Ki thudt sw dung dinh li Menelaus trong
gitat mot so bar toan hinh hoc
Nguyén Duy Khuong-chuyén Toan khoa 1518-THPT chuyén Ha Noi Amsterdam

Tém tat ndi dung: Nhin chung gan day cac bai toan sit dung dinh li Menelaus
xuat hién kha thuong xuyén trong cic ki thi hoc sinh giéi. Chinh vi 16 d6 trong bai
viét nay toi mudn gidi quyét mot s6 bai toan nhu vay nham gitp cac ban dé dinh
huéng hon khi lam bai. Viéc sit dung dinh 1i Menelaus nhu 13 mot cau noi rat quan
trong trong cac bai toan nhim gitp tao cac diém thang hang va nhat 1a gitp tao cac
hé thic quan trong ma khi ta bién doi thong thudng thi bi vong quanh luan quan.
Trong bai viét nay toi cht ¥ chlt yéu phan tich t6i ki thuat xit If bang Menelaus.
Dé tien theo doi xin néu lai dinh i Menelaus duéi dang do dai dai so:
Dinh li Menelaus: Cho tam giac ABC va cac diém D, E, F lan lugt thuoc BC, AB, C A.
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Khi d6 D, E/, F thang hang & —«.—.— =1

DB EA FC

Céc ban cdp THCS c6 thé hiéu don gian cac hé thic do dai dai s6 trén qua hinh vé
sau:

Viéc chiing minh lai dinh I xin nhuong lai cho ban doc. o) day toi xin néu ngay cac
ting dung ctia dinh 1 nay trong gidi toan. Ki thuat st dung dinh 1i Menelaus dau



tien 13 dé tao lien he do dai tit cac diém thang hang.

Bai toan 1(IMO 2012): Cho tam gidac ABC va (J) la duong tron bang tiép goc
A clia tam giac ABC. (J) tiép xtc BC,CA,AB tai M,L,K. LM NJB = F.
KMNJC =G. Goi AF va AG cat BC tai S va T. Chiing minh rang M la trung
diém ST.

Loi giai: Goi JB cat MK tai Pva JC cat ML & Q. Tac6 ZBPM = ZMQC = 90°
do d6 ta thu duge rang ti gidc FPQC nai tiép suy ra LZFGM = LMQP = LM JP =
/ZMKB. Cht § rang BK = BM nén ta ¢c6 ZBKM = /BMK do d6 ZFGM =
ZGMC neén ta thu duge FG|BC hay la FG|ST.

Ap dung dinh i Menelaus cho cat tuyén KMG cla tam giac ABT thé thi ta co:
KA MB GA

— ——.— = 1(%).

ke T ar W

Ap dung dinh i Menelaus cho cat tuyén LMF cla tam giac AC'S thé thi ta co:
— W ———=1 .

Lc M5 Fs )

Chia (x) cho (xx) ta c6 ngay MT = MS (chi § KA=MB;LC =CM; KA=KL =
1 GA FA

é(AB + AC + BC) va do FG||ST nén or = F—S(theo dinh i Thales) tit d6 suy ra
MT = MS) (dpem).

Tiép tuc toi sé gi6i thieu chiim mot sé bai toan lien quan t6i tiép diém duong tron
Mixtilinear noi goc A. Tu day cac ban sé thiy tu duy diém tring két hop dinh i
Menelaus cuc ki phd bién.



Bai toan 2(OLP Duyén Hai Bic B 2012-2013): Cho tam giac ABC noi tiép
duong tron (O) va ngoai tiép duong tron (I). (I) tiép xtic BC,CA, AB lan luct tai
D,E,F. H la chan duong vuong goéc ha tit D xudng EF. AH cit lai (O) tai diém
G. Tiép tuyén (O) tai G cat BC tai T. Chiing minh rang: ATGD can.

Lai giai: Goi EF cit BC tai diém S. Ap dung dinh Menelaus thi ta co:

S:BF—_BE:A =1, do doé: S:B = E:C = B_—D vay hién nhien 1a (SD, BC) = —1 do
SC FA EC SC FB DC

do6 thay rang: GS,GD lan lugt 1a phan giac trong va ngoai ZBGC. Goi T' 1a trung
diém ctia GD. Tiu trén ta thay: SG di diém L 1a diém chinh gitta cung BGD ctia
(O) va GD di qua diém chinh giita cung BAC ctia (O) la Q. Do QL di qua O nén
QL T dusng kinh (0), do d6 ZDGS = 90°.

Vay tit gt ta c6 HDGS la 1 tit giac noi tiép nhan 77 1a tam. Ap dung hé thic
Newton thi ta c6: T'D? = T'B.T'C = T'G? vay T'G ciing la tiép tuyén t6i (O) dan
t6i T'=T'. Do d6 ta c6: TD = TG hay tam giac TDG can tai T'(dpem).

Céc ban c6 thé thay tinh chat kha tha vi ctia diém G trong bai toan nay. D6 chinh
Ia diém tiép xtc véi (O) clia duong tron Miztilinear noi goc A. O bai toan tren viec
toi stt dung dinh Menelaus da gitp tao mdi lien két cic gid thiét vong quanh kho
chiu. Tiép tuc la mot bai toan tuong duong.

Bai toan 3: Cho tam gidc ABC noi tiép dudng tron (O). Phan gidc ngoai goc A
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cat lai (O) tai diém thit hai 1a G. (1) tiép xtic BC,CA, AB tai D, E,F. GD cat lai
(O) tai H. AH cit EF tai diem K. Ching minh raing: DK | EF.

Gia thiét 6 bai todn 4 c6 vé kha la xong thyc ra lai quen thuoc, viéc xtt 1f van 1a sit
dung diém tring cung dinh i Menelaus.

Bai toan 4(Ha Noi TST 2011): Cho dudng tron (O) va cac diém A, M trén (O)
sao cho AM khong la duong kinh (O). Lay I trén doan OA(I # O, A). (I,IA) cat
duong tron dudng kinh (IM) tai cac diem B,C. MB, MI, MC cat (O) lan lugt tai
cic didm D, E, F theo thit tw. DF cit ME, MA, AE 1an luct tai T, 5, Q. Ching
minh rang:

a)SD.SF = ST.SQ.
b) B, C,(Q thing hang.

Lai gidi(Nguyén Duy Khuong): a) Ta ¢6: ZQAM = /MFE = /QTM do do
hién nhién ring: t gidc AQTM noi tiép hay la ta thu ngay duge ring: ST.SQ =
SA.SM = SD.SF (dpcm).

b) Hién nhién ta c6 ngay dugc rang do (IM) cat (I; I A) tai diem B,C nén M B, MC
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1a tiép tuyén dén (I, [A). Ta nhan thay do I nam tréen OA nén (I, A) tiép xtc (O)
tai A. M1 chinh la phan gidc géc BMC hay suy ra ring E chinh i trung diém cung
DAF cta (O). Ta quy vé bai toan méi chimg minh rang: AF, DF, BC' dong quy.

. . 'F BD CM
Goi BC cat DF tai diem ). Theo dinh li Menelaus thi g’D'BM' OF = 1 do do
dan toi @r _Cr (vi CM = BM). Ta dé thay rang: EB va EC lan lugt di
an t6i: =— (Vi = . Ta dé thay rang: VA an i qua
trung diém cung DM, M F khong chita E ctia (O) (tinh chat quen thudc vé dusng
. AD  BD

tron Mixtili . Do d6 theo tinh chat dus han giac ta c6: —— do
ron A;x i znce;r) o d6 theo tin /(;Fa O;g p afl gidc ta co: ——7 = 5 dong
thoi —— = @r hién nhién ta thu dudc ring

AN oap S T neay rang S = o 0D
AQ' 1a phan gidc ngoai ZDAF do d6 AQ' di qua trung diém cung DAF cta (O)
chinh 14 F hay 1a: Q = Q' do d6 ta c6: AE, DF, BC dong quy. Vay ta c6 duge dpem.

Gia thiét nay quay lai mot lan nita trong dé chon doi tuyén VMO ciia Ha Noi nam
2015-2016.

Bai toan 5(Ha Noi TST 2015-2016): Cho duong tron dudng kinh AB. Lay diém
C trén nita dudng tron nay sao cho 90° < ZAOC < 180°. Lay K la 1 diém thay doi
tren doan OC. V& cac tiép tuyén AD, AE dén dudng tron (K; KC). Chiing minh
ring DE, AC, BK dong quy tai 1 diém.



L&i giai(Ngé Thé Anh Khoa-12T1-THPT chuyén Ha Noi Amsterdam): Goi
AC cit duong tron (K) tai diém T',giao BK tai diem L. Do C'la tam vi tu trong ciia

AT OK .
(O) va (K) nén ta c6: TC =~ RC do d6 ta c6: TK||AB. Ap dung dinh 1i Menelaus
cho tam gidc LAB v6i cat tuyén OKC ta co:
CL OA KB CL TL
—.—.—— =1. Do TK||AB né 5 — = — 60: (AL, TC) = —1. M3
CA OB KL 0 | nén ta cé oA TAdodo (AL, TC) at

khac néu goi DE cat AC tai diém L' thé thi (AL'TC) = —1 do d6 L = L' do do ta
c6: DE, BK, AC dong quy(dpem).

Cudi cling chiing ta sé dén vdi bai toan stt dung dinh 1i Menelaus ma toi thay tham
thuy nhat. Tt day nhu da néi ¢ dau bai viét viec stt dung dinh 1f nay nham gitp ta
x1t lf cac hé thic do dai quan trong bi vong quanh khi bién déi thong thuong.

Bai toan 6(Trich dé chon d6i tuyén Ha Tinh 2015-2016): Cho tam giac ABC
nhon noi tiép dudng tron (O) c6 AH 1a dudng cao va I 1a tam duong tron noi tiép
tam gidgc. Goi M la diém chinh giita cung nhé BC. D déi xiing A qua O. MD cét
BC, AH lan lugt tai cac diém P, Q.

a) Chitng minh rang tam giac [ PQ vuong.



b) DI cat (O) tai diem tht hai la E. AE, BC cat nhau tai . Ching minh ring néu
AB + AC = 2BC thi I 1a trong tam tam giac APF.

Lai gidi(Nguyén Duy Khuong): a) Ta thay rang: LZAHC = ZAMP = 90° do
d6 ZHAM = ZHPM. Cha y ring ta dé chitng minh duge AH, AO dang giac trong
tam giac ABC do d6 Al la phan giac goc QAD hay LMAD = Z/ZMCD = ZMPC
do d6 AMCD ~ AMPC(g.9) = MC? = MD.MP = MB? = MI*(do M la trung
diém cung nho BC). Do A, I, M 1 QD nén tam giac QAD can hay la MQ = MD
do d6 MI? = MQ.MD hay theo hé thic lugng trong tam gidc vuong thi tam giac
IPQ vuong tai I(dpcm).

b) Trudc tién ta dé y rang: ZIAE = ZIDM = ZIQD = /I HP hay la tit giac ATHF
noi tiép. Goi K la trung diem AF. Ta c6: LKIA = /KAl = /ZIHL = ZIQP =

. LI LC LB
ZMIP hay la P, I, K thang hang. i AMNBC =1L i — = — = — =
ay la P, I, K thang hang. Goi N BC , ta ¢o A= CA- AB

BC 1 PR
@L:K%l Ap dung di;l;li Menelaus cho tam giac ALF' v6i cat tuyen PIK
thi PLIAKE - 1 suy ra PL = 2 do d6 L la trung diém PF. Vay hién nhién thu

dugce I 1a trong tam tam gidc APF(dpem).



