra nam
16i giai cho nam bai toan khac nhau ma to6i cho 1a hay. Sau mot thang nhan email
phan hoi cia cic ban(cac 10i gidi khdc ma cac ban nghi 1a hay hon,md rong cac bai
toan,...), toi sé& bién tap lai ching dé viét chiing trong phan phan héi ban doc & s6
tiép theo. Cudi mdi thang sé co list bai clia thang sau dé cac ban tién theo déi. Moi
lien lac xin géi vé dia chi email: nguyenduykhuong696@gmail.com

Bai toan 1(Nguyén Van Linh): Cho tam gidc ABC noi tiép duong tron (O) co
tryc tam H. P 1a mot diém thuoc cung BC khong chita A ciia (O)(P # B, C).P' d6i
xing P qua BC. (OPP’) cit AP tai G. Chiing minh rang tryc tam tam giac AGO
nam tréen HP'.

Lai giai(Nguyén Duy Khuong): Goi AH cit (AGO) tai diem J khac A. Thé thi:
£JOG = LHAG = /GPP' (do AH//PP')=180° — ZGOP' do d6 O, P',.J thing
hang. Lai c6: Z/GJO = /PAO = /GPO = ZGP'O do d6 tam gidc GJP' can tai
G. Lai ¢6: LJGP' = LAOP = 2/ACP. Lai c6: LZAHP' = ZHPP = ZACP(do
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néu goi AH cét lai (O) tai D thi HDPP' 1a hinh thang can nén di nhien Z/ZHPP' =
ZACP) do d6 G la tam (JHP'). Ta goi K 1a giao (JHP') cat (AGO) tai diem K
khac J.

Lai ¢c6: LGKO = ZOAG = ZGPO = ZGP'O do d6 ZOP'K = ZOKP' nén
OK = OP’ vay khi d6 di nhién K d6i xitng P’ qua GO tit d6 GK = GH = GP' ma
/GHJ = Z/GJH = 180° — ZAJG = LZAOG = ZAKG vay thi K cling d6i xiing H
qua AG. Vay theo dinh li vé dudng thang Steiner thi tryc tam tam gidc AGO nim
trén H P'(dpcm).

Nhan zét: O 161 gidi trén tac gia da c6 mot 10i gidi khac vdéi 1oi gidi gbc clia ngudi ra
dé. Diém thd vi clia 16i gidi trén chinh 1a viéc khong can nhat thiét chi ra tryc tam
cua tam giac do.

Bai toan 2(Kiém tra trudng he Titan thang 8/2016): Cho tam gidc ABC noi
tiép duong tron (O) c6: H 1a tryc tam va AM la trung tuyén tam gidc ABC. AM
cat lai (O) tai diém N. Ba duong thang: qua H vuong géc AN, BC, KN cit nhau
tao thanh tam giac XY Z. Chtng minh rang: (XY Z) tiép xuc (O).
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Loi gidi(Nguyén Duy Khuong):

Goi tia M H cat (O) tai diem J, goi AD la duong cao clia tam gidac ABC'. Hién nhien
ta c6: AJ, HP,MD la cac duong cao ciia tam gidc AHM suy ra AJ, HP, BC' dong
quy tai diém Y. Hay la A, J,Y théng hang.

Ta di ching minh ring J thuoc (XY Z). Ta c6: HDY J noi tiép do d6 XY JZ noi
tiép khi va chi khi:



(JX,KX)=(AH, JH)(modr) hay 1a tit giac JHK X noi tiép.

Lai ¢6: (JK,XK)=(JA,NA)=(JD,YD) = (JH,Y H)(modr) vay ta c6: JHKX
noi tiép hay 1a J thuoc (XY Z). Vay tic 1a J thuoc (XY Z) va (O). Vi J thuoc (O) va
(XY Z) ma A, J,Y thang hang nén khi goi Y G, AL 1 cac dudng kinh (XY Z) va (O)
thi GJL L YA, ta c6: ZJGY = LJXY = ZJKA = ZJLA do 46 GY || AL vay hién
nhien AGJY ~ AAJL do I, 0 lan lugt 1a trung diém GY va AL nén £Z1JY = ZOJA
hay 1a thu duge I, J,0 thang hang hay (XY Z) tiép xtc (O)(dpcm).

Nhin zét: Bai toan nay hay nhung khong qué khé rat phit hgp dé lay lam bai thi
trong 1 dé kiém tra dinh ki. O bai toan trén ta thay dudc tiép diém J sinh ra cuc ki
hay va hop li. Cach giai trén tuy dai hon 18i giai gbc xong lai thé hién tu duy chiing
minh tiép xic rat hay doé la st dung vi tu.

Doc gia c6 thé tham khao 1di gidi gbc va clia bai todn md rong & day [1].
Bai toan 3(Trinh Huy Vii): Cho tam gidc ABC ¢6 duong cao AH. Goi X,Y lan

lugt 1a chan duong vuong goc ha tit H xuéng AC, AB. Z la giao diém clia BX va
CY. Chiing minh ring (XY Z) tiép xtc (A; AH).

Loi gidi(Nguyén Duy Khwong): Quay tré lai bai toan: Goi XY cat BC tai diém
L. Goi LA cat (ABC) tai diém P. Lay J d6i xtiing H qua LA. Ta c6: ti& gidc AY HX
noi tiép nén L/YXH = ZHAB = Z/YHL do d6 ta c¢6: LH> = LX.LY = LB.LC =
LP.LA do dé P thuoc (AH). Do J ddi xting H qua LA nén theo phép vi tu ti s6 2



tam H thi J thuoc (A; AH). Lai ¢6: J d6i xting H qua AL nén ZLJA = 90° suy ra
LJ 1a tiép tuyén dén (A; AH).

Goi T la tam (BCXY) theo dinh li Bocard thi Z la truc tam tam giac ALT. Goi
TZ cit AL tai diém P'. Goi AT cat LZ tai Q thi LP".LA = LZ.LQ = LM.LN (h¢
thitc Maclaurin)= LX.LY = LB.LC suy ra P’ thuoc (O) do d6 P trung P'. Vay
T,Z, P, H thing hang. Do d6 P, J, Z, H thang hang. Ta chi can ching minh J thuoc
(XY Z) khi d6 hién nhien LJ 1a tiép tuyén t6i (XY Z). T gidc LXZY noi tiép khi
va chi khi LZJY = LZXY = LZCH hay ti giac JCHY noi tiép hay Z c6 cing
phuong tich t6i 2 dudng tron (BCXY) va (A; AH). Goi (A; AH) cat (BCXY) tai
cac diéem M, N.

Ta c6: AH?> = AM? = AN? = AX.AC = AY.AB do d6 AM, AN lan luot 1a tiép
tuyén dén (BCXY). Do d6 quen thudc la ta thay rang: BX,CY, M N dong quy tai
1 diém chinh 13 Z(Goi M N cat Y B,CX tai cac diem E, F st dung hang diéu hoa co
ban ta co:

(AEYB) = (AFXC) = —1 do d6 BX,CY, MN dong quy). Vay hién nhién: phuong
tich tit Z t6i (BC XY )=phuong tich ti Z t6i (A; AH) do do t giac JOHY noi tiép
va do d6 JXY Z noi tiép vay ma dé thay LJ la tiép tuyén t6i (XY Z) do d6 (XY Z)
tiép xic (A; AH) tai J(dpem).

Nhan zét: Bai toan nay tiép tuc la mot 10i gidi mdi duge tac gid dé xuat khac véi
chitng minh gbc. Diém tha vi trong ching minh méi la viéc ching minh st dung
nhuan nhuyén céc cong cu ti sé kép va phuong tich dé thu ducc két luan quan trong
1a J thuoc (XY Z). Loi giai goc ciia tac gida Nguyén Van Linh sit dung phép nghich
dao .

Bai toan 4(Thanh Phé H6 Chi Minh TST 2011): Cho tam gidc ABC nhon.
Lay D la 1 diém bat ki trén doan BC khong trung B, C. Lay F 1a 1 diém trén doan
AD (E khong tring A, D). Goi (DEB) cat AB tai F khac B va goi (DEC) cat AC
tai G khac C. EC cit GD tai I va FD cat BE tai H. Goi J la tam dudng tron
ngoai tiép tam giac FBC. Ching minh rang: AJ vuong goc HI.



Loi giai(Nguyén Duy Khuong): Goi M, N lan lugt 1a trung diém EB va EC.
Do J la tam ngoai tiép tam gidc EBC do d6 ta c6 JM vuong goc BE va JN
vuong goc EC. Ap dung dinh li Pythagoras thé thi ta c6: JH2 = MH? + JM? va
JI? = IN?*+ JN?. Do d6 ta c6 dugc rang: JH?—JI? = MH?*+ JM?—IN*—JN?(1).
Tiép tuc ap dung dinh 1i Pythagoras ta c6: JM? = JE?—~ME? va, JN? = JE? —~EN?
do d6 ta thu dugc rang JM? — JN? = NE? — M E?.

T d6 thay lai vao (1) ta c6: JH? — JI? = MH? — IN? + NE*> - ME* = (NE? —
IN?) — (ME? — MH?) = TE.IC — HE.-HB= Pi0,) — Prjo)-

Trude khi quay lai tiép tuc giai bai toan, toi xin néu hai bé dé nho:

1)Cho tit gidc ABCD c6 AC vuong géc BD khi va chi khi AB?+ DC? = BC?+ AD?
(Bo dé 4 diém)

2) Cho tit gisac ABC'D noi tiép (O; R). Gia stt AD cat BC tai K va AC cat BD tai
I. Khi d6 ta c6: TK? = Px0) — P]‘(O).

Chatng minh bo dé 2: Ta ké cac tiép tuyén K E, KF dén duong tron (O)(E, F thuoc
(0)). Goi EF cat AD va BC lan lugt tai X va Y. Theo hang diém diéu hoa co ban
thé thi ta c6 (KX, AD) = (KY,BC) = —1 do d6 AC, BD, EF dong quy tai diém



I. Lai ¢6 OK vuong goc EF neén ta ¢6 IF vuong goc OK. Ap dung bd dé 1 thé
thi [K? — [0? = KF? — R? hay la [K? = KF? — R? + [0? = Pyy0) — Py0) (do
Pri0y < 0) va ta thu duge dpem.

Quay tré lai bai toan ban dau, ap dung b6 dé 2 thé thi ta dé dang c6 dugc ring:
AH? = Pajoy) = Prjor) v& AI* = Paj0,) = Prio,)-

Dén day ta can ching minh ring phuong tich tit A dén (O;) béng phuong tich
tit A dén (Oy)(x), that vay ta c6: (AF,EF) = (AD, BD)(modr) va (AG, EG) =
(AD,CD)(modr) nén ta dé c6 ti giac AFEG noi tiép. Do do ta lai c6: (EG, FG) =
(DA, BA)(modr) dong thoi ta c6 (EG,CG) = (AD, BD)(modr) do d6 dan t6i ti
giac BFGC noi tiép. T day ta dé thu dugec AF.AB = AE.AD = AG.AC hay la ta
c6 dugce (*) Do d(/)7 AH? — AI’= P[|(02) — PH|(01) = JH? — JI°. Ap dung bo deé 1
ta thu duge AJ L HI (dpem)

Nhan zét: Tan dung bd dé bén diém va phuong tich sé dem lai cho ta rat nhiéu 1o
giai thi vi giong nhu 161 giai trén. Bai toan trén thi toi cling khong ro 10i gidi gbc
gidi ra sao xong day chinh la bai toan tong quat ctia mot bai toan cé nhiéu ting dung
sau: "Cho tam giac ABC c¢6 tryc tam H. Goi O’ 1a tam ngoai tiép tam gidc BHC.
Chitng minh rang: AO’ di qua tam duong tron Euler ciia tam giac ABC".

Bai toan 5(Nguyén Van Linh): Cho tam giac ABC nhon ¢6 BE, CF lan lugt 1a
cac duong cao. Dung mot duong tron qua A, F va tiép xtc BC tai S. Lay V doi
xiing S qua B. Chiing minh rang: SE cat FV trén (AEF).



Loi gidgi(Nguyén Duy Khuong): Goi H la tryc tam tam giac ABC va AH cét
BC tai D thé thi do BV? = BS? = BE.BA = BD.BC(do BC tiép xtuc (AES)
nén BV? = BS? = BE.BA) do d6 (VS,DC) = —1 va do dé ta c6 DV.DS =
DB.DC(theo h¢ thitic Maclaurin) do dé H 1a tryc tam tam gidc AVS. Ta goi SE
cit (AEF) tai R, goi AS cat (AEF) tai diém thi hai Y. Diéu phai chitng minh
tuong duong R thuoc V F.

Ta c6: SE.SR = SY.SA = SD.SV (do tit gidac AY DV nai tiép) suy ra REDV la
mot tit giac noi tiép. Chia ¥ rang tii giac HEBD noi tiép nén ta c6: (VR,ER) =
—(ED, BD)(modr) lai ¢6 REHF noi tiép do d6 (ER, FR) = —(EH, FH)(modr) tit
d6 ta co: (VR,ER) = (FR, ER)(modr) hay 1a V, R, F thang hang.

Nhan xét: Bai toan lan dau tién xuat hien trén group Bai toan hay-Ldoi giai dep[3].
Loi gidi trén duge tac gid dé nghi khong phai 1a ngdn gon nhat. Co6 thé ké dén ¥
tudng bién doi ti s6 phuong tich ciia tac gia Man Ba Tuan-hoc sinh chuyén Toan
THPT chuyén DHSP Ha Noi. 0 day xin néu cach nay bdi sy khai thac triet dé
gid thiét tiép xtc trong dé bai.

Cac bai toan dé nghi thang sau



Bai toan 6(Ha Noi TST 2015-2016): Cho dudng tron dudng kinh AB. Liy diém
C trén nita dudng tron nay sao cho 90° < ZAOC < 180°. Lay K la 1 diém thay doi
tren doan OC. V& cac tiép tuyén AD, AE dén duong tron (K; KC). Chiing minh
ring DE, AC, BK dong quy tai 1 diém.

Bai toan 7(Tran Quang Hung-T12/466-THTT): Cho tam gidc ABC nhon
khong can noi tiép duong tron (O). Lay P la 1 diém thuoc tam giac ABC sao
cho AP vuong goc BC. Ké PE, PF lan lugt vuong goc AB, AC( E, F thuoc AB
va AC). Duong tron ngoai tiép tam giac AEF cat lai (O) tai G. Chiing minh rang
GP,BE,CF dong quy tai 1 diém.

Bai toan 8(Trich HNEU TST 2014-2015): Cho tam gidac ABC ¢6 cac duong
cao AD,BE,CF. Céac duong tron duong kinh AB va AC cit cac tia DF va DE
tai cac diem @Q va P. Goi N la tam ngoai tiép tam giac DEF. Chiing minh ring:
AN 1L PQ.

Bai toan 9(Dé thi chon HSG khdi 10,chuyén DHSP,2015-2016):Cho tit gidc
ABCD nai tiép dusng tron (O). M, N lan lugt 1a trung diém AB va CD. Gia st
AD cit BC tai FE va 2 dudong chéo cit nhau tai diém F. EF cat AB va C'D lan luct
tai cac diém P va Q.

a) Chiing minh rang M, N, P, noi tiép dudng tron tam 7.
b) Chiing minh rang OT, N P, MQ dong quy.

Bai toan 10(Nguyén Duy Khuong): Cho tam giac ABC sao cho AB + AC =
2BC. Tam giac noi tiép trong dudong tron (O) va ngoai tiép duong tron (I). (I) tiép
xtic BC,CA, AB tai D,E,F. AI c&t lai duong tron (O) tai J khac A. Mot dudng
thang d qua A song song v6i BC cit EF tai M.Chitng minh rang:ZJDM = 90°.

Trich dan:
[1]https://nguyenvanlinh.wordpress.com/2016/09/16 /tangent-circles-and-generalization/
[2]https://www.facebook.com/groups/Loicenter/

[3]https://www.facebook.com/groups/Loicenter/



