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Céu 1 (3.0 diém).

\/9+4\/_
\/§+\/7 210 7+\/89 28v10
Nz2 +1

Xz = . Chtrng minh rang:

Z
+ —
z+Nz+1 Y y
1 N 1 N 1
@m yz +1 \/;+\/;+1 \/;+\/;+1

a) Rt gon biéu thirc P =

b) Cho ba s thuc dwong x, y, z théa man

=1

Céu 2 (5.0 diém).
a) Giai phuong trinh x* + x* + 2x = %(XQ + 2) Vx' +4
(X—y)2 -1 2(X+y—1)

—4
xy X+y

47 45y ++/x +y—1+6vx =13

b) Giai h¢ phuong trinh

Cau 3 (3.0 diém).

) Cho céc da thite P(x) va Q(x) thoaman P (x) = %(Q (x)+Q(1- x)) Vi moi x. Biét ring hé s6 ciia
P (x) 1a cac s6 nguyén khong am v P(0) = 0. Tinh P(3P(3) - P(2))

b) Tim tit ca céc cdp sd nguyén (x;y) thoa man phuong trinh

(X—y—l)(x+1—y)+6xy—i—y2 (2—x—y)=2(x+1)(y+1)
Céu 4 (7.0 diém).
Cho tir giac ABCD ndi tiép duong tron (O; R) , v& duong tron (O'; R') v6i R < R tiép xtic v6i canh
AD tai H, tiép xtic véi canh BC tai G va tiép xtc trong voi duong tron (O) tai M ( M thudc cung CDkhong
chira diém A). V& duong thang tt 1a tiép tuyén chung tai M cua hai dudng tron (O; R) va (Oy; R') (tia Mt nam

trén nira mit phing bd 1a duong thing MA chira diém D).

o —

a) Chimg minh rang DHM = DMt + AMH va MH, MG lan luot 1a tia phan gidc cua cac goc
AMD,BMC.

b) Puong thing MH cit dudng tron (O) tai E khac M. Hai dudng thing HG va CE cit nhau tai 1.
Chimg minh rang EHI = EIM .

¢) Chirng minh ring MH di qua tim dudng tron noi tiép tam giac ACD.

Céu 5 (2.0 diém).
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a) Cho a, b, ¢ 1a cac sé thuc dwong. Chting minh ring:

1 1 1 1(1 1 1
+ + R
c(c+a+3b)+c2 a(a+b+30)+a2 b(b+c+3a)+b2 6la~ b” ¢
b) Cho mét da giac c6 10 dinh nhu hinh v& & bén (bdn dinh A,
B, C, D hoac B, C, D, E hoac C, D, E, F hodc ... hoac J, A, B, C duoc

A

goi 12 bén dinh lién tiép cta da giac). Cac dinh cua da giac dugc danh
s6 mot cach tiry ¥ boi cac s6 nguyén thude tap hop

{1; 2:3,4:5,6;7:8;9; 10} ( biét ring mdi dinh dugc danh béi mot sé va
cac s6 duoc danh & cac dinh 1a khac nhau). Chimg minh rang ludn tim
dugc bén dinh lién tiép cua da gidc duoc danh s6 ma tong cac sb do

16n hon 21. E
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DAP AN THAM KHAO
Céu 1 (3.0 diém).

4 L 1-9+442
2 eT-2J10  7+89-28V10

a) Rut gon biéu thic P =

e Loi gidi. Ta co

J?—2JT=\/5—2J3.J5+2=,/(J3—J5)2=J3—J§
Jo+ 42 =ys—2.2V2.1+1 = (\/5—1)2=\/§—1
J89 - 2810 = 49— 2.7.210 + 40 =,/(7—2JE)2 —7-2/10

Thay cac két qua trén vao biéu thirc P thi ta thu dugc
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b) Cho ba s6 thuc duong x, y, z thoa man

1

e Loi gidi. Bién doi gia thiét ctia bai toan ta duoc
2
X7 Nz +1-2 ; ;
= <:>(\/zz+1—z)(z+\/zz+1)=Xyz<:>xyz=1
z+ \/22 +1 y
Khi d6 ta 6 /xyz = 1 nén ta c6 bién d6i biéu thirc vé trai nhu sau

1
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Céu 2 (5.0 diém).

45

a) Giai phuong trinh x° + x* +2x = ?( ’ +2)\/X4 +4

e Loi giai. Diéu kién xac dinh ciia phuong trinh 1a x € R.. Dé thdy x = 0 khong phai 1a nghiém cta phuong

trinh. Xét x # 0, khi d6 bién déi twong duwong phuong trinh di cho ta dugc
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3 2 2 4
X3+X2+2X=%(X2+2)\/X4+4@X +X‘ +2X:4 5.X +2"X 2_4
X

x> 15 X
P N N[, 4 P 45 P 2Y
Sx+—Fl=—|x+—||[xX +—Sx+—F+1=—-|x+— x+—| —4
X 15 X x> X 15 X X

4 /
batt=x+— (M > 2\/7) khi d6 phuong trinh trén dwoc viét lai thanh t + 1 = f -4.

Diéu kién xac dinh ctia phuong trinh trén 1a M > 2\/5 . Bién d6i phwong trinh trén ta dwoc

45

t+l=—2 (2 -4 = 225(t+1)2 — 80t (t2 —4) o 166" — 64t% = 45(t2 +2t+1)
15 |
& 16t —109t2 =90t — 45 = 0 < (t - 3)(16‘5“ + 48t + 35t + 15) -0
+ Vi t > 242 thitaco 16t° + 48t + 35t +15 > 0.
+V6i t < —242 thitacod 16t° + 48t* + 35t +15 < 0.
(~at") + (~32¢) > 2V4.32¢" = 16272 > 2262 —12t% > 12.22t? = 24842 > 33¢°

Do d6 ta co —16t* — 32t > 55t . Lai ¢6 7t* + 3t + 15 > 0 nén —16t* — 32t > 55t> > 48t* + 3t + 15

Suy ra 16t° + 48t” + 35t + 15 < 0. Do vay tir phuong trinh trén ta dugc t = 3 hay ta c6 phuwong trinh

X+2=3©x2—3x+2:0<:>xe{1;2}
X

Véy phuong trinh d3 cho c6 tap nghiém1a S = {1; 2} .

(X_Y)2 -1 2(X+y—1)
b) Giai h¢ phuong trinh Xy T 4 v =—4

4X2+5y+wlx+y—1+6\/;=13

e Loi giai. Diéu kién xac dinh ctia hé phuong trinh 1a xy # 0;x +y > 1.

(X—y)2—1 2(X+y—1)_ (X—y)2—1 2(X+y—1)_
Xy - X+y -e Xy - X+y =0
@(X—y)2—1+4xy_2(x+y—l)ZOQ(X+y)2—1_2(X+y—1):O
Xy X+y Xy X+y
<:>(X+y_1)(x+y+1)—2(x+y_l)=0<:>(X+y—l)[X+Y+1— 9 ]:0
Xy X+y Xy X+y

Dén day ta xét cac truong hop sau

+Trudng hop 1. Véi x +y —1 =0 < y = 1 — x, thé vao phuong trinh th{r hai ctia hé da cho ta duoc
AX* +5(1-x) +6vx =13 & 4x" —5x + 6Vx ~8 =0
Pit t = vx > 0, khi d6 phuong trinh trén duoc viét lai thanh

t4—5t2+6t—8=0<:>(4t4—4t2+1)—(t2—6t+9)=0
<:>(2t2—1)2—(t—3)2 =0 (26—t +2)(26 +t—4) =0

Dé ¥ rang t > 0 nén dé& thiy 2t> — t + 2 > 0. Do d6 tir phuong trinh trén ta duoc
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1- 33‘—1+\/§}_—1i\/§
4 4

2t2+t—4=0<:>te{ 1

J33 -1

Do t > 0 néntaduogc t = 1 la nghiém cua phuong trinh.
V33 -1

Dén déy ciing do x° = 1 o x =+ \/3—1_1: \l\/%—l‘
_\/\/5—1'2+\/\/§—1J {\/@_1'2_\/@}
2 ’ 2 9 ’

bén day ta duoc (x; y) = { ; 9

I+

+y+1 2
+ Trudng hop 2. Véi ——Y "~

2 . .
=O©(X+y) +x+y-2xy=0xX +y +x+y=0.
Xy X+y

Do x + v > 1 nén dé thay phuong trinh trén v6 nghiém.

\/@1‘2%/\/%1}_{\/\/%1‘2\/@] 4 céc
2 2 o2

2

Thay vao h¢ phuong trinh ta dugc (X; y) = [

nghiém cta h¢ phuong trinh da cho.

Céu 3 (3.0 diém).

1

a) Cho cac da thuc P(x) va Q (x) thoa man P (x) = 5 (Q (x) +Q (1 — X)) v6i moi x. Biét rang hé s cua P (x)

1 cac sb nguyén khong am va P(O) = 0. Tinh P(3P(3) - P(2)) .

e Loi giai.

Xét x =0 thitaco P(0) =0, doddsuyra P(0)=%(Q(0)+Q(1)):0 hay Q(0)+Q(1) =0.

Xét x =1 thitaco P(1) =%(Q(1)+Q(O)) =0.

Gia st da thuc P (X) codang P (X) =a X"+ an_lx"’1 + an_QX“’2 +..tax+a,.

LécéP(l)za.l“Jra 1'+a 1" +..+a.l+a =a +a +a _+..+a +a .
n n— n-2 1 0 n n— n-2 1 0

1 1

+a ,+..+a +a, =0.

Mataco P(l) =0 nénsuyraa_ +a

Do da thiic P (X) ¢6 hé s6 1a cac s6 nguyén khong 4m nén tir hé thirc trén ta suy ra dugc

a =a  =a ,=..=a =a; =0

):0.

Tird6 suyra P(x) = 0 véi moi x. Diéu nay din dén P(3P(3) -p(2)

b) Tim tit ca cac cip sd nguyén (x; y) thda man phuong trinh:

(x-y-1)(x+1-y)+6xy+y* (2-x—y) =2(x +1)(y +1)

e Loi giai. Bién doi tuong duong phuong trinh di cho ta dugc




Nguyén Cong Loi Trwong THCS Thi Tran Quy Hop
(x—y-1)(x+1-y)+6xy+y* (2-x—y) =2(x +1)(y +1)
& (x-y) ~1+bxy+y* (2-x—y)=2xy +2(x +y)+2
<:>(x+y)2 +y2(2—x—y)=2(x+y)+3<:>y2(x+y—2)=(x+y)2 —2(x+y)—3
Bt a = x +y;b = y* (a,b € Z;b > 0). Khi d6 phuong trinh trén duoc viét lai thanh b (a —2) = a” —2a — 3.
+ Trudng hop 1. Vi a = 2, khi do phuong trinh b (a — 2) = a” — 2a — 3 vo nghiém.

2
, _%a-—
+ Truong hop 2. V6i a # 0, khi d6 phuong trinh duoc viét lai thanh b =a—a23 PR >
a — a —

Do ava b la cac sb nguyén néntadugc a —2 € {—3;—1; 1; 3} S ae {—1; 1; 3; 5}.
Pé y rang b 1a s chinh phuong nén ta duoc (a;b) = (—1;0),(1;4),(3;0),(5;4).

Tur d6 ta duogc cac nghiém cta phuong trinh la (X;y) = (—1;0),(—1;2)(3; —2),(3;0),(3;2),(7; —2),

Ciu 4 (7.0 diém). Cho tir gisc ABCD ndi tiép dudng tron (O; R) , v& duong tron (O'; R') v6i R < R tiép xuc
v6i canh AD tai H, tiép xtic v6i canh BC tai G va tiép xiic trong voi duong tron (O) tai M ( M thudc cung

CDkhéng chira diém A). V& duong thing tt 1a tiép tuyén chung tai M ciia hai duong tron (O; R) va (Oy; R')

(tia Mt ndm trén nira mit phang bo 1a duong thing MA chira diém D).
a) Chirng minh DHM = DMt + AMH va MH, MG lan luot 14 tia phan giac ciia cac goc AMD, BMC .
b) Puong thing MH cét dwong tron (O) tai E khéc M. Hai duong thing HG va CE cét nhau tai I. Chimg
minh ring EHI = EIM..
¢) Chimg minh ring MH di qua tdm dudng tron noi tiép tam giac ACD.

e Loi gidi.

a) Chung minh DHM = DMt + AMH va MH, MG

B
1an luot 1a tia phan giac cua cac goc AMD, ]ﬁ/I\C .
+ Do Mt 14 tiép tuyén chung tai M ciia hai duong tron
(O) va (O) , lai do ﬁ/[ la gbc ngoai tai H cta tam
gidc AMH nén ta c6 g
FINE < FARE + AVEH = DATL + AVH .

—_—

+ Theo trén ta c6 DHM = DMt + AMH nén suy ra

AMH = DHM — DM¢t . Mt khac c6 AD tiép xuc véi
duong tron (O’ ) tai H nén AD la tiép tuyén véi duong

. . t
tron (O ) nén ta lai co
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DMH = HMt — DMt = HMG — DMt = DHM - DMt

Két hop hai két qua trén ta dugc AMH = DMH nén MH la tia phan giac cia goc AMD . Chtig minh hoan toan

tuwong tu thi ta dwgc MG 1a phan giac cua goc BMC.

b) Chirng minh EHI = EIM .

—_—

Suy ra ttr giac CGIM ndi tiép dudng tron.

—

Ma BC la tiép tuyén v6i duong tron (O) nén ta lai c0 MIC = MGC = MHG . Do vay ta dugc EHI = EIM .

¢) Chirng minh MH di qua tim duong tron ndi tiép tam gidc ACD.

— ; EH EI
Theo trén ta c6 EHI = EIM nén hai tam giac EHI va EIM dong dang v6i nhau, suy ra ta dugc L = M hay

o —

ta duoc EI’ = EH.EM. Do ME la phén giac cia goc AMD nén diém E nim chinh gid cung nho AD cua

duong tron (O) , tir d6 ta lai c6 EDH = EDA = DME nén hai tam giac EHD va EDM ddng dang véi nhau, tir

do ta duoc % = % hay ED* = EH.EM. Bén day ta suy ra dugc EA = ED = EI. Bé y dén tr giac

ACDE ndi tiép dudng tron ta c6 bién ddi goc

AID = AIE + EID = %(1800 - AEI) + %(1800 - DEI) =180" — %(AEI + AEI)

=180’ —%AED =180 - %(180(J — ACD) =90" + %ACD
Ma lai ¢6 AE la duong phan gidc ciia tam giac ACD, do d6 I 1a giao diém ba dudng phan gidc cua tam giac

ACD, suy ra I 12 tam dudng tron ndi tiép tam gidc ACD. Vay MH di qua tdm duong tron ndi tiép tam giac ACD.

Céu 5 (2.0 diém).

a) Cho a, b, ¢ 1a cac sb thyc dwong. Chimg minh ring:

(O S <1[L+L+LJ
c(c+a+3b)+c2 a(a+b+3€)+a2 b(b+c+3a)+b2_6 a> b

e Loi giai. Ap dung bat ding thitc Cauchy — Schwarz dang phén thirc ta duoc

1 1 1( 1 1 1 11 1 1(1 1 1
= <—|—+ t— <= =+ —+— |+ —
c(c+a+3b)+c2 ac+2c¢> +3bc 9\2¢® bc+ca 2bc 9(2¢> 4\(bc ca 2bc

<, . 1L 1 _ 11 111 1 .11 _ 11 111 1 . .
béyraing —=-2——<—-| —+—|va—=—-2.—.—<—| —+— | néntalaicod

ca 2 ac 2la*® ¢ bc 2 bec 2B ¢

1(1 1 3 1{1 1({1 1 3(1 1 1(2 1 3

— =t —+— || =+ | == |+ | =+t || == =+ —+—

18(c¢* 2ac 2bc) 18|c* 4la® ) 4 b 18(c* 4a’ 4b’
Tur d6 ta dugc 1 . Si %4‘%-}-%

c(c+a+3b)+c2 18\ ¢ 4a® 4b

Chirng minh hoan toan tuong tu ta dugc
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1 1( 2 1 3 1 1( 2 1 3
— < —| =+ —+—|; < —| =+ —+—
a(a+b+30)+a2 18 a? 4b®  4c? b(b+c+3a)+b2 18 b*  4¢®  4a®

Cong theo vé cac bat dang thuc cing chiéu trén thi ta duoc

1 1 1 1{1 1 1
+ + S B s

c(c+a+3b)+c2 a(a+b+30)+a2 b(b+c+3a)+b2 6la® b* ¢
Vay bai toan duoc chimg minh hoan tit. Dau ding thirc xay ra khi va chikhi a =b = c.
b) Cho mét da giac ¢6 10 dinh nhu hinh v& & bén (bdn dinh A, B, C, D hoidc B, C, D, E hoic C, D, E, F hoic ...
hoic J, A, B, C duoc goi 1a bdn dinh lién tiép cua da giac). Cac dinh cua da gidc dugc danh s mot cach tiry ¥ boi
cac s6 nguyén thudc tap hop {1; 2:3;4:5;6;7;8;9; 10} ( biét raing mdi dinh dugc danh bai mot s6 va cac sd duoc
danh & cac dinh 13 khac nhau). Chimg minh rang luén tim duoc bdn dinh lién tiép cia da giac duoc danh sb ma
tong cac sd d6 16n hon 21.
o Loi gidi.

Vi giai thiét ciia bai toan ta cé cac bd bdn dinh lién tiép ciia da giac 1a
(A; B;C; D) , (B; C; D; E) , (C; D; E; F) , (D; E; F; G) , (E; F;G; H)
(F;G; H;I),(G;H; I;J),(H; I;J;A),(I;J;A;B),(J; A; B;C)
Trong 10 b bdn dinh lién tiép trén thi mdi dinh xuat hién bdn lan. I C

Gia st cac sb duge dién vao cac dinh A, B, C, ..., I, J cta da giac lan
lugtla X, 5X 35X XXX X X XX
bat T;T,;'T,; T ;T T T T T T theo thi tu 1a tong cac bon s6
duogc ghi trén cac dinh twong tng voi 10 bd bdn dinh lién tiép trén. Khi F
do tacod
T+T,+T,+T +T +T +T +T +T +T,
=4(XA + X, X Xy H X X X X X +x(])=4(1+2+...+10)=4.55=210

Khong mat tinh tong quat ta gia sir T <T,<T,<T <T<T <T <T, <T <T,.

Gia sir khong ton tai tong nao trong cac tong T; T, T T T T T T T T 16m hon 21,

0’
Khidotaco T <T,<T,<T <T <T <T <T <T, <T <21.
+Neu T, <T,<T,<T,<T,<T <T <T, <T, <T, <21 khidotaco
T+T,+T,+T +T, +T, +T +T, +T, +T <10.21 =210
Diéunay mau thudn véi T, + T, + T, + T, + T, + T, + T. + T, + T, + T, =210.
+ Néu trong day bét dang thirc trén ton tai hai tong bang nhau, chang han T, =T, thi dé thay x A= Xpo diéu
nay mau thun vdi gia thiét cia bai toan.
Nhu vay diéu gia st trén 1a sai, tirc 13 ton tai it nhat mot tong 16n hon 21. Bai toan dwoc chimg minh.

Loi gidi trén chi mang tinh tham khdo, khéng phdi la ddp dn chinh ciia dé thi. Néu c6 gi sai sét mong
dwoc thong cam va gop y. Néu ban doc co nhirng gop y xin dwoc chia sé vé email:
nguyenkhanhdatchi@wgmail.com
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