B6 dé Lindstrém—Gessel-Viennot
, ‘ Truong Phudc Nhan, 30/01/2019

Noi dung cua bé}i v‘iét ban vé mot bo de tha vi cua ba nha toan hoc Lindstrém, Gessel, Viennot. Mac du
chirng minh cua b6 dé nay khong qua phurc tap nhung n6 lai mang lai mot cach giai thich hoan toan mai
vé y nghia cua khai niém dinh thaec.

Cho trwéc matran M =(m, ) cdp nxn.

Khi 6, bang cach 4p dung cong thirc khai trién dinh thac Leibniz, ta cd

detM = Z(signcs)mlyc(l)...mnyc(n), (1)

ceS,
trong d6 S, 14 tap cac hoan vi ciia n phan tir.
Y tuwong cta ba nha toan hoc ndy nam & mot nhan xét don gian nhu sau:

Danh s6 cac hang va cac cot cia ma tran M 1an luot boi cac dinh a,,...,a, va cac dinh b,...,b, .

Ki hieu G = (A B,E) la do thi ludng phan ddy du trong d6 A={a,,..,a,} va B={b,...b,}.

Hon nita, mdi phan tir m; cua matrain M dugc xem nhu trong Iugng W(ai,bj) cua canh dinh hudng
néi dinh a, véi dinh b

a; ap .
e e o e o ¢ hang
W
e o o ® cot
b; b,

Hinh v& minh hoa.

Matran M dugc goi la ma trgn dwong di cia d6 thi G =(A B,E).

Mot h¢ duwong di khong giao nhau tr A={a,,...,a,} dén B={h,,...,b,}, ki hi¢u b&i P, 1a mot hé cac
duongdi B :a, —>b ..., B ia, >b, .

Trong lweng cua duong di P_, ki hiéu bai w(P,), la tich cua cac trong luong cua cac duong di thanh
phan w(P,) =w(R)..w(P,).

Khi do,

detM = > (signc)w(P,).

ceS,
Do d6 ta co thé giai thich lai cong thirc khai trién Leibniz nhu sau: ’
“Pinh thirc cia ma tran duong di bang tong cac trong luong o tinh dau lay trén tat ca cac hé duong di
khong giao nhau tir tap tir tap A={a,,...,a,} déntap B={b,,....b,}.”

M6t cach tong quat ta co thé mé rong ¥ tudng tiép can vira néu trén cho mot do thi bat ki nhur sau:
Gia st G =(V,E) lamét dd thi dinh husng hitu han khdng chira chu trinh dinh huéng (mét do thi co
cac tinh chét vira néu thuong dugc goi 1a phdn chu trinh/acylic). Gan cho mdi canh e mét trong
luong w(e).




Xét hai tap A={a,,....a,}, B={b,...b} =V :
Vo’ri moi du:(‘)'ng di dinh huéng P tir A dén B ta dinh nghia trong lugng cia dudng di nay boi hé thirc
w(P)=] [w(e) trong truong hop duong di P c6 d dai bang 0 thi ta quy uéc w(P)=1.

eeP
Véi hai dinh a € A va b; € B ta dinh nghia trong lugng W(al,b]) la tong cac trong luong |4y trén tat

ca cac dudng di dinh huéng P tir a, dén by, tic 1a w(a,,b; ) = sz w(P).
8 —>D0;

Ma tran duong di twong wng véi hai tap A va B, ki hiéu bsi M, la ma tran c6 cac hang va cac cot
dugc danh sé boi cac phan tir cua cac tip A, B va cac phan tir thé hlen trong lugng cua cac dinh
twong tng, nghia la

w(a,b) w(a,b,) - w(a,b,)

M w(a?,bl) w(a?,bz) w(a?,bn) |
w(a,,b) w(a,b,) - w(a,b,)

Mot n - bo gom céc duong di dinh huéng (P,...,P,) cua G duoc goi la khdng giao nhau néu nhu:

i) Ton tai mot hodn vi o cua tap {1,...,n} sao cho P la duong di dinh huéng tir dinh a, dén dinh by,
véi moi chi sb i, ki higu lai hoan vi ¢ duéi dang o(P).

i) Néu i = j thi cac duong di P, va P, khong c6 diém chung véi nhau (ké ca cac dau mut).

Mot n - bo gom céc duong di dinh huéng (B, ..., P,) théa man dicu kién i) dugc goi 1a xoan.

Mot n - bo (B,...,P,) xodn khong thoa man diéu kién ii) dugc goi la giao nhau.

B6 d¢ Lindstrém — Gessel - Viennot khang dinh rang:

det M = > sign(c(P))ﬁw(B),
P=(P,....P,):A—B: khong giao nhau i=1

trong d6 tong duoc Iy trén tit ca cac n -bo P = (P, Pn) cac duong di khong giao nhau tir A dén B.

Chitng minh bé dé Lindstrém — Gessel - Viennot.

detM = Zsign(c)ﬁw(awbsm)

ceS,

= Z sign(c)Z{w(P) : P lamot n—bo dudng di tu (a,,...,a,) dén (b, .. G(n))}

= sign(c) > {w(P): P lamot n—bo dudng di xoan tu (4,.....a,) dén (b,.....b,)}
w(P): P 1a mot n—bo dudng di khong giao nhau tu (a,....,a,) dén (bl,...,bn)}
w(P): P 1amot n—bo dudng di xon giao nhau tu (a,,...,a,) dén (bl,...,bn)}

n

= z sign(cs(P))Hw(R.)

P=(P,....,P,):A—B: khong giao nhau i=1



+Z{sign(6(P))w(P) : P 1a mot n—bo dudng di xoan giao nhau tu (a,,...,a,) dén (bl,...,bn)}

=0?
Pé hoan tat phép chizng minh ta can chi ra rang tong cac s hang sign(G(P))w(P) tinh trén tat ca cac
n - bo duong di xodn giao nhau bang 0.
Ki hiéu &£ latap tat ca c&c n - b duong di xoan giao nhau.
Y tudong cho phép ching minh nam ¢ viéc xay dung mét phep xoan f: £ — £ théa man
W(f(P)) = W(P) va sign(c(f(P))) = —sign(G(P)) véimoi Pe&.
That vay, néu ton tai mot phép xodn f théa man céc tinh chat néu trén thi

;sign(c(P))w(P) = %(P%sign(c(f(P)))w(f (P))Jr Pzegsign(c(P))w(P)j
:%(Z—sign(c(P))w(P)+Zsign(c(P))w(P)j

Ppeg Peg
=0.

Y tuwong dé xay dung phép xodn f nam & chd ta chon ra hai dudng di giao nhau trong n dudng di va
hoan d6i phan dudi nam phia sau dié[n giao nhau cua hai dudng di. Trong trudng hop tong quét khi cho
trudC n duong di giao nhau thi co the co nhiéu cap duong di giao nhau va hai dudng di nay c6 thé giao
nhau nhiéu lan. Do d6 ta can ap ché mét so dieu kién phu dé chon lya ra cap duong di phu hop.

Cho truéc mét n - bd dudng di xodn giao nhau P =(P,....,P,).

Do h¢ duong di P giao nhau nén ton tai cap duong di P, va P, (i, < j,) c6 diém chung thoa mén cac
diéu kién:

e i lachi s6 nho nhat sao cho duodng di P co diém chung véi mot duong di P. nao do,

e j lachi s6 nhé nht sao cho X B NP, trongdd X la diém chung dau tién cua duong di P, voi
mot duong di P, nao do.

Khi do,

duoi i

—>...—>u,,:bc(),

o+l i

P=a=uy—>u—>u—>..->u —u
=X
duoi j

P=a=v,>v,>v, >V, 2.2V, :bc(j).
=X
Dé xay dyng hé duong di f(P) tahoan doi hai dudi i, j dé tao ra cap dwong di méi P', P/ va gir
nguyén cac duong di con lai trong hé P nhu sau:

duoi j

’_ B _ N
F=a,=uy—>u —>U = >V >V, = 2, _bG(f) ’
=X
duoi i

r_— —
P=a,=vy>v,>v,>..ou —u
=X

D& dang nhan thay rang f(P) lamot n - by dudng di xoan giao nhau.
Dong thoi néu ap dung cach xay dung vira néu ¢ trén cho hé duong di f(P) ta nhan lai hé duong di P
nén f(f(P)=P.

..U, =b,.

o+l



Tir cach dinh nghia phép xoan f ta nhan thay rang hoén vi cs(f( )) gan nhu gidng véi hoan vi G(P)

ngoai trir viéc G(l) va G(]) bi hoan dbi vi tri nén 51gn( ) —31gn (P))
Mait khéc,

_ Hw(uu ) w(vv,)
=w(R)w(P)
Do do,
w( (O =TTw(s (P)) =L Do os E)w(B) = L Lo (R w2} () =TT () =(P).

Diéu nay két thic phép chitng minh cua bd dé Lindstrdm — Gessel — Viennot.
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