LGOI GIAI VA BINH LUAN DE THI VMO 2017

Tran Nam Diing - V6 Quéc Ba Can — Tran Quang Hiing
Lé Phic Lt - Nguyén Van Huyén

1. L&i néi dau

Vay 1a da 7 ndm ching t6i dong hanh cling cic cudc thi todn véi nhitng bai Gidi va binh ludn dé
thi VMO va TST nhu mot cb gang dong gép cho cong dong nhitng tai liéu chat lugng, bé ich.
D6 khong chi 1a cong stic clia nhém tdc gid ma con 12 tdng hop tri tué ctia ca cong dong véi
nhting 16i giai hay, doc ddo, nhiing nhan xét, danh gi, binh luan, mé rong, lién hé b6 ich. Vi thé,
moi tai liéu Gidi va binh ludn khong chi 1 161 giai ctia 6, 7 bai toan gop lai, ma la cic phan tich,
lién hé sau sic c6 ich cho cac thay co gido va cic ban hoc sinh trong viéc hoc tap, giang day.
Tai liéu giai va binh luan dé thi nim nay ciing dudc bién soan dé danh ting cho tit ca cic thiy co
gi4o, cc ban hoc sinh, dic biét 1a cho c4c ban hoc sinh s& con co hdi tiép tuc tham gia cac ky thi
hoc sinh giéi THPT.

Nhan dy, chiing t6i cling cong bd du dinh trong ndm nay sé phoi hop véi Sputnik Education
xult ban cudn sach: 7 nam VMO 2011-2017 — Léi gidi va binh ludn. Hy vong d6 sé 1a mot cudn
sach dudc dén nhan nong nhiét.

2. Thong tin ban quyén
Bén quyén thudc vé tit ca cdc thanh vién trong nhém bién soan (Tran Nam Diing, Vo Qudc B4
Céan, Tran Quang Hung, I.& Phuc Lii, Nguyén Vin Huyén).

Day la thanh qua ctia qud trinh lao dong miét mai ctia nhom dé€ chia sé dén cong dong. Moi ngudi
déu c6 thé xem tailiéu MIEN PHI. Tuy nhién, vui long ghi o ngudn khi chia sé.

TAt ca cac hoat dong mua ban, kinh doanh lién quan dén tai liéu niy ma khong dugc su chip
thuin ctia nhém 1a trdi phap luat. Ching ta hdy 1én 4n nhitng hanh vi vi pham ban quyén dé€ bao
vé quyén 1oi clia cac tac gid, cia nhitng san pham tri tué. Xin cam on.

3. Dé thi

3.1. Ngay thi th nhit (05/01/2017)

Bai 1 (5.0 diém). Cho a 1a mot sb thuc va xét day sb (u,) xdc dinh bdi

1+\/2n+3 +1 Vi € N*
Uy =4da, Upsr = = —u,+ -, Vn :
1 il =3 P




2 Loi gidi va binh ludn dé thi VMO 2017

a) Khia = 5, chitng minh ring day s6 (u,) ¢ gi6i han hitu han va tim gi6i han dé.
b) Tim tit c céc gid tri ctia s6 a d€ day s (u,) xdc dinh va c6 gidi han hitu han.

Bai 2 (5.0 diém). Ton tai hay khong da thiic P (x) v6i hé s6 nguyén thdéa man
P(1+32) =142 va P(1+V5)=1+3V5

Bai 3 (5.0 d'ie“?m). Cho tam gidc A BC nhon, khong cin ndi tiép dudng tron (0). Goi H 1a truc
tam cua tam gidc ABC va E, F 1an luct 1a chan céc duong cao ha tut cac dinh B, C; AH cit
(0) tai D (D khac A).

a) Goi I latrung diémctia AH; EI cit BD tai M va FI cat CD tai N. Chting minh
ring MN 1L OH.

b) Cic duong thang DE, DF cat (O) lan ludt tai P, Q (P va Q khac D). Puong tron
ngoai tiép tam gidc A EF cat (O) va AO lan lugt tai R va S (R va S khiac A). Chiing
minh ring BP, CQ va RS dong quy.

Bai 4 (5.0 diém). Cho sé nguyén n > 1. Bang 6 vudng A B C D kich thiée n x n gdm n? 6

vudng don vi, mdi 6 vuong don vi dudc to bdi mdt trong ba mau: den, tring, xam. Mot cach t6
mau dudc goi 1a ddi xitng néu mdi 6 c6 tim trén dudng chéo A C dudc t6 mau xam va mdi ciip 6
dbi xiing qua A C dudc t6 cung mau den hodc cling mau trang. Ngudi ta dién vao mbi 6 xdm sb
0, mdi 6 trang mdt s6 nguyén duong va mdi & den mot s6 nguyén am. Mot cach dién sd nhu vay
dudgc goi 1a k — cdn déi (v6i k nguyén duong) néu thoa man diéu kién sau

i) Mdi ciip 6 ddi xing qua A C dudgc dién cling mdt s6 nguyén thudc doan [—k, k].

ii) Néu mot hang vi mot cot giao nhau tai 6 den thi tip cac s6 nguyén duong dudc dién trén
hang d6 va tap cic s6 nguyén duong dude dién trén cot d6 khong giao nhau; néu mot hang
va mot cdt giao nhau tai 6 trang thi tdp cac sd nguyén am dudc dién trén hang d6 va tap
céc s6 nguyén Am dudc dién trén ¢dt d6 khong giao nhau.

a) V6in = 5, tim gid tri nhé nhét cla k dé ton tai cich dién s6 k — can dbi cho cach t6 mau
ddi xiing & hinh bén dudi.

D C

b) Véin = 2017, tim gid tri nho nhét cta k d€ véi moi cach t6 mau ddi xiing, ludn ton tai
céch dién sb k— can d6i.
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3.2. Ngay thi thd hai (06/01/2017)
Bai 5 (6.0 diém). Tim tit ca cdc ham s6 f : R — R théa man hé thiic

F(xf() = f(x) =2f(x) + xy
v6i moi sb thuc x, y.
Bai 6 (7.0 diém). Chiing minh riing

1008
a) Y kCjy, =0 (mod 2017).
k=1

504
b) Y (—1)*Cy; = 3(2%°'° — 1) (mod 20177).
k=1
Bai 7 (7.0 diém). Cho tam gidc nhon A BC ndi tiép dudng tron (0) va G 1a mot diém
thudc cung BC khong chiia O cia dudng tron (/) ngoai tiép tam gidc O B C. Pudng tron
ngoai tiép tam gidc A BG cat AC tai E, dudng tron ngoai tiép tam giac AC G cat A B tai
F (E va F khac A).

a) Goi K 1a giao diém ctia BE va C F. Chiing minh ring A K, BC va O G dong quy.

b) Cho D 1a mét di€ém thudc cung BO C chita O ctia dudng tron (1); GB cat CD tai M,
GC cat BD tai N. Giasit M N cit (O) tai hai diém P, Q. Chiing minh ring khi G
thay doi trén cung BC khong chia O ctia dudng tron (1), dudng tron ngoai tiép tam
giac G P Q ludn di qua mot diém cb dinh.

4. Binh luan chung

VE chu tric, dé thi gdm 7 bai todn. Ngay dau c6 4 bai, mdi bai dugc 5 diém thudc 4 phan mon:
Giai tich, dai s6, hinh hoc, t6 hop. Ngay thii hai ¢6 ba bai thudc ba phan mon: Dai sd, s6 hoc, t&
hop v6i s6 diém tuong ting 12 6, 7, 7.

Dé thi ngay thif nhét, trit bai cudi 1a kha co ban va quen thudc.

o Bai 112 bai gii tich yéu cAu khio sat su hdi tu clia mot ddy truy hdidang x, 1 = f(n, x,).
VE nguyén tac, dang day s6 nay kho khao sat hon dang day truy hdi x, 11 = f(x,) vi
©2n+3

cac hé s6 cia ham f khong hang ma bién thién theo n . Tuy nhién, néu d€ y S5 dandeén

2 khi 7 dan dén v cung thi ta c6 thé “quy v&” diy sé dang x, .1 = % + \/x,, + i va du
doan dudc gidi han bang 3. Tir d6 dung bd dé quen thudc: “Néu ton tai s6 thuc g € (0, 1)
sao cho xp,4+1 < qXp + by véilimb, = 0 thitacolimx, = 07, thi tt danh gia don gian

5
u -3 < —=|u, -3 _—
ta s& suy ra két luan bai todn. O ddy, chu ¥ 1a ciu b) ciing 1am hoan toan tuong tu. Diéu
kién d6i v6i a chang qua la d€ u, xdc dinh. Chi y la dang bai day sb nay da xuat hién &
hai ky VMO gan day (2012 va 2015) véi ciing cach gidi tuong tu thong qua bd dé néi trén.
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e Bai 212 mot bai todn vé xac dinh da thiic thod man mot diéu kién cho trudc. Bai nay néu
hoc sinh ndm viing ly thuyét vé da thiic i thiéu ctia s6 dai s thi sé giai rat nhanh. Cu thé,
ta c6 dinh 1y rat co ban sau: Néu P (x) va O (x) la cdc da thite don khdi, hé s6 nguyén co
chung nghiém o va Q (x) la bdt khd quy thi P (x) chia hét cho Q (x).

Tadit Q(x) = P(x + 1) — 1 thi /2 va +/5 tuong tng s& 12 nghiém cua da thic
O(x)—xvaQ(x)—3x—1.Vicéacdathic x3—2 vd x2 — 5 bat kha quy trén Z nén tit
day sé suyrangay O (x)—x = (x> —=2)S(x)vaQ(x)—3x—1= (x2-5)T(x).
Tudayséra2x + 1 = (x3—2)S(x) — (x2 —5)T (x). Pén day, chon x = 7 sé suy
ra diéu mau thuln vi vé& phai chia hét cho 11, con vé trdi thi khong.

Néu khong biét dén tinh chét trén day clia da thiic thi ta sé vat va hon mot chiit va phai dua
vao tinh chit sau:

1. Néu A, Bhitutysaocho A + By/5thiA = B = 0.
2. Néu A4, B, C hitutysaocho A + B2+ CY/4=0thid =B =C = 0.

Y tuéng dang nay da xut hién trong cac ky VMO, nhung tif rét 1au, cu thé 12 VMO 1997.
Truéc d6 nhiéu nim, VMO 1984 c6 bai tim da thic don khéi hé s6 nguyén bac nhé nhit
c6 nghiém 1a /2 + /3. Chinh qua nhiing bai todn nhu vay khai niém da thic t5i thiéu
(va sau nay 1a mé rong truong) dudc gidi thiéu.

e Bai 3 12 mot bai toan hinh kha nhe nhang, ciu a) quy vé viéc chiing minh M N 1a truc
dang phuong ctia hai duong tron (A BC) va (D EF). Caub) ciing 1a mot cAu hinh rat
quen thudc ma trong d6 c6 ca diém Miquel, ti gidc diéu hoa, dudng dbi trung, duong dang
gidc, dinh ly Pascal. .. Tuy nhién, c4ch tiép cAn chan phuong nhét I1a ding dong dang, mot
kién thdc hoan todn 16p 9.

e Bai 4, bai toan t6 hop la bai kho nhit ctia ngay thi thid nhit, ciing 12 bai toan la nhat. Riéng
viéc doc hi€u dugc dé bai ciing da tén kha nhiéu thdi gian, vi vay, viéc cho ciu a), mot tinh
hudng rit cu thé v6i bang kich thuéc nhd 1a hét sic can thiét, vira tao co hoi cho hoc sinh
kiém diém, vira d€ hoc sinh “lam quen va cdm nhan” bai todn. Vi ciu a), chi cin qua vai
ly luan don gian (chd y dén tinh dbi xiing, do d6 hang i va cot i 1a gidng nhau) 12 ta thiy
k = 2 khong thod man yéu cau bai toan. Nhu vay, chi con can chira vidu véi k = 3 1a
hoan thanh dugc cau nay.

Vi phan b) thi kho khin hon. Riéng viéc dodn ra dap sé da 12 khong don gian. Thuc té, rit
nhiéu 16i giai sai (véi danh gia k = 2007) da dudc dua ra (trong d6 c6 nhiing 16 giai cia
ngudi & bén ngoai, trong diéu kién thodi m4i vé thdi gian). Véi cau nay, can tiép tuc khai thic
tinh dbi xing d€ chi ra mot cAu hinh tén nhiéu s6 nhit. Va ciu hinh nay chinh 12 cAu hinh t6
den trang xen ké. V4i cau hinh nay, ta c6 thé suy ra ra tit ca cac s6 duong & nita tam gidc trén
d6i mot khdc nhau. Suyra k > 100841008 +1006+ 10064 - -+2+42 = 201721,
Dé chiing minh diéu kién dd, ta c6 thé st dung quy nap Toan hoc véi bude nhdy 1a 2. Piéu
nay c6 thé giai thich dudc vi néu tinh y, ching ta c6 thé dua bai toan vé mo hinh dd thi va
st dung dinh ly Mantel-Turan d€ giai quyét.
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Ngay thi thu hai:

e Bai 512 mot bai toan phuong trinh ham c6 hai bién tu do va c6 biéu thic x y & ngoai diu
ham sb: f (xf(y) — f(x)) = 2 f(x) + xy. V6i nhiing phuong trinh ham nhu vay,
diéu dau tién ma ta cin dé y khai thac, d6 12 tinh song 4nh ctia hAm s6. Sau d6 ta xem c6
x4y ra trudng hop f(0) = 0 hay khong, hay 1a f(0) = ¢ # O vatontai u # 0 dé
f(u) = 0. Tir day tiép tuc thé mot cach thich hgp sé tim duge £ (x) = 1 — x l1a ham sb
duy nhét thod man yéu cau bai toan. Pang chu y, bai todn nay c6 hinh thifc kh4 gibng véi
dé Olympic ctia Brazil nim 2006. Cach giai ctia hai bai todn ciing kh4 giébng nhau. Dé bai
Brazil 2006 nhu sau

Tim tit cd cac ham s6 f : R — R thda min

F(xf)+ f(x)) =2f(x) +xy
v6i moi s6 thuc x, y.

e Bai 6 12 mot bai todn sb hoc lién quan dén tinh chit clia s6 nguyén t6. Diéu nay ciing dudc
nhiéu ngudi du dodn trude, vi cling 1au r6i méi c6 mot nim nguyén té (tir dau thé ky 21
dén nay méi chi c6 ba nim nhu vay: 2003, 2011 va 2017). Thii vi la 2017 14 s& duy nhét
trong ba sd nguyén t6 dau thé ky cé dang 4k + 1, nhd d6 ma mdi c6 két qua cau b). Dudi
day ta thay 2017 bang sd nguyén td p = 4k + 1 batky.

p=1
Cau a) khd don gian vitong >, 2 kC K rit gon dugc

p;l p—3 p—1

Pgl - = Zk_— — -1
E: E: 0

k(:kp— pC;fll_p E (Zkl_p L L
k=1

k=1 k=0
-1 %
2
Tiép theo 1a nhiém vu ctia s6 hoc v6i dinh 1y nhé Fermat va tinh chét ctia C I’f_ , mod p (cu
thétacd C¥_'= (—1)* (mod p)). O ciu b), ta ciing thuc hién phép rit gon tong bing

. k k—1 k - 2 2 9. 1Y p=1 271
ca/ch tl\lay,CP = Cp’_1 -|— (;p_l thi rdt gon EilI'QC tong ve Rhal bang (Tl) 7 ’Cpfl — 1
Van de tiep theo la van dé so hoc lién quan deén céc tinh chat kha sau sac cua so nguyén to,
hé s6 C ,f‘ , tuc 1a nhom dinh ly Wilson, Wolstenhome, Babbage.

e Bai 7 12 mot bai hinh hoc khé c6 tinh phén loai cao, dic biét 1a & cau b). O cdu a) bai
toan van khai thac cdc vin dé quen thudc nhu diém Miquel, truc dang phuong va tim dang
phuong, va da s6 thi sinh da giai quyét dudc vin dé nhung sang dén cau b) thi dudng nhu
chi ¢6 cic cao thi hinh hoc méi di siic xt ly. C6 18 bai toan dudc 1dy y tudng dua trén cic
phuong phép diéu hoa va xa anh.

Tém tat lai, néu ddnh gid vé do kho thi dé nim nay kha dé chiu, c6 nhiéu cau thi sinh c6 thé 1am
dudc nhu cau 1, 2, 3, 5. Ngay ca v6i nhitng bai khé hon nhu 4, 6, 7 ciing ¢6 y dé dn di€ém nhu cau
4a, y diéu kién can ciia ciu 4b), ciu 6a, ¥ it gon clia cAu 6b), cAu 7a. V& do méi va hay thi cic
bai 1, 2, 5 ¢6 y kha cii. Su lip di lip lai ctia ¥ tudng bai 1 cho thiy 16i mon trong viéc khai thac
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dé tai giai tich. Tai sao lai phéi l1a ddy sd va gi6i han ma khong phai 1a nhitng van dé rong hon
nhu su lién tuc, Ung dung ctia dao ham bac nhit, bic 2? Bai 3 khong méi nhung dit vin dé dep
va phu hop trong bbi canh ngay thi c6 4 bai. Bai 6 ciing 1a mot bai khong méi, véi y riit gon cac
t6ng. Phan s hoc ciia bai niy sé tao thuan 16i cho cac doi manh, ndi cac hoc sinh dugc trang bi
kién thic day di hon vé céc tinh chit clia s& nguyén t6 (nhu cic dinh 1y néu trén trong phan binh
ludn vé bai 6 cung cic phuong phap chiing minh ctia ching). Hai bai todn dep nhét va ciing khé
nhét cta dé thi 12 bai s6 4 va s6 7, trong d6 bai 4 khai thac cach phat biéu thi vi vé dang dd thi
ludng phan, con bai 7 12 cac tinh chat xa anh dep dé va sau sic.

V6i nhiing nhan xét va danh gia trén, theo chung toi, sé€ rat khé du doan di€m chuén chinh x4c,
vi khu vuc 15 dén 20 diém sé rat day dic. Trong 7 bai todn, c6 dén 5 bai c6 hai y a), b) va diém
s6 sé hét siic phu thudc vao su phan bd diém & cic cau nay. D vay, qua khdo sét so bd cac doi
du thi, chiing t6i tam dua ra du dodn bd diém chuin rit chin clia nim nay nhu sau: Khuyén khich
15 diém (1, 2, 5), gidi 3: 20 diém (1, 2, 3, 5), giai nhi 25 diém: (1, 2, 3, 5) + (4a + 6a + 7a), gidi
nhat 30 diém: phai giai quyét dudc cac van dé xuong xAu hon nhu 4b, 6b, 7b hodc 1am nhitng
bai trén rat chuan.
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5. Lai giai va binh ludn cac bai toan

Bai 1 (5.0 diém). Cho a 1a mot sb thuc va xét day sb (u,) xéc dinh bi

1 2n + 3 1
=a, = — —_— —, Vn e N*. 1
U1 a Up+1 2+\/n+1un+4 n (1)

a) Khi ¢ = 5, chiing minh ring day s& (1, ) c6 giéi han hitu han va tim gidi han dé.

b) Tim tt ca cdc gid tri clia s6 a dé day s6 (u,) xéc dinh va cé gidi han hitu han.

Loi giai. Ta sé gidi truc tiép y b), tir d6 suy ra két qua cho y a). C6 thé thly day (u,) xéc dinh
khi va chi khi u, xac dinh. Ma u, = % + \/%a + % nén u, xac dinh khi va chi khi
1
a = ——.
- 10
Ta s€ chiing minh day (u,) hoi tu vé 3 véimoi a > —%. Dé théy Uy > % Vn >2.Chay

ring f(x) = % 12 ham gidm ngat trén R+ nén v6i moi n nguyén ducng, ta c6

2n—|—3>2(n+1)+3
n+1 (n+1)+1"°

Néu ton tai mot s6 7o € N sao cho u,, > uy,e+1 thitaco

1+ 2(ng+1)+3 +1<1+ 2ng + 3 +1

u = — u — < — —u —=u .
not2 T (no+1)+1 ™ty =9» no+ 1 "0 g4 Trotl
Chung minh tuong tu, taco U5 = Upg+1 = Ung+2 = Upg4+3 = * - biéu nay co nghia la day

(u,) khong ting ké tit n ¢ trd di. Pong thoi, ddy ciing bi chiin dudi véi moi n > 2 nén ton tai

giéi hanlimu, = L (L > 3) . Bay gid, chuyén phuong trinh (1) sang gidi han, ta dugc

L—1+,/2L+1
2 4’

Giai phuong trinh nay, ta dugc L = 3. Tém lai, néu ton tai s6 7y nhu trén thi limu,, = 3.
Tiép theo, ta s& xét trudng hop sb 1o nhu trén khong ton tai, néi cach khac (u,) 1a diy ting
ngat. Ta sé chung minh. (u,) bi chan trén. That vay, do u, 11 > u, va Zn” : 13 < 3 v6i moi
n > 2 nén ta c6 danh gia

1+\/3 +1>1+\/2”+3 41 > VYn>2
— Up — — — Uy, — = U, Uy, n>2.
2 47 2 n+1 4 +

coe 1 A N g 4417 4 . A ~ o o, s
Giai bat phuong trinh 4n u,, ta dudc u, < +T véimoi n > 2. Vay day (u,) tang ngat va

bi chan trén bdi @ nén c6 gidi han hitu han. Pén diy, bang cach chuyén phuong trinh (1)
sang gidi han, ta cung thu dugc limu, = 3.

Tom lai, v6i moi a > —% thi ddy (u,) xdc dinh va hoi tu vé 3. O
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Binh luan. Day la bai todn khio sit su hoi tu ctia diy sb truy hdidang u, 1 = f(n, x,),
trong d6 cac hé sd ctia f phu thudc vao n . Mic du c¢6 khé hon trudng hop hé sd hing ddi chit,
nhung day van 1a kiéu bai quen thudc véi da s6 cac ban hoc sinh chuyén Todn. Y tudng chinh
cho céc dang nay la tim cach danh gia vao tinh don diéu cta day (nhu trong 16i giai trén) hoac
diing danh gia kep. Kiéu bai nay ciing da xut hién nhiéu & cic ky VMO trudc, gan ddy nhit 1a
nim 2012 va 2015. Pic biét, bai toan nim 2015 c6 cach gidi rat tuong ty vdi 1i giai ma chiing
toi da trinh bay & trén.

Ngoai cdch gidi trén, chiing ta ciing c6 thé danh gia:

2n+3 l 5
|un+1—3|:'\/ Up +—— =

2n+3(un 3) + n+1

2n+3 5
\/n+1 Un + +

n+1 4 2

3

< ”—“ lu, — 3] + ——2EL
2n+3 2n+3 1,5
\/n+1”"+ +3 \/n+1”"+2+5
Cht y rang v6imoi n > 2 thiu, > 0va 22E2 < 2 tacé
2n+3 5
n+1 2 B p)
2n+3 1,5 ST +3 76
\/n+1 Un + 57+ 3 2 12
va
3 3 |
n+1 < n+1
2n43, 4 1 5 %+%_n+1'
nt1 dn T 4T3
Do d6, két hop véi danh gid & trén, ta thu dugc
5

Dén day, bang cach sit dung bd dé quen thudc (c6 thé chitng minh bang dinh nghia gidi han) sau:
Cho s6 thuc g € (0, 1). Xét hai ddy khong dm (a,), (b,) thbamdn a,4+ < qa, + b, vdi
moin € N* valimb, = 0. Khi do, ta colima, = 0.
Ta dé dang suy ra lim u,, = 3 va hoan tat 15i gidi cho bai todn.
Dudi day, xin néu lai dé ctia hai bai toan nim 2012 va 2015 dé€ ban doc c6 thé thit sic va 4p dung
phuong phap cua hai cach giai néu trén:
1. (VMO, 2012) Cho diy sb thuc (x,) dudgc xac dinh bdi
X1 = 3
n+2
3n

X, = (Xp-1+2), Vn>2
Chiing minh rang diy (x,) c6 gidi han hitu han khi n — + oo va hiy tinh gi6i han dé.

2. (VMO, 2015) Cho a 1a s6 thuc khong am va (u, ) 1a ddy sd xdc dinh béi

1
M1:3, un+1:5u +W\/ +3 Vl’l>1



Loi gidi va binh ludn dé thi VMO 2017 9

a) Véi a = 0, chiing minh ring day s c6 gidi han hitu han va tim gidi han do.

b) V6i moi a € [0, 1], chiing minh ring day s6 c6 gidi han hitu han.

Bai 2 (5.0 diém). Ton tai hay khong da thiic P (x) v6i hé sb nguyén thda min

P(1+i/§)=1+i/§ va P(1+J§)=1+3¢§?

Loi giai. Gia st da thiic P (x) néi trén ton tai. Diat O (x) = P(1 + x) — 1 thi Q(x) ciing
12 da thifc v6i hé sb nguyén. Tir gid thiét, tacé Q ( 2/5) = 3J2vaQ (\/g) = 34/5.
Nhu vy, da thiic O (x) — x ¢6 mot nghiém vo ti 1a /2. Do x3 — 2 1a da thic bac nhd nhit c6

hé s6 nguyén nhin /2 lam nghiém nén Q (x) — x phai 2 bdi ctia da thiic nay. N6i cach khac,
ton tai da thic R (x) c6 cac hé sb déu nguyén sao cho

O(x)—x = (x>=2)R(x).

Do R(x) c6 cic hé s6 déu nguyén nén R («/g) c6dang a + b5 v6ia, b € Z. Thay
x = +/5 vao ding thic trén, ta dudc

235 = (sf—z) (a + b\/g) = 25b — 2a + (5a — 2b) V5,

suy ra 5a — 2b = 2 va 2a = 25b. Tuy nhién, khong c6 cip s6 nguyén nio thda man dong
thoi hai tinh chit ndy. Mau thuin nhin dudc chiing té da thic P (x) thda min dong thdi c4c tinh
chit & dé bai khong ton tai. ]

Binh luan. DAy 1a bai todn rat dic trung vé da thiic tdi thiu cta sb dai s6. Loi giai trinh bay &

trén dua vao dinh ly co ban va quan trong sau: Néu P (x) va Q (x) la cdc da thiic don khdi, hé
s6 nguyén cé chung nghiém o va Q (x) la bdt khd quy thi P (x) chia hét cho Q (x).

Kiéu bai nay di tiing xuét hién kha nhiéu lan trong cic ky thi Olympic:
1. (VMO, 1984) Tim da thtic bac nhd nhit véi cac hé s6 nguyén nhin +/2 + /3 lam nghiém.
2. (VMO, 1997) bit k = /3.

a) Tim da thic P (x) bac nhd nhit véi cdc hé s6 hitu ti théaméan P (k2 + k) = k + 3.
b) Ton tai khong da thic Q (x) c6 cc hé sé nguyén théa man Q (k2 + k) = k + 3?

3. (International Zhautykov Olympiad, 2014) Ton tai khong da thiic P (x) véi cac hé sb
nguyén théa man P (1 + \/3) =24+ V/3vaP (3 + \/§> =3+ /57
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Bai 3 (5.0 diém). Cho tam gidc A B C nhon, khong can ndi tiép dudng tron (0). Goi
H 1a tryc tAm cda tam giac A BC va E, F lan ludt 1a chian cac dudng cao ha tif cic dinh
B, C; AH cat (0) tai D (D khac A).

a) Goi I latrung diémctia AH ; E I cit BD tai M va F I cit CD tai N. Ching minh
raing MN 1 OH.

b) Céc dudng thaing DE, DF cit (O) lan lugt tai P, Q (P va Q khic D). Pudng
tron ngoai tiép tam gidc A EF cat (O) va AO lanludttai R va S (R va S khic A).
Chitng minh rang BP, CQ va RS dong quy.

Lai gidi. a) Goi J la dudng tron Euler ctia tam gidc A B C thi (J) diqua E, I, F dong thoi
J latrung diém O H . Dé thay D dbi xtiing H qua B C nén tam gidc BD H can tai B. Ciing dé
thiy tam gidc / EH cantai I nén Z/IEH = /IHE = /BHD = ZBDH, suy rati giic
BDE I noitiép. Ma DB cit E I tai M nén

ME -MI =MB-MD.

Tt d6 phuong tich cia M d6i véi dudng tron (J ) va (O) bang nhau. Tuong tu phuong tich
ctia N d6i v6i dusng tron (J) va (O) bang nhau. Vay M N 1a truc dang phuong ctia (O)
va(J)nén MN 1L OJ.Do J latrung diém OH nén MN 1L OH.

b) Goi X latrung diém EF. AH cit BC tai K. DEé thiy cic tam gidc BFE va K HE dong
dang (g-g). X la trung diém EF va K 1a trung diém H D nén hai tam gidc BFX va DHE
dong dang (c-g-c), suyra /FBX = /HDE = /FBP.Tudésuyrabadiém B, X, P
thang hang. Tuong tu ba diém C, X, Q ciing thang hang.
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Goi A L 1a dudng kinh ctia (O) thi dé thdy S H di qua L va ti gide H B L C 1a hinh binh hanh
nén H L di qua trung diém M cta B C. Dé thiy hai tam gidc SE C va SF B dong dang (g-g)
nén hai tam giac SEF va S C B dong dang (c-g-c), hai tam gidc nly c6 trung tuyén tuong ting
1aSX vaSMnén ZFSX = ZBSM.Ciing c6 hai tam gidc SF B va SR L dong dang (g-g)
nén hai tam gidc S FR va S B L dong dang (c-g-c). Suy ra

LFSR=/BSL =/BSM =/ZFSX.

Tir d6, ta cé ba diém S, X, R thanghang. Vay SR di qua X . Péu nay ching t ba dudng thang
BP, CQ va RS dong quy tai trung diém X cta EF. O

Binh luan. Bai todn nay dudc xép vao mic trung binh khé. Y a) 1a mot bai toan chitng minh
vudng géc bing truc dang phuong quen thudc. Y tudng nay gitp ta ¢6 ciach dung nhanh truc
déng phuong ctia dudng tron Euler va dutng tron ngoai tiép tam gidc. Y b) khong lién quan t6i y
a) va c6 thé tach thanh hai phan riéng biét 1a chitng minh BP, C Q di qua trung diém EF va
chitng minh SR di qua trung diém E F .

Y chitng minh BP, CQ diqua trung diém E F 12 mot bai toan da c6 trén dién dan AoPS da
kh4 1au va dudc tac gia Tran Quang Hung phat trién trong mot bai bao trén bao Epsilon 3'. Gan
day ban Nguyén Lé Phuéc da dua ra mot mS rong hon nita 1 bai todn dudi day.

Bai 1. Cho tam gidc ABC noi tiép trong dudng tron (O) va P 1a diém bat ky trong tam gi4c.
Puong tron ngoai tiép tam giac PAB, PCA cit CA, AB lan lugt tai £, F khac B, C. AP cat
(0) tai Q khiac A. QF cat (O) tai R khac Q. Ching minh rang BR chia doi EF.

Loi giai 1. (Si dung phép dong dang) Goi dudng tron ngoai tiép tam gidc AEF cat (0) tai G
khic A va cat AQ tai L khac A. Goi I, J 1a trung diém ctia BF, CE. Phép dong dang tim G
bién EC thanh FB nén J bién thanh 7, do dé

Z1GJ = ZLFGE = ZBAC.

'Tham khio tai: http://analgeomatica.blogspot.com/2015/06/ve-mot-bai-toan—
hinh-hoc-tu-dien-aops.html


http://analgeomatica.blogspot.com/2015/06/ve-mot-bai-toan-hinh-hoc-tu-dien-aops.html
http://analgeomatica.blogspot.com/2015/06/ve-mot-bai-toan-hinh-hoc-tu-dien-aops.html
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Miit khac phép dong dang tim P bién doan CE thanh FB nén J ciing bién thanh I, do d6
/JPI = ZEPB = 180° — ZBAC, ti d6 tii giac GI PJ noi tiép. Ta ¢6 bién ddi goc
LIGP = ZIJP = /BEP = /BAP = ZBGQ
va
LGPl = /ZGJI = Z/GCB = Z/GQB.

Tt d6 hai tam giac GI P va GBQ dong dang. Nhu vy phép dong dang tAm G bién I thanh P
va doan FB thanh doan L Q. Mit khéc, I 1a trung diém FB nén P la trung diém LQ. Tu do,
goi M 1a trung diém EF. Ta dé thy hai tam gidc BFE va PLE dong dang. Tu d6, hai tam gidc

BFM va QLE dong dang. Vay /FBM = ZLQE = /FBR nén BR di qua M. Ta c6 diéu
phai chiing minh. O]

Loi giai 2. (Si dung phwong phdp dién tich) Dé thdy cac tam giac QBC, PFC dong dang va
BF

PBF, PEC dong dang (g-g). T d6 g—g =LE = 3%
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Goi R 1a ban kinh ngoai tiép tam gidc ABC. Ta c6 bién ddi dién tich

[BFR] [BFR] [BAR] [BRO]
[BER] [BAR] [BRQ] [BER]
BF 42F%E RQ

BA BRROOE ' RE

BF RA _BF QC _
BO RE BQ EC

1.

Vay BR chia doi EF. ]

Cach giai thi nhat dudc tdc gia dé nghi, cach nay phai dung rat nhiéu hinh phu nhung déu cé quy
tac chung 1a muc dich d€ st dung phép dong dang. Céach giai thi hai sit dung mot chiit cong cu
tinh toan nhung van rat dep mat va khong phai vé thém mot hinh phu nao. Céch gii nay do ban
Hoang Trung Diing, 16p 12 Toan THPT chuyén KHTN dé xuét.

Trong 15i gidi trén y chiing minh SR di qua trung diém EF dugc trinh bay thuan tdy hinh hoc
nhung thuc chét 1a dua trén y tudng vé phép dong dang tim S. Vi y tudng d6 thi c6 thé dudc
md rdng hon ntta nhu cac bai toan dudi day véi cach giai tuong tu.

Bai 2. Cho tam gidc ABC noi tiép trong dudng tron (O). P 1a di€ém bat ky trong tam gidc sao
cho R d6i xting P qua BC thi R nim trén (O). PB, PC lan lugtciat CA, AB tai E, F.Puong
tron (AEF) cat (O) tai G khac A. GP cat BC tai M vacat (O) tai D khic G. AD cat (AEF)
tai Q khiac A. Ching minh ring GQ chia d6i EF .

Loi giai. Dé thly P nam trén (AEF). Tacé ZDPC = /FPG = /FAG = /PDB nén
PC || DB. Tuong tu, ta ciing ¢c6 PB || DC, do d6 tit giac PBDC la hinh binh hanh nén PD di
qua trung diém M ctia BC.

R

Goi giao diém cia GQ va EF 1a N. Dé thiy phép dong dang tim G 1an lugt bién E, F thanh
C, B. Lai c6 hai tam giac GFB va GQD dong dang (g-g) nén Z/FGB = ZQGD, suy ra

LNGF = ZMGB.

Do d6 ciing phép dong dang tim G d6 bién N thanh M. Vay N 1a trung diém EF. U
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Bai toén trén ciing c6 thé dugc md rong hon nita nhu sau

Bai 3. Cho tam giac ABC noi tiép trong dudng tron (0). P 1a diém bat ky trong tam gidc.
PB, PC lanluot cat CA, AB tai E, F.Puong tron (AEF) cit (O) tai G khac A. M 1a diém
bat ky trén canh BC. GM cat (O) tai D khac G. AD cat (AEF) tai Q khac A. GQ cat EF tai
N . Chiing minh ring

Lai giadi. Dé thiy phép dong dang tam G lan lugt bién E, F thanh C, B. Lai c6 hai tam gidc
GFB va GQD dong dang (g-g) nén ZFGB = ZQGD suyra /ZNGF = /M GB, do d6 ciing
phép dong dang tim G d6 bién N thanh M . Vay

MB  NF
MC  NE'
Ta thu dudc diéu phai chiing minh. O

Céc ban c6 thé 1am cdc bai todn sau day dé luyén tap thém:

1. (M6 rong y a) bai todn 3 VMO 2017) Cho tam gidc ABC noi tiép dudng tron (O). Mot
dudng tron (K) diqua B, C cit CA, AB tai E, F khac B, C. BE cat CF tai H. AH cat
(O) tai D khac A. Tiép tuyén tai E, F cta (K) lan lugt cat DB, DC tai M, N. Chiing
minh raing MN L OH.

2. (Md rong y b) bai toan 3 VMO 2017) Cho tam gidc ABC ndi tiép trong dudng tron (O).
P 1a diém bét ky trong tam gidc sao cho R dbi xing P qua BC thi R niam trén (O).
PB, PC lan lugt cit CA, AB tai E, F.Puong tron (AEF) cat (0) tai G khiac A. D
thudc (O) sao cho DR || BC. AD cat (AEF) tai Q khac A. DE, DF cat (O) tai S, T
khac D. Ching minh ring BS, CT, GQ ddng quy.
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Bai 4 (5.0 diém). Cho sb nguyén n > 1. Bang 6 vuong A B C D kich thuéc n x n gdm
n? 6 vuong don vi, mdi & vudng don vi dudc td bdi mot trong ba mau: den, tring, xam.
Mot cach to mau dude goi 1a déi xitng néu mdi 6 ¢ tAm trén dudng chéo AC dudc td
mau xam va mdi cip 6 dbi xing qua AC dugc to cing mau den hodc cling mau trang.
Ngudi ta dién vao mdi 6 xdm s6 0, mdi 6 trang mot sd nguyén duong va mdi & den mot
s6 nguyén am. Mot cach dién s6 nhu vay dudc goi 1a k — cdn déi (v6i k nguyén duong)
néu théa man diéu kién sau

i) Moi cip 6 ddi xiing qua AC dudc dién cing mot s6 nguyén thude doan [—k, k].

ii) Néu mot hang va mot cot giao nhau tai & den thi tap cdc s6 nguyén duong dudc dién
trén hang d6 va tap cac sd nguyén duong dudc dién trén cot d6 khong giao nhau; néu
mot hang va mot cot giao nhau tai 6 trang thi tip cac s6 nguyén am dudc dién trén
hang d6 va tap cdc s6 nguyén am dudc dién trén cdt d6 khong giao nhau.

a) V6in = 5, tim gid tri nhd nhét ctia k d€ ton tai cach dién s6 k — can ddi cho cach to
mau dbi xiing & hinh bén dudi.

b) Véin = 2017, tim gid tri nhd nhat cta k dé v6i moi cach td mau dbi xding, ludn ton tai
cach dién sb k— can doi.

Loi gidi. a) Goi 4; lan lugt 1a tp hop cac sb nguyén duong trén hang i véii = 1, 2, 3, 4, 5.
Theo nhu hinh ctia dé bai, ta can c6 A, N A3 = @ vi hang 1, c6t 3 giao nhau tai 6 den va cot 3
thi gidng nhu hang 3. Tuong tu, A; N A4 = @, A3 N As = 0.

Ngoai ra, hang 1, cot 5 ¢6 chung 6 trang & goc nén hang 1, hang 5 théa man A; N As # 0.
Tuong tu thi A3 N Ay # @, A4 N As # @.

Trude hét, k = 1 khong di vi khong thé dién cling s6 1 d& cho A; N A3 = 0. Gid st véi k = 2
dién dugc, khi d6 |A;| = 1 vinéu |A;| = 2 thi khong con sd d€ chon cho Az. Gid st A = {1}
thi A3 = A4 = {2}, As = {1}. Nhung chi y ring A4 N As # @ nén mau thuin. Suy ra k > 3.
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Ta sé chiing minh k = 3 théa vdi cach dién nhu sau:

2
0 3
3 0

b) Diéu kién can: Trudc hét, xét cach t6 mau ddi xing nhu ban co, tic 1a tring den xen k& nhu
hinh, trong d6 vi tri (i, j) sé dudc to den néu i 4+ j chan, ngudc lai thi to trang.

Xét hai 6 tréng bt ky trong bang 6 vuong trén G vi tri (a, b) va (c, d), 1 <a, b, ¢, d < 2017.

e Néua + c chin thi b + d ciing chin, suy raa + d va b + ¢ 18. Khi d6, mot trong hai &
(a, d) va (b, ¢) sé dudc td den vi chiing khong thé cling nam trén dudng chéo mau xam.
Suy ra hai 6 vudng tring phéi dudc dién s6 khac nhau.

e Néua + c1éthib + d ciing 18, xét 6 (d, c) dién cung s6 v6i 6 (c, d) thi rd ring ta c6 thé
4p dung 1ap luan trén d€ suy ra hai sd dién cho hai 6 hai khdc nhau.

Tir d6 suy ra tit ca cac s6 dién cho céc 6 trang nam & niia trén bén phai ctia bang 1a d6i mot phan
biét. Do d6, ta thu dudc két qua

20172 — 1
k>24+4+6+---+2016=1008-1009 = ———,

N . - .. . L 2_ 9 ~ <. , Y Y A I
Diéu kién dii: Ta s€ chiing minh rang k = 2271 théa man bai toan bang quy nap rang két qua

u
~ . e .o 1.7 P 2 N ~ 21 2
trén cling ding v6i moi bang ¢6 kich thudc n x n véi n la so nguyén duong, cu thé la k = L%J .
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That vay, véin = 1, n = 2, n = 3, ta dé dang kiém tra dudc cic két qua tuong ting.
Xét n > 4 va gia st khang dinh diing v6i moi sb nguyén duong bé hon n.
Dénh s cach hang tit 1 — 5 va cot 1 — n. Ta sé chiing minh rang v6i moi vi tri ctia cac 6 den

thi ludn ton tai cach dién cédc sd nguyén duong khong vugt qua k, vao 6 trang con lai trong bang
(trudng hop dién s6 am thi tuong tu vi tinh binh dang).

Xét graph G = (V, E) ma V la tap hop cac dinh, dinh thi i tng v6i hangi va 1l <i < n;con
E 1a tap hop cic canh, trong d6 c6 canh ndi ti dinh thi i dén dinh thd j néu nhu tai 6 (i, j) va
6 (j, i) 1a 6 mau trang. Ta phat biéu bd dé sau:

B& dé (Dinh Iy Mantel-Turan). Xét mot graph don v huéng c6 n dinh va k canh. Khi do, néu

n2

graph nay khong c6 chia tam giac thi k£ < LTJ .
Ap dung vao bai todn, ta xét cic trudng hop sau:
e Néu graph G khong c6 chiia tam gidc, theo bd dé thi né sé c6 khong qua LéJ canh, nghia
1a ¢6 khong qua L%J o trang nén c6 thé dung k = LéJ s6 nguyén duong dién vao cic &
d6 (cho du vi tri ctia cac 6 den thé nao di nita).

e Néu graph G c6 chiia tam gidc, gia st cdc dinh a, b, ¢ phan biét dugc ndi v6i nhau doi
mot. Pidu nay tuong dng vé6i viéc cic 6 (a, b), (b, ¢), (c, a)va (b, a), (c, b), (a, c¢) 1a
giao diém ctia cic hang a, b, ¢ déu dudc td mau trang. Khi d6, cic sd dién vao cic 6 d6
khong can phai phan biét va tip hop cic 6 trang (néu c6) con lai trén cac hang a, b, ¢ cling
khong can phai roi nhau. RS rang trén moi hang sé con lai khong qua n — 3 6 nhu thé.

Khi dé, ta c6 thé dung 1 s6 d€ dién vao cic 0 tring & trén va dung khong qua n — 3 s6 phan
biét d€ dién vao moi 6 con lai cia moi hang.

Néu khong tinh 3 hang a, b, ¢, ta con lai n — 3 hang, st dung gia thiét quy nap thi can

khong qua L@J s6 nguyén duong phan biét cho cac hang do.

Do dé, trong trudng hop niy, sé luong sé nguyén duong phan biét can dung khong vudt qua

m=3°| |m=3>+40-2)| |Gm-1)7 _|
1+n—3+\‘—4 J—\\ 4 J_\\—4 J_LZJ

Tém lai, trong moi trudng hop, ta déu can st dung khong qua LéJ s6 nguyén duong phan biét

T Y U4 se 2 . 2| L o m AN 1N+ seq o
dé dieén vao cac 0 trang hay n6i cach khac k = L%J cting thda man dé bai véi bang n x n.

Theo nguyén ly quy nap thi khang dinh dudc chiing minh. VAy gid tri tbt nhét can tim ctia k 1a
20172

T_l. Bai toan dudc giai quyét hoan toan. O
Binh luan. Lai gidi dudc trinh bay & trén, chiing t6i c6 tham khdo y tudng ctia ban Nguyén Huy
Tung, thanh vién ddi tuyén IMO 2014 va ban Nguyén Hoang Tung Lam, hoc sinh truong THPT
Chuyén Ha Noi-Amsterdam, cling 1a mot trong céc thi sinh du thi VMO 2017.

Bai todn ndy thudc dang cuc tri t& hop va doi héi phai xii 1y c4 diéu kién can va di thi méi c6 thé
két luan dugc dap sb cia bai toan.
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O phan a), ta thiy kich thudc ciia bang 12 nhd nén c6 thé thit truc tiép cac sb dé ki€m tra va viéc
xdy dung ciing khd nhe nhang. Chi y rang mot sb c6 thé dudc st dung lai nhiéu 1an theo nhu dé
bai néu doc khong cin than, ta dé hi€u nham dap s cau a) la k = 5.

Phan b) thit thach hon nhiéu véi kich thu6c bang 16n, va quan trong hon 1a cach to dbi xiing tuy y
nén chua thé dinh huéng dudc ngay gia tri “vita di 16n” cta k.

Y tudng mau chdt 1a chi ra mot mo hinh dic biét ma & d6, doi héi gia tri k phai dat dugc cuc dai
thi mé6i da dé dién vao. Va ban cd & trén chinh 12 md hinh can phai tim, s6 cdc 6 den trang dan
xen doi hdi tat ci cac s6 duong dién vao cdc 6 trang phai phan biét nhau, cic sd 4m ciing thé.

Doan kh6 khin chinh 12 viéc xay dung cach ddnh s6 can dbi cho moi mo hinh. Thuc té 12 hau

. . ~ . 4 ~ . FIPTPN N 0 2_ X ~ o ~
nhu cdc cach xay dung truc tiép thudt toan d€ dién vao véi k = 227=1 déu khong thanh cong

do céc md hinh c6 thé bién d6i rat phiic tap. Cach tiép cin duing dd thi & trén ciing chi mdi chiing
minh dudc 14 cich danh s6 cin dbi sé ludn ton tai chif chua chi ra cach xay dung cu thé. Tuy
nhién, v& mit 1ap luan thi nhu thé 1a da.

Piém méi la ctia bai toan nay chinh 1a viéc sit dung ngdn ngit do6 thi d€ giai quyét van dé, mot
céch tiép can ma trudc gio kha it khi xuat hién trong cac ky thi HSG cip Qudc gia. Dinh ly
Mantel-Turan vé ton tai graph con day di trong mdt graph don vo huéng 1a tuong déi quen thuodc
dbi véi cac hoc sinh c6 hoc qua vé ly thuyét graph. Dic diém clia cac bai todn dung Mantel-Turan
1a thuding che gidu dudc van dé kha ky va kho xit 1y t6t bing cdc cach thong thudng.

Dinh 1y nay c6 cach chiing minh diing quy nap 1a phan hoach tip hop dinh thanh A, B rdi:

e DPém s6 canh trong A, dém sb canh trong B.

e DPém sb canh nbi gitta A, B.
D6 ciing 12 y tudng cho 16 gidi dd néu & trén. Dudi day 1a mot sd bai todn tuong tu da xuat hién
trong cac ky thi Olympic:

1. (MOSP, 2011) Xét cac s6 thuc x|, X, ..., X,. Chiing minh ring c6 khong qua é cap
(i, j)véil <i < j<msaochol < |x; —x;| <2.

2. (China TST, 1987) Trong mit phang cho 2n diém véi n > 2 va c6 tit ca n? + 1 doan thang
ndi chiing. Chiing minh ring
a) Ton tai it nhit mot tam gidc.
b) Ton tai hai tam gidc c6 chung canh.
c) Ton tai it nhit n tam giéc.
3. (Romania TST, 2008) Cho s6 nguyén duong n > 1. Xét mot nhém ngudi thda min dong
thoi cac dic diém sau:
i) Trong ba ngudi bat ky, ludn ton tai hai ngudi quen biét nhau.
ii) Trong n ngudi bat ky, ludn ton tai hai ngudi khong quen biét nhau.

Chung minh r?mg s lugng nguoi khong qua (”—1)#
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Bai 5 (6.0 diém). Tim tt ca cdc ham s6 f : R — R théa man hé thiic

FfO) = f(0) =2f(x) +xy (1)

v6i moi sb thuc x, y.

Loi giai. Thay x = 1 vao (1), ta dugc

) —fM)=y+2f(1), VyeR. (2)

Tur day c6 thé thAy ham f 12 mot song anh. Do do, ton tai duy nhét sb thuc a d€ f(a) = 0. Thay
X = a vao phuong trinh (1), ta dugc

flaf(y)) =ay, VyeR 3)

Trong (3), cho y = 0, ta dugc f(af(O)) =0= f(a). Twdo6,do f donanhnéntacdaf(0) = a.
Suy raa = 0 hoac f(0) = 1.

Xét truong hdp a = 0, tic (0) = 0. Thay y = 0 vao (1), ta dugc f(—f(x)) =2f(x).Do f
toan anh nén ta c6 f(x) = —2x v6i moi x € R. Tuy nhién, khi tht lai, ham nay khong théa man
phuong trinh (1). Do d6 a # 0, suy ra f(0) = 1.

Thay x = 0 vao (1), ta dugc f(—1) = 2. Thay y = a vao (3), ta dudc a®> = f(0) = 1, suy ra
a=1(do f(—1) =2), tic f(1) = 0. Bén day, ta ¢6 hai cach tiép cin nhu sau:

Céach 1. Do f(1) = 1 nén phuong trinh (2) c6 thé viét lai dudi dang
f(f»)) =y, VyeR (2)
Thay y béi f(y) vao (1) va st dung (2'), ta dugc
[y = f0) =2/(x) +xf(y), Vx,yeR.
Trong phuong trinh nay, ta xét x # 0 va thay y = @, ta dugc

f(X)),

X

1:2f(x)+xf(

suy ra

f(f(X)): l_if(X)’ v 0.

X

Thay y = @ vao (1) va st dung két qua trén, ta dudc

F(L=3f(@) =3f@). Vx #0.
Do f song dnh va f(0) = 1 nén v6i x # 0 thi 1 —3/(x) c6 thé nhan moi gid tri thyc khac —2.
Do do, tir két qua trén, ta suy ra dudc f(x) = —x + 1 véi moi x # —2.

Noi riéng, ta c6 f(3) = —2. Thay y = 3 vao (2'), ta dugc f(—2) = 3. Tom lai, ta cé
f(x) = —x + 1 v6i moi x € R. Thi lai, ta thly ham nay thda man cc yéu cau bai toan.
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Cach 2. Thay y = 1 vao (1), ta dugdc
f(=fx) =2f(x)+x, VxeR. (4)

Lan ludt thay x = —1 va x = —2 vao dang thic trén, ta dudc f(—2) = 3 va f(—3) = 4.Chiy
rang f(1) = 0 nén ta ciing c6 dang thiic (2) nhu cach 1 & trén, do d6 bang cach thay x béi f(x)
vao (4), ta dugc

f(=x) = f(x)+2x, VxeR.

Tu day suy ra f(2) = —1 va f(3) = —2. Bay gio, ta sé ching minh x = —1 la nghiém duy
nhét clia phuong trinh f (1) = —2¢. That vy, gia st c6 s6 b # —1 sao cho f(b) = —2b, ta thay
x =bvay =3vao (1) thi dugc 1 = f(0) = —4b + 3b, suy ra b = —1, mau thuan.

Vi két qua trén, ta thay y = 2 thi c6
f(—x — f(x)) = 2(x + f(x)) = —2(—x — f(x)), Vx € R.
Tu dé suyra—x — f(x) = —1, tic f(x) = —x 4+ 1 véimoi x € R. ]

Binh luan. Day la mot bai toan kha hay v6i do kho 6 muc trung binh. Bai nay thudc nhom
phuong trinh ham véi bién tu do va y tudng chinh vin xoay quanh viéc van dung tinh chit 4nh xa
ctia ham sb (don 4nh, toan 4nh, sonh 4nh) dé gidi. Piém thi vi & day 1a thay vi di vao mo-tuyp
dua vé ham cong tinh (ki€u bai thudng gip) thi bai ndy tin dung triét d€ tinh song dnh ctia ham
ciing nhu cic phép thé thi méi 6 thé gidi quyét thanh cong bai todn.

Nhu ching t6i da néi trong phan binh luan chung bai nay rat gidng v6i dé Olympic ctia Brazil
niam 2006: Tim tit ca cdc haim s6 f : R — R thoa man diéu kién

F(xf) + f(x) =2f(x) +xy, Vx,yeR.

Céch giai cua hai bai toan cling hoan toan tuong tu nhau. Pay 1la mot sy trung hgp thu vi. Duéi
day 12 mot s bai todn “tuong tu” khac:

1. (IMO Shortlist, 2002) Tim tit ca cac ham s6 f : R — R thda man
f(f(x) -I-y) = 2x—|—f(f(y)—x), Vx,y € R.
2. (Kiém tra Truong Pong Nam Bo, 2016) Tim tit cd cac ham s6 f : R — R thoa mén
F(f(x)+2y) =10x+ f(f(y) —3x), Vx,yeR.
3. (Baltic Way, 2010) Tim tit ca cac ham s6 f : R — R thda méin
FEA) + fey) = fO)f) +yf(x) +xf(x+y), Vx,yeR.
4. (EGMO, 2012) Tim tt ca cac ham sb f : R — R thoa man
fFfx+y)+ f(x)) =4x+2yf(x+y), Vx,yeR
5. (EGMO, 2012) Tim tét ca cac ham sb f : R — R théa man

fxfx+») = ff(x) +x% V¥x,yeR.
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Ngoai hai cach gidi thiéu & trén, ta ciing c6 mét hudng di khac “tht cong” hon mot chit nhung
cling kha ty nhién. Xin gidi thiéu cung ban doc 10i giai cia anh Pham Kim Hung (thanh vién doi
tuyén IMO cuia Viét Nam nim 2004 va 2005) nhu sau:

Dau tién, ta ciing thuc hién cdc budc 1am tuong tu nhu cdc 16 gidi trén dé chitng minh £(0) = 1,
f(=1) =2, f(1)=0va f(f(x)) = x. Tiép theo, 1an lugt thay y bdi f(y) va x bdi f(x) vao
phuong trinh (1), ta thu dudc cac két qua sau:

fxy = f(x) =2f(x) +xf(»), Vx,yeR )
va
F(f&)f()—x)=2x+yf(x), VYx,yeR (6)
Thay x = —1 vao (5) va (6), ta dudc
fy=2)=4-7f)= fO -2+ f(-y) =4 VyeR (7
va
fefm+1)==2+2y= fQy-2)=2f(y)+1. VyeR (8)
Thay y = 0 vao (6), ta dudc
f(f(x)—x):2x:>f(x)—x:f(2x), Vx € R. 9)
Thay y = 1 vao phuong trinh (1), ta dugc
f(=f) =2f(x)+x = f(=x) =2x + f(x), VxeR (10)

Két hop (7) va (10), ta dudc
4— f(x=2)=2x+ f(x) = f(x)+ f(x—2) =4—2x, VxeR. (11)
Két hop (8) va (9), ta dudc
f@x)= f(x)=x=2f(x+ 1) +1=2f(x)+x= f(x—1), VxeR.
Thay két qua nay vao (11), ta dugc
4-2x = f(x)+2f(x—D+x—1= f(xX)+2[2f(x) +x] +x—1=5f(x) +3x — L.

Tudosuyra f(x) =—x+1, VxeR.

Loi gidi trén tuong d6i cong kénh nhung ciing mang dam tinh phucng phap. Y tuéng mau chbt
ctia 16i gidi chinh 12 thiét 1ap mbi quan hé gitta f(x), f(x — 1), f(x —2) dé ti d6 di dén 10i
giai. Ta tam goi nhiing dang thifc thé hién cac mbi lién hé nay 1a nhitng dang thiic “kiéu truy hoi”
(vi gibng diy dang truy hoi). Phuong phép sit dung nhiing dang thiic ki€u truy hoi 1a mot trong
nhitng phuong phép rit dep va thong dung trong giai phuong trinh ham. Ta c6 thé bat gip kha
nhiéu bai toan dang nay trong thi Olympic Todn:

1. Tim tit ca cic ham sd f : R — R thda min

Say)=f)f)—fx+y)+1, Vx,yeR
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2. (India, 2003) Tim tAt ca cac ham sb f : R — R théa man
S+ )+ f) =) f)+ flx+y), Vx, yeR
3. (IMO Shortlist, 2005) Tim tit ca cac ham s6 f : R — R thda méin
Sx+y)+ fx)f(y) = flxy)+2xy+1, Vx,yeR

4. (Bulgaria, 2005) Tim tt ca cdc ham s6 f : R* — R* théa min

FO24y) = )+% Vx.y €R* x> 4y £0.

5. (IMO Shortlist, 2012) Tim tit ca cac ham s6 f : R — R théa man f(—1) # 0 va
SA+xy)= flx+y)=f)f(y), Vx, yeR
6. (IMO, 2015) Tim tit ca cdc ham sd f : R — R thoa min

fx+ fx+p)+ fxy) =x+ f(x+y)+rf(x), VYx.yeR

Mot diéu thu vi khac 13, ban than déng thiic (5) cling ¢6 thé coi nhu mdt phucng trinh ham
doc 1ap va ciing ¢6 thé gidi dudc. Tham chi diy la mot bai toan dep véi ba nghiém ham 1a
f(x) =0, —2x va 1 — x. Ban doc c6 th€ thi siic v6i bai toan nay.

Bai 6 (7.0 diém). Chiing minh ring

1008
a) Y kCjy, =0 (mod 2017%).
k=1

504

b) Z( Hkck ., =321 — 1) (mod 2017?).

Ldi giai. a) Ta c6 bién ddi
1008 1008 1008
k -2017! 2016!
Z = k!(2017 = k)! kZ=1 (k — 1)!1(2017 — k)!

1007 1007

2016!
= 2017 - =2017-Y Ck
Z < k!(2016 — k)! ;:; 2016

1007 2017 2016
— — k
= 2017~ Z C2016 = D) (Z C2016 Czl(?log)

(221 — Coo28)  (mod 2017%).
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Ngoai ra, vi 2017 12 sb nguyén t6 nén theo dinh 1y Fermat nhd thi 22°1® = 1 (mod 2017). Hon
ntia, ta cling co

1008 _ 1009 - 1010---2016 — 1008!

2006 © 1 T 1008!
(2017 = 1)(2017 — 2) - (2017 — 1008) — 1008!

1008!

Dé thiy tii sd chia hét cho 2017 va 1008! nguyén t6 cung nhau véi 2017 nén

C,o08 =1=2%1% (mod 2017).

Do d6, tdng di cho chia hét cho 20172,

b) Quy udc ky hiéu% = % (mod m) véia, b, ¢, d € Z, bd # 0vam € Z*, m > 1 néu dang
rit gon clia phan s 24=5¢ ¢6 ti chia hét cho m.

Trudc hét, ta c6 nhin xét rang v6i p nguyén t6 bat ky thi

k-1P

C;f = (—1) (mod p?).

That vay, ta co

ck—_ Pt _p (p-k+tDp—-k+2)---(p—1)
Pkl p—k) k (k —1)!
nén suy ra
ot 2 (p—k+D(P=k+2)(p=1) = (D" (k-1
k (k —1)! '

Dé thiy tong trong ngoic vuong chia hét cho p? nén nhan xét dudc chiing minh.
k—1
Tu do, ta cling co %Cllf = % (mod p). Suy ra

504 504 504

201 201
S D Chy = Y (DD 7_Z< w1 22

k=1 k=1

= 2017 Z (mod 20173).

Ta dua vé chiing minh

504
1
—2017 Y — = 322016 | d 20177
k§=1 3 ( ) (mo )

hay

£ =" 5o (mod2017).

%‘i 1 3(22016 _ 1)
— 2017
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batS, =1+1+--+i neZtthirorang} -1+ — 5 = S5, — S,. Do d6

1008

S504 - S1008 - Z ( 1) — S2016 Z ( 1)

2016 1008

(1)
X

1008

DE y ring Sz016 = Y (§ + 350—) = 0 (mod 2017) nén ta dua vé chiing minh
k=1
(D" (—1) 3(22016 _ 1)
7 = d 2017).

St dung lai nhan xét & trén, ta dua vé

1 2016 1008 3(22016 —1)
01 (Z Croir + ) Czkon) = =57 (mod2017).
k=1
Tuy nhién, day lai 1a dang thifc vi
2016 1008 2016 2016 3 2017
Z C 2017 T Z Czkon = Z C 2017 T 5 Z Czkon = 5 (Z Czkon _2)
k 1 k=0
3 22017 )
= % = 3(2%°1° — 1) (mod 2017).
Ta c6 diéu phai chiing minh. O

Binh luan. Loi gidi trén, ching t6i c6 tham khao y tudng cia ban Pham Ng6 Thanh Dat, sinh
vién truong Pai hoc KHTN, PHQG TPHCM.

Bai 6a c6 thé giai quyét nhe nhang nhd viéc rit gon biéu thic va dung dinh ly Fermat nhd. Tuy
nhién, & bai 6b, ta can c6 cach khai thac va bién d6i ding hudng mdi c6 thé xi Iy gon gang dudc.
That vay, c6 kha nhiéu huéng d€ tiép can bai 6b, ching han:

e VG6i cach ddt nhu trén, ta ciing c6 thé dua vé chitng minh dong du thiic
3S1008 = 2S5()4 (mod 2017)
Tuy nhién, do khong thé ghép ciip truc tiép nén khé chiing minh mot cach truc tiép duoc.

e Néu ta dung cong thic vé tam gidc Pascal, c6 thé rit gon tdng & vé trdi thanh C 4k — 1 va
dua vé ching minh két qua Cy2 — 1 = 3(22°1° — 1) (mod 2017?) hay

Cote 12 — 92016

3 (mod 2017%).

Néu nhu thay 2017 bi s6 p nhd hon thi ¢6 thé dung cong thic Legendre dé tim v, (C5ot) »
nhung & day s6 2017 qua 16n nén van khé phat trién tiép dudc.

Két qua clia bai toan nay c6 dugc nhd 2017 1a sb nguyén t6, hon nifa, & cu b, ta con can ¢6 2017
chia 4 du 1. Véi 15i giai nhu trén, rd rang bai toan ciing ding véi moi sd nguyén tb p = 4k + 1.
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Nhan xét CX = (-1 )* 712 (mod p?) sit dung & trén con la ¥ tudng d€ giai quyét bai todn:
1. (N7, IMO Shortlist, 2003) Cho p 1a s6 nguyén t6 1é. Dit

ab~1

2

a a
Se=—+—+-- AR

R a

p—1
Dit S3 + S4 — 385, = T véim, n € Z7%. Ching minh ring p | m.

C6 thé néi ring bai 6b 12 mot két qua dep va dé chiing minh né, ta con phai bién déi khé va meo
muc hon ca bai N7 trong IMO Shortlist & trén.

Tuy nhién, viéc chuyén d6i gitta hé s6 nhi thiic va phan sb trong dong du thic lién quan dén s6
nguyén t& da xult hién trong cic bai cii hon nhu:

2. (IMO, 1979) Chiing minh rang + — 3 + 3 — - + 1375 = 0 (m0d1979).

3. (Putnam, 1980) Cho p la s6 nguyén td, ching minh ring
p . .
ZC;C;H =27 +1 (mod p?).
i=0

4. (Putnam, 1996) Cho p > 5 la sb nguyén tb va dit k = | 22 | thi

Z:C;7 =1 (mod p?).

i=1

N6i thém vé céc bai toan lién quan dén dong du thiic ctia phan sd, ta con c6 dinh 1y Wolstenholme:

L e ! 0 (mod p)
N & —— mo
EE (-1 !
va 1 1
b b 4 =0 (mod p?).
1+2+ +p—1 (mod p~)

Trén co s& nay, ta con co thé gidi quyét cac bai todn sau:

5. (APMO, 2006) Cho p > 3 14 sd nguyén t6 va r 13 s6 cach dit p quan c& 1én ban co hinh
vudng c6 kich thuéc p x p sao cho khong c6 hai quan cd nao cling hang (nhung c6 thé
cling cot). Chiing minh rang p° | r.

6. (KHTN, 2010) Cho day s6 (u, ) x4c dinh bdi

up = 0,
(4n + 2)n? 3n +1

u = —U —_—, n = 1
n+1 (}’l + 1)4 n (n T 1)4

Chitng minh rang day sb nay chia vo sd sd hang nguyén duong.
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7. (Chon doi tuyén Nghé An, 2012) Cho p > 3lasdnguyéntévadit M = {1,2,..., p}.
V6i mdi s6 nguyén duong k théa 1 < k < p,xéttaphop Ex = {A C M : |A| = k}
va dai lugng x = ) 4., (min A 4+ max A). Chiing minh ring

p—1

Zkallf =0 (mod p?).
k=1

Bai 7 (7.0 diém). Cho tam gidc nhon A B C ndi tiép dudng tron (O) va G 1a mot diém
thudc cung BC khong chita O clia dudng tron (1) ngoai tiép tam gidc O B C. Pudng tron
ngoai tiép tam gidc A BG ciat AC tai E, duong tron ngoai tiép tam gidc AC G cat A B tai
F (E va F khac A).

a) Goi K la giao diém ctia BE va C F. Ching minh ring AK, BC va O G dong quy.

b) Cho D la mot di€ém thudc cung BOC chia O cia dudng tron (1); GB cat C D tai
M, GC cit BD tai N. Gia st M N cit (O) tai hai diém P, Q. Chiing minh ring
khi G thay d6i trén cung BC khong chiia O ctua dudng tron (7 ), dudng tron ngoai
tiép tam gidc G P Q ludn di qua mot diém cb dinh.

Lagi giai. a) Taco
LEGF = ZBGE + ZCGF - ZEGF
=360°—2/4ZBAC — (180° —2ZBAC) = 180°
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nénba diém E, G, F thang hang. Tud6 ZABK + LZACK = ZAGE + ZAGF = 180°
nén K thudc (O). Dé thiay G 1a diém Miquel nén dé chi ra hai tam gidc GBA va GK C dong
dang (g-g), vay L BGA = ZK G C. Lai c6 G O la phan giac Z BG C nén G O la phan giac
/AGK.Tidékéthdp OA = OK thi AOK G ndi tiép. St dung truc dang phucng dé thiy ba
dudng thaing AK, OG, BC ddng quy.

8

b) O phin nay, ta chi can (O), (/) la hai dudng tron c¢b dinh qua B, C cb dinh va D cb dinh

trén (1) con G di chuyén trén (I). Ap dung Pascal cho bd ( g g IG) ) déchira M, N di

qua giao tiép tuyén tai B, C 12 J cta (/) cb dinh. Goi JD cat (1) tai X thi X ¢b dinh va td
gisdc BCDX diéuhoanén G(BC,DX) = —1.

Goi MN cat BC tai T thi G(BC, DT) = —1,twd6 GX diqua 7. Suyra

TX -TG=TB-TC=TP - -TQ.

Diéu nay ching t6 (GP Q) di qua X c¢b dinh. Goi (GP Q) cat DX tai Y thi

JX-JY =JP-JQ

bang phuong tich ctia J d6i véi (O) khong d6i nén Y c¢b dinh. Suy ra dudng tron (GP Q) di
qua hai diém X, Y cb dinh. O

Binh ludn. Bai hinh niy dugc xép vao bai todn 7, dudc coi 1a cAu khé nhit ctia dé thi. Ca hai y
déu c6 sit dung phuong phdp xa anh. O y b) phuong phdp xa anh dudc thiy ro rét thong qua cic
tinh chét ciia tit gidc diéu hoa. Y b) sé thuc su 1a thach thic néu ngudi giai trong phong thi phai
st dung thudc va compass d€ vé hinh va giéi.
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Dudi day 1a mot s6 md rong:

1. (M4 rong y a) bai toan 7 VMO 2017) Cho tam gidc A B C ndi tiép dudng tron (0).
Mot duong tron (K ) di qua B, C. Trung truc BC cat (K) tai M, N. P la diém thudc
(K). PM cat CA, AB tai E, F. BE cat CF tai L.Ching minh ring ba duong thing
AL, PN va BC dong quy.

2. (M4 rong y b) bai todan 7 VMO 2017) Cho tam gidc A B C ndi tiép trong dudng tron (O).
P di chuyén trén dudng tron ngoai tiép tam giac. S, T 1a hai diém cb dinh trén (O).
PS, PT lanludtcat CA, AB tai E, F. EF cat mot dudng tron (K) c¢b dinh qua
B, C tai @, R.Chiing minh rang dudng tron (P Q R) ludn di qua hai diém cb dinh khi
di€ém P di dong trén dudng tron (O).
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