Mot s6 16p phuong trinh Diophant co ban

Ding Hung Théng
Iruong Dait hoc KHTN, DPHQGHN

1 Mo dau
Phuong trinh Diophant la phuong trinh dai sé ¢6 dang
P(:L'l,ivg,...,:l’:n) = ()

0 d6 P(z1,z2,...,2,) 12 mot da thitc hé s6 nguyén va ta chi yéu ciu tim cac
nghiém nguyén (hodc nguyén duong) ma théi.

Ngudi dau tién nghién cttu vé cac phuddwng trinh loai nay la nha toin hoc
Hylap Diophantus song ¢ thanh phd Alexandria vao khoang nam 250 sau cong
nguyén. loan bd sy nghiép cua éng danh cho viéc thu thap nhimg bai toan
loal nay,sang tao thém nhing bai toan mai roi sau dé bién soan thanh mét
bo sach tén 1a Arithmetica (SO hoc) gom 13 tap. Trai qua nhitng bién loan
thadi Trung co, dén thoi Phuc hung bay tap da bi that lac chi con sau tap la
con luu git duge va da truyén cam hing v tré thanh Kinh thanh cho céc
nha Toan hoc thoi Phue hung trong dé ¢6 Ferma. Ong da xem xét ky luong
st trinh bay cua Diophante vé bo ba cac sb Pitago (z,y, 2) 1a nghiém nguyén
duong cua phuong trinh 22 + 42 = 22 . Ong da ghi lai bén 1& cudn sach nhan

xét sau day cua minh
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Mot s6 lap phuong khong thé viét duge dudi dang tong cia hai lap phuong.
Mot lay thua bac bé"_n, khong thé viét duoe dudi dang t(')'?ng cua hat luy thua bdc
bon. Mot cich téong qudt, moét sé la luy thia bac lon hon hai khong thé viét
'd'w(ﬁ dang tong cia hai léy thita cang bac. Toi dd cé mot ching minh thuc su

tuyét vdi ménh dé nay nhung do lé qud hep nén khong thé viét hét ra duoe.

Nhu vay vao nam 1637 Fermar da phat biéu va tin rang ong da chimg
minh duge dinh 1y sau day, ma sau nay thudng dude goi 1a Dinh [y cudr cung
cia Ferma (mma dang ra phai goi 1a Gia thuyét cuoi cing cua Ferimna).

V61 n > 2 thi phuong trinh Diophant
"+ oyt = 2"

khong c6 nghiém nguyén duong.

Trong hon ba thé ky, nhing nd luc tim kiém chitng minh dinh 1y nay deu
that bai vd Dinh 1y cudi cung cia Ferma da tré thanh mot bai toan khé giai
nhat ciia toan hoc.Nhiéu nha toan hoc xuit sic da that bai é ché khi ¢d gang
tAn cong bai toan nay. May dong ghi chi bén lé ctia Ferma nhu mot 161 thach
thitc nhiéu thé hé cac nha toan hoc.

Mai dén nam 1994 (tc 1a 350 nam sau) Dinh 1y cudl cling cia Ferma
nay mdi chinh thice duge ching minh bdi nha toan hoc My Andrew Wiles.
Chitng minh cta 6ng dai 130 trang, 13 mot tuyét pham cla toan hoc hién
dai. st dung nhitng ki thuat toan hoc mdi nhat va tinh té nhat ciia toan hoc
thé kv 20 nhu phuong trinh cliptic,dang modular, nhom Galoir, phuong phap
Kolyvagin-Flax, gid thuyét Taniyama-Shimura.. .

Nhu vay hai kha nang c6 thé xdy ra : Hoac 1a ching minh tuyét vai clia
ong thue ra la mot chitng minh sail. Hoac la 6ng da ¢6 mot ching minh thién

tai chi dua trén nhitng k¥ thuat so cAp toan hoc cua thé ky 17 v8i mot suv
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luan cuc ky doc dao téi muc tir Ole dén dén Wiles khéng ai nghi ra duagc.
Hién nay mot s6 ngudi vén tin vao kha nang nay va ho van dang tim céch

phat minh lai chitng minh ctia Ferma.

2 Phuong trinh bac nhit

2.1 Phuong trinh bac nhat hai an
Phuong trinh Diophant don gidn nhét 14 phuong trinh bac nhéit hai an
Az + By =C (1)

trong doA, B, €c Z.
Dinh ly 1 a) Phuong trinh (1) c6 nghiém nguyén khi va chi khi d — (A, B)
[a udc cua C.

b) Néu (zo, o) 12 mot nghiém ciia (1) thi moi nghiém cua (1) duge cho bdi

i =$0+-5i£
y  =yo— Gt

ocdote Z

Ching minh a) Néu (1) ¢6 nghiém (zg, yo) thi Azg + Byg =@ — d|C.

Dao lai gia sit d|C. Khong gidm téng quat gid st B > 0. Ta c6 A = da, B =
b, C' = dc v6i (a,b) = 1. Khi d6 (1) tuong duong véi

ar +by =c (2)

Vi(a,b) = 1 nén tap {a, 2a, ..., ab} 12 hé day dd mod b. Vay ton taiz € {1,2,...a;}

sao cho az =c¢ (mod b) v c—azr =by véiy € Z.
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b)Néu (z, y) cho bdi cong thitc trén thi Az+ By = Azg+ Byp = C. Dao lai gia su
(z,y) 1a mot nghiém cua (1) titc 1a thoéa man (2). Khi dé az + by = axg + byg —
a(x—xp) = blyo—y) = bla(x —xg). Vi(a,b) =1nénblr—zg > r—20 =bt = = =
ro+ bt = :z:0+—g-—t,t cZ. ITutx—ag=blsuyraat =yo—y = y=1yo—at = yo*—%t.
Dinh ly duge ching minh.

Hé qua Néu a,b € N*, (a,b) =1 thi ton tai u,v € N* dé au — bv = 1.

Chung minh Theo dinh 1y trén phuong trinh az + by = 1 ¢6 nghiém

r = xg + bt
y=1yo—at,t € 2
do d6 phuong trinh au — bv = 1 ¢6 nghiém
u=0bt+x9, v=at—yy,t€”L

Chonte Z:t>—xy/b,t >yp/a tacd u,ve N*.

Tu dinh 1y trén ta thay viéc tim nghiém cua (1) quy vé viéc tim UCLN
d = (A, B) va tim mo6t nghiém riéng (zg,yp). Sau day ta sé trinh bay mot
thuat toan st dung lién phan sé dé tim mot nghiém riéng (zg, o).

Ta nhéc lai mot s6 kién thitc ve lién phan sé. Biéu thic cé6 dang

an—l + —
an

trong do ap,ai,...,an € R va ay,...,an # 0 dudgc ky hiéu la |ag; a1,...,an]. Tu
dinh nghia suy ra
1

[ao;al,...,akH] = ap + —
[(11., a2, “'aa’k-f-l]
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¢6 do dai n. RO rang mot lién phan s6 hitu han 13 s6 hitu ty. Ngudc lai ta ¢6
Bo6 dé 1Mdbi sd hitu tv 13 mot lien phan s6 hitu han

Ching minh Gia st r = a/b trong dé a,b € Z va b > 0. Dat ry = a,7; = b.

Thuc hién thuat toan O-co -lit

o =T1q1 + T2 D<rg <m
™1 = T2Qq9 + T3 0<T3<?‘2
Tn-2 = Tn-1Gqn -1+ Tn 0 < T < Th-1

'm-1 = Tndn

Tu dé
T0

== 915 92, -5 Gn]

Néu ag € Z va ay,...,an € N* ta néi [ag; a1, ..., a,] 12 mot lien phan sbé hitu han E
Vi dul Biéu dién sb z = 62/23 thanh gian phan. Ta ¢6

23 = 1.16 + 7
16 = 2.7+ 2
T =32+1 _
2 =21 |
Do dé |
62
= — = 12:1,2.3, 2
T =2 = |

Cho lién phén Sé [(Lo; al, ...,aﬂ]. V61 moi k . lién phé,n 86 Ck = [ag;al, ...,ak]
dugc goi la gian phan thit k cla [ag; a;, ey Q. ,

Ta ¢6 dinh 1y co ban sau cta lién phan sb | '
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Dlnh 1)7 ChO l1én phé,n 86 [(I();(Ll, ...,an]. Xét dﬁy Sé Po, P1, ---Pn vVa do, q1, ---y 4n

xac dinh truy hoi theo cach sau

po = Qg go = 1

p1 = apa) + 1 gi = Qi

Pk = QgPk—1 + Pk—2 qr = AkQk—1 T Qk—2

Khi do6

Cp = =
dk

PeGr 1 — Pk 1k = (—1)F

Dé giai phuong trinh
Az+ By=C (1)

ta thuc hién theo cdc budc sau

e Diung thuat toan O-co-lit tim d = (A, B). Néu d khong 1a udc cua C
phuong trinh vo nghiém. Néu d|C viét A = da, B = db,C = dc va (1)
tuong duong vaol

ar +by =c (2)

6 dé (al?bl) = 1

e Ta biéu dién a/|b| thanh lién phan s6

a
m — [CL(); ai, a2, ..., a"f?»]

b

Gia st pn—1/qn-1 V& pn/qn la hai gian phan cAp n — 1 v cip n. Ta ¢6

a/|bl = pn/qgn, (a,b) = 1,(pn,qn) = 1 nén a = py, |b| = gn. Theo dinh ly ta
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PnQn-1 — Pn—-1Qqn = ("1)’”“1 —
A4n—1 — lblpn-l — (_l)n_I —
a(—=1)" " gn_1 + b](=1)"pp_q =

a(—1)""teg,_1 + b|(—1)*epp—1 = C
e Vay néu b > 0 thi phuong trinh (1) ¢6 nghiém riéng la

20 = (=1)" ‘egn-1;y = (=1)"cpn_

Néu b < 0 thi phuong trinh (1) ¢6 nghiém riéng 13
zo = (-1)" " egr-1;y = (- 1)" lepp-,

Vi du Giai phuong trinh 342z — 123y = 15 (1').
Gias

e la co(342,123) =3 do d6 a = 114,b = —41 . Do d6 (1') tuong duong vai

114z — 41y =5 (2/)

e Biéu dién 114/41 thanh lien phan sb

114 = 2.41 + 32
41 =1.32+4+9

0 32=39+5
0=15+4
5 =14+ 1
4 =4.1
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Do vay

62
— = 12:1,3,1.1.4
23 [1 :3: y L ]

Tacén="5ps/q =1[2,1,3,1,1] = 25/9 — pg = 25,44 = 9.

e Vib = —41 < 0 nén (1') ¢6 nghiém riéng 1a ¢ = (=1)*5.9 = 45,yy =
(—1)*5(25) = 125. Vay nghiém cua (1’) 1a

r =45+ 41t
y =125+ 114t

vo1 f € 7.

2.2 Phuong trinh bac nhat nhiéu an

Phuong trinh bac nhit £ an (k > 2) 1a phuong trinh dang
Arxy + Aozo + - - + Az = C (4)

trong do a,b,c € Z.

Dinh ly 2 1) Phuong trinh (4) ¢6 nghiém nguyén khi va chikhid = (Ay, Aq, ..., Ay)
la wdc cua C.

ii) Néu (4) ¢6 nghiém né sé c6 vo sd nghiém.

Chatng minh i) Didu kién can hién nhién .Chitng minh diéu kién da bang quy

nap: V6i k = 2 khang dinh ding. Gia sit ding véi k. Xét phuong trinh véi
d = (Al'}“'}Ak}Ak—Fl)'C- Dﬁf H = (Al,, ...,Ak) — d = (H, Ak+1)|0. Theo dlnh Kf
1 ton tal t, x5, € Z sao cho Ht + Api12k41 = C. Vi H|Ht nén theo gia thiét

quy nap ton tal zi, ..., zx sao cho

k
Z A;x;, = Ht
1=1
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Vay

k+] K
E filiiﬂ?', = E Aiﬂ?i + Ak+1lﬂk+,1 — f]t ~+ Ak+]$k.+] — C
1= 1== ]

1) Chitng minh bang quy nap.Gia sit dang véi k. Ton tai ¢1, ..., tg, traq € Z sa0

cho
k41

Z Ait; = C
=1

Xét phuong trinh
k
Z Aixi = C — Ap gt (5)
i=1
Phuong trinh nay c6 nghiém (¢4, ..., ;). Theo quy nap (5) ¢6 vo sd nghiém.

VGi mol nghiém (ay, ....xx) cta (5) thi ((xy, ..., 2%, tx41) 1a nghiém cta phuong

trinh
k+1

Z A?;Cb“i =C (6)

=1

Do d6 (6) ¢6 vo s6 nghiém.

Co thé chitng minh duge nghiém téng quat ciia (4) c6 dang

trong doé ((1‘1, Cue Ozk) la mot nghiém riéng. (Lij),i = 1, rey k— l;j = 1, 2, Ce ey k 1a
cac hé sO nguyén va t,....t; ; 1 cac sb6 nguyén tuy v.
Tuy nhién khong ¢6 cong thitc tudng minh clia cac hé sb (Lij).

V1 du Gial phuong trinh

Oz + 15y + 10 =3 (7)
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Giai Ta co (7) « 6(x+2)+15y+4z = 3. Dt u = v+ 2 ta co 15y+42 = 3—bu. Cb
dinh u.Ta thay (—1,4) 1a nghiém riéng cua 15y+4z = 1 do do (—3+6wu, 12— 24u)

12 nghiém riéng cua 15y + 4z = 3 — 6u. T do
y = -3+6u+4t;z=12—24u - 15t, > v =u — z = —12 + 20u + 1ot

Dé kiém tra mdi bo (z,y,2) ¢6 dang trén la nghiém. Vay phuong trinh co
nehiém

r = —12+4 20u+ 151

y = —3-+ bu+ 4¢

z =12 -- 24u — 151

C. M6t s6 bai toan chon loc

Bai toan 1 Cho a > 1. Chung minh rang
(@™ —1,a" — 1) = "™ — 1
Giai X6t truong hop (m,n) = 1. Ta phai ching minh
(e -1,a" - 1)=a -1

Dat d = (a™ - 1,a" ~ 1). Via—1ja™ ~ 1,a— 1|a" — 1 nén a — 1|d. Dao lai gia su
m > n. Theo hé qua ton tai u,v € N*dé mu—nv = 1. Via™ =1 (mod d),a" = 1

(mod d) = a™* =1 (mod d),a™ =1 (mod d) = a™* —~ a"¥ = 0 (mod d) Khi do
dl(am’u o q — anv(amuu—nv 1) _ anv(a B 1)

Vi a — 1|d nén (d,a) = 1 do d6 dja — 1.Vay d = a — 1 Véi (m,n) bat ky dat

g = (m.n) ta c6 m = gmy,n = gn;. Dat b= a9. Khi do

(@ —1,a" - 1) =@F™ -1, 1) =b—-1=a"" -1
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Bai toan 2 Choa >1vam,ne N*. Gid sit m = 2r.n = s voi r,s la cac so

lé.Chitng minh ring

a™™ +1 néui=j
(@™ +1,a" +1) = ¢ 2 néui+#j . alé
] néu i # j , a chin
Giat

e Neum,nlé, (m,n)=1.Ta chitng minh

(@™ +1,a"+1)=a+1

Datd = (a™+1,a"+1). Via+1|a™ = 1,a = 1|a"+1 nén a+1|d. Dao lai gia

sttm > n.Theo hé qua ton tai u,v € N* dé mu—nv = 1. Do m.n 1é nén U, v

khac tinh chan lé. Gia stt u 18, v chin. Ta ¢c6 a™ = —1 (mod d),a™ = —1
(mod d) — a™* = -1 (mod d),a™ =1 (mod d)a™* + a™ = () (mod d).Khi
dé

dl(amu + anv — anv(amu-~nv + 1) — anv(a + 1)

Via+1ldnén (d,a) =1dodédla+1.Vaiyd=a+1

e Neum,nlé. Dat g= (m,n) ta cé m = gmi,n = gny. Dat b = q(mn) = o9,

Khi d6
(@™ +1,a" +1) = ("™ +1,0™ + 1) :b—{—l:d(m‘”)—f—l

o Néum = 2'r,n = 2%s véi r, s 12 cac s6 18. Dat b = a2'. Khi d6 (@™ +1,a™ +

D=0 +1,05+1) = bns) 41 =¢q2(rs) 41 = glmn) 41

o Néu m,n khéac tinh chin 1é, chdng han m chin, n 18, Ta c6 a™ = —1

(mod d),a"™ = ~1 (mod d) - a™" = —1 (mod d), ™ =1 (mod d) —» —1 =

I
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1 (mod d) = 2=0 (mod d). Vay d = 1 hodic d = 2. Néu a 1é thi 2|d —» d =
2. Néuachianthid#2 —>d=1.

e Néu m = 2ir,n = 29s véi r,s 13 cac sb 18 vd i # j, chang han i > j. Dit
b=a? — a* = b* a™ = b2 T = bt & d6 t = 20777 chin. Khi d6 néu a 18
thi b1¢é do d6 (@™ +1,a™ +1) = (b* +1,b° + 1) = 2.N&éu a chin thi b chan
dodd (a™+1,a"+1)=("+1,0°+1) =1

Bai toan 3 Cho A, B € N* (A,B) =1 . Ky hiéu A 1a tap cic sd6 n € N* sao
cho phuong trinh

Az + By =n

khong c6 nghiém nguyén duong.Chitng minh rang

i) max A = ab.

i) Tim | A]

Gias

i) Ching minh AB € A: Giad su trai lai AB ¢ A. Ton tai z,y € N* sao
cho At + By = AB — By = A(x — B) —» A|lBy —» Aly —» y > A. Tuong
tu x > B. Vay AB = Az + By > 2AB. Mau thuan. Tiép theo ta ching
minh néu n > AB thi n ¢ A. Phuong trinh Az + By
r = z9 + Bt,y = yo — At. Ta ching minh tén tait € Z saochoz > 0,y > 0 —
—20/B <t < yo/A &t € (—x0/B;yo/A). VI khoang (—zo/B;yo/A) c6 do dai
yo/A+z9/B = (Arg+Byg)/AB =n/AB > 1néntontait € Z,t € (—x9/B;yo/A).
i1) Xét n < AB. Ta chitng minh n € A néu vachinéum=AB+A+B-n¢ A
Tén tai 1 < z < B sao cho Az = n (mod B) = n = Az + By. Thanh th véi

n ¢6 nghiém {a

]

mol n € N* ta ludn cd biéu dién

n=Az+ By,1<z < B,yen*
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Néun € Athiy<0. Vaym = AB+A+B—- Az - By = A(B+1-2)+B(1-y) =
Az +Byy 0 déo 1 = B+1—z2 > 1,y = 1—y > 1. Vay m ¢ A. Déo lai
giasum & A = m = Ax; + Byj,z1,y10 € N*. Néu trai lain ¢ A - n =
Aro+ Bys, 0,0 € N* 2 AB=m—A—-B+n = Ar\+By;— A— B+ Azs+ Byy =
Alzy + 22~ 1)+ Bly1 + 2 — 1) - AB ¢ A. Mau thudn vdi i). Ta c6 véi
1<n<A+B-1-ncAXétnel=[A+BAB]. Anhxa f: 1 — I
cho bai f(n) = AB+ A+ B —n la mot song anh van € A < f(n) ¢ A .Vay
INA|l=|I|/2=(AB - A— B+ 1)/2. Thanh tht

AB—A-B+1 AB+A+B-1
9 B 9

A=A+ B -1+

Bai toan 4 Cho Ay,.., Ay € N* (A1,...,Ar) = 1 . Ky hiéu A 1a tap cac sb
n € N* sao cho phuong trinh

k
E Akﬂl‘k — n
1=1

khong ¢6 nghiém nguyén duong.Chitng minh rang A 13 tap hitu han va
Al < (k- 1)A;. Ay

Giai Ta chitng minh quy nap rang:

Néun > (k—1)A;.. A thin ¢ A

V6i k = 2 khang dinh dang (bai toan 3). Gia sit dang véi k. Khong giam tong
quat gia su Ay < Ay < ... < Agyy - Dt d = (A, ..., Ay), B; = A;/d. Khi dé
(d, Aky1) = 1,(By,...,Bx) = 1. Do (d, Ax+1) = 1 nén ton tai 2.1,y € Z v6i
1 € Tp41 < d sao cho

Ay + Agp1Tk41 =N

Ta chitng minh
y > (k — 1)31...Bk (7)
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Tacdy > (k-—l)Bl...Bk & dy > (k—*l)dBl...Bk < n > (k*l)dBl...Bk+Ak+1$k+l.

Vi 241 < d nén chi can ching minh
n> (k—1)By.. Bed+ Apsqd  (8)
That vay do A; = dB; — Aryq > Ai > d, A; > Bi(i = 1,2, ..k) nén
AL AgApey > Ay Ard > By, Bpd
A A Ay 2 AgAger 2 dAgg
KAy AcAper = (k= DAL ApAres + Ay ApAgs
> (k — 1)By...Bpd + Ay d
> kAL ApApy > (k= 1)B)...Brd + Agyd

Vay (8) do d6 (7) dugc chitng minh. Theo quy nap ton tai zj,...,xx € N* sao

cho
k k
ZBkl'k =y — ZAM;: = dy
=1 =1
k
7 Z Apeg + App1Tk41 = dY + App1Th41 = 1
=1
k-+1
—7 Z AT =n
i=1
Dat

M(Al,... ,Ak) = max A
G(A1, ..., Ax) = |A]

G bai toan 3 ta c6

M(A1, A2) = A1A»
A1As -I: xil—l— Ay -1

G(A1,A2) = 5
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't bai toan 3 va 4 suy ra M(Ay,..., A;) < (k — 1)A;...A; va dau bang xay ra
v6l k = 2. Tuy nhién v6i k > 2 diu bang khong xay ra . Bidu thitc tuong minh
biéu dién M(Ay, ..., Ag) va G(Ay, ..., A;) theo Ay, ..., A, vAn chua biét trong
trudng hop tong quat.

Bai toan 5 Gia stt A = bc, B = ca,C = ab trong dé a,b,c € N* doi mot nguyén

to cung nhau. Chitng minh ring

)M(A,B,C) = 2V ABC

2VABC +A+B4+C -1
%

ii)G(A, B, C) =

Guai 1) Ching minh 2v/ABC € A: Gia stt trai lai 2 ABC ¢ A. Ton tal z,y, z €
N* sao cho Ax+By+ Bz = 2V ABC < bex+acy+abz = 2abe — abz = 2abc—c(bx+

ay) — clabz — clz = z > ¢. Tuong tu y > b,z > a. Vay 2abe = bex + cay + abz >

3abc. Mau thuan. Tiép theo ta chitng minh néu n > 2VABC = 2abe thi n ¢ A.
Do n > abe, (ab,c) = 1 nén theo bai toan 3 tdn tal 1 < 2z < ¢, t € N* sao cho
ct +abz = n. Ta c6 ¢t = n — abz > 2abc — abc = abc — t > ab. Theo bai toin 3
ton tai z,y € N* sao cho t = bx + ay. 10 do n = ct + abz = c(bx + ay) + abz =
bcx + acy + abz - n ¢ A.

ii) Xét n < 2VABC = 2abc. Ta chitng minh n € A néu va chi néu m —
2abc + b+ ca+ab—-n ¢ A Vi {bcz}?_, la he day du (mod a) nén ton tai
1 € < asao cho bex =n (mod a) = n = bex + at.t € Z.Vi {cy}gzl la hé day
du (mod b) nén ton tai 1 < y < bsao cho cy = ¢ (mod b) >t =cy+bz,z¢€ Z.
T'hanh thu v6i moéi n € N* ¢6 biéu dién

n==obcx+acy+abz 1<z<al1<z<bze”

Néun e Ath 2 <0. Vay m = 2abc + be + ca + ab — n = 2abc + be + ca + ab
bcz —acy —abz =bcla+1—z)+ac(b+1—y)+ab(l — z) = Az + By, + Cz &
dé:z:l:a+1-—a:21,y1:b:1——-1_>_1.,,z1:1—z-2 1. Vay m ¢ A.
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Dao lai gia st m ¢ A — m = bexy + acy; + abzy, z1,y1,21 € N*. Néu trai lai
n¢ A—n=bcxs+ acys + abza, T, Y2, 20 € N* — 2abc = m — bc — ca — ab + n =
bczy + acyy + abzy — be — ca — ab + bexy + cayy + abzo = be(xzy +x2 — 1) + ca(yy +
y2 — 1) + ab(z1 + 22 — 1) — 2abc ¢ A. Mau thuin véi i).

TacovBil<n<bc+cat+ab—-1—sne A Xétnel = bc + ca + ab; 2abc].
Anh xa f: I — I cho béi f(n) = 2abc + bc + ca + ab — n — n 1A mot song anh va
nc A f(n) ¢ A.Vay |[INA| = |1|/2 = (2abc — bc — ca — ab+ 1)/2. Thanh thi

2abc — bc — ca — ab + 1
|A|:bc+ca—l—ab-—l;+—gc XTaTmar

2
*2abc+bc+ca+ab——1
B 2
_2VABC+A+B+C-1
T 9

2.3 Bai tap
1. Cho e,b € N* v6i (a,b) = 1. Ching minh ring phuong trinh az + by = 1
c6 vo so nghiém (x,y) véi (z,a) = (y,b) = 1

2. Tim tat cd nghiém nguyén cla phuong trinh

Ox + 45y + 62 — 10t = 13

3. Cho céc s6 nguyén duong a,b thoa man dieu kién 5a > 7b. Chung tinh
rang ton tai cac sb tu nhién z,y, 2.t sao cho z + 2y +32+ 7t = a va

y+ 22+ 5t =0b.

4. Chitng minh ring
i) M(2,4,5) = 14
i) M(7,8,9) = 44
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5. Chitng minh rang néu A < B < C thi

M(A,B,C) AC+ B

6. Cho ay,as,....ax 1a cAc s6 nguyén duong do6i mot nguyén to cung nhau.

Déf[ A = ay...ak va

Ching minh rang

M(Ay. ..., Ap) = (b — 1) kT\I/I A1A9.. A

3 Phuong trinh Pell

3.1 Phuong trinh Pell loa1 1

Phuong trinh Pell loai 1 14 phuong trinh c6 dang

trong d6. B € N* va ta yéu cau tim nghiém z,y c N*. Trong tiét nay khi noi
dén nghiém cda (I) ta hiéu 1a nghiém nguyén duong

Pinh ly 1(Diéu kién ton tai nghiém). Phuong trinh (I) ¢6 nghiém nguyén
duong khi va chi khi D 1a s6 khong chinh phuong.

Ching minh Giad st D = m? . Khi do

2

22— Dy =z —m*y*=1- (z —my)(z+my) =1

s>zz-my=z+my=1—-c=1y=0

Vay (I) khong c6 nghiém nguyén duong.
Ngugc lai gia sit Dla s6 khong chinh phuong. Ta ¢6 cac hé dé sau
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B6 dé 1 Cho a ¢ Q . Khi d6 tdn tai vd sb cip sb nguyén (h, k) v6ik > 0 sao

cho
h 1

i — — <...__

K k?

Chitng minh Ta sit dung nhan xét da biét sau: V6i mdig € N* ton tai cip sb
nguyén (h, k) vl 1 < k£ < g sao cho

a——h <l
k kq
Ky hiéu
A= ((hk): -1 < 1
= {(h,k) : Ja = 7 = b

Ta phai chitng minh |A| = co. Gid st trai lai |A] < oo. Khi d6 ton tai e sao cho
‘n — %] > ¢ vOi moi (h.k) € A. Chon q € N* sao cho
1

- 3 ' (1)

Theo nhan xét trén ton tai cip sO nguyén (hg, ko) v8i 1 < kg < ¢ sao cho

ho 1 1
< — K — 2
k‘o koq k‘g ( )

(Y

Tu (2) ta c6 (hg.kg) € A — |n<— %ﬂ > ¢. Nhung % > E%E > ln ’gﬂ > ¢. Mau
thuan véi (1).

Bo dé 2 Ton tai vo sb cip sd nguyén duong (z,y) sao cho
22 — Dy?*| < 142V D
Ching minh. Theo bd dé 1 ton tai vo sb6 cap sb6 nguyvén (z,y) sao cho

]
0<|vVD-=2 < —.

Suy ra




Vay

I:vz--Dsz=lw---*:t/\/Dllfc+:¢ND!=y2 5——- §+\/D'
1
< Yo +2\/ D) = 2+2\/
y? y
<1+2VD

Chimg minh dinh 1y Tit b6 dé 2 (z,y) tn tai vo sb cip sé nguyen duong (z, y)
sao cho

2% — Dy?| < 1+ 2VD

Dat I = [-1 - 2V/d; 1+ 2V/d]. Véi mbi k € I ky hisu
Ar = {(z,y) € N* : 2* — Dy? = k}

Do dé tén tai k € I dé |Ax| = oo. Suy ra tdn tai (z1,11) # (71, 11) € Ag dé

Xét tich

(z1 — y1VD)(z2 + y2VD) = z122 — Dy1y2 + VD(z1y2 — zay1) (3)

Vi

T1T2 — D'ylyz = 331 Dyi = (mod |k|)

iy —Zay1 = Tiy1 — 1y =0 (mod |k|)

Vay ton tai u,v € Z sao cho

122 — Dyjyo = ku - (4)
T1y2 — Dyrzo = kv (5)
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Tu (3), (4), (5) suy ra

(z1 — y1 VD) (z2 + y2VD) = k(u + vV D)
(z1 + 1V D) (g2 — y2v' D) = k(u — vV D)

Nhan hai dang thic trén v6i nhau va chd ¢ rang (zy,11),(z2,y2) € Ax —

zt — dyt = x5 — dyi = k ta duge

k? = k*(u® — Dv®) — u? — Dv* =1

Ta ching minh w,v > 0. Ro rang v > 0. Néu trai lai v = 0 thi v = 1 —
(21 - y1VD)(z2 + 2V D) = £k = (2 — Dy}) = £(z1 — VD) (x1 + y1VD) —
o + yg\/ﬁ = T + y1\/l—7 —— .'1171~ = T2,Y1 =— Y2 Ta ¢c6 mau thuﬁn. Vﬁy (-’U,‘U) la

nghiém nguyén duong cua phuong trinh (I)
Dinh 1y 2(Cong thitc nghiém) Ky hiéu (a, ) 12 nghiém nho6 nhat cia phuong
trinh

3:2 — Dy* =1

~ Khi d6 day (zn,yn) cho boi

(a + bV D)" + (a — bV D)"
2

- (a+ b\/l—))”__ﬁ:— (a — b\/—lj)”

Yn — oD

cho ta tat ca cac nghiém cua (I).

In:

I

Day nghiém (z,,,y,) ciing c6 thé xac dinh theo cong thite truy hoi sau

ro = 1,71 = a,Zpy2 = 20Tpy1 — T (6)

yo = 0,1 = 0, Yn+2 = 2aYn+1 — Yn (7)
Ching minh. Ta-cé
Tn + ynVD = (@ + VA", zn — ynVD = (a — bV D)™ (8)
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Suy ra (z2 ~ Dy2) = (a® — Db*)" = 1.
Dao lai gid st (z,y) 1a nghiém bat ky cta (I). Ta ching minh ton tai n € N*
dé z = z,:y = yn . Vi D khong chinh phuong nén diéu nay tuong duong

Ton tai n € N* dé
z+yVD =z, +yoVD = (a + bV D)"
Ching minh bang phan ching. Gid s trai lai
r+yVD # (a+b/D)" VYne N*

Khi d6 ton tai m € N* sao cho

(a +bvVD)™ < z 4+ yVD < (a+ bV D)™
Nhan hai vé vé8i (a — bv/D)™ ta dudgc

1< (z + yVD)(a—bVD)™ < a+ bV D
Do (8) ta ¢6

(z +yVD)(a = bVD)™ = (z + yVD)(zm — ymV D)
= (2Zm — Dyym) + (Zmy — ymz)VD

:u+vJ5
0 dé u = zx,, — Dyym, v = Ty — Yymx. VAY
1 <u+vVd<a+bVd. (9)
Taco

u? — Dv? = (zxm — Dyym)® — D(xmy — YmT)°
= (z* — Dy*)(z7, — Dyp,) = 1
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Lal co r > y\/a,a:m > ymx/a nén v > 0. La,i cO (u — v\/ﬁ)(u + v\/ﬁ) =1 va
1 < u+uvVd Ilél’l-() cu—wvWd<1l<u+vvd—v>0.Vay (u,v) la nghiém cua
(I) dodda<u,bsv—>a+ bv/d < u + vv/d trai véi (9).Dinh 1y duge ching
minh.

Tit dinh 1§ trén ta thiy viéc tim nghiém cua phuong trinh Pell (I) quy ve tim
nghiém nhé nhat (a,b) cua nd. Cach don gifin nhit 1a thit bang tay: Thay lan
lugt vy = 1,2,.. vao biéu thie 1 + Dy? cho téi khi nao duge s6 chinh phuong

thi ditng lai. Vi phuong trinh (I) c¢6 nghiém nén chic chdn qué trinh nay se

‘ding lai sau b phép thnt. Khi do nghiém nho nhat 1a (a,b) v6i a = V1 + Db
'Néu nghiém nho nhat b nay 16n thi cach thit nay khong kha thi. Thi du va
phuong trinh z* — 61y2 thi cip nghiém nho nhat la

a = 1766319049
b = 226153980

{ Sau dav ta sé trinh bay moét thuét toan su dung lién phan s dé tim mot
r

nghiém nhé nhét (a,b) cia (I).

E Pinh nghia Cho ag,a1,a2, ... 1a day s nguyén trong do a; > 0,1 > 1. Dat
Cr. = lao; a1, -, k]

Khi d6 ton tai gidi han

Iim Ck —
k— oo

~ Ta goia la gié tri cua lién phan 6 vo han [ag: a1, az..,] va viet

a = lag;ay, ag, .|

' Dinh Iy o = [ag; a1, a2,...] |a mot 56 VO, ty . Nguge lai moi so vo ty deu biéu

dién duy nhit dudi dang mot lien phan sd vo han.
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‘Dinh nghia Ta goi lién phan sé vo6 han o = [ag; a1, as,...] 14 tuan hoan néu
day (a,) tuan hoan ké tit mot chi sé nao dé tic 1a: Todn tai cac sO nguyén
duong m va k sao cho v6i moi n > m ta c6 a, = a,,x. S6 nguyén duong k dugc

gol la chu ky cta lién phan s6 a = [ag; a1, ap,...] . Khi d6 ta viét

Q@ = [aO} ai, az,...,adm-1, am, Am+1, -y am+k-—1]

Néu D 13 sb khong chinh phuong, biéu dién lién phan sé cha VD dugce cho
bdi '

Dinh ly Biéu dién lién phan s6 ctia VD 13 tudn hoan va c6 dang

VD = [a;a1, az, ..., an, 2a]

v6i a = [V/D] . Hon nita cé cong thitc tuong minh dé xac dinh day (ay,.. ., Q).
Chi y rdng day (ay,...,a,) la déi xing tic 1a

al = 4n, A2 = a’ﬂ*l}
Vi du

V23 = [4;1,31, §]

V29 = [5;2,1,1,2,10]

V31 =[51,1,3,5,3,1,1, 10}

Va6 = [6;1,2,1,1,2,6,2,1,1,2,1, 12|
V=BT IT545 112110

V97 =1(9;1,5,1,1,1,1,1,1,5,1,18

Dinh ly 3 Cho phuong trinh Pell
- Dy*=1. (I)
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e Biéu dién VD thanh lién phan sb

VD = la;ay, a9, ..., Gy, 2a)

e Néu chu ky n 12 s6 ch&n ta tinh gidn phan thit n — 1

. DPn—1
Cn—vl —
| dn—1

Khi d6 (pp-1,¢.-1) 18 nghiém nhé nhat cua (I)

e Néu chu ky n 1a s6 1é ta tinh gidn phan thit 2n — 1.

P2n-—-1
CQn-l -
d2n—1

Khi d6 (p2n-1,92n-1) 12 nghiém nhé nhat cta (I)

Vi du Tim nghiém nho nhat cia phuong trinh z? — 14y = 1. Ta ¢6 V14 =
3:1,2.1,6]. Chu k¥ n =4 12 s6 ch&n. Vay ta tinh gidn phan

1
032[3,1,2,1]——-—3-1-
1
1 4+ —
, 1
1
15
4

r

Vay nghiém nhd nhéat 1& (13, 4)
Vi du Tim nghiém nho nhét cla phuong trinh z? — 13y? = 1. Ta ¢6 V13 =
3;1,1,1,1,6) = [3,1,1,1,1,6,1,1,1,1,6,.... Chu ky n = 5 la sd 1é. Vay ta tinh
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gian phan

Cg=(3,1,1,1,1,6,1,1,1, 1]

1
1+
| 1
1+ + —

1

1 4+ —
___649
180

Vay nghiém nho nhat 13 (649, 180)
Tré lai phuong trinh 22 — 61y? = 1. Ta ¢6

V76 =[7;1,4,3,1,2,2,1, 3,4, 1, 14]
Chu ky n = 11 14 s 1é. Ta tinh gidn phan

Cy =17,1,4,3,1,2,2,1,3,4,1,14,1,4,3,1,2,2, 1,3, 4, 1]

=7+
1
1+ — -
1
4 + —
1
3+ .+ ——
1
4+-1-
1766319049
226153980

Vay nghiém nhé nhat 1a (1766319049, 226153980)
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3.2 Phuong trinh Pell loa1 2

Phuong trinh Pell loai 2 1a phuong trinh
% — Dy® = —1 (11)

6 d6 D € N*. Nehicin cia (II) luon duge hicu 1a nghi¢in nguyén duong.
Dinh 1y 1 Diéu kién can dé (II) ¢6 nghiém la D khong la sé chinh phuong
va D khong ¢6 udce nguyén to dang 4k + 3.

Chitng minh 1)) Néu D = m? thi (II) tré thanh (my—z)(my+z) =1 2> my—z =
my + £ = 1= x =0 Vay (II) vdo nghiém.

i) Néu D c6 udc nguyén té6 p = 4k + 3 : Gid s (z,y) 1a nghiém. Khi do
% + 1= Dy? - plz® + 1. Vip = 4k + 3 nénp|1. Mau thuan.

Tuy nhién , day khong 1& diéu kién du.

Dinh 1y 2 Néu D = p 13 s6 nguyén to thi (II) ¢6 nghiém khi va chi khi p = 2
hoac p # 4k + 3.

Chitng minh. Néu (11) ¢6 nghiém thi tit Dinh 1y 1 suy ra p = 2 hoéc p # 4k +3.
Ddo lai néu p = 2 thi phuong trinh 2% —2y® = —1 ¢6 nghiém (z,y) = (1;1). Xct
- p =1 (mod 4). Xét phuong trinh Pell loai I

z? — Dy* =1 (10)

- Goi {a,b) 1a nghiém nho nhét cta (10). Ta c6 a® — 1 = pb*. Néu a chan thi b 1é
do db b =1 (mod 4) = a® =1+ p =2 (mod 4). Mau thuan . Vay a 1€, b chan.
Dat a = 2a; +1,b = 2b;. Ta cd (a— 1)(a+ 1) = pb*> & ai(a; + 1) = pbj. Do p
nguyén té va (aj,a; +1) = 1 nén a; = v?. a1 +1 = pv? hoic a3 = pu?,a; +1 = v~

N6u a1 = u?,a; + 1 = pv® = u? — pv® = —1. Vay (I1 ) c6 nghiém (u,v).
- Néu ay = pu?,ay + 1 =v% = v% - pu® = 1. Vay (v,u) 1a nghiém cua (10)). Suy

ra-an—>a1+1:-1)22’0‘_)_'0,:‘2(11+1.Méuthuﬁn.
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Dinh ly 3 Goi (a,b) 1a nghiém nhé nhat cta (10) . Khi d6 (II) ¢6 nghiém
khi va chi khi
a = z° + Dy?

(11)

b = 2zy

cO nghiém nguyén duong.

Hon nita néu (11) hé c6 nghiém noé sé cé nghiém duy nhat.Nghiém duy nhét
(z1,%1) nay chinh la nghiém nhé nhét cta (II)

Ching minh. 1) Gia stt (II) ¢6 nghiem. Goi (z1,y1) 14 nghiém nhoé nhat cua
(II). Dat u = z? + Dy?,v = 221, y;. Ta ching minh u = a,v = b do d6 (z;, y;)
chinh la nghiem cua (11). Ta ¢6 u? — Dv? = (22 — Dy?)? = 1 Vay (u,v) la

nghiém cua (10) . Suy ra u > a;v > b. Ta c6

(a* — Db*)(zy — Dy}) = 1(~1) = —1

" (a:vl — Dby1)2 — D(ay1 — b$1)2 = —1.
Dé thay (az; — Dby;)? > 0, (ay; — bz1)? > 0. Do (z1, 1) la nghiém cua ( II) nén

(axy — Dby1)2 > 33% &> azic% + Dzbzyf — :L‘% > 2abDx1yy
— xi(a® — 1) + D*b*y? > 2abDz 1y,
— 1 Db* 4 D*b?y? > 2abDxqy;
— b(:v% -+ Dy%) > 2ax1y1 — bu > av
= b%u? > a®v? — b3(Dv? + 1) > v*(Db? + 1)
—b>vob=v—-ou=a

2) Dao lai gid st (u,v) 13 nghiém cia (11). Ta c¢6 a®* — DV¥? = 1 & (u? +
Dv?*)? - D(2uv)? = (u? - Dv®)? = 1. Vay u? - Dv? = 1 hoic u? - Dv?2 = —1. Néu

u® — Dv? =1 thi (u,v) 12 nghiém ciia (10) do d6 u > a = u? + Dv2. Mau thuin.

Vay u® — Dv? = —1 do d6 (II) ¢6 nghiem (u,v)
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Tiép theo ta ching minh (u,v) la nghiém nhé nhat cta (I1).Gid st (z1, v;)
la nghiém nhé nhat cta (II). Theo ching minh & 1) ta ¢é a = u? + Dv? =
:rf + Dy%; b = 2uv = 2x1y; = u® + Dv? + 2uv = :1:% + Dyf +2z1y1 = (u+ vV D)? =
(z1 + 1V D)% = u=2xz1:0 = y1. Dinh 1y duge ching minh.

Vi du la mot 4p dung cia dinh ly 2. N6 cung chi ra rang diéu kién cta dinh
Iy 1 chi 14 dicu kién can.

Vi du Ching minh rang phuong trinh z? — 343> = —1 v6 nghiém ( O day
34 = 2.17 khong la so6 chinh phuong va cling khong ¢6 uéc nguyén té dang
4k + 3). _
Giai Phuong trinh z° — 34y® = 1 ¢6 nghiém nhoé nhéat 1a(a; b) = (35;6). Xét he

35 = 1% + 34y°
6 = 2zy

Tt phuong trinh thit nhat cta hé suy ra (z;y) = (1;1). Tuy nhién (1;1) khong
thoa man phuong trinh thit hai. Vay hé vo nghiém do dé theo dinh 1y 2 phuong
trinh z° - 34y* = —1 vd nghiém.

Ta thira nhan dinh 1y sau

- Dinh ly 3 Phuong trinh Pell loai 2

% — Dy* = —1.

c6 nghiém khi va chi khi trong biéu dién /D thanh lién phan sb

VD = a;ay,ag, ..., ay, 2a]

chu ky n la so 1é. Trong trudng hop dé (Pn-1,9n-1) 1& nghiém nhoé nhéat cia
phuong trinh,¢ dé

Pr—1
Cno1=
n-1
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la gian phan tha n - 1.
Vi du
1)Xét phuong trinh 22 — 13y = —1. Ta ¢6 V13 = [3;1,1,1,1.6]. Chu ky n = 5

la s6 1é. Vay phuong trinh c6 nghiém. Ta tinh gian phan

Cy=13,1,1,1, 1

1
=3+ —

]+ ——

Vay nghiém nhé nhét 1a (18, 5)
i1)Xét phuong trinh 22 — 3492 = —1. Ta ¢6 V34 = 5:1,4,1,10]. Chu ky n = 4

la s0 chan. Vay phuong trinh vo nghiém.

Dinh ly 4 (Cong thitc nghiém) Gia sit phuong trinh Pell loai 2

- Dy* = -1 (11

co nghiém. Goi (a.B) la nghiém nhé nhét cia né. Khi d6 day (Tn, Yn)22, cho
bai




cho ta tat ca cac nghiém caa (II).

Ching minhGia st (x,,y,) cho bdi ¢ong thte trén. Khi do

Tpn + yn,\/b- — ((1» 4 B\/B)‘Z’ﬂ-—--l
Ly — yn\/B — (0- — }3\/5)2”1

—) Iﬁ — DygL == (Cl‘2 — D(:?Q)Q'”’“l = —1
Nguge lai gia st (x,y) la mot nghiém cua (II). Ta ¢6

(& + yV D) + VD) = (ra + Dyf) + (yor + )WV D
= s+ tVD
3 do s =z + Dy3,t = yoo + 3
— s2 — Dt? = (za + Dy3)? — D(ya + z8)°
= (z° — Dy*)(a® — DB*) = (-1)(~1) =1
Vay (s,t) Ia nghiém ctia phuong trinh Pell loai 1 s — Dt* = 1 . Goi (a,b) la

nghiém nho nhat ciia né.Theo cong thitc nghiém cua phuong trinh Pell loai 1

va dinh 1y 3 ton tai n € N* sao cho

(z 4+ yVD)(a + BVD) = s+ tVD = fa+ bV D)"
= (a® + D3* + 2apVD)" = (o + BYD)?)"
= (a + BV D)™
~z+yVD = (a+BVD)*" ! = zp+ yaVD

_)'I:i‘my:yn

3.3 Mot sé bai toan chon loc

Bai toan 6 Sé nguyén duong S dude goi 1a s6 Heron néu né la dién tich

cia mot tam giac cé ba canh 1a ba sb nguyén lién tiép. Chimg minh rang S
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la s6 Heron khi va chi khi S khi 1a sé hang cua day (S,),n > 1 xac dinh béi
SO — O, Sl — 6382 — 84: SR+2 — 14Sn+1 T S’ﬂ

Guai Goi S la dién tich cha tam gidc c6 ba canh 1a z — l,z,z + 1 vdi

r > 2,x € N*. Theo cong thitc Heron

S = %$\/3($2 -—-74_) —3 1652 = 32%(2? — 4). (12)

Vay S la s6 Heron khi va chi khi phuong trinh (12) ¢6 nghiém nguyen duong
(S,z). Dé thay z phai chdn . Dat z = 2y ta c6

165% = 322 (2% — 4) < 5% = 3y%(y? ~ 1)

——)Szy\/3('y2~1)—>3(y2w1):h2
— h =3z — 3(y? — 1) = 922

—3 y* — 32° = 1,5 = 3yz
Nguoc lai néu (y,2) 1a nghiém cia phuong trinh Pell
y’ — 322 =1 (13)

thi = 2y,y > 1,5 = 3yz 14 nghiém cia (12)(12) Nghiém nhé nhét cta (13)
la (2,1) Vay tat ca nghiém ctia (13)(yy, z,) cho béi

(2+V3)"+(2-V3)"

Yn — 5
. o 2V - (2 VB
n _ 2\/5
Do d6
Sy = 3ynzn = ‘f((7+4f) — (7 — 4V3)")



Bai toan-7 Tim tat cd cac sd6 nguyén duong n sao cho 2n + 1 va 3n + 1 déu
14 sO0 chinh phuong.

Gidi Vi (2n+1,3n+ 1) =1 nén 2n + 1 va 3n + 1 deu 1a sO chinh phuong khi
va chi khi 2n+ 1)Bn+ 1) = y%,y € N* Suy ra (12n + 5)% — 24y* = 1 . Dat
r = 12n + 5 ta ¢6 % — 24y* = 1. Goil (zk, yx) 14 nghiém cta né. Nghiém nho

nhat ciia phuong trinh Pell nay 1a (5,1). Do dé (zx) cho béi hé thitc

Dé ching minh z, =5 (mod 12) khi va chi khi £ 1é. Vay n = ng, k> 1 0 d6

Tok41 — O
nk: _*]_-2 ‘

Ta xac dinh hé thnte truy hoi cia day (ng)

Dat up = 2ops1 = 121, + 5. Ta ¢6

Tok4+3 = 10@ok 49 - Togy1 = 10(10x9k 41 — Tok) — Toky
= 1009441 — 10z9 — Togps1 = 99Top 41 — Top+1 — Tok—1
= 98Tok+1 — Tok-1
— Ug42 = IBUp41 — Ug
& 12ng,90 + 0 = 98(12nk+1 -+ 5) — 12np — 5
N+ = 98NEL1 — Nk + 40

val ny = 40, ny = 3960 |
Bai toan 8 Cho day (z,,y,) xac dinh nhu sau (zg,y0) = (0,1), (z1,y1) = (3, 5)
va

Yn+1 = 4, + By‘n + 2
Ching minh rang (z,,y,) 1& tit ca cac nghiém nguyén duong cua phuong
trinh

2

5 4 (4 1)% =y
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(ia1 Phuong trinh da cho tuong duong vdi
(22 4+ 1) — 2y% = —1 (15)

Dat v = 2z + 1, > u® — 2y? = —1 . Nghiém nho nhét ctia phuong trinh nay 1
(1,1). Do vay day nghiém (u,, y,) cho bdi

(1 4 \/§)2n+1 1 (1 o \/5)2?1+1
2
(1 + \/§)2n+1 — (1 - \/5)2n+1

yn: 2\/5

Un =

T do

ug = 1, u1 = 7, ugq0 = Ougyy — ug

Yo = 1, y1 = 5, Ypro = Oyrs+1 — Yk

Ta c6 u,, = 22, +1 > 2Tp1o+ 1 :6(2nk+1+1)—2nk~—-—1 — xg = 0,27 = 3, L4900 =

62541 — zk + 2. Thanh thu day nghiém (z,,y,) cia (15) cho bdéi

ro = 0,21 = 3, Tnt2 = 6Tpy1 — Ty + 2

vo = 1, y1 = 9, Ynt+2 = OUYnt+1 — Yk

Thanh thit ta chi can chimg minh day (14) théa man quan hée

Tn+2 = 0Tpp1 — Ty + 2

Un+2 — 69’n+1 — Yk
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That vay dit z, = 2z, + 1. Khi d6 dé kiem tra

Zna1 = 32n + 4Yn
Yn+1 = 22n + 3Yn
— Znt2 = 3241 + 4Ynt1 = 3znt1 + 82n + 12un
= 32001 + 82n + 32n41 — 92 = 62441 — 21 |
— 2Cpy2 +1=62x,41+1) — 22, — 1

— T2 = 0Tpy1 — Tn + 2

TII'OIlg tw yn42 = 6y?1-+~l — Yk

3.4 Bai tap

1. Tim tat ca cac sO nguyén duong n sao cho ”(”;1) 1a s6 chinh phuong.

2. Tim tat ca cac sO6 nguyén duong n sao cho

12422 4324+ +n?
(£

12 s6 chinh phuong

3. Cho n € N* thoa man: 3n + 1 va 4n + 1 déu la sd chinh phuong. Chitng

minh rang n chia hét cho 56 .

4. Tim cap s6 nguyen duong (m,n) thbaman 142+---+m = (m+1)+---+n
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4 Phuong trinh Pitago

4.1 Phuong trinh Pitago

Phuong trinh Pitago 13 phuong trinh sau
%+ y* = 2° (16)

B6 ba s6 nguyén duong (z, v, z) thoa man-(16) dugce goi 1a bo ba Pitago. Bo
ba Pitago (z,y, z) dugce goi 1a nguyén thuy néu (z, v, z) = 1.

Bo dé Néu (z,y,2) 1a bo ba Pitago nguyén thuy thi (r,y) = (z,2) = (y,2) = 1
va z,y khong cung tinh chén 1é . _

Chitng minh Gia st (z,y) > 1 va p 13 udc nguyén to chung clia z,y thi p?|z? +
y° = 22 5 plz — pl(z,y,z). Mau thuan .Vay (z,y) = 1. Tuong tu (z,2) =
1, (y,2) = 1.

Vi (z,y) = 1 nén z,y khong cung chin. Néu z,y cung lé thi 2% = 4% = 1
(mod 4) — z° =2 (mod 4). Mau thuin. Vay z,y khong cung tinh chin 18.
Dinh ly Tap hop tat ca cac bo ba Pitago (z,y, 2) dugc cho bdi cong thic

hoéc

r = 2tmn
y = t(m* — n°)

z = t(m?* + n?)
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trong do t.m,n € N*,m >n,(m.n) =1 va m,n khac tinh chan lé.

Chitng minh Dé kiém tra néu (z, y. z) cho bdi cong thite trén thi z° + y* = 2°.
Ngugce lai gia su (r,y, z) 1a bo ba Pitago.

1) Truong hap (z,y,z) = 1 : Theo bo dé z,y khac tinh chin 1é. Khong giam
tong quat gia st = 1é, y chdn do d6 z 1é. Ta ¢6 y? = 22 — 22 = (2 + 2)(z — x).
Viz,zle nén 2+ 2z = 2k,z -2 = 2t,y = 2h,k,h € N*. Thay vao (16) ta
“dugceh® = kt. Ta co 2 =k+t,z = k—t. Theo bd dé (z,2) =1 — (k,t) = 1. Vay

*sh=mn. Vayr=k—t=m?2—-n?y=

tOn tai m,n sao cho k = m?2.t = n
cua m,n plm, pin thi p?lm?, p?|n* — plz.plz . Mau thudn. Vay (m.n) = 1. Vi 2
le nén m,n khac tinh chan l¢. |

1) Truong hop (z,y, z) 1a bo ba Pitago bat ky: Dat t = (z,y,2) = = = tzy, y =
ty;, z = tz1, (:I:ljyljz_:]) = 1,z{ +y7 = z2. Vay (21,11.21) 12 bo ba Pitago nguyén
thuy. Ap dung i) ta ¢6 o = tx; = t(m?® —n?)y = ty; = 2mn;z = tz; =

t(m?* + n).Dinh 1y duge chitng minh

4.2 Mot s6 bai toan chon loc

Bai toan 9 Ching minh riang phuong trinh
4yt =z (17)

Giai. Gia st (17) ¢6 nghiem. Goi (zg. yo, 20) 1& nghiém sao cho zy nho nhat.
Ta c6

. | L ~ g -~ ‘ ~ . -~ 4 ? ‘ ’ 4.4

1) (zo,y0) = 1.That vay gol p la udc nguyén t6 chung clia xg, yo. Ta c6 pilz] +
42 2 o 2 4, 4 _ .2 va ;

Yo = 25 = P°|20 — To = pTy, Y0 = py1,20 = p 21 — 2] + Y] = z7. Vay (z1,y1,21)

& nghiém cua (17) v6i z; < 2¢9. Mau thuan
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ii) Vay (zf,y8, 20) = 1. Gia st yp chin, zg 1. Theo dinh Iy ta ¢6

r5 = m® —n’ (18)
Y5 = 2mn

20:m2+n2

trong d6t,m,n € N*,m >n,(m,n) =1Tu (19)S.uy ra (xg,n,m) la bo ba Pitago
nguyén thuy. Theo dinh 1y ta cé

:roz—-az-—bQ
n = 2ab

m = a* + b (19)

trong do6 a,b € N*a > b, (a,b) = 1.
Dat yo = 2y;. Tu (19)ta cé yg = 4y? = 2mn = 4ab(a® + 62) — y% — ab(a® + b2) —

abm. Lai ¢6 (a,b) = 1 = (a,m) = (bym) =1 — a = af,b = b?,m = m¥.
Thay vao (19) ta Cém% — a‘ll -+ b['ll Vﬁy (al,bl,ml) l1a nghiém cua (17) vOl

m; < m% = m < m? + n? = z5. Mau thuin véi cach chon (zo, Yo, 20) -

Bai toan 10 Chitng minh rang khong ton tai hai s6 nguyén duong z,y ma
tong binh phuong ctia chting va hiéu binh phuong cta ching dé 1a s6 chinh
phuong.
Giatr Gia su trai lai hé
2 | .2 2
" Ty =2z
(20)
$2 L y2 — t2
c6 nghiém nguyeén duong (z,y, z,t) va goi (zo, Yo, 20, to) 12 nghiém ma z7 + y(z]
bé nhat.
+)Ta c6 (zo,y0) = 1. That vay gid s trai lai goi p 1A w6c nguyén t6 chung ciia

20, yo. la cd zo = pr1,y0 = py1 — 20 = pz1,to = pt1 va (x1,y1, 21,¢1) 14 nghiém

—
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ctia (20). Ma 22 + 2 = p*(af + y7) > r? + y?.Mau thuan .
)T (20) suy ra 22 + y2 = 2zf. Vay 2,10 cO cung tinh chan 1¢. Dat

—_—

20+t zo —to

T

2 2
Suy ra

u? + 0% = 1§ (21)

Ta ¢6 (u,v) = 1. That vay gia su trai la ool p 14 udc nguyén to chung cua u, v.

Khi do })2‘.’1?(2) -2 p|:L'(),p|u + UV = 20 — ])2’3(2) — ,L(Q) = y% —7 ])"yo — (;’E(), y[)) > 1. Mau

thuan.

+) T (21) va dinh ly ta suy ra
u = (m*—n*)

v = 2mn

ro = (m* +n°)
hoac

u = 2mn
v = (m?—n?)

Ty = (m2 + ?’12)

trong do t,m,n € N*;m >mn,(m,n) =1, m,n khéc tinh chin 1é. Trong ca hai

truong hop ta deu ¢6 wv = omn(m? —n?). Ta cé

2yt = 25— th = (u+ )% — (u — v)* = duv
= 8mn(m® — n®)

— Yo = Amn(m? — n®) = yo = 2k

k2 = mn(m? —n®)  (22)
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Vi (m,n) = 1 nén dé thiy (m,n) = (m,m* — n?) = (n,m? — n?) = 1. Tir (22)
suy ra ton tai a,b,c € N* dé m = a®,n = b% m? - n? = 2. i (m,n) =1, m,n
khac tinh chén 1é nén (m +n. m — n)=1. Ma (m+n)(m —n) = ¢ nén tdn tai

r s € N* dé

m+n = g?

m-—n = r?
Suy ra

a? +b* = g2

a2 — b2 — 2

a® + b? = m n<2m < 2mn =u = > <zoéz(2,:$8+y§
Ta c¢6 mau thuan.
4.3 - Bai tap
1. Ching minh rang phuong trinh
L

khong c6 nghiém nguyén duong

2. Gial phuong trinh 24 — 2,4 = 14

|

3. Gial phuong trinh z4 — 244 = —1

|

4. Hé61 ¢6 ton tai hay khong hinh chop t& gidc déu ma cac canh.,dién tich

toan phan va thé tich ctia né déu 14 cac sé nguyen.
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