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Do thi khong chira 4- chu trinh:

Bai toan 1 : (Reiman) Néu do thi G =(V,E) véi n dinh va khong chira 4-chu trinh thi

E|< { (1+sz_3)J.

Loi gii:

Budc 1: Panh gia: Goi G =(V,E)lamot do thi C, — free voitap dinh V ={1,2,...,n}, va d,,d,,...,d, lan
luot 12 bac ciia cac dinh twong ing. Ta thyc hién dém bang hai cch s6 phan tir cuatap S cac bo (u,{v,w})
sao cho v khong c6 canh néi véi w va dinh u lién hop véi ca hai dinh v va w.

Nhan xét: Moi cap {v,w} chi c6 nhiéu nhat mot 1an can chung , do tinh chat C, — free cua do thi G .

o - s . . (d . :
Céch 1: Véi moi dinh x ta chon ra hai lan can bat ki cua né ,cé (ZX] cach dé thuc hién.

Do do,

S|= Z(:Xj , chll y nhan xét.
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Cach 2: Tir nhan xét , thi |S| < So cach chonratap {v,w} tr V = (ZJ .

Tur day ta ¢6 : z(: js( J:Zdz dd.<n’-n=>d}<> d +n*-n.
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Ap dung bit dang thirc Cauchy-Schwarz: [Z dxj <n) d:
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:{Zd) <ny d,+(n*-n)n
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, ta thu duoc bat phuong trinh |E| ——|E| MSO.

Str dung hing dang thic Euler: 1
xeV

Giai bat phuong trinh ndy ta thu duoc : |E| { (1+ Jan— B)J :

Buéc 2: Xay dung cAu hinh téi wu. Ta xét trudng hitu han Z , céc sé nguyén module theo s6 nguyén td p .
Xét khong gian vector V 3-chiéu trén Z ,- Taxay dung dd thi G, trén X theo cach sau:
- C4c dinh cua G, 1a cac khong gian con 1-chiéu, [v]= span,, {v},0=veX.
- Néi hai khong gian con [v],[w] khi va chi khi “ tich v huéng” (v, W) =V, +V,W, +V,w, =0.

Luu y rang c4c vector =0 nén cach ta xéc dinh 1 hoan toan dung dan.
(Theo ngdn ngix hinh hoc, xem bai * Cac bai toan ve tap hep” , thi cac dinh 1a cac diém cia mat phang xa
anhtrén Z , hai dinh [w]duoc ndi vé6i [v] néu w ndm trén duong thang dbi cyc cua v.) Tatién hanh kiem

tra lai c4c tinh chat cua do thi G, .
1)Tinh chat C, — free :
That vay, gia st [u] 1a 1an can chung cua [v] va [w], thi u=(u,,u,,u,) 1a nghiém cua h¢ tuyén tinh :
ViU, +V,U, +V,u, =0
WU, +W,U, +W,u, =0
Do v va w 1a doc lap tuyén tinh nén hé trén cé tap nghiém 1a mot khong gian con 1-chiéu, c6 nghia 1a lan
can [u] ton tai va duy nhét.




2) S6 dinh ciia db thi G :

Khong gian vector V chtra p®—1 vector = 0. Mdi khong gian con 1-chiéu chra p—1 vector = 0. Do d6
3

p° -1

khong gian vector V c6 L= p? + p-+1 khong gian con 1- chiéu, G, c6 n=p’+ p+1 dinh.

3) B4c ciia cac dinh ciia dé thi G
Theo céch ma ta xay dung do thi G, thi bac cua mot dinh [u] 1a s6 cac nghiém khéc O cua phuong trinh
uX+u,y+u,z=0
Nghiém cta phuong trinh 1a mot khéng gian con 2-chiéu. Do céac khong gian con 2-chiéu chira p? -1
vector = 0. Mdi khéng gian con 1-chiéu chira p—1 vector = 0. Do d6 khong gian vector V 6
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P 1= p+1 khong gian con 2- chiéu. Luu y mt diém nhan quan trong la ban than u cling c6 thé la mot
p —_
nghiém ciia phuong trinh nay. Nén ta can tinh s6 cac khdng gian con 1-chiéu nam trén conic :
X*+y*+2°=0
Bo dé : Phuong trinh X*+y?+2? =0 c6 ding p+1 nghiém trén Z3 /{0} .
Chirng minh ciia bo deé:
Do mét khdng gian con 1-chiéu dugc dic trung boi vector co s& v, cuand , nén goi v,,v,,...,v

p?+p+l
cac khong gian con 1-chiéu . Khdng gian con 2- chiéu twong tmg véi u=(u,,u,,u, ) la tap nghiém cua
phuong trinh uX+u,y+u,z =0 ta déc trung n6 bai vector u=(uj,u,,u,). Khi dé, mot khong gian con 1-
chiéu dgc trung boi v;, nam trong khong gian con 2-chiéu dic trung boi v, khi va chi khi <vi,vj> =0.

Xét ma tran 0-1, A=(a;) c6 cp (p*+ p+1)x(p*+ p+1) véi cac hang va cac cot duoc danh s6 boi

Vi Varee Vo (ta st dung cung mot thir tu ) voi a; =1 khi va chi khi <vi,vj>:0. A 1a mot ma tran thuc doi

21p+l
xtng va a; =1 khi va chi khi (v;,v;) =0, hay néi cach khac khi v, ndm trén conic x* +y?+2* =0 nén
trace(A) dém sé khong gian con 1-chiéu ndm trén conic x*+y*+2z?=0.
Tatinh trace(A).

Tir dai s6 tuyén tinh ta biét rang vét bang tong cac gia tri riéng cia ma tran A. Ta c6 mot s6 nhan xét vé

ma tran A nhu sau:
- Moi hang cia ma tran A chura chinh xac p+1 s6 1. Do d6 p+1 la mot gia tri riéng cua A tuong urng

V6i vector riéng 1 (vector 0 tat ca cac thanh phan bang 1), béi vi Al=(p+1)1.
- V6i hai hang bat ki v,,v; phan biét thi ta luon tim dugc chinh xac mot cot sao cho tai giao diém cua cot
nay véi hai hang v;,v; dugc dién s6 1.
Str dung hai két qua nay va mot sé tinh toan co ban ta thu duoc :

p+1 1 .. 1
9 1 p+1 1 , \ n . \ n ;s A ,
A® = 1 1 1 =pl+J,trong d6 | la matran don vicon J la matran co cac phan tir
1 1 .. p+l
déu bang 1.

Matran J c6 1 giatririéng p®>+ p+1 va p?+ p gia tririéng 0 ( thu duoc bang tinh toan tryc tiép)
Do d6 A? c6 1 gia tririéng p° +2p+1:(p+1)2 va p°+ p giatririéng p. Theo nhan xét thi A 1a ma tran
ddi xtng nén chéo hoa dugc va ta nhan thay rang cac gia tri riéng ciia A chi co thé 1a p+1 hoac —(p+1)

va p’+ p gid tririéng +,/p . Theo nhan xét thi gid tri riéng dau tién phai 1a p+1. Gia st \[p c6 sb boi la



s va \[p cosbboilar thi trace(A)=p+1+s\p—ryp. Do trace(A) la motsé nguyén nén
trace(A) = p+1.

Tro lai vin d& ma ta dang xem xét thi tir b détacd p+1 dinh bac p (loai bé di ban thannd ) va
(p*+p+1)—(p+1)=p* dinhc bac p+1 . Suyra

g (PP, p*(p+1) _(p+1)"p :(p+1)p(1+(2p+1)): p24+ D1+ ap? +4p+1)

2 2 2 2
Do n=p’+ p+1:>|E|=nT_1(1+«/4n—3).
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