MOT sO VAN DE LIEN QUAN DEN
HAM PHAN NGUYEN

Lé Thi Anh Doan
THPT chuyén Lé Quy Don, Khanh Hoa

So hoc la mot trong nhiing chi dé thi vi va dep dé ciia toan so cap. Trong hau hét cic ky thi
chon hoc sinh giéi thi bai todn so hoc thuong zuyén zudt hién va luon la mot thach thic lén doi
vdi hoc sinh. Todn vé phan nguyén la mot dang todn hay, la mot trong nhitng nén tdng co ban. Si
dung thanh thao todn vé phan nguyén hoc sinh sé ¢ thém mot kij nang hay mot cong cu dé gidi
todn, nhat la gidi cdac bai todn lién quan dén so6 nguyén.

Bo cuc cia bai viét nhu sau:

Phan 1. Khdi niém va cdc tinh chat co ban ciia ham phan nguyeén.

Phan II. Mot s6 dang todan vé ham phan nguyén.

Phan III. Mot s6 1ing dung cia ham phan nguyén.

Phan IV. Ham phan nguyén trong cdc dé thi chon hoc sinh gidi.

Trong pham vi bai viét nay, toi khong cé tham vong dua ra nhing sdng kién mdi, chi muon
trao doi cung quy thay co dong nghiép vé ham phan nguyén, cac tinh chat co bin, mot s6 ung dung
va mot so bai todn vé phan nguyén trong cdac dé thi chon hoc sinh gidi ma toi da swu tam va tap
hop lai trong thoi gian qua. Rat mong nhan dudc su gép 4 va zdy dung ti quij thay co. Xin chan
thanh cam on quij thay co.

1 Khai niém va cac tinh chat co ban ciia ham phan nguyén

Dinh nghia 1. V6i mdi s6 thyc x, phan nguyéen (floor) clia x 1a sé nguyen 16n nhat khong vuot
qué x va duge ki hieu la |x].

S6 thuc {z} = x — | x| dugc goi 1a phan 1é (fractional part) ctia s6 thyc z.

Tran (ceiling) ctia x 14 s6 nguyén nhé nhat khong nhé hon x va duge ki higu la [z].

Céac ham s6 y = f(z) = |z], y = g(z) = [z] vay = h(z) = {z} dugc goi la ham phan
nguyén, ham tran va ham phan 1é.

Nhan xét 1. Dinh nghia vé phan nguyén con duge hiéu theo mot trong hai cong thic sau:
r—1 < |z] <z hodc
lz] <z < |z]+1

Ménh dé 1. a) Néu a va b 1a hai s6 nguyén v6i b > 0 vaa =bg+r thig= || var= {2} .b.
b) V6i moi s6 thuc z va moi s6 nguyén n, ta ¢6 |z +n| = |z|+nva [z +n] = [z] +
¢) Néu z la s6 nguyen thi [z] + |~z = 0. Néu x khong 1a s6 nguyen thi |z] + |—z] = —1.
d) Ham phan nguyén 1a mot ham khong gidm, tic la: © <y = |z] < |y].
) Lz) + Lyl < Lz +9) < L) + L) + 1.
f) |z].|y] < |xy],v6i moi s6 thye khong am x, y.

g) V6i moi s6 thuc x va moi s6 nguyén n, ta co L%J = |Z].

h) V6i moi s6 thuc duongz va moi sé nguyen duongn thi s6 cac s6 nguyén duong 1a boi clia n

T

va khong vugt qua x la LEJ :
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Dinh 1i 1 (Dinh 1y Legendre). S6 mil clia s6 nguyén t6 ptrong phan tich tiéu chuan ctia n! dugce

tinh theo cong thic: e, (n) = > L%J = L%J + L%J + L%J 4.

i>1

Dinh 1i 2 (Dinh 1y Hermite). V6i moi s6 nguyén duong n va moi s6 thuc x, ta ¢
[na) = le] + [z + 3]+ + o+ 2]
(

Dinh 1i 3 (Dinh ly Beatty). o, 5 1a cac s6 vo ty duong sao cho + + ,8 = 1. Khi d6 2 tap (day)
{AL7 ={lal, 2a], ..} va{B,}{" = {|8]. 28] ,...} 1ap thanh hal phan hoach trén tap céc sb

nguyen duong N*, tic 1a: {A,}°N{B.}" =2 va {An}(fo U{B.}7"=N

2 Mot so dang toan vé ham phan nguyén
Dang 1: Chitng minh mot biéu thiic.

Bai toan 1. V6i moi s6 thuc o va y, ta ¢6 [2z] + |2y] > |z + |y] + [z + y].

Gidi. Tacor = |z|+{z}vay = |y +{y}. Khido [2z]+|2y] =2 |z|+ [2{z}|+2 |y] +|2{v}]

va |z +y| = lz] + ly) + H{z} +{y}].
Ta chi can ching minh: |2{z}| + [2{y}]| > [{z} + {y}].
Do tinh déi xting nén ta c6 the gia st {z} > {y}.
Vi {o} > Onen [2{z}] + (2 {y}] > (2{a}) > L{} + (o},

Vay ta c6 diéu phai chiing minh.

Bai toan 2. (Gauss) Véi hai s6 nguyén t6 cting nhau p va ¢, ta c6 L%’J + VPJ +-+ L_—

q
(p—1)(g—1)
5 .

Gidi. Vi (p,q) = 1 nén %p khong 1a s6 nguyen. Khi d6 L%’J - {@J =p+
p—1, 1<i<qg—1.Dodo

(8 i R s A (R vl R (e

n
Bai toan 3. Chiing minh réng v6i moi s6 nguyén duong n, hieu > |2
k=1

J —|v/n] 1uon 1a mot s6 chén.

Gidi. Taco || ={s€Z":ks<n}.nen Z | %] 1a s0 cac cap (c6 tinh thi ty) (s, k) thoa man

1 < s,k <nvaks<mn.Déthay |\/n] lasocaccap (k,k) thoa man 1 < k < n va k? < n nén

n

hieu Y- |2| — \/n 1a s céc cdp (c6 tinh thi tu) (s, k)sao cho 1 < s # k < n va sk < n. Hién

k=1

nhién, néu cip(s, k)théa man tinh chat nay thi cap (k,s) # (s, k) cling thoa man. Do d6 s cac
cap théa man tinh chat trén phai 14 mot sé chén, tic 1a ta c6 dieu phai chiing minh.

Bai toan 4. Chiing minh ring véi moi s6 nguyén duong n, ta c6
1 / 3 1
\‘\/ﬁ+§J—\‘ n—1+§J.
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Gidi. Dt k= |Vi+tim=|\/n—1+4| Taco

1 1 1 1 1
k< {\/EJFEJ <k+1<:>k—§§\/ﬁ<k:+§<:>k2—k+zgn<k2+k+1.

Vi n nguyén duong nén phéi c6 k> —k+1<n < k> + k.

Tuong tu

3 1 9 1 3 9 1 9 9
m < n—1+§<m+14:>m —m+é—1§n—1<m +m+1(:)m —_—m+1<n<m+m.

Do d6 ta phéi c6 k = m. Ta c6 diéu phai chiing minh.
Dang 2: Giai phuong trinh.
Bai toan 5. Tim céc nghiém thuyc ctia phuong trinh:
4o* — 40 |z| +51 = 0. (1)

Giai. Ta co
(22 — 3) (2z — 17) = 4% — 402 + 51 < 42> — 40 |x| + 51 =0,

suyra d <o < U val< (2] <8 Khidoaw=Y"5" hay

2] = {MJ 2)

Lan lugt thay |z| € {1,2,3,4,5,6,7,8} vao phuong trinh (2). Ta thay |z]| = 2,6,7,8 thoa
phuong trinh (2). Vay cac nghiém cia (1) la

V29 V189 V229 /269
27 2 2 7 2

Bai toan 6. Giai phuong trinh:
[z |=]] = 1.

Gidai. Tacol < |z|z]] <2
*r>2=|z] >2= |z |z]] >4 = phuong trinh vo nghiém.
*1<z<2=|z]=1=1<|z|z]|] <2 = phuong trinh nghiém ding moi x.
*0<zr<1l= |z|]=0= |z |z]| = 0= phuong trinh v6 nghi¢m.
*-l<zr<0=|z] =-1=|z|z]] = —z < 1= phuong trinh vo nghiém.
*r=-1=|z] =—-1= |z |z]|] =1= phuong trinh nghi¢m dung.
*r<—-1=|z] <-2= |z|z]] >2= phuong trinh vo nghiém.

Bai toan 7. Giai phuong trinh:
20— 1 L dr+1| Odxr— 4
3 6 | 3

2z — 1 N 3y +1
= xr = .
3 7 2

Gidi. Dat
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Thay vao phuong trinh ta dugc

ly] + Ly+lJ =5y_1;»L2yJ=5y_1.

2 2 2
bat
oy — 1 2t+1 4t + 2 4t + 2
Y= ey sy |2 o< P
2 5 5
Dot€Znéente {-2;-1;0;1;2} =y € {%—%%%1}Vaytapnghlemcuaphu(jngtrmhla

Bai toan 8. Giai phuong trinh:

Gidi. Ta co
3) & |z] =27 (2" —2)

2 <2= —V2<r<V2= 2] <0=|z] € {-1;0}

+lz]=0=2=0
+LJ=—1:>JU:—1
?>2= 2] >0=20>2=2220@-2)=E <l 2< i< V32 12<

x<\/—
:>LxJ:1:>x:\/1+\/§.

3 Mot s6 tting dung ctia ham phan nguyén

Dang 1: Céc bai toan lién quan chia hét.
Gidi. Tim tat cd cac s6 nguyén duong n sao cho tap hop A, = {1,2,...,n} ¢6 s6 cac s6 chia hét
cho 3 bang s6 cac s chia hét cho 5 hoisic 7 hosic 35.

Gidi. Ta co s6 céc sO chia hét cho 3, 5, 7, 35 1an luot 1a [ 2], [ 2], [2],|2%]. Do d6 ta can tim

2]+ |2] — |2]. Dat n =35k +r v6i 0 < r < 35

tat ca cac sd6 nguyén duong n sao cho LEJ = |5 Z

3
ta c6 dang thiic trén tuong duong véi

{351‘/‘; TJ = {7k+gJ + L5k+ ;J - V“r ?%J '

Vi0<r < 35nén L%J = 0 va dang thic trén tréd thanh

e [ e [ [2] v [257] <[] |5

Béng cach thay tryc tiép r = 0, 1,2, ..., 34 va tinh vé phai ta tim dugc cac bo s6 (k, r)nhu sau: (
(0,2),(0,5),(0,7), (0,8),(0,10), (0, 11) , (0, 14) , (0, 15) , (0, 16) , (0, 17) , (0, 20) , (0,21} , (0,
(0,29), (0,30, (0,31), (0,32), (1,15) , (1,21), (1,30) .

1),

0,
22), (0,
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Bai toan 9. Tim s6 nguyén duong n 16n nhat sao cho 2013! chia hét cho5"
Gidi. SO n can tim 13 s6 mil clia 5 trong phan tich thanh tich céc thita s6 nguyén t6. Theo dinh
Iy Legendre ta co

2013 2013 2013 2013 2013
nzg {WJ:L 5 J+{52J+L53J+L54J:402+80+16+3:501.
i>1

Vay n = 501 14 s6 can tim.
Bai toan 10. Gia st k& va n 1a cac s6 nguyen duong. Chitng minh rang

(k!)k”+k”—1+...+k+1’ (k,n—i-l)!‘
Gidi. Ta co
RUEL KRR (R2)L (B2 RS (K)o (R)IRDE) (B!
Nhan vé theo vé ta ducc
Bl (K1) (K1) o (R (RD)EEESR o (B20) (R31) L (k)L
Suy ra diéu phai ching minh.
Bai toan 11. Gia stt n 1a hgp s6. Chitng minh rang cic s6 CL, C? ..., C"~! déu chia hét cho n.

Gidi. Goi p la mot uSc nguyén t6 clia n va s 1a mot sd6 nguyén sao cho p® < n < p**l. Ta can
chitng minh n khong 1a uéc ctia C?" = ( n!

p*){(n—p°)!”
Vi p|n nén chi can chitng minh p khong 1a u6c ctia CP. Gia sit p*|CP". Khi d6 diéu phai chiing
minh tuong duong v6i £ = 0. That vay, ap dung dinh 1y Legendre ta c6
n p° n — p’ | n V| p° *|n—p
EEE N M-SR MR e
i>1 L =1 LP i1 b P i—1 LP i—1 LP i L P
S n S ps S n S ps
= — | — — | — — | + — | =Y
IS ES MRS EIE ol

i=1 =1 =1

N

vi L%:J 1a cic s6 nguyén véi 1 < i < s.
Dang 2: Cac bai toan s6 hoc khéac.
Bai toan 12. Véi n nguyén duong cho trude, phuong trinh z + 2y = n ¢6 bao nhiéu nghiém

nguyén duong?

Gidi. Tac62y=n—x <n—1. Do d6 tuong ttng mdi gia tri cia y ta c6 x = n — 2ychinh la
mot nghiém ctia phuong trinh. S6 nghiém ctia phuong trinh chinh 1a s6 cac gid tri c6 thé co clia
n—1

y, 14 bo s6 ctia 2 ma khong vuot qua n”1. Vay phuong trinh c6 LTJ nghiém nguyeén.

Bai toan 13. Cho n 1a mot s6 nguyén duong théa man n! c6 ding 2002 chit s6 0 diing tan cung.
Chitng minh rang n < 8024.

Gidi. Gia st n! = 2°5%¢, trong d6 (¢,2) = (¢,5) = 1. Ap dung dinh 1y Legendre ta c6
n n
-2 0- Tl
i>1 i>1
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Do d6 n!: 10°, n!: 10° nén s6 chit s6 0 ding tan cing trong biéu dién thap phan ctia n 1a B.
Vay ta can tim n nhé nhat sao cho = Y |&] = 2002. V6i mdi n dit p(n) = Y |Z]. Ta 6
i>1 i>1

[

p(n) <p(n-+1) véimoin>1va

8024 | |8024| |8024| |8024| |8024
8024) = | —— = 1604 + 320 + 64 + 12 + 2 = 2002
e e e e e R

Do d6 n < 8024 (dpcm).
Bai toan 14. Chiing minh rang véi moi s6 nguyén duong m va n ta co6

m—1

(m,n) =2 V;n—"J +m+n—mn

k=0
Gidi. Datd= (m,n), m=dm’, n=dn’, m',n’ € Z, (m',n’)=1. Ta c6

kn

n néu
m

LknJ N { knJ {n —1 néu %2 khong la mot s6 nguyéen
e L
m

14 mot s6 nguyéen
Mat khac %” = %”,, 1a mot s6 nguyen khi va chi khi kim’. Do d6 trong tap hop {1,2,...,m — 1}
—1 1
T
m m
gia tri cua k sao cho %" 1a mot s6 nguyéen. Ta c6

] ] B o]

k=1 k=1

co

Suy ra diéu phai chitng minh.
Dang 3: Tim s6 hang tong quat ctia day s6. Tinh tong.

Bai toan 15. Cho (u,) la day s6 “tht tu tdng dan ctia cac s tu nhién 16 khong chia hét cho 3”.
Tim s6 hang tong quét ctia day s6 trén.

Gidi. Xét theo s6 du thi tat cd cac s6 tu nhién khong chia hét cho 3 déu c6 dang 3p — 1 hoac
3p + 1, day 1a hai s6 chin ho#c hai s6 1& lién tiép tiy theo p chén hay 1&. Khi p chdn p = 2k, thi
hai s6 dang 6k — 1 vA 6k + 1 1a hai s6 1. Tat ca cac s6 dang nay chinh 13 cic s6 hang clia day p
can tim. Xép thit tu tang dan ta sé c6: ug, = 6k — 1 va ug = 6k + 1. Nhu vay v6i n = 2k + 1,
r={0,1}, ta c6

un=6§J+{—1,1}=6L§J+2{0,1}—1=6§J+2r—1=6[gJ+2(n—2gJ>—L

Vayun:2n+2L§J — 1.

Bai toan 16. Cho (u,) 1a day s6 “thit tu ting dan ciia cic s6 tu nhién khong chinh phuong”. Tim
s6 hang tong quét ctia day sb trén.
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Gidi. Xét day cac sb6 tu nhien (v,). Ta ¢6 u, = v, + k, trong d6 k 1a s6 cac s6 chinh phuong

nhé hon w, (bi loai tit day (v,)). Nhu vay w,phdi ndm & gitta hai s6 chinh phuong lién tiép:

k2 +1 < u, < (k+1)> = 1. Tren mdi doan [+ 1; (i + 1)° - 1] (gifta hai s6 chinh phuong lien
k-1

tiép) c6 2i s6 ty nhien. Dém cac s6 hang ctia day (u,,) c6 gia tri nhé hon k% ta c6 > 2i = k? — k
i=1

s6 hang. Nhu vay chi s6 n sé théa man

E—k+1<n<k+k

Lo 3,1
Vit g 2= =\"" 173

+ —I— 1< 1 1<l{:< 3+1
V" R e A
nénk:b/n—l—}l—l—%J hay k = |[/n+1].

Vayun:n—i-b/ﬁ—i-%]

hay

vl

Bai todn 17. Tiuh tong 5, = 37 L J

Gidi. Diat m = |\/n] suy ra m? < n < (m+1)> Xét céc s6 hang cia S, tren mdi doan
P2 <k<(i+ 1)2 c6 2i + 1 s6 hang, cac s6 hang nay déu c6 gia tri 1a i. Nhu vay ta co

VA =S Vi 3 [vE] = S+ 30 VA
ﬁkm D@m—ﬁ+ﬁﬂm—g+OHJ_mam:nm:%ﬁn—DQm+@

2

4 Ham phan nguyén trong cac dé thi chon hoc sinh gidi

Bai toan 18. (AIME 1985) C6 bao nhiéu sé trong 1000 s6 tit nhién dau tién cé thé bicu dién
duéi dang

|2z] + |4z] + [6z] + |8z, z € R.
Gigi. Dat ham f (x) = [22] + [42] + |6x] + 8] .

Néu n 1a mot s6 nguyen duong thi f (z +n) = f (x) + 20n(chiing minh bing quy nap).

Nhu vay ta han ché lai, chi chiing minh cho 20 s6 nguyén duong dau tién véi x € (0;1]. Ta
c6 khi z thi gia tri f (x) chi bién doi khi |2z], [4z], |6z, |8z] dat gid tri nguyén. Trong ntia
khoang = € (0;1] moi sy bién doi khi z =2, [ <m <n, n=2,4,6 hodc 8. Ta thay c6 12 phan
s6 (theo thit ty ting dan) 1a

11113152357
$6438283468"

Vay chi c6 12 trong s6 20 s6 nguyen duong dau tién c6 bicu dién théa dé. Vi 1000 = 50.20nén co
50.12 = 600 s6 nguyén théa yéu cau bai toan.

Bai toan 19. (Canada 1998) Tim s6 nghiem thic ctia phuong trinh:

FIREIR R
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Gidi. Vi vé trai la mot s6 nguyén nénaciing phai 1a mot s6 nguyéen. Diat a = 30q + r, trong d6
q,7 1a cac sd nguyen, 0 < r < 29. Ta c6 phuong trinh da cho tuong duong v6i phuong trinh sau

sa+ 5]+ 5]+ [5] =300+ r @ a=r—([5] + [5] + [5])
LY R Y B 3 e N Y I T I
Nhu vay, v6i mbi gia tri ctia ¢ sao cho a = 30¢ + 7 théa méan phuong trinh da cho. Do r chi ¢6 thé
nhan 30 gia tri nén phuong trinh da cho c¢6 30 nghiém thuc.

Bai toan 20. (Austrian - Polish 1998) Cho m,n 1a cac s6 nguyén duong, n > m. Chiing minh
rang:

ivi/k_mJ <n+m(27 —1).

k=1
.5 " . k B k2 K2 ~ %
Giai. V6ik>mtacok <2¥suyrak < 2w ticla k™ < 2% hay Vk™ < 2. Vivay neu k >m
thi ,
Vi =1
Tit d6 dé chitng minh bat ding thiic da cho ta chi can chiing minh

i{ ka<m24—224.

k=1
2 m
Véi k =1,2,3 thi 27 >k < YVEm < 2%
2 m N
Véi k> 4,2 > 28 >k, do d6 %/&k™ < 2%. Tit d6 ta c6 didu phai chitng minh.
Bai toan 21. (Russia 1999) Chiing minh ring véi moi s6 nguyén duong n > 2,

n2

> (Vi

k=1

Gidi. (Chiing minh bing phuong phap quy nap). Véin = 1, hién nhién ding. Gia sit ding véi
n. Ta di chitng minh khang dinh dtang v6i n + 1. Ta ¢6

n<vni+l<vnZ4+2<..<vVn2+2n<n-+1

nén véi moi ¢ =1,2,...,2n ta co

2 .
{\/n2+z’}:\/n2—|—z—n<\/n2+z+4 Q—n:2L.
n n

Do do
(n+1)? n? (n+1)2 9 2n 9 2
n—1 1 , n“—1 2n+1 (n+1)"-1
TSR UGN SO PLES SRR

Vay khang dinh dtng véi, theo nguyén 1y quy nap ta cé diéu phai ching minh.
Bai toan 22. (Australia 1999) Giéai hé phuong trinh sau:
x+ [y] + {z} =200

{z}+y+|z] =190,1
lz| 4+ {y} + 2z =178,8
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Gidi. Cong ba phuong trinh vé theo vé ta duge 2z + 2y + 22 = 568,9 < = + y + z = 284, 45.
Trur ting cap phuong trinh ta co

{y} + |z] = 84,45
|lz] +{z} =94,35
{2} + |y] = 105,65

Ta c6 84 = |84,45| = || z] +{y}]| = |z] = |z] =84, {y} = 0,45. Tuong tu ta c6 |y| = 105,
nén y = 105,45. Do d6 = = 94,65 va x = 84, 35.

Bai toan 23. (APMO 1999) Cho ay, as, ... 14 day cac s6 thiyc théa man

Qi 5 <a; + Qaj, VZ,] = 1,2,

Chitng minh rang
a a Qn, *
L R =3\

2 3 n
Gidi. (St dung phuong phap quy nap manh) Véi n = 1,n = 2 khang dinh hién nhién ding.
Bay gio ta gia st khang dinh ding v6i n < k,v6i moi sd nguyén k > 2, tic 1a

ay = aq,
a1+%>a2,
5 =
vdots
a1+_2_|_.. +%>ak
2 k

Cong vé theo vé cac bat déng thic trén ta co

a a
ka1+(k—1)§+---+f2a1+a2+...+ak. (4)

Cong a; + as + - - - + ax vao hai vé ctia (5) ta co

(k+1) <a1 -+ % 4+ %) > (ay + ag) + (ag + ag_1) + ... + (ag + a1) > kagy1. (5)

Chia 2 vé ctia (?7) cho k + 1 ta dugc

as ap _ kapy az ag Gyl
a - — > & a g v
L E i N A A i

> Qg1

Vay theo nguyén 1y quy nap ta cé diéu phai chiing minh.
Bai toan 24. (Korea 2000) Cho p 14 s6 nguyén t6, p = 1 (mod4) . Tinh gia tri ctia biéu thtc

- (2] 1))
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NGRS
p p p p
Ta thay: * Néu {z} <  thi 2{z} — {22} = 2{z} — 2{z} = 0.
*Néu {z} > % thi 2{z} — {22} =2{a} — (2{a} - 1) =1
Do d6, S bang cac sd k € [1,p — 1] sao cho {%} > 1 hay s6 cac 16p thang du k khac 0 sao
cho k? dong du véi mot s6 nim trong doan [25%;p — 1] modulo p.
Do p = 1(mod4) nén ton tai s6 nguyén d sao cho d*> = —1 (modp). Chia p — 1 16p thang du

khéc 0 thanh 251 cap c6 dang (a,da) . Do (da)* = —a?® (modp) neén trong mdi Cép c6 dung mot

s6 thang du binh phuong ndm trong doan [p+1,p — 1} Tit d6 suy ra c6 tat ca 2L 16p thiang du
khéac 0 sao cho k% dong du véi mot s6 nam trong doan [pH,p — 1} modulo p, tu’c la § = t5= L

Bai toan 25. (CRMO 2001) Tim s6 cac s6 nguyén duong x thoa

50 = [0 ©

Gidi. Taco |&| =] =0ez€{1,2,..,98} = 98 s0 thoa (6)
& =|&] =1e2e{101,102,...,197} = ¢6 97 s6 thoa (6)

v € {101k, 10k +1,...,99 (k+ 1) — 1} (7)

thi

= ¢6 99 — 2k s6 thoa (6).
Tap (7) khac rong khi
99 (k+1) — 1> 101k < k < 49,
Vay s6 cac sd nguyen duong z thoéa dé 1a
Bai toan 26. (CRMO 2003) Néu z 1a s6 nguyén duong 16n hon 7 thi
-2 8
| )
Gidi. Taco
&) =|& | =0&2e{1,2,...,98} = ¢6 98 s6 thoa (8).
|&] =] =14z € {101,102,...,197} = c¢6 97 sb thoa (8).

Téng quat, néu
x x
6] = Lozl =+ 21
thi

v € {101k, 10k +1,...,99 (k + 1) — 1} 9)
= ¢6 99 — 2k s6 thoa (8).
Tap (9) khac rong khi
99 (k+1) — 1> 101k & k < 49,
Vay s cac s6 nguyen duong z thoéa deé 1a
49
98+ ) (99 — 2k) = 2499.

k=1
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Bai toan 27. (INMO 2009) Tim tat ca cac s6 thuc z sao cho |z* + 2z| = [2*] +2|z] .
Gidi. Cong 1 vao hai vé clia phuong trinh ta duge |(z + 1)2J = (lz+1))* Gidstz+1<0.
Khi d6 |z +1] <2+ 1< 0. Do do

(lz+ 1)) > (@z+1)°> [(z+1)?] = (lz+ 1])%

Viz+1<Onénze{..,-3-2,—1}.
Gidstx+1>0.Taco

Hon nita,
(r+1)? <1+ |[(x+1)?] =1+ (lz +1))
Do do
2| +1=|z+1] g(w+1)<\/1+{(x+1)J:\/1+(La:J+1)2
Suy ra

Vay tap nghiém ctia phuong trinh la

{x€Z|x§—1}U<U {n; 1+(n+1)2_1D.

SS
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