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Abstract 

 In this paper are presented four new and difficult symmetric inequalities with 
right convex and left concave functions, as applications of RCF-Theorem and     
LCF-Theorem from [1] and [2]. Note that all the functions involved in the proposed 
inequalities have more than one inflexion point.  

1.   Introduction 

In [1] and [2], we have proved the following theorems: 

Right Convex Function Theorem (RCF-Theorem). Let )(uf  be a function 

defined on an interval RI⊂  and convex for su≥ , I∈s . If the inequality 
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nfxfxfxf n

n
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holds  for all I∈nxxx ,,, 21 L  such that  

             sxxx n ≥=== L32   and  s
n

xxx n =
+++ L21 , 

 then it also  holds  for all I∈nxxx ,,, 21 L  such that  s
n

xxx n ≥
+++ L21 .  

Left Concave Function Theorem (LCF-Theorem). Let )(uf  be a function 

defined on an interval RI⊂  and concave for su≤ , I∈s . If the inequality  
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holds for all I∈nxxx ,,, 21 L  such that  

                        sxxx n ≤=== −121 L   and  s
n

xxx n =
+++ L21 , 

 then it also  holds  for all I∈nxxx ,,, 21 L  such that  s
n

xxx n ≤
+++ L21 .  
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Remark 1.1. The hypothesis in RCF-Theorem is equivalent to the condition 
that )()()1()( snfyfnxf ≥−+  for all I∈yx ,  such that ysx ≤≤  and 

nsynx =−+ )1( . 

Remark 1.2. Let 
su

sfufug
−
−= )()()( . The hypothesis in RCF-Theorem is 

equivalent to the condition that )()( ygxg ≤  for all I∈yx ,  such that ysx ≤≤  
and nsynx =−+ )1( . 

Remark 1.3. The hypothesis in LCF-Theorem is equivalent to the condition 
that )()()()1( snfyfxfn ≤+−  for all I∈yx ,  such that ysx ≤≤  and 

nsyxn =+− )1( . 

Remark 1.4. Let  
su

sfufug
−
−= )()()( . The hypothesis in LCF-Theorem is 

equivalent to the condition that )()( ygxg ≥  for all I∈yx ,  such that ysx ≤≤  
and nsyxn =+− )1( . 

        In this paper, following closely theorems above, we will prove the 
following four statements. 

Proposition 1.1. If naaa ,,, 21 L  are nonnegative real numbers such that 

             naaa n =+++ L21 ,  
then 
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Proposition 1.2. If cba ,,  are positive real numbers such that 1=abc , then  

                             )(183222 cabcabcbacba −−−++≥−++ .              (2) 

Proposition 1.3. If 821 ,,, aaa L  are nonnegative real numbers such that 

1821 ≤aaa L , then 

                     0
)1(

1
)1(

1
)1(

1
2

8

8
2

2

2
2

1

1 ≥
+

−
++

+

−
+

+

−

a
a

a
a

a
a

L .              (3) 

Proposition 1.4. If 54321 ,,,, aaaaa  are positive real numbers such that 

154321 ≥aaaaa , then 
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2.  Proofs of the proposed inequalities 

Proof of Proposition 1.1. Let 
1

12
−

+−=
n

nA , 1≥A . Since naaa n =+++ L21 , 

we may write (1) as 

            )()()()( 21
21 n

aaa
nfafafaf n

n
+++

≥+++
L

L ,  (5)       

where 1)()( 222 +−−= uuuAuf , 0≥u . The second derivative, 

                                   )1(2)(12)( 2 −+−=′′ AuuAuf , 

shows that )(uf  has two inflexion points for 0≥u . Since 0)( ≥′′ uf  for 1≥u , 
the function f  is right convex for su≥ , where 

      121 =
+++

=
n

aaa
s nL

. 

By RCF-Theorem, it suffices to prove (5) for naaaa ===≤≤ L321 1  and 
naaa n =+++ L21 . According to Remark 1.2, this means to show that 

)()( ygxg ≤  for yx ≤≤≤ 10  and nynx =−+ )1( , where 
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1

)1()(
)( 23 −−−=

−
−

= uuuA
u

fuf
ug . 

We have 
          =−+−++−=− ]1)()()[()()( 22 yxAyxyxAyxygxg  

      0)1)(1)(1( 2 ≤+−−−= nAyynn , 

and the proof is complete. Equality occurs only if 
33

1
21 +−

=
nn

a  and 

33
2

1 232 +−

−
+====

nn
n

aaa nL , or any cyclic permutation thereof. 

       ♦ 
Proof of Proposition 1.2. We will show that for any real numbers zyx ,,  

with 0
3

=++ zyx , the inequality holds  

                                )
3

(3)()()( zyxfzfyfxf ++≤++ ,             (6) 

where uuuuf 2e)e(e18)( −−= − , R∈u . Replacing then zyx ,,  by 
cba ln,ln,ln , respectively, the desired inequality (2) follows.  

       In order to prove (6), we will apply LCF-Theorem to the function f  

defined on R, with 0=s . From the second derivative  
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  uuuuf 2e4)e(e18)( −−=′′ − ,  

it follows that )(uf  has two inflexion points in R. Since 0)( <′′ uf  for 0≤u , 
the function )(uf  is left concave for 0=≤ su . According to LCF-Theorem, it 
suffices to consider only the case 0≤= yx . This means to prove the initial 

inequality for 1≤=ba  and 12 =ca . Then, the inequality successively becomes 

            )22(1832 222 acacaca −−+≥−+ , 

       0)122(18132 34246 ≥−+−++− aaaaaa , 

        0)1()1(18)12()1( 32222 ≥+−++− aaaaa , 

              0)15)(1()12()1( 22 ≥++−− aaaa . 

The last inequality is clearly true, and the proof is completed. Equality occurs 

when )1,1,1(),,( =cba , and also when )4,
2
1,

2
1(),,( =cba  or any cyclic 

permutation thereof. 
       ♦ 

Proof of Proposition 1.3. According to Lemma 2.1 and Lemma 2.2 below, it 
suffices to consider the case where all 3≤ia  and 1821 =aaa L . We will show 
that for all 3ln≤ix  such that 0821 =+++ xxx L , the inequality holds  
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8
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L
L ,             (7) 

where 2)e1(
e1

)( u

u
uf

+
−

= . Replacing then each ix  by ialn , the required 

inequality (3) follows.  
         We will prove (7) by applying RCF-Theorem to the function f  defined 
on ]3ln,( ∞−=I , with 0=s . Taking derivatives, we get 
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=′′ , 

which shows that f  has two inflexion point in R. We first have to show that 
)(uf  is convex for 3ln≤≤us ; this means that 0)( ≥′′ uf  for 3ln0 ≤≤u  or, 

equivalently, 038 2 ≥−−tt  for 31 ≤≤ t . This is true since 

  03533838 2 >−=−−≥−− ttttt . 

According to RCF-Theorem, it suffices to prove the inequality (7) for 
3ln0 832 ≤===≤ xxx L  and 0821 =+++ xxx L ; that is,  to prove the initial 
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inequality (3) for 31 832 ≤===≤ aaa L   and  1821 =aaa L . Thus, we must 

show that 
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for  31 ≤≤b  and 17 =ab .  Taking into account that 
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it suffices to prove the inequality 
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This inequality is equivalent to 0)1( 6 ≥−b , which is clearly true. Equality in 
the given inequality occurs if and only if 1821 ==== aaa L . 

Lemma 2.1. If the inequality (3) holds for any 30 ≤< ia  such that 
1821 =aaa L , then it holds for any 30 ≤≤ ia  such that 1821 ≤aaa L . 

Proof. Assume that 30 ≤≤ ia  and 1821 ≤aaa L . Always there are eight 
positive numbers ib  such that 1821 =bbb L  and 3≤≤ ii ba  for 8,,2,1 L=i . 

According to the hypothesis, the inequality holds 0
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Lemma 2.2. If the inequality (3) holds for any 30 ≤≤ ia  such that 
1821 ≤aaa L , then it holds for any 0≥ia  such that 1821 ≤aaa L . 

Proof. Assume that all 0≥ia , and 1821 ≤aaa L . Define the numbers 

821 ,,, xxx L  as 
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Since 30 ≤≤ ix  and 1821821 ≤≤ aaaxxx LL , from the hypothesis we have 
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Remark 2.1. If  9=n , then the inequality 0
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       ♦ 
Proof of Proposition 1.4. According to Lemma 2.3 and Lemma 2.4 below 
(which can be proved in the same way as the preceding Lemma 2.1 and 
Lemma 2.2), it suffices to consider the case where all 12−≥ia  and 

154321 =aaaaa . In this case, the inequality can be proved by applying                

LCF-Theorem to the function u
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uf 2e1

e1
)(
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with 0=s . The second derivative 
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shows that f  has four inflexion point in R. Finally, we have to prove the 
inequality for 112 4321 ≤===≤− aaaa  and  154321 =aaaaa ; that is  
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 7 

                     8

44

2 1
)1(

1
1

a
aa

b
b

+

+
=

+

+
   and   2248

4

)1(
4

1
2

1
1

aaa
a

+
≤

+
≤

+

+
,  

we get 

                          =
+

−
+

+
−≥

+

+
−

+

+
− 22

4

222 )1(
4

1
)1(4

5
1
1

1
)1(4

5
a
a

a
a

b
b

a
a

  

  0
)1)(1(

)1(
)1)(1(

4641
42

4

42

432
≥

++

−
=

++

+−+−
=

aa
a

aa
aaaa

, 

which completes the proof. Equality holds only if 154321 ===== aaaaa . 

Lemma 2.3. If the inequality (4) holds for any 12−≥ia  such that 

154321 =aaaaa , then it holds  for any 12−≥ia  such that 154321 ≥aaaaa . 

Lemma 2.4. If the inequality (4) holds for any 12−≥ia  such that 

154321 ≥aaaaa , then it  holds for any 0>ia  such that 154321 ≥aaaaa . 

Remark 2.2. If 6=n , then the inequality 6
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