LOI GIAI VA BINH LUAN DE THI IMO 2018

Tran Nam Diing — Vo6 Quéc Ba Can — Lé Phuc Lit
Nguyén Van Linh — Nguyén Lé Phudc

1. Vai nét vé ky thi IMO 2018

Ky thi Olympic Toan hoc Quéc t& (IMO) lan thit 59 dudc td chic & thanh phd Cluj-Napoca,
Romania vé6i su tham gia ctia cac doi dén tir 114 nu6c, mbi doi dudc tham gia véi tdi da 6 hoc
sinh. Tham du ky thi 14n nay, ddi tuyén Viét Nam gdm céc ban:

1. Tran Viét Hoang, 16p 12 Todn, trudng THPT chuyén Trin Phu, Hai Phong.
. Truong Manh Tuén, 16p 12 Toan 1, trusng THPT chuyén KHTN, PHQG Ha Noi.
. Nguyén Quang Bin, 16p 12 Toan 1, truong THPT chuyén KHTN, DPHQG Ha Noi.
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4. Db Hoang Viét, 16p 12 Toan, trudng THPT chuyén Nguyén Quang Diéu, Pdng Thap.
5. Phan Minh Durc, 16p 11 Toan, truong THPT chuyén Ha Noi-Amsterdam, Ha Noi.

6

. Trinh Vin Hoan, 16p 12 Toan, trudng THPT chuyén Tran Phu, Hai Phong.

Doi tuyén Viét Nam tham dy IMO 2018 (tir trdi sang): thay Lé Bd Khdnh Trinh, D6 Hoang Viét,
Nguyén Quang Bin, Trinh Viin Hoan, Tran Viét Hoang, Truong Manh Tudn, Phan Minh Piic.
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Céc thay tham gia ddn doan 1a thdy L& Anh Vinh (Vién Khoa Hoc Gido Duc Viét Nam,
Bo Gi4o Duc Pao Tao — Trudng doan), thay Lé B4 Khanh Trinh (PH KHTN, PHQG TP
HCM - Ph6 doan), thay Vil Thé Khoi (Vién Toan hoc — Quan sdt vién A) cung nhiéu thay
gido dén tir cac don vi lién quan.

Céc thi sinh khi tham dy ky thi phéi trai qua budi thi (dién ra vao cac ngay 09/07/2018 va
10/07/2018). Mdi buéi thi, thi sinh phai 1am mot dé thi gdm c6 ba bai toan, mdi bai toan thudc
mdt trong cdc linh vuc: Pai s6, S6 hoc, T6 hop, Hinh hoc. Ba bai toan dudc chon vao dé thi &
moi ngay phai ddm béo ¢6 1 cau dé, 1 cau trung binh va 1 cau khé. Do khé clia cdc bai toan duge
xép ting dan theo thif tu. Piém ti da cho mdi bai toan 13 7 diém. Thai gian 1am bai cho mbi bai
thi 12 4 gio 30 phit. Ciu triic dé thi ctia nim nay nhu sau:

e Ngay thi tha nhat: Hinh hoc (bai 1), Dai s6 (bai 2), S6 hoc (bai 3).
e Ngay thi thit hai: TS hop (bai 4), S6 hoc (bai 5), Hinh hoc (bai 6).

Két thiic ky thi, ban t& chic quyét dinh trao huy chuong Vang cho cic thi sinh dat tit 31 diém dén
42 diém, huy chuong Bac cho céc thi sinh dat tir 25 diém dén 30 diém, huy chuong Pong cho cic
thi sinh dat tlf 16 diém dén 24 diém. Ngoai ra, ban t& chiic ciing trao ting bang khen danh du cho
cac thi sinh khong dat huy chuong nhung giai tron ven mdt bai toan nao do6 trong hai ngay thi.

C6 hai thi sinh dat diém tuyét doi ctia ky thi 1a Agnijo Banerjee (Vuong quoc Anh) va James Lin
(My). Két qua xép hang khong chinh thiic, doi My 1a doi dan dau véi tong sd diém 212 (5 huy
chuong Vang, 1 huy chuong Bac), tiép theo trong top 10 1a cac ddi Nga, Trung Qubc, Ukraine,
Thai Lan, Pai Loan, Han Quéc, Singapore, Ba Lan va Indonesia. Poi Viét Nam vé6i 148 diém (1
huy chuong Vang, 2 huy chuong Bac, 3 huy chuong Pong) xép thi 20.

Hai thi sinh dat diém tuyét dbi ctia ky thi (tf trai sang): James Lin, Agnijo Banerjee.
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Thanh tich cu thé cta cdc thanh vién ddi tuyén Viét Nam nhu sau:
1. Tran Viét Hoang: 19 diém, huy chuong Pdng.

Truong Manh Tuén: 22 diém, huy chuong Pdng.

Nguyén Quang Bin: 35 diém, huy chuong Vang.

D& Hoang Viét: 17 diém, huy chuong Pdng.

Phan Minh Dirc: 29 diém, huy chuong Bac.

o @ & Wb

Trinh Van Hoan: 26 diém, huy chuong Bac.

Doi tuyén Viét Nam chup anh ky niém tai 18 bé mac IMO 2018 (tht tu, tif trdi sang): D6 Hodng

Viét, Trdan Viét Hoang, Trinh Vin Hoan, Nguyén Quang Bin, Phan Minh Diic, Truong Manh

Tudn, thay Lé Anh Vinh va céc thay gido di cung doan.
Mot diéu dic biét 1, ngoai doi tuyén Viét Nam thi van con ngudi Viét khac tham gia ky thi 1an
ndy, d6 12 em Ngd Ngoc Thai Son (thudc doi tuyén Ukraine). Em Son dat huy chuong Vang véi
34 diém, ciing 12 diém s6 cao nhat ctia d6i Ukraine 6 ky thi 1an nay. Ngoai ra, em Son tiing tham
du hai ky IMO trudc (véi két qua 1an lugt 1a huy chuong Pong va huy chuong Bac) va gianh huy
chuong Vang ky thi Romanian Masters of Mathematics dau nim nay véi sd diém cao nhit ky thi.

RAt dang tu hao tri tué Viét Nam. Ngudi Viét & dau ciing c¢6 nhitng hoat dong tich cuc, déng gop
cho nudc s6 tai, 1am t6t dep hinh anh ngudi Viét Nam va mot phan déng gép cho qué huong dét
nudc. Bén canh Ngd Ngoc Thai Son, ¢6 nhiéu hoc sinh Viét Nam di tham gia cac doi tuyén cdc
nudc du thi toan qubc té, gan day nhit c6 Tran Bach Hai du thi dudi mau ¢ Romania, Nguyén
Chi Diing du thi duéi mau cd Bulgaria. GS Nguyén Hung Son, HCB IMO 1986 1a thanh vién cbt
can ctia Ban Huén luyén doi tuyén Ba Lan (nim nay Ba Lan xép thi 9). Nhiéu thay gido Viét
Nam ciing da tham gia huén luyén cho cic ddi tuyén Saudi Arabia, Pakistan.
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2. Dé thi
2.1. Ngay thi th& nhit (09/07/2018)

Bai 1. Cho I' la dudng tron ngoai tiép tam gidc A BC. Céac diém D va E 1an ludt nam
trong cac doan thang A B va AC sao cho AD = AE. Cic duong trung truc ctia BD va
CE cit cac cung nhd A B va AC ciia I tai cac diém F va G tuong ting. Chitng minh ring
cdc dudng thang DE va F G song song.
Bai 2. Tim tit ca cdc s6 nguyén n > 3 sao cho ton tai cac sd thuc a, as, ..., a,4, thoa
mand,4; = dy, dp42 = da Va

aiaiy1+1=aj4,, Yi=1,2,...,n.
Bai 3. Tam gidc phdn-Pascal 1a mdt bang tam giac déu chia cac sb sao cho, ngoai trif cac s &
hang dudi cung, mdi sb 1a gid tri tuyét ddi ctia hiéu hai s6 & ngay dué6i né. Vi du, bang s6 dudi
day 1a mot tam gidc phan-Pascal v6i bén hang va chia tit ca cac s6 nguyén tir 1 dén 10.

8 3 10 9

Hadi ton tai hay khong mot tam gidc phan-Pascal v6i 2018 hang va chida tit ca cac s6 tir 1
dénl+2+---42018?

2.2. Ngay thi thit hai (10/07/2018)

Bai 4. Mot vi tri 1a mot diém (x, y) trén mit phang sao cho x va y la cdc s6 nguyén duong
nhé hon hoic bang 20.

Liic dau, tit ca 400 vi tri déu tréng. Anh va Bao 1an lugt dit cac vién da véi Anh 1a ngudi di
truéc. Trong moi luct di ciia minh, Anh dit mot vién dd mau d6 vao mot vi tri trong sao cho
khoéng céch gitta hai vi tri bt ky dugc dit dd mau do sé khac +/5. Trong mdi luct di ciia minh,
Bao dit mot vién da mau xanh vio mot vi tri trng bat ky. (Vi tri dugc dit vién dd4 mau xanh c6
thé & bat ky khodng cach nao dén céc vi tri da dudc dit da.) Hai ban sé ding lai khi mot trong
hai ngudi khong thé tiép tuc dit dugc cac vién da.

Tim gid tri 16n nhit cia K sao cho Anh luén c6 thé dit dudc it nhit K vién d4 ma khong phu
thudc vao cach dat da cua Bao.

Bai 5. Choay, a,, ...lamotddy vo han cic s6 nguyén duong. Gia st rdng ton tai sd nguyén
N > 1saochovéimoin > N, sO

ai as an—-1 anp

an as an aq

12 mot s6 nguyén. Chitng minh rang ton tai sé nguyén duong M sao cho a,, = a4 V6i
moi s6 nguyén m > M.

Bai 6. Cho tif gidc 16i ABC D théaman AB - CD = BC - DA. Diém X niam bén trong tif
gidc ABCD saocho ZXAB = /XCD vaZXBC = ZXDA. Chiing minh ring

ZBXA+ ZDXC = 180°.
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3. Ldi giai va binh luan cac bai toan

Bai 1. Cho I' 12 dudng tron ngoai tiép tam gidc A BC. Cac diém D va E 1an ludt nam
trong cdc doan thang A B va AC saocho AD = AE. Cac dudng trung truc ciia BD va
CE cit cac cung nhd AB va AC cia I tai cidc diém F va G tuong ting. Chiing minh
rang cac dudng thang DE va F G song song.

Loi gidi. Goi (w1). (w2) 1an lugt 1a dudng tron tim F, ban kinh F B va dudng tron tim G,
ban kinh G C. Gia st P, R lan luct 1a giao diém thif hai ctia dudng tron (w,) v6i I’ va FD;
con O, S lan lugt 1a giao diém thif hai ctia dudng tron (w,) véi I' va GE . Ta thy
ZADF = 180° - 4ZBDF = 180° - ZDBF = ZAPF
nén hai tam gidc ADF va AP F bang nhau, suyra AP = A D. Ching minh tuong ty, ta ciing
c6AQ = AE.Dodé, AP = AD = AE = AQ nénti gidc PDE Q ndi tiép trong dudng
tron tAm A . Goi U 1a giao diém ctia DP, Q E thi
UD-UP =UE -UQ,

hay

Pu/w) = Pujws)-

Goi AK la duong kinh ctia ' thi AF 1. FK. Mit khac, dé thiy AF 1. DP va DP 1 PR nén
KF 1 PR,ma FP = FR nén FK la trung tryc cia PR, suyra KP = KR.

Ching minh tuong tu, ta cing c6 KQ = KS. Hon ntita, vi AP = AQ nén KP = KQ, kéo
theo KR = KP = KQ = K hay ti gidc RPQS ndi tiép trong dudong tron tim K. Tiép theo,
goi V 1a giao di€ém ctia PR va QS thi ta c6
VP-VR=VQ- VS,
hay
Pvi@n = Py
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Tt d6 suy ra UV 1a truc dang phuong ctia (w;), (w2) nén UV L FG. Cudi cung, do
ZEUV = ZVPQ =90° - ZQPU =90° — ZDEU
nén UV L DE. Viy cic duong thang DE va FG song song hoic tring nhau. [

Binh luan. Bai toan c6 phat biéu dep, nhe nhang va thud vi. Cac diém tuong di rdji rac trong dé
bai rd rang doi hoi phai dung thém cac diém phu dé két ndi cac gia thiét lai; va vi thé nén cach
tiép can rit phong phi va da dang. Tir cdc c4ch rat “binh dan” nhu dung bién déi goc, luong gidc,
dung hinh thang cn, hinh binh hanh, ... cho dén dung phép bién hinh, s phuc, ...

Néu gia thiét d6i lai vi tri ctia diém F, G trén cung 16n AB, AC thi két qua van diing. Chi y
rang hai duong thing DE, FG trung nhau chikhi D = Bva E = C.

Tir két qué bai todn trén, ta thdy riang khi D, E thay ddi thi trung diém F G sé nam trén dudng
thang qua tam cua I" va song song véi phan giac goc A cua tam giac ABC.
Bai 2. Tim tét cé cac sb nguyén n > 3 sao cho ton tai cac sd thuc ay, as, ..., Anin
thbaman a,+1 = a1, dy,4+2 = a, va

aiaiyv+1=a;4,, Yi=1,2,...,n.

Loi giai. Gia st n > 3 12 s6 nguyén théa man yéu cau dé bai. D€ tién cho viéc bién ddi, ta dit
g = dp, Vaa, 43 = as. Tu gid thiét, véimoéii = 1, 2, ..., n,tacod

_ _ 2
aij—1aiaij+1 +aj—1 = 4i—10i4+2, Aidj+1di4+2 + diy2 = A7, ,.
Tu do suy ra

n n n
E aijai+1ai+2 + E a; = E a;ai43

i=1 i=1 i=1

n n n
2
E ajai+1ai4+2 + E a; = § a;.

i=1 i=1 i=1

Két hop hai két qua trén lai, ta thu dudc
n n
Zaiai+3:Zai2- (1)
i=1 i=1
Miit khéc, theo bt dang thiic AM-GM, ta lai c6

n n 2 2
- a; +aj ; 2
a;airz < = az.

i=1 i=1 i=1

Do d6, theo (1), d4u dang thiic trong cac danh gia phai xay ra, hay ta c6 a; = a; 43 véi moi
i =1,2,..., n.Bay gig, ta xét cac trudng hop sau:

e Trudng hop 1: n chia 3 du 1. Theo két qua trén, ta c6
a1 =da4 =+"=04y =043 =de ="'""=dp—1 =0y =d5 = > =dp-2,

hay néi cach khéc, tit ca cic s6 a; déu bang nhau. Tuy nhién, khi thay trd lai gia thiét thi
khong théa man (do phuong trinh x2 + 1 = x khong c6 nghiém thuc).
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o Trudng hdp 2: n chia 3 du 2. Xét tuong tu nhu trén, ta ciing thu dudc diéu mau thuin.

o Trudng hap 3: n chia hét cho 3. Pitn = 3k (k € N*), bang kiém tra truc tiép, ta
thdy b0 sb (a1, as, ..., Azky2) V6iasgy, = 2, asg = asz¢—; = —1 théa man céic
yéu cau ctia dé bai.

Vay cdc s6 nguyén n théa min yéu cau cé dang n = 3k v6i k € N*. ]

Binh luan. Pay 12 mot bai toan hay vé hé hoan vi vong quanh. Ngoai cch giai trén, ta con thé
tiép can bai todn nay bang cach xét dau cac bién nhu sau: D€ tién cho céc Iy luan, ta md rong day
ai, a, ..., a, thanh ddy vo han (a,,)° theo quy tic a,, = a, véim = r (mod n). Khi
do, v6i moi k nguyén duong, ta ciling co

axdr+1 + 1 = dg4a.

Bay gi0, ta sé chiing minh a; # 0 v6i moi k. That vay, néu ton tai k sao cho a; = 0, gid sii 1a
ay = 0.Khido,tacoa, = a3 = 1vaay = 2,suyraas > 0,a¢ >0, ... Tomlai, a; la
s6 duong v6i moi i > 1, mauthudindoa,; = a; = 0.

Tiép theo, ta sé chiing minh ring trong diy vd han (a,,) néi trén khong thé cé ba s6 hang
lién tiép cung Am. That vy, néu c6 ba s6 hang lién tiép cung Am 1A ay, axy1, ax4» thitacod
l <araxyr +1 = ars» < 0, mau thuan.

Néu diy (a,,) c6 chia hai s6 hang duong lién tiép 12 ay, ay 4 thi do cich xdy dung diy va
gia thiét bai todn, ta 1an luct thiy a,, > 0 16i a,, > 1 véi moi m nguyén duong. Tu d6, dé thiy
Am+1 < Am+1am + 1 = a4+, v6i moi m nguyén duong, suyrad, < -+ < dy42 = dy,
mau thuan. Do d6, day (a,, ) khong chifa hai s6 hang duong lién tiép nao.

Néu trong diy (a,,) ton tai nim sb hang lién tiép ax, dx+1, Ak+2, Ak+3, Ak +4 cO diulan
llIQtlé.—, —, +, —, + thitacd Af4+o = ardr+1 + 1 > agyrar+3 +1 = agya. Tu do
SUyradg4s = dg+3dk+4 + 1 > dgq3ak42 + 1 = agyq > 0, miu thudn véi két qua trén.

V6i cic két qua thu dudc, ta thiy ddu cédc s6 hang ciia diy (a,,) phai c6 mot trong hai dang
L) +7 T +9 I +, Ty e e e
hoac
.y +y Ty T +, Ty Ty e e
Xét truong hop thit nhit, khong mt tinh tdng quat, ta c6 thé gid st a2, > 0 VA dopm—1 < 0 Véi
moi m nguyén duong. Khi do,tacd dryy = dom—1a2m—2 + 1 < 1 véimoim > 1, suyra
Aom+1 = Aamdom—1 + 1 >asm—1 +1, Vm>1.
Tur do, ta co

Aom+1 = (@ams+1 —aom—1) + -+ (as —az) +az>az3+m—1, VYm>1.

Dodsmi1 <O0Onénasz +m —1 < 0 véimoim > 1, mau thuan.

Xét trudng hop thi hai. RS rang dé trudng hop nay xay ra, dé thiy n phai chia hét cho 3. Khi d6,
ta cling dé thiy bo s (ay, as, ..., a,) = (2, =1, —1, ..., 2, —1, —1) théa min yéu
cau. Diéu nay cho phép ta di dén két luan bai todn.
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Bai 3. Tam gidc phdn-Pascal 13 mdt bang tam gidc déu chifa cic s6 sao cho, ngoai trif cic
s6 & hang dudi cting, mdi s6 14 gia tri tuyét ddi ctia hiéu hai s6 & ngay du6i n6. Vi du, bang s6
dudi day 1a mot tam gidc phan-Pascal vi bén hang va chia tit ¢4 cac sd nguyén tir 1 dén 10.

Hoi ton tai hay khong mot tam gidc phan-Pascal v6i 2018 hang va chifa tit ca cdc s tur 1
dénl+2+---42018?

Loi gidi. Cau tra 16i 1a pha dinh. Xét mot tam giac phan-Pascal c6 n > 3 hang, ta sé€ ching
minh rang n < 8. That vdy, xuét phat tt dinh ctia bang tam gidc, ta sé ké hai nét: nét lién ndi véi
s6 16n va nét dit nbi véi sd nhod & hang dudi; tiép theo, xuat phat tif sd ing vdi nét lién, ké hai nét
tuong tu dén hang thi ba va ci nhu thé cho dén hang duéi cling clia bang.

Ta b6 sung thém cédc dinh nghia sau:
e Cic s6 dugc ndi dén bang nét lién (khong tinh s6 & dinh) dudc goi 1a 1.
e S6 t6t nam & hang dudi cung 1a sb 6t nhdt.
e Cic sb dugc ndi dén bang nét dit (tinh ca sb & dinh) dudc goi 1a xdu.

Khi d6, ting v6i mdi tam gidc phan-Pascal, ta thiy c6 tht cd n — 1 s tét va n sd xau. S6 tot
nhit sé khong vudt qua sb 16n nhat ctia bang 12 % Nhung theo cach dinh nghia thi s6
nay cling bang tong ctia tit ca cic sd xAu; tifc 12 khong nhd hon

nn+1)

14+24+... =
+ 2+ +n >
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Nhu thé thi déng thiic phai xay ra, tiic 1a sb tot nhat la 21 va n s6 xdu 1a n s6 nguyeén
dudng dau tién. Ti d6, ta thiy ring:

e Céc s0 xau phan bo trén n hang nén mdi s6 xau ciing chinh 1a s6 nhd nhat ctia mdi hang.
e S6 t6t nhit 12 16n nhit ctia bang nén méi s6 tét ciing chinh 1a s6 16n nhit ctia mbi hang.

Xét hai bang tam gidc déu ting v6i hai dinh con lai ctia bang va tach biét v6i cdc sb tot — xau
da xét & trén (trong hinh minh hoa, bang bén trai c6 1 hang va bang bén phai c6 2 hang).
Chi y rang trudng hop dudng gip khic lién nét di doc theo canh clia bang tam gidc ban dau
thi mot trong hai bang con 1a rong.

Mbi bang con ciing sé c6 cdc sb tot va xAu tuong tu nhu trén; ¢ tit cd n — 2 s6 x4u trén hai
bang va téng nay sé khong nho hon

3n2 —7Tn + 2

n+1)+m+2)+---+2n-2= 3

Trong khi d6, s6 tot nhat trén hai bang con sé khong vudt qua

n(n+1)_1+n(n+1)
2 2

Do do, ta phai c6 3”2_2# <n? 4+ n —3,hay n < 8. Bai toan két thic. O

—2=n?4+n-3.

Binh luan. Chiing minh trén la cua cac nha Toan hoc Herbert Taylor va Martin Gardner cach
day hon 40 nam. Mt sy tring hop 13 né da xult hién lai trong dé thi IMO niim nay. Bai to4n da
dudgc gidi quyét hoan toan véi cac két qua nhu sau:

o Loigidichitontaikhi 1 <n < 5,vadéchiran = 6, 7, 8 khong théa min ciing 12 cic
thi thach khong don gian.

e Néu khong xét tinh dbi xiing thi tng v6in = 1, 2, 3, 4, 5, s6 tam gidc phan-Pascal
phﬁnbiétlfm lugtlal, 2, 4, 4, 1.

Dic diém chung cla céc 16i gidi déu 1a uéc luong gid tri ctia sd trén cac hang chif hau nhu khong
dung dén yéu t6 s hoc (khia canh phé bién va tu nhién khi tiép can bai toan kiéu nay).

Vi thé cAu hdi c6 hay khdng trong dé bai cling véi viéc lua chon hudng di theo dai s6 hay s6 hoc
chinh 12 cic trd ngai 16n. Bai todn sé trd nén “than thién” hon rit nhiéu khi phat biéu cau hoi

thanh: Chifng minh rdang khéng ton tai tam gidc phdn-Pascal co sé hang lon hon hodic bdng 9.

Bai 4. Mot vi i 1a mot diém (x, y) trén mit phang sao cho x va y 1a cic sd nguyén
duong nhé hon hodc bang 20.

Liic dau, tit ca 400 vi tri déu tréng. Anh va Bo lan lugt dit cac vién da véi Anh la ngudi di
trude. Trong mdi lugt di cia minh, Anh dit mot vién d4 mau do vao mét vi tri tréng sao cho
khoang céch giita hai vi tri bit ky dugc dit dd mau do sé khac +/5. Trong mdi ludt di clia
minh, Bdo dit mot vién d4 mau xanh vao mot vi tri tréng bat ky. (Vi tri dudgc dit vién d4 mau
xanh c6 thé & bat ky khoang cach nao dén cac vi tri da dudc dit da.) Hai ban sé ding lai khi
mot trong hai ngudi khong thé tiép tuc dit dudc cac vién d4.

Tim gid tri 16n nhit ctia K sao cho Anh ludn c6 thé dit dudc it nhat K vién da ma khong
phu thudc vao cach dat da cia Bao.
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LJi giai. DE tién trinh bay, ta phat bidu bai todn lai dudi dang: Xt ban co 20 x 20 6. Anh va
Binh ludn phién nhau ddt cdc qudn md vao cdc 6 con trong sao cho khong cé hai con md nao dn

nhau. Hai ban sé choi dén khi nao khong co thé ddt thém duoc qudan md nao nita thi dieng. Hoi

Anh cé thé' dam bdo dt duoc t6i da bao nhiéu qudn md, cho dit Binh choi nhit thé nao?

Bay gid, ta chia ban ¢ thanh 25 block 4 x 4 va danh sb cdc 6 ciia block bang cac chit cai

A, B, C, D nhu sau:

= A

O x| 0O

o

alx || =

B

x| 0Ol = | T

Céc chit cdi ny tao thanh cac xich ma khong c6 hai 6 ndo ké nhau trén xich c6 thé dugdc chon.
Do d6 néu Anh chon mét 6 thi Binh chon & dbi dién 6 d6 trén xich thi Anh sé khong chon dudc
thém 6 vdéi chil cai nita. Do d6 v6i mdi chit cai, Anh cé thé chon dudc téi da mdt 6 vé6i chit cdi

d6. Suy ra & mbi block, Anh c6 thé dit dudc t6i da 4 con ma.

X X X X X X X X X X

Y Y Y Y Y Y Y Y Y Y
X X X X X X X X X X

Y Y Y Y Y Y Y Y Y Y
X X X X X X X X X X

Y Y Y Y Y Y Y Y Y Y
X X X X X X X X X X

Y Y Y Y Y Y Y Y Y Y
X X X X X X X X X X

Y Y Y Y Y Y Y Y Y Y
X X X X X X X X X X

Y Y Y Y Y Y Y Y Y Y
X X X X X X X X X X

Y Y Y Y Y Y Y Y Y Y
X X X X X X X X X X

Y Y Y Y Y Y Y Y Y Y
X X X X X X X X X X

Y Y Y Y Y Y Y Y Y Y
X X X X X X X X X X

Y Y Y Y Y Y Y Y Y Y

Miit khac, néu danh dau cic 6 ctia ban cd bﬁng cac chir cai X, Y nhu hinh vé & trén thi cac ma &

cic 6 nay doi mot khong dn nhau. Vi ¢ 200 & dugce danh diu nén cho du Binh di thé nao, Anh

ciing c6 thé dit duge 100 quan ma. Véi cac 1y luan & trén ta két luan K, = 100.

O
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Binh ludn. Diy 12 mot bai toan nhe nhang, kha phit hop véi vi tri bai s6 4. DE gii bai nay,
khong can kién thic va ky thuat cao siéu, rat phu hop véi cac hoc sinh thong minh nhung it dudc
trang bi k¥ thuat. Vi nhitng bai nhu thé nay, t6 mau hay danh s6 cac diém (cic &) theo mdt quy
luat nao d6 la cach lam co ban va quen thudc.

Ciéch phat biéu dudi dang quan ma chi gidp trinh bay 15i giai dé hon va bai toan sinh dong hon
chit hoan toan khdng phai 14 gdi y mang tinh ban chat.

Ngoai cach chia thanh cdc block 4 x 4 nhu trén, ta con c6 thé sit dung nhiéu cach chia khac nhu

2 x 4,8 x 8, ...Quy trinh chung la chiing minh Anh ludn dim bao dit dudc K ma quin ma
va chi ra cach di cia Binh d& Anh dit dugc khong qua K pax quin ma.

Bai 5. Cho a;, a,, ...1amot day vo han cic s6 nguyén duong. Gia sit rang ton tai sb
nguyén N > 1 sao cho véimoi n > N, sd

as as ap ay

12 mot s6 nguyén. Chiing minh ring ton tai s6 nguyén duong M sao cho a,, = a4 V6i
moi s6 nguyén m > M.

Loi gidi. Dits, = 98 + 92 + .-+ 4 %=L 4 % Theo gia thiét, tac6 s, € Z v6i moi sd
nguyén n > N. Mait khéc, ta thay rang

An+1 — Aap an
Sn+1 — Sn = + .
ai an+1

Do d6, biéu thifc b, = === 4 22— la s0 nguyén v6i moi sd nguyén n > N.
n

Ta sé ching minh ring v6i mdi s& nguyén t& p thi v,(a,+;) s& ndm gifta v, (a;) va
vp(ay), trong d6 ky hiéu v, (x) 1a s6 mii ding cla p trong phan tich thanh thira s6 nguyén
td ctia s6 nguyén x # 0.! Ta xét hai trudng hop:

e Truong hap 1: v,(a;) < v,(a,). Ta sé chiing minh
vp(ar) S vp(ant1) < vplan).

That vay:

o Gidstvp(an41) < vp(ay)thiv, (a:'i]) > 0, Vp(@n+1—an) = Vp(ans1) < vp(ar)
nén trong b, , phan sb truéc khong nguyén nhung phan sb sau nguyén, din dén
b, ¢ 7, mau thuan.

o Gidstiv,(au+1) > v,(ay,) thi tuong ty, trong b, , phan s6 trudc nguyén nhung
phan s6 sau thi khong, ciing dan dén diéu mau thuin.

e Trudng hop 2: v,(a1) > v,(an). Ta s€ chiing minh

vp(al) = Up(an—H) = vp(an)-

IChi ¥ ring v, (x + y) > min {v,(x), v,(y)} vdi moi s nguyén x, y khéc 0. Déu déng thiic xdy ra khi va chi
khi vp(x) # vp(y).
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That vay:

o Gidstv,(an+1) < vp(ay)thiv, (a:il) > 0vav,(ayt1—an) = vplan) < vplar)

nén trong b,, phan sd trudc khong nguyén nhung phan sb sau nguyén, dan dén
b, ¢ 7, mau thuan.

o Gidst v,(an4+1) > vp(ay) thituong ty, trong b,, phan sd trudc nguyén nhung
phan s6 sau thi khong, din dén b, ¢ Z, mau thuin.
Khang dinh dudc chiing minh. Tir d6 suy ra, véi mdi s6 nguyén td p, ta sé c6 hai kha ning:
e Néuv,(ay) > vp(ay) thitaphaico
vplan) 2 vp(an+1) 2 vplans2) = -+ = vp(ay).
Day v, (a,) giam va nhan hitu han gid tri gita [v,(a1), v, (an)] nén phai ¢ lic
n6 khong doi.
e Néuv,(ay) < v,(ay) thitaphaicé

vplan) =vplan+1) Svplan+2) <o = vp(ar).

Day v, (a,) ting va nhan hitu han gid tri gita [v,(an), v, (a;)] nén cing c6 lic

n6 khong doi.
Vay nén trong moi trudng hop, day v, (a,) sé khong d6i khi n > N, 1a chi s6 dt 16n. Chu y
rang ta chi can xét cac s6 p 13 uSc nguyén td clia a y hodc a; vi v6i cac s6 nguyén td khac thi
vp(lan) =vp(a;) = 0kéotheov,(a,) = 0véimoin > N.
Ta xét chi s6 m = max{N, : p|aiay} third rang gid tri cia day ké tit chi s6 m s& khong
ddi. Ta c6 diéu phai chiing minh. O
Binh luan. Bai todn dep va rat thi vi, n6 dién hinh cho cic dang Toan thudng gip trong sd
hoc: Mot biéu thiic hitu ty nhdn gid tri nguyén véi vo han gid tri ciia bién thi phdi co tinh
chdt ddc biét nao do.
MAu chét duy nhét ctia bai chinh 13 nhan xét dudc v6i moi sé nguyén td p thi ddy sé6 mii ding
cua p trong day a, da cho s€ tang, bi chan trén hoac giam, bi chan dudi. Khi da du doan dugc
két qua nay thi viéc chiing minh khong hé khé.
Ngoai cach tiép cin trén, ta cling c6 thé thuan tiy ding cac lap luan trén uc chung 16n nhit, boi
chung nho nhit véi cac nhan xét:

ged(ay, an) | ged(ay, ant1)

va
Ilem(aq, ant1) |lem(aq, ay)

vG8i moi sO nguyén n > N.

Bai 6. Cho i gidac 16i ABCD thdamin AB-CD = BC - DA. Diém X nim bén trong
td gidc ABCD saocho ZXAB = Z/XCD vaZXBC = ZXDA. Ching minh ring

ZBXA+ ZDXC = 180°.
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Loi giai 1. Goi T 1a giao diém tiép tuyén tai A cia (ABD) va BD. Tacé
TB _ AB? _ CB?
TD AD2 (CD2
nén C T latiép tuyénciia (CBD). TudésuyraTA2 = TB-TD = TC?, hayTA = TC.

-----
- ~~q
~,

-
—"
......

Goi K 1a giao diém cua khac T cta (TAC) va BD. Theo chiing minh trén, ta c6 TA = TC

nén LTAC = ZAKT, ma ZKDA = ZBAT nén LKAD = ZBAC. Ching minh tuong tu, ta
cing c6 ZKCD = ZBCA.

Goi X' 1a giao di€ém khdc K clia hai dudng tron (ABK) va (CDK). Ta c6
/X'CD = /X'KB = /X'AB. (1)
Lai co

/X'BC = /ABC — ZABX' = 180° — /BAC — /BCA — (180° — ZAKX')
= /AKC — /X'KC — /KAD — /KCD = /ZADC — /X'DC

= /X'DA. 2)
Bay gid, chia tif gidc thanh cdc mién bdi cic dudng X’ A4 va X’C nhu hinh vé bén dudi (trong dé,
X'C cat AB tai P, X'A cat BC tai Q).
A
P
X/
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Ta sé chiing minh rang, néu X khac X' thi khong thda man gia thiét bai toan. That vay:

e Néu X thudc mién t gide BPX'Q (c6 thé thude canh) thi /XCD > /XAB.

e Néu X thudc mién tif gidc DAX'C thi ZXAB > /XCD.

e Néu X thudc mién tam giac COX’ thi ZXBC < ZXDA.

e Néu X thudc mién tam gidc APX' thi ZXBC > ZXDA.
Tom lai, X trung véi X'. Tu do, ta ¢

/DXC = /DKC = 180°—- ZBKC = 180°— Z/BKA = 180° — ZBXA. ]
Loi giai 2. Trudc hét, ta sé chitng minh bd dé sau:
B& dé. Cho nt gidc ABCD ¢6 AB -CD = BC - DA. Khi dé
/DAC + Z/DBA = Z/DCA + ZDBC.

Chitng minh. Goi E, F lan ludt 1a chan phan gidc trong va ngoai ctia géc BAD, va T 1a trung

diém ctia EF. Ro rang E, F ciing 1a chan phan gidc trong va ngoai cia goc BCD nén A, C
cung thudc dudng tron Apollonius dung trén BD.

A

Do (EF, BD) = —1nén TA?> = TC? = TE? = TD - TB, suyra ATBA ~ ATAD va
ATBC ~ ATCD. Do d6, tacod

ZDAC + ZDBA = ZDAC + ZDAT = ZLTAC.

Ching minh tuong tu, ta cling c6 ZDCA + ZDBC = ZTCA. Ma tam gidc TAC can tai T nén
bd dé dugc chiing minh. |

Trd lai bai toan, ta sé chiing minh rang diém X ctia bai toan cé thé dugc xac dinh bang cach sau:
Goi K, L lan lugt la giao diém ciia cdc cdp duong thang AD va BC, AB va CD. Khi do, X la
giao diém nam trong tit gidic ABCD cua cdc duong tron (ACL) va (BDK).

Goi E, F la chan phan giac trong va ngoai cua goc BAD, va T 1a giao cia AC va BD.
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Goi M 1a diém niam trén BD sao cho AC, AM dang giac trong ZDAB. Khi d6,tacé AE, AF
1a cac phan giac cia goc CAM, suyra (EF, TM) = —1. Tu d6 CE, CF la cac phan gidc cia
g6c ACM, hay CA, CM dang giac trong /D CB.

Tuong tu, goi N 1a diém nidm trén AC sao cho DN, DB dang giic trong ZADC, tacé BN, BD
dang giac trong ZABC.

Goi P 1a giao diém thu hai cta céc dudng tron (AND) va (CNB), Q 1a giao diém thi hai cia
cac duong tron (ANB) va (DNC). Ta co

ZAPC = ZAPN + ZNPC = ZADN + 180° — ZNBC
= /CDB + 180° — ZABD = 180° — ZCLA,

suy ra P € (ACL). Mit khac, theo bd dé trén thi

ZDPN + ZDQN = 180° — ZDAC + ZDCA
= 180° + Z/DBA — Z/DBC
= 180° + ZDBN

va (tuong tu)
/NQB + Z/NPB = 180° + Z/NDB.

Do dé P, Q la cip diém lién hop dang gidc trong tam giac DNB. Suy ra
/ZDAP = Z/DNP = ZQNB = ZQAB,

hay AP, AQ dang gic trong ZDAB. Chiing minh tuong tu, ta ciing c6 CP, CQ ding giic
trong Z/ZDCB. Suyra ZPDM = /ZNDQ = /ZNCQ = ZMCP, hay tii gi\c DPM C ndi tiép.
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Tuong ty, ta ciing c6 tif gidc APM B noi tiép nén P 1a giao diém clia cac dudng tron (DM C) va
(AM B). Ching minh tuong tu trén, ta thu dugc P thudc (DBK) hay P = X.

Bay gid, do A, C lién hgp dang gidc trong tam gidc DNB va A, N, C thang hang nén NC la
phan giac /DN B. Tu do, ta c6

/DXA+ Z/CXB = ZDNA+ ZCNB = ZDNA + ZDNC = 180°. ]

Binh luan. Bai todn tuy phat biéu nhe nhang nhung viéc cic gbc nam r3i rac, thiéu lién két da
khién né trd nén rét khé tiép can, viéc ké thém dudng phu 1a tat yéu. Gia thiét tich cip canh db6i
bang nhau goi y ngay dén yéu t& Apollonius quen thudc, va tir d6 ta c6 thé di theo huéng dung
bién ddi goc véi cac tif gidc ndi tiép hodc dung dang gidc. Bai todn ciing c6 thé dudc giai quyét
bang phép nghich dio hoic cic bién d6i do dai, luong gidc.

Theo thong tin tif tac gia bai todn, bai 6 nay dudc phat trién tir diéu kién ton tai diém Brocard P
trong td gidc ndi tiép ABCD sao cho ZPAB = /PBC = /PCD = /PDA la ti gidc nay
phéi diéu hoa. Pay 12 mot bai toan khong mdi va viéc chitng minh ciing doi hdi phai dung nhiéu
tam gidc dong dang. Tir cach chiing minh do, bai todn nay da dudc tao ra.

Mot tinh chit nita cda diém X 1a XA - XC + XB-XD = AB-CD = AD - BC.
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