OLYMPIC GAP GO TOAN HOC 2017 KHOI 11

Olympic giap g6 toan hoc 2017 khéi 11

Pham Qudc Sang
Cuu hoc sinh truong THPT Chuyén Nguyén Binh Khiém, tinh Qudng Nam
Pham Hiuu Hiép
Cuu hoc sinh truong THPT Chuyén Tién Giang, tinh Tién Giang

Do thdoi gian gap rat nén bai viét khé tranh khéi nhiing sai s6t. Mong cac ban thong

cam va gép ¥ dé bai viét dude hoan thién hon.

~—1 Bail

Cho ba s6 thyc khong am x,y, 2 thda man dieu kién zy + yz + 2o < 1. Chting minh

rang ta c6 bat ding thic

l—ay—yz—u2< (6—2\/6) (1 —min{z,y,z2}).

N

Lai giai. Gid st: z = min (z,y,2) = 1 —ay —yz —zz < 1 — 322
Khi d6 ta can chitng minh

1-322 < (6—2v6) (1—2)

&322 -2(3-V6)2+5-2V6=0. (¥

Xét tam thire bac hai

f(2) :322—2(3—\/6),2—1—5—2\/6.
Ta co

A= (3-6)" =3 (5—2v6) = 0.

Nén hai nghiém ctia tam thiic
_3-6
i

21 — %2

T do6 suy ra

f(z) = 3(2 - 3_3\/6>2 > 0.

Vay (x) da duge chiing minh. [ |

Binh luan. Day la bai toan kha hay. Nhiéu hoc sinh sé cam thay bai toan rat la khi
trong bai xuat hien min {z,y, z}.
Tuy nhién, gid thiét nay chinh 14 chia khoa gitp hoc sinh dit z = min (x,y, z). T d6 dua

bai toan vé viéc chiing minh mot tam thitc bac hai khong am.
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Bai tap tuong tu.
Cho ba sb6 thyc a, b, c. Chitng minh rang

l+a?++c > (2v3-3) 2+ min{a+bb+cc+a}).
( Pham Quéc Sang )

Loi gidi. Gidsta>b>c=b+c=min{a+b,b+c,c+a}.
Khi d6 ta co

b? 2
lra? P14 C

1 1 3
AR 1+Z(b+c)2+§(b+c)2:1+1(b+c)2.

Khi d6 ta can chiing minh

1+i(b+c)2> (2v3-3)(2+b+c). (1)

bat t = b+ ¢ thi (1) tré thanh

1+it2>(2\/§—3)(2+t)

©2t2—(2\/§—3)t+7—4\/§>0.

Xét f(t) = th - (2v3-3)t+7—-4V3.

Ta c6 Ay = (23 —13)" =3 (7—4v3) = 0.
_4V3-6
3

14 hai nghiém cta f(¢).

f<t>:2(t—4“§3‘6) >0

Vay bat dang thic da duge chiing minh.
. 2v/3 -3
Dang thic xay ra khi a =b=c = \/_3 . |

Tim tat cd ham f : R — R théa diéu kien

f@) + flmy) = f(@)fy) +yf(@) +af(z+y) Yo,y eR (x)

Loi gidi. f(2?) + f(zy) = f(2)f(y) +yf(@) +xf(z+y) (%)
Cho = = 0 khi d6 () trd thanh

2f(0) = F(0)f(y) +yf(0) VyeR (1)

Thay y = x vao (1) ta duge
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THI1. f(0) # 0 ta chia hai vé ctia (2) cho f(0) ta dugc

flz) =—x+2 VzeR.

Thay f(x) = —x + 2 vao (x) ta thay f(x) = —z + 2 khong thoa.

TH2. f(0) =0.
Thay y = 0 vao (x) ta dugc

Thay x b6i —z vao (3) ta duge

Do do

Thay y = —x vao (%) ta dugc

f(a?
f (@) (f (2) +2) =0
f (@)=
f @)=

=

Thi lai ta thay f(z) =0 va f(x) = —z thoa (x).

)+ (=) = f(2) f(—x) —af ()
Saf(x)—af(x)=—f(x)—af(z)
(

Binh luan. Bai phuong trinh ham kha don gidn. Hoc sinh chi can thay mot vai gia tri

dzc biet thi sé nhan ra rang ham f 13 ham 18 tréen R. Tt d6 ta dé dang di dén dap so bai

toan.

Bai tap tuong tu.
Tim tat cd ham f: R — R théa diéu kien

flaey) —zfe+y)+ fly) + 1= f(—=2®) + f(2)f(y) + 2 f(y) +

f(@).
( Pham Quoc Sang )

Chiing minh rdng véi moi s6 nguyén duong n, ton tai s nguyén x sao cho z3 + 2017

chia hét cho 3" nhung khong chia hét cho 3"
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Loi giai. Hién minh chua giai ra bai nay.

Néu cac ban hodc thay co6 ndo giai duge xin chia sé cho ching t6i tham khao dé hoan
thien them bai viét.

Xin chan thanh cam on.

Cac ban, cac thay co co thé giii bai qua dia chi mail sau:

phamquocsang1995@gmail.com [ |

f—4 Bai 4
Cho tam giac ABC. Diém P di dong trén canh BC. Tren AC, AB lan lugt lay cac
diém @, R sao cho PQ//AB,PR//AC.

a) Chiing minh rang dudng tron ngoai tiép tam gidc AQR luon di qua mot diem
c6 dinh X # A Khi P di dong trén BC.

b) Kéo dai AX cit dudng tron ngoai tiép tam gidc ABC tai diém thit hai K.
Chitng minh ring X 1a trung diéem AK.

N

Lai gii. a)

Goi giao diém ctia dudng tron (%)) qua A, B tiép xic véi AC cit dudng tron (63) qua
A, C tiép xtic v6i AB tai X.

Xét ABXA va AAXC ¢6

ABX = CAX, (cung chan AX cta dudng tron (€1));
BAX = A/C’?(, (cting chan AX ctia dudng tron (62)).
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Suy ra
ABXA ~AAXC, (g —g).
Suy ra
BX _ 4B 0
AX  ACT

Mat khéac, do PQ || AB va PR || AC nén

RB BP AQ
AB BC  AC’

Suy ra
RB AB
oAb @)
AQ  AC
T (??7) va (?7) suy ra
RB _BX
AQ  AX
Hon ntia
ABX = CAX, (ciing chén AX ciia duong tron (€7)).
Do dé
ABRX «~ AAQX, (c—g —¢).
Suy ra

RXQ = AXDB = 180° — RAQ.
Suy ra ti gidc AQX R noi tiép.

Goi tiép tuyén tai B,C cta O, (v6i O la tam dudng tron ngoai tiép tam giac ABC)

giao nhau tai S.

N BRC_ BXE 4 EXC - XAB s XBA+ XA0+ ACX
— XAB+ XAC + XAC + BAX
= 2BAC =2SBC.

Suy ra

BXC + BSC = 2SBC + BSC = 180°.

Do do6 tit gidc BXC'S nai tiép dudng tron.
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Mat khéc, tit gidc OBSC ciing noi tiép dudng tron.
Nhu vay, nam diem O, X, B, S, C ciing thuoc dudng tron.
Ta lai c6 OS L BC, (tinh chat tiép tuyén) nén S 1a diém chinh gitta cung 16n BC cia
dudng tron ngoai tiép nam diém O, X, B, S, C.
Mat khac BXK = CXK (: B/E') nén X K di qua diém chinh giita cung 16n BC ctia
dudng tron ngoai tiép nam diéem O, X, B, S, C, tic la S. Vay A, X, K, S thang hang.
Suy ra

OXS = OBS = 90°.

Vay X la trung diém ctia cung AK.
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Nguon tham khao
1. diendantoanhoc.net

2. https://www.facebook.com/groups/Loicenter /permalink /1560806647325837/
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