LO1 GIAI VA BINH LUAN DE THI
CHON DOI TUYEN IMO 2019

Tran Nam Diing — V6 Quéc B4 Can — Tran Quang Huing

1. D@ thi

1.1. Ngay thi thit nhat (29/03/2019)

Bai 1 (7.0 diém). Trong mot qudc gia c6 n > 2 thanh phé. Giita hai thanh phd bét ky c6 dudng
bay truc tiép theo hai chiéu. Ngudi ta mudn cip phép khai thac cho cac dudng bay trén cho mot
s6 hiang hang khong véi cac diéu kién sau day:

i) Mbi dudng bay chi dudc cAp phép cho mot hang hang khong duy nhét.

ii) Di chuyén dudng bay cia mot hang hang khong tily y, ngudi ta c6 thé di tit mot thanh phd
bat ky t6i c4c thanh phd con lai.

Héi c6 thé cap phép cho tdi da bao nhiéu hang hang khong?

Bai 2 (7.0 diém). V&i n 1a s6 nguyén duong, ching minh ring da thic
n
Py(x) =Y 2FCIxF(x —1ynF
k=0

c6 dung n nghiém thuc phan biét.

Bai 3 (7.0 dié7m). Cho tam gidc A B C nhon khong can noi tiép trong dudng tron (O) c6 M
12 trung diém cda canh B C, truc tam H. Goi D 1a di€m thudc tia d6i ctia tia H A sao cho
DM = 1BC va D’ladiém dbi xing v6i D qua B C. Gia sit dudng thang 4O cit dudng
thang M D tai X.

a) Chiing minh ring dudng thang A M di qua trung diém ctia doan D’ X .

b) Dinh nghia cic di€ém E, F tuong td diém D ; dinh nghia cdc diém Y, Z tuong tu di€m
X. Goi S 1a giao diém hai tiép tuyén ctia duong tron (O) tai B, C, va G 1a hinh chiéu
ctia trung diém doan A S 1én dudng thang A O. Ching minh rang ton tai mot diém cé
cung phuong tich véi ¢4 bon dudng tron (SGO), (BYE), (CFZ) va(0).

1.2. Ngay thi thi hai (30/03/2019)
Bai 4 (7.0 diém). Tim tAt ca cic bo ba s nguyén duong (x, y, z) théa méan

2 + 1 =7V 4+ 27,
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Bai 5 (7.0 diém). Cho tam gidc A B C khong can noi tiép dudng tron (0), ngoai tiép dudng
tron (7). Gia st dudng thang B I cit duong thang AC & E va dudng thang C I cat dudng
thang A B & F. Puong tron qua E, tiép xic v6i dudng thang OB tai B cat dudng tron (O)
tai M. Pudng tron qua F tiép xiic véi dudng thang O C tai C cat dudng tron (O) tai N.
Ciac dudng thang M E, N F cit lai duong tron (O) lan lugt tai P, Q. Goi K 1a giao diém
ctia cac duong thang EF va B C. Puong thang P Q cat cac cdc dudng thang BC, EF lan
lugt tai G, H. Chiing minh rang dudng trung tuyén qua G ctia tam gidc G H K vudng géc
v6i dudng thang O1.

Bai 6 (7.0 dié7m). Mot con bo & vi tri ¢6 toa dd x = 1 trén truc sb thuc. O mdi budc, tir vi
tri c6 toa dd x = a, con bo c6 thé nhdy dén cac vi tri c6 toa dd x = a + 2 hodc x = .
Chitng minh rang c6 tit cd F,, 14 — (n + 4) vi tri khac nhau (k€ ca vi tri ban diu) ma con bo
c6 thé nhiy dén véi khong qua n buée nhdy, trong d6 ( F,,) 1a diy Fibonacci dugc xdc dinh béi

FO = F1 =1va Fn+2 = Fn+1 + Fn V61m01n > 2.
2. Ldi giai va binh luan cac bai toan

Bai 1 (7.0 diém). Trong mot qudc gia c6 n > 2 thanh phé. Gitta hai thanh phd bat ky c6
dudng bay truc tiép theo hai chiéu. Ngudi ta mudn cip phép khai thic cho cic dudng bay
trén cho mot s6 hiang hang khong véi cic diéu kién sau day:

i) Mbi dudng bay chi dudc cAp phép cho mot hang hang khong duy nht.

ii) Di chuyén dudng bay ctia mot hang hang khong tuy y, ngudi ta ¢ thé di tit mot thanh
phd bat ky t6i cac thanh phd con lai.

Hoi c6 thé cip phép cho tdi da bao nhiéu hang hang khong?

Loi giai. Ta ching minh s6 hing t0i da ma ta c6 thé cp phép 1a | % | . Trudc hét ta chiing minh
nhan xét sau.

Nhan xét. Dé'théa man diéu kién ii) (ta goi diéu kién nay la diéu kién hang hang khong két noi
n thanh phd) , hang hang khéng phdi co it nhdt n — 1 duong bay.

Chirng minh. Ta ching minh nhan xét biang quy nap theo n. V6i n = 2, diéu nay 1a hién
nhién. Gia st ménh dé da ding dén n — 1. Xét n thanh ph6. Mbi mot thanh phd hién nhién phai
c6 it nhit mot dudng bay. Néu mdi thanh phd déu c6 hai dudng bay tré 1én thi s6 dudng bay sé
> 27” = n. Néu c6 mot thanh phd chi cé6 mot dudng bay thi ta bd thanh phd dé va dudng bay
dén n6 di. Con lai n — 1 thanh phd. T mot thanh phd bat ky trong n — 1 thanh phd con lai vin
phai di dugc dén tit ca cac thanh phd khic. Do d6 theo gid thiét quy nap, c6 it nhit n — 2 dudng
bay. Quay trd lai n thanh phd ban dau, ta phai c6 it nhat n — 1 dudng bay. |

St dung nhan xét nay, vi s6 dudng bay ctia n thanh phd 1a =1 nén s hing hang khong t6i
da c6 thé dugc cip phép khong vugt qua nnol) - (p—1) = 5. T do s6 hiang hang khong

t6i da c6 thé dugc cip phép khong vudt qua E%J :

Tiép theo, ta chiing minh gi4 tri 16n nhat nay c6 thé dat dudc. True hét ta chiing minh véi
n = 2k thi ta c6 thé cip phép cho k hing hang khong. Ta ching minh bing quy nap theo k.
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V6i k = 1 bai todn 12 hién nhién. Gia st ta da c6 cach cip phép cho k hing hang khong két
ndi 2k thanh phé. Xét 2k + 2 thanh phé. Xét hai thanh phé A, B va 2k thanh phd con lai.
Theo gia thiét quy nap, ta c6 thé cip phép cho k hing hang khong két nbi 2k thanh phd. Ta chia
2k thanh phd nay thanh hai nhém, nhém 1 gdm k thanh ph6, nhém 2 gdm k thanh phd. Ta clp
phép cac dudng bay tif A dén k thanh phd nhém 1 cho k hing hang da dudc cip phép, mbi hiang
1 dudng bay. Tuong tu véi cac dudng bay tif B dén k thanh phd nhém 2. Bang cach nay, A va
B da dugc két ndi v6i hé thdng cii va cic hing cii thoa man diéu kién. Bay gid ta cp phép cho
hing hang khong méi tit ca cic duong bay tit A dén cac thanh phé nhém 2, tit B dén cic thanh
phd nhém 1 va tir A dén B thi hang m&i nay ciing két nbi dugc dén tt ca cac thanh phd (nho
“cAu” A B). Phép quy nap hoan tit vi ménh dé dudc ching minh cho n = 2k.

V6in = 2k + 1, ménh dé 1a kh4 hién nhién: ta cip phép cho k hang hang khong két nbi 2k
thanh phd. Sau d6 ta cAp phép cac dudng bay ndi tif thanh phd thi 2k + 1 dén 2k thanh phd
cho k hing hang khong nay, mdi hing it nhit mot dudng bay thi k hing hang khong néi trén
sé két ndi 2k + 1 thanh phd.

Vay ta ¢6 thé cAp phép cho tdi da | % | hang hang khong. O

Binh luan. Day 1a mot bai toan cuc tri t& hop kha don gidn. Ta c6 thé st dung ngdn ngit do thi
dé trinh bay 15i gidi gon gang va stic tich hon. Khi d6 thuat ngit két ndi sé thanh lién thong, bs dé
sé dugdc phat biéu 1a mot do thi khung lién thong n dinh c6 it nhdt n — 1 canh.

Ngoai cach xay dung vi du bang thuit toan nhu & trén, ching ta con c6 thé c6 nhiing cach xay
dung khac, chang han phan dd thi day di K, thanh dudng di Hamilton (c4ch nay kha khé, dic
biét 12 trudng hop n chan). Bai toan nay lic d6 sé c6 mot cach phat biéu khéc kha thid vi nhu sau:
C6 2k nguoi thué 2k phong ddnh sé tiv 1 dén 2k . Sau méi mét dém ho lai déi phong sao cho
hai nguoi bdt ky canh phong nhau khong qud mét lan. Chitng minh rang c6 cdch sdp xép dé’ ho &
dugc k dém. Chang han v6i k = 5 ta c6 cach sap xép sau

1 2 34 5 6 7 8 9 10
2 4 6 8 101 3 5 7 9
36 91 4 7 10 2 5 8
4 8 1 5 2 6 10 3 7
5104 9 3 8 2 7 1 6

Bai 2 (7.0 diém). Véi n 1a sb nguyén duong, chiing minh ring da thic

Py(x) =) 2KCikxk(x -1k
k=0

c6 dung n nghiém thuc phan biét.

Loi giai. Goi x¢ 12 mot nghiém thuc bat ky (néu cé) ctia P, (x). Néu xo > 1 thi hién nhién
P,(x9) > 0.Connéuxg <0,ditxg=—y (y>0),tacod

Pu(x0) = Y 2KCH (—y)*(—y — )" * = (=) Y 2k yk(y + 1)"F #£ 0.
k=0 k=0
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Do d6 xo € (0, 1). Két qua nay chiing to cdc nghiém thuc néu c6 cia P, (x) déu thudc
(0, 1). V6ix € (0, 1),taco

n

Po(x) =Y C3 («/E)Zk (ix/l - x)ZHk .

k=0
bat
n _ 2k 2n—2k
a=Y ci(Vax)" (iVT=x) ,
n 2k—1 2n—2k+1
B=13 ¢! («/Zx) (ivT- x)
k=1
D¢ y ring
_ 2n _ 2n
A+B:(\/2x+i\/1—x) , A—B:(x/2x—ix/1—x> ,
ta cod

2P, (x) = (V2x +iv1 - x)2" + (Jﬂ_im)“.

Pitr = /1 + x,cosp = \/12+xx vasing = \/}jr’; (¢ €(0.%)). Chi y ring, v6i méi

2x
1+x

@ € (O, %) , ta tim dugc tuong ¢ng duy nhit mot gia tri x € (0, 1) thda min cos ¢ = \/

vasing = \/ ;;fc . St dung cong thiic De Moivre, ta c6

2P,(x) =r?"(cosg +ising)?" + r?"(cos ¢ —isin@)?"
r2n [cos(2n<p) + isin(2ngo)] + r2" [cos(2n<p) — isin(Zn(p)]
= 2r?"cos(2ne).

Do d6 P,(x) = 0 khi va chi khi cos(2ng) = 0, tic ¢ = = + kr v6i k € Z. Do

2n
T

¢ € (0,Z)nén 0 < k < n — 1. Tu day, ta tim dudc n gid tri ¢ phan biét thoa man

cos(2n¢) = 0. Vay, da thic P, (x) c6 ding n nghi€ém thuc phan biét. ]

Binh luan. Dang phat biéu clia da thiic P, (x) goi ching ta nghi ngay dén khai trién nhi thic
Newton (a + b)?" va (a — b)?". Tuy nhién, dé dua dudc cic sd mii vé tuong dng véi “chap”
2k trong C2¥ | ta can dua cdc s6 x vad x — 1 vao ciin bac hai. Dén day, vdi nhan xét nghiém néu
c6 clia da thiic phai thudc (0, 1) c6 thé nghi ngay dén viéc 1¢i dung s6 phiic dé gitip thu gon
P, (x) nhu da trinh bay trong 16i giai trén.

Y tudng ting dung sb phiic vao gidi toan da khong con méi va vin thudng xuyén xut hién trong
da dé thi Olympic. Dué6i ddy 1a mot s6 bai toan khac c6 thé sit dung sd phiic nhu mdt cong cu
déc Iuc dé tim hudng giai.

Bai toan 1. Tinh téng
3n—1

Yo (=3)kegt.
k=0
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Bai toan 2. (IMO, 1974) Chitng minh rdng véi moi sé tw nhién n , tong
n
Z C22ki-11 23k
n
k=0

Iuén khong chia hét cho 5.
Bai toan 3. (Romanian IMO TST, 2013) Cho s6 nguyén n > 2, goi a,, b, va c, la cdc sé
nguyén thoa man
(V2-1) = ap + 5, V2 4 e, V4.
Chitng minh rang ¢, = 1 (mod 3) khiva chi khin = 2 (mod 3).
Bai toan 4. (Trudng Dong, 2015) Cho ddy da thitc { P, (x)} dugc xdc dinh bdi Po(x) = 2,

Pi(x) = xva Ppys(x) = xP,i1(x)— P,(x). Chitng minh rdng véi moi n nguyén duong,
da thiic P, (x) co ding n nghiém thuc.

Bai 3 (7.0 d‘ié’m). Cho tam gidc A B C nhon khong can noi tiép trong dudng tron (O)
c6 M 1a trung diém cta canh B C, truc tdm H. Goi D la diém thudc tia d6i cta tia H A
sao cho DM = %B C va D' 1a diém dbi xing véi D qua B C. Gia st dudng thang 4 O
cat dudng thang M D tai X .

a) Chiing minh rang dudng thang A M di qua trung diém ctia doan D’ X .

b) Dinh nghia cic di€m E, F tuong tu di€m D; dinh nghia cic diém Y, Z tuong
tu diém X. Goi S 1a giao diém hai tiép tuyén cta dudng tron (O) tai B, C, va
G 1a hinh chiéu cia trung diém doan A S 1én dudng thing A O. Ching minh ring
ton tai mot di€ém c6 cung phuong tich véi ca bén duong tron (SGO), (BYE),
(CFZ)va(0).

Lai giai. a) Goi AU la dudng cao va H la tryc tdm tam giac A BC. Ta cd

UD'? =UD?=UB-UC =UH -UA.

Dodé (DD’, HA) = —1. Suyra

OM _ AD’
AD 24U

AH - AU = AD'-AD &

(1)

Ap dung dinh Iy Menelaus cho tam gidc X D’ D, ta thdy A M chia doi D’ X khi va chi khi

MX AD' _MX _ AD’ MO _AD’

— — < = < = .
M D AD DX AD’" + AD AD 2AU

Ping thic cubi ding theo (1).

b) Goi giao diém thi hai ctia dudng thang A4S véi dudng tron (0) 1a N. Goi N’ 1a diém dbi
xting v6i N qua B C. Dé thiy N’ 1a hinh chiéu ctia H 1én dudng d6i trung A N. Tix d6

MN'-MA = MB?* = MD'?.
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Ta suy ra

/NAX = /MAD' = /ZMD'N' = /MDX.
Do d6 duong tron (A DX ) di qua N. Bay gio, goi L 1a diém Lemoine, diém dong quy ctia ba
dudng ddi trung thi hién nhién L thudc dudng thing A S 1a truc dang phuong ctia hai dudng (O)
va (ADX). Tuong tu L ciing nam trén truc dang phuong ctia (O) v6i (BEY ) va (CFZ).
Do d6 L c6 cung phuong tich v6i ba dudng tron (BY E), (CYF) va (0).

D€ két thiic phép ching minh, ta sé chiing minh L ciing ndm trén truc dang phuong ctia hai
duong tron (O G S) va (O). That vy, goi giao diém thif hai ctia dudng thang A S va dudng
tron (OG S) 1a J. Goi K 1a hinh chiéu ctia O 1én dudng thang A S thi K 1a trung diém ctia
doan AN. D& thdy O G T K ndi tiép, do d6

AJ -AS = A0 - AG = AK - AT.

Tir ddy, ta thu dugc AJ = 2 AK hay J 1a trung diém AK .




Loi gidi va binh ludn dé thi chon déi tuyén IMO 2019 7

St dung chiing minh tuong tu trong ht tps://diendantoanhoc.net /topic/159439-
vmfs-marathon-hinh-hoc-olympic/page-13. Goi W la giao diém clia ciac dudng
thang AS va BC. Tacé (AW, SL) = —1,suyra (AS, WL) = 2 hay

WA _,. k4 2)

AN

LS
Mat khac, tactingc6 (AN, SW) = —1nén (AS, NW) = 2. Do do

NA WA
S wsS
Tu (2) va (3), ta thu dugc
NA_, L4
NS LS
hay (AS, NL) = 4. Tudoé,tacé (AN, SL) = —3. (4)

Mit khdc, chi y rang L c6 cung phuong tich véi hai dudng tron (O G S) va (O) khi va chi khi

LS -LJ=LA-LN & LS-

N
3
~—— ~

n
2

& LS -(3LA+LN)=4LA-LN
& 3LA-LS—3LA-LN=LA-LN-LN-LS
& 3LA-NS=LN- -S4

AS NS
AL NL
Pang thiic cubi diing theo (4). Phép chiing minh dugc hoan tit. O

Binh luan. C6 thé giai bai todn gbc ma khong can dung chi tiét cdc duong tron (BEY) va
(CF Z) dé dd gay rbi hinh. Bai todn nay hai y déu dep, tuy nhién khi binh tinh d€ y thi y b) chi
kho vé hinh con 16i giai nhu trén kha tu nhién.

Vi cach chitng minh trén, ta c6 thé mé rong ca hai y ctia bai toan va 15i giai cac bai todn tdng
quét gan nhu tuong tu.

Bai toan 1. Cho tam gidc A B C. Puong tron (o) di qua hai diém B, C cdt lai duong thing
CA, AB tai E, F. Goi H la giao diém ciia cdc duong thing BE va C F. Puong thing A H
cdt duong tron () ldn lugt tai P, Q véi P va A khdc phia so véi BC. Goi M la trung
diém ciia doan B C. Trén duong thang P M, ldy diém R sao cho AP va AR ddng gidc trong
/ BAC. Chiing minh rdng

a) Puong thang AM chia déi doan QR.

b) Puong tron (APR) luon di qua mét diém cé dinh khdc A khi (w) thay doi.


https://diendantoanhoc.net/topic/159439-vmfs-marathon-hinh-hoc-olympic/page-13
https://diendantoanhoc.net/topic/159439-vmfs-marathon-hinh-hoc-olympic/page-13

8 Loi gidi va binh ludn dé thi chon déi tuyén IMO 2019

Bai toan 2. Cho tam gidc ABC véi P la diém bdt ky. P Q la duong kinh ciia duong tron
(PBC). Puong thing AQ cdt duong thing B C tai D. Goi R la hinh chiéu ciia trung diém
A Q lén duong thing A P. Chitng minh rdng truc ddng phuong ciia hai dwong tron (AB C) va
(P QR) di qua diém lién hop diéu hoa cia Q doi véi AD .

Trong d6, két qua bai toan tdng quat thit hai ¢ thé dan tSi viec md rong dudng thang Schwatt
rit ndi tiéng (tham khdo thém tai https://artofproblemsolving.com/community/
c6h621222p3712825).

Bai 4 (7.0 diém). Tim tit ca cac bo ba s6 nguyén duong (x, y, z) théa man

2+ 1 =7 4 2%.

Loi giai. Tu phuong trinh di cho, dé thy x > z. Khi d6, phuong trinh dudc viét lai thanh
222 F—-1)=7"—-1.
Xét cac truong hgp sau.

e Trudng hgp 1: y lé. Khi do, 77 — 1 =2 (mod 4), do d6 2 = 2, tiic z = 1. Thay tré
lai phuong trinh, ta dugc
2* =7V + 1.
Mit khéc, talaic6 77 +1 =87 1 =772+ ... =74+ Dva?? ' =772 +...—7T+1
1€ (doylé)nén2* =8, ticx = 3. Tudotaco y = 1.

e Trudng hop 2: y chin nhung khong chia hét cho 4. Piat y = 4k + 2 véik € N.

Ta co
7y —1= 74k+2 1= (72k+1 . 1)(72k+1 + 1)

Ly luan tuong ty trudng hop trén, ta thdy 721 — 1 chia hét cho 2 nhung khong chia hét
cho 4, 72%*1 4 1 chia hét cho 8 nhung khong chia hét cho 16. Do d6 7° — 1 chia hét cho
16 nhung khong chia hét cho 32. Suy ra z = 4. Thay trd lai phuong trinh, ta dugc

2 = 7% 415,

Do 7**2 4 15 = 1 (mod 3) nén 2* = 1 (mod 3), suy ra x chin. Pit x = 2£ véi
L eZb, £>2(dox >z =4),taducc

15 — 22f _ 74k+2 — (2@ _ 72k+1)(2€ + 72k+1).
Tir do, dé dang tim dugc £ = 3vak =0, ticx = 6va y = 2.

e Trudng hdp 3: y chia hét cho 4. Khi d6, ta c6 7% — 1 chia hét cho 74 — 1 = 2%-3 .52,
Suy ra 2=7 — 1 chia hét cho 25, tiic x — z chia hét cho 20 (vi ord,5(2) = 20). Tir day, ta
c62* 7 —1chiahétcho2'®©—1 =3x11x31,suyra7” =1 (mod 31).

Chu y rang ords; (7) = 15 nén ta cé y chia hét cho 15. Suy ra y chia hét cho 60. Tir day,
v6i chi y rang 7° = 1 (mod 9), ta suy ra 7% — 1 chia hét cho 9. Do d6 2*~% — 1 chia hét
cho 9, suy ra x — z chia hét cho 6 (do ordg(2) = 6). Tuy nhién, diéu nay din dén 2% — 1
chia hét cho 7 (do 2° = 1 (mod 7)), mau thuin vi 77 — 1 khong chia hét cho 7.

Vay ¢6 hai bo s6 (x, y, z) théa man yéu cau la (3, 1, 1) va (6, 2, 4). O


https://artofproblemsolving.com/community/c6h621222p3712825
https://artofproblemsolving.com/community/c6h621222p3712825
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Binh luan. DE giai bai todn nay, ta chi can chia trudng hop dé xét dong du thich hop. Dudi day
12 mot s bai toan tuong tu.

Bai toan 1. Tim tdt cd cdc sé tw nhién x, y, z théa mdn
7 + 137 = 27,

Bai toan 2. (Vietnam TST, 2011) Tim tdt cd cdc sé nguyén duong n sao cho biéu thiic
A =2"T2(2" — 1) —8-3" + 1 ¢6 gid tri la s6 chinh phuong.

Bai 5 (7.0 diém). Cho tam gidc A BC khong can noi tiép dudng tron (0), ngoai tiép
duong tron (7). Gia st duong thang B I cat duong thang AC & E va duong thang C I
cat duong thang A B & F. Pudng tron qua E, tiép xiic véi dudng thang OB tai B cat
duong tron (O) tai M. Pudng tron qua F tiép xic véi dudng thang O C tai C cit dudng
tron (O) tai N. Cac dudng thaing M E, NF cit lai dudng tron (O) lan ludt tai P, Q.
Goi K 1a giao diém ctlia cdc dudng thiang EF va B C. Puong thang P Q cit cic céc
duong thang BC, EF lanlugt tai G, H. Chiing minh ring dudng trung tuyén qua G
ctia tam giac G H K vudng géc véi dudng thang O 1 .

Loi giai. Trudc hét, ta sé chiing minh céc bs dé sau

B& dé 1. Cho tam gidc A B C néi tiép trong duong tron ( Q) , phdn gidc A D . Duong tron qua
A, D va tiép xiic vdi duong thiang OA cdt lai duong tron (O) tai P. Khi dé duong thing P D
di qua trung diém cung B C chita A ciia duong tron (O).
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Chitng minh. Goi giao diém ctia tiép tuyén qua A ctia dudng tron (O) v6i dudng thang B C
la 7. Dé thdy T la tdm duong tron di qua A, D va tiép xic véi dudng thang A O. Goi J 1a giao
diém thit hai cia dudng thang P D véi dudng tron (O). Khi do, ta cé

LT =2ZAPD = ZO0.

Tir d6 suy ra hai tam gidc cAin OAJ va TAD dong dang. Laic6 TA L OAnén OJ L TD,
suyra OJ 1 BC. Vay J latrung diém cung B C chia A cla dudng tron (O). |

B& dé 2. Cho tam gidc A B C c6 phan gidc BE, CF, tam ngoai tiép O, tdm duong tron bang
tiép goc Ala J.Khido OJ L EF.

Chitng minh. C6 thé tham khao trong: Tran Quang Hung, Mot 56 bo' dé quen thudc trong cdc
ky thi Olympic, bai giang truong he cho gido vién nam 2016. ]

Tré lai bai toan. Theo b dé 1, tacé P, Q lan ludt 1a trung diém cic cung A B, AC lan lugt
chiia C va B. Goi S 1a giao diém thi hai ctia dudng thang A1 va (O).

°J

Ta can chiing minh dudng thang qua G U vudng géc O chia doi doan H K. Qua G dung
dudng thang G V song song véi H K thi diéu phai ching minh tuong duong

G(HK,UV) = —1.
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Dung chum tryc giao tam O thi
OT L PQ=GH, OS_LBC=GK, Ol LGU, OJ LEF=HK|GYV.
Do S 1a trung diém cta doan I J nén
G(HK,UV)=0(JI, ST) = —1.
Ta c6 diéu phai chiing minh. O

Binh luan. Bai toan nay van 1a y tudng st dung hang diém diéu hoa nhu & ngay 1. C6 18 tac gia
bai todn ndy da xuét phat tit chim diéu hoa coban O (JI, ST) = —1, sau d6 truc giao héa
chiim nay thong qua b8 @& OJ L EF, ta thu dugc bai todn trén. V4i cach 1am nay bai todn c6
thé md rong nhiéu ki€u khac nhau nén viéc mé rong bai toan ciing khong can thiét.

Bai 6 (7.0 dié7m). Mot con bo & vi tri ¢6 toa dd x = 1 trén truc sb thuc. O mdi budc, tit vi
tri c6 toa dd x = a, con bo c6 thé nhdy dén cac vi tri cé toadd x = a + 2 hodc x = 5
Chiing minh rang c6 tit cd F, 14 — (n + 4) vi tri khac nhau (k& c4 vi tri ban ddu) ma con
bo ¢6 thé nhdy dén véi khong qua n budc nhay, trong d6 (F,) 1a diy Fibonacci dudc x4c

dinhbdi Fo = Fi =1vaF,4, = Fyy1 + F, v6imoin > 2.

LJi giai. Ta chiing minh ring v6i ding n budc nhdy, ta c6 thé dén dude F,,, — 1 diém khac
nhau ma trudc d6 con bo chua hé nhdy t6i véi sd budc nhay it hon (diém méi).

Moi budc nhdy @ — a + 2, taky hiéu la P; mo6i budc nhay a — %, taky hiéula D. Mot

day cdc bude nhdy dudc ghi lai thanh mot b 1énh gom cdc 1énh D va P. Vi 8242 = 24 4 2
nén ta c6 thé thay bo 1énh P P D bang bd 1énh D P. Sau céc lan thay nhu viy, cdc bo 1énh
chi con c6 thé c6dang PP ... P (toan P)hoidc x x x DPP ... P, trong do trong * * *

khong c6 hai chit P lién nhau.

Ta chiing minh hai 1énh khac nhau & dang “riit gon” nay sé din ta dén hai diém khac nhau
trén truc s6. Xét bo 1énh c6 n 1énh, trong d6 c¢6 k 1énh D va n — k 1énh P. Goi i; 1a sb céac
lénh P tir diu cho dén 1énh D dau tién, i, 1a s6 cdc 1énh P tir 1énh D thd nhat dén 1énh D
thd hai, ..., ix41 12 s6 cac 1énh P tir1énh D thd k dén cudi. Khi thuc hién cac 1énh nay,
con bo sé nhay dén diém

1 20 2i, 20k ) 1 i i ] ]
X = 2_k+2_k+2k—1 +"‘+T+2lk+1 = 2—k+F+F+"'+1k+2lk+1.
Viii, ia, ..., ix € {0, 1} nén theo tinh chit hé nhi phan, hai bd 1énh khac nhau s& dan con

bo dén hai diém khdic nhau.

Tiép theo, ta chiitng minh v6i moi n nguyén duong, c6 ding F, ., — 1 bo 1énh d6 dai n &
dang riit gon. Ta st dung bd dé sau

B6 dé. S6 xdu nhi phdn dé dai n khéng chita hai bit 1 ditng canh nhau bang F, 4 1 .

Chitng minh. Khi n = 1, ménh dé ding. C6 hai x4u nhi phan do dai 1 12 xau “0” va xau
“1”. Xét xau nhi phan do dai n + 1 khong chia hai bit 1 canh nhau. Xau d6 c6 thé dugc bat
dau bang 0, sau d6 1a mot xau do dai n khong chia hai bit 1 canh nhau, hodc bit dau bang
10 sau d6 1a mot xau do dai n — 1 khong chia hai bit 1 canh nhau. Do dé, néu goi G, 1a sb
xau nhi phan do dai n khong chua hai bit 1 ding canh nhau thitacé G; = 2, G, = 3 va
Gny1 = G, + G,—1. Tu do so sanh véi day Fibonacci suyra G, = Fj, 1. [ |
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Quay trd lai bai toan, bd 1énh do dai n & dang rat gon c6 cac loai:
e PP ... P (toan P): 1.
e DPP ... P (motlénh D van — 11énh P): 1.

e xx xDPP ... P (xx*xxlaxdunhiphandodai k, 1 < k < n — 1, khong chia hai
bit 1 canh nhau): F, + F3 + --- + F,,.

Vay s6 bd 1énh do dai n & dang rit gon bing
Cudi cung, véi khong qua n nudc di, sb diém khac nhau ma con bo c6 thé di dén bing

=Fo+F+F+ -+ Fppo—n—F— F
:Fn+4_(n+4)'

D6 chinh 1a diéu phai chiing minh. ]

Binh luan. Dy 1a mot bai toan kha ky thuat. Y tudng sit dung bo 1énh dé mé ta cac budc di ciia
con bo 12 kh4 tu nhién, tuy nhién budc ching minh cac bd 1énh khéc nhau (6 dang riit gon) din
dén cic diém khac nhau 13 khong don gian. Néu ta giSi han trong cic bo 1énh gdm 7 1énh thi
ciing c6 thé chitng minh dugc, nhung khé va quan trong 12 tiép theo van chua dp dung dudc (vi
c6 thé trung véi két qua ctia cac bd 1énh ngan hon).

Bai nay rd rang lién quan dén hé nhi phan, do d6 ciing c6 hudng giai sit dung cach viét nhi nhan
ctia b thuc. Cu thé c6 thé ddt y = % va sit dung cdch viét nhi phan. Nhu thé ta bét dau tir s
0, 1 va c6 hai phép toan: + 1 va chia 2 (dich diu phay sang phai). Tuy nhién, d6 khong phai 1a
diém mau chét. Lai gidi trén day khong can chuyén vé hé nhi phan nhung c6 ding dén tinh duy
nhét cda khai trién nhi phan.

Y tudéng st dung hé dém co s6 da dugc diung & bai 4 clia Vietnam TST 2018 véi céc tinh todn k§
thuat khong kém phan phic tap.
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