3. Pa thirc bat kha quy
3.1. Pa thirc vé6i hé s6 nguyén

Da thirc v6i hé s6 nguyén 1a da thire c6 dang P(x) = a X" + a,. X" + ...+ a;X + ag
voi ai la cac s6 nguyén. Ta ky hi¢u tap hop tat ca cac da thic véi hé s6 nguyén la
Z[x].

Ta c6 cac két qua co ban sau day vé da thuc voi hé s6 nguyén.

(1) Néu P(x) c6 nghiém nguyén x = a thi phén tich dugc P(x) = (x-a)Q(x) voi Q(x)
1a da thtrc v6i hé s6 nguyén.

(2) Néu a, b nguyén va a = b thi P(a) — P(b) chia hét cho a—b.

(3) Néu x = p/q 12 mdt nghiém caa P(x) (v6i (p, q) = 1) thi p 12 ubc cia ag va q 1a
udc clia a,. Pac biét néu a, = £ 1 thi nghiém hiru ty 1a nghiém nguyén.

(4) Néu x = m ++/n 14 nghiém cta P(x) v&i m, n nguyén, n khong chinh phuong
thi x> =m -~/n ciing la nghiém caa P(X).

(5) Néu x = m + +/n v6i m, n nguyén, n khong chinh phuong thi P(x) = M’ +
N’V/n v6i M, N’ nguyén.

Pa thirc voi hé sd nguyén s& nhan gia tri nguyén voi moi gia tri x nguyén. Dicu
nguoc lai khong dung, c6 nhiing da thirc nhan gia tri nguyén v4i moi X nguyén
nhung cac hé sb ciia n6 khong nguyén.

Vi du. Céc da thire (x%-X)/2, (x*-x)/6 nhén gia tri nguyén v&i moi x nguyén.

Pa thirc véi hé s6 hiru ty nhung nhan gia tri nguyén vi moi x nguyén duge goi 1a
da thirc nguyén.

Mot da thire v6i hé s6 hitu ty P(x) bat ky ¢ thé biéu dién dudi dang

%Q(x) v6i a, b 1a cc s6 nguyén va Q(x) 1a da thirc voi hé sé nguyén.
3.2. Pa thikc bat kha quy
Pinh nghia. Cho P(x) 14 da thirc véi hé sd nguyén. Ta goi P(x) 1a bat kha quy trén
Z[x] néu P(x) khong phan tich dugc thanh tich hai da thirc thudc Z[x] vdi béac 1on
hon hay bang 1.
Tuong tu dinh nghia da thtrc bt kha quy trén Q[x].

Pinh Iy 3.1 (Tiéu chuin Eisenstein)



Cho P(X) = aX" + an.1X™™* + ... +a;X + ag. Néu ton tai sb nguyén tb p sao cho
) an khong chia hét cho p
i) ao, a1, ..., an.1 chia hét cho p
iii)  ap khong chia hét cho p?

thi da thirc P(x) bat kha quy.

Pinh ly 3.2 (Quan hé bat kha quy trén Z[x] va Q[x])
Néu da thirc P(x) € Z[x] bat kha quy trén Z[x] thi cling bat kha quy trén Q[X].

B6 dé Gauss. Ta goi da thitc P € Z[x] 12 nguyén ban néu cac hé sb ciia nd nguyén
t0 cung nhau. Ta c6 bd dé Gauss: Tich cua hai da thirc nguyén ban 1a nguyén ban.

Chirng minh bd dé. Cho hai da thirc nguyén ban

P(X) = apX" + an. X"t + ... +a;x + ag

Q(X) = mem + bm_lxm-l + ...+ b X+ bo
thi

P().Q(X) = ConenX™™ + CanaX™ " + L FeX + Co
Gia st tich trén khong nguyén ban thi t6n tai mot sd nguyén t6 p 14 wéc chung cua
cac hé s6 ¢, Cy, .. , Cmen. Vi P nguyén ban nén goi 1 la s6 nho nhat ma ai khong
chia hét chopvaj la s6 nho nhat sao cho bj khong chia hét cho p. Khi do xét Xij+j ta

thay hé sb tuong tng khong chia hét cho p, vo 1y. Vay tich trén nguyén ban.

Chirng minh dinh ly. Cho P(x) bat kha quy trén Z[x]. Gia st P(x) kha quy trén
Q[X]: P(X) = P1(X).P2(x) v6i Py, P, 14 céc da thire bac nho hon bac cua P va co hé
sO hitu ty.
DAt P00 = 2Qu00, P00 = 2Q, () v8i (@ by) =1 va Qi nguyén ban (i-1
1 2
2).

Khi d6 P(x) = f;az Q.()Q, (%) =£Ql<x>oz (x) v6i (p, q) = 1. Do P(x) e Z[x] nén

l
tir day suy ra cac hé sd cua Ql(X)Qz(X) déu chia hét cho g, suy ra Q1(X)Q2(X)
khong nguyén ban, trai véi bd dé Gauss. Mau thudn. Vay P(x) bat kha quy trén

QIx].

3.3. Mot s6 tinh chit ciia da thirc bat kha quy

3.4. Mot s6 bai tap c6 10 giai

Bai 1. Cho tam thirc bac hai P(x) = ax’ + bx + ¢ vdi a, b, ¢ 1a cac sb hitu ty.
Ching minh rang P(x) nguyén vdi moi x nguyén khi va chi khi ¢, a + b va 2a
nguyeén.



Bai 2. a) Tim tat ca cic sd nguyén a sao cho (x-a)(x-10) + 1 ¢ thé phan tich dugc

thanh tich dang (x+b)(x+c) véi b, ¢ 1a cac sb nguyén.

b) Tim tt ca cac sb nguyén khac 0 va doi mot khac nhau a, b, ¢ sao cho da thirc
X(x-a)(x-b)(x-c) + 1

c6 thé biéu dién dudi dang tich ctia hai da thic véi hé sé nguyén.

Bai 3. Chimg minh céc da thire sau 1a bt kha quy
a) x> +5x*+35
b) x*—x*+2x+1

Bai 4. Cho p 1a s6 nguyén t6. Chirng minh ring da thirc x"* + xP2+ ... + x + 1 bét
kha quy.

Bai 5. Cho n s6 a; thuoc Z. Ching minh
a) (x-a1)(X-a2)...(x-a,) — 1 bat kha quy
b) (x-a1)°(x-a,)°...(x-an)’ + 1 bat kha quy

3.4. Bai tap

Bai 1. Pa thirc P(x) bac nco hé s6 hitu ty la da thirc nguyén khi va chi khi n6 nhén
gia tri nguyén tai n+1 di€ém nguyén lién tiép. Chung minh.

Bai 2. Tim tit ca céc gia tri n sao cho ton tai n sd nguyén phan bi¢t ay, ay, ..., a, dé
(x-a1)(x-ay)...(x-a,) + 1 kha quy.

Bai 3. (Tiéu chuan Eisenstein m¢ rong) Cho da thirc P(x) = anX" + an X"+ Lt
aiX + ao. Gia str ton tai s6 nguyén t p sao cho

) a, khong chia hét cho p

i) ao khong chia hét cho p?

iii)  ag, a, ..., ank chia hét cho p
Khi d6 néu P(x) = H(x).G(x) thi mdt trong hai da thirc H(x), G(x) ¢6 bac nhé hon
K.

Bai 4. Tim tat ca cc gia tri n nguyén duong sao cho da thirc x" + 4 kha quy trén
Z[X].

Bai 5. Ching minh ring v&i moi sé nguyén duong n, da thirc x" + 5x™* + 3 bit kha
quy.

Bai 6. Tim hé s6 tu do cua da thirc P(x) v6i hé sd nguyén, biét rang tri tuyét dbi
ctia n6 nho hon 1000 va P(19) = P(94) = 1994.



