- Chuyén Dé: . )
KY THUAT CHON PIEM ROI TRONG BAI TOAN CUC TRI

1. BAI TOAN MO PAU

) a,b>0 1 1
Bai toan 1. Cho , tim GTNN cua P = +
a+b<l a’+b> 2ab
Giai
, 1 1 4 4
Ta co: >+ 2 — == =2
a-+b- 2ab a"+2ab+b”- (a+b)
_1
: : a=b ) . . 1
Dau “=" xdy ra < = = MinP=4khix=y=—
a+b=1 1 2
b=—
2
: a.b>0 7 1 1
Bai toan 2. Cho , tim GTNN cua P = —+
a+b<l l+a°+b> 2ab
Giai
Loi giai 1. Taco: P= ! ! > 4 4 2%:2

+ 2 =
1+a’+b> 2ab a®>+2ab+b*+1 (a+b)* +1
1+a®+b? =2ab {(a—b)2+1=()
=

(v6 nghi€ém). Vay khong ton tai
a+b=1

Dau “=" xay ra <
a+b=1

MinP...7..?
Loi giai 2. Ta co:
1 1 1 4 1 4 1

P= 2. 2 + = 2 - 2 +
l+a“+b° 6ab 3ab a”+6ab+b"+1 3ab (a+b)”+1+4ab 3ab

2
Mat khac abs(a;bj =1.Veiy P> 4 + I z§

4 2+(a+bj2 6(a+bj2 3
2 2
1+a* +b* =3ab
Dau “="xayra < Ja=>b <:>a=b=l.
a+b=1 2

Loi binh: Bai toan 1 va bai toan 2 gan nhu tuong tu nhau, cung 4p dung bat ding thirc
l+l > 4 . Lot giai 1 tai sao sai? Loi gidi 2 tai sao lai tach ! = ! + ! ?..7 Lam
a b a+b 2ab 6ab 3ab

sao nhan biét duoc diéu do6...2...Pé chinh la kj thudt chon diém roi trong bt ding thirc.
Va qua chuyén dé nay chiing ta sé hiéu sau hon vé ky thugt “chon diém roi” trong viéc
gidi cdc bai todan cwc tri
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II. LY DO CHON DE TAI
C6 thé néi tang bai todn bat dang thirc néi chung va badi todn tim GTNN, GTLN ndi riéng
la mét trong nhimg bai todn dwoc quan tdm dén nhiéu & cdc ky thi Hoc sinh gidi, tuyén
sinh Pai hoc,...va dic biét hon nita la véi xu hude ra dé chung cua Bo GD — DT. Trong
ky thi tuyén sinh Pai hoc thi bdi todn bdt ddng thirc la bai todn khé nhat trong dé thi mdc
dii chi can sit dung mot sé bdt dang thirc co ban trong Sdch gido khoa nhung hoc sinh
van gdp nhiéu khé khan do mét sé sai lam do théi quen nhie 1o gidi 1 trong bai todn mé
dau la mot vi du. Pé giup hoc sinh hiéu sdu hon vé bai toan cuc tri dac biét la cdc truong
hop ddu ding thirc xdy ra, t6i viét chuyén dé “Chon diém roi trong gidi todn bat dang
thirc”.
1. NQOI DUNG
1. BO tic kién thirc vé bat ding thirc
a) Tinh chit co ban ciia bat ding thirc
Dinh nghia: a>b<a—-b>0

{azb
o =az=c
b>c

e a>bsa+cec>2b+ce

a>b
o =a+c>2b+d
c>d

o c12b>():>l£l
a

b) Mot s6 bat ding thirc co ban
e Bit ding thirc Cauchy
Cho n s6 thuc khong am gq,a,...,a,(n=2) ta luén co

a+a,+---+a ) , . \ , .
12 L>aa,..a,. Dau “=" xdy ra khi va chi khi
n

a=a,=-=a,.

e Mot vai hé qua quan trong:

1 1 1 Y .
+ (@ +ay++a)| —+—+-+— 20> v6iVa, >0,i=1n
a  a a,

1 1 1 n? . .
+ —+—4+—2 v6iVa; >0,i=1n

al 612 an Cll+612+"'+an

+ Cho 2n s6 dwong (neZ,n2>2): a,,a,,...,a,,b,,b,,....b, taco:

d(a1 +b)(ay+by)...(a, +b,) = ’{/alaz...an +(’/b1b2...bn
e Bit ding thirc BCS
Cho 2n s6 duong (ne Z,n2>2): a,,a,,...,a,,b,,b,,...,b, taco:

(ab, +ayhy +---+ab ) <(af +a3 +--+a )bl +by +---+b7)

L ey o a a a L ~
Déu “= xdy ra <> —-=-2=-..=-2(quy u6c n€u b, =0 = a, = 0)
b b, b,

e H¢ qud(Bit ding thirc Svic-x0)
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Cho hai day s6 a,,a,,...,a, va b,b,,....b, v6ib, >0 Vi=1,n taludn co:

2 2 2
@, @G (atatta,)
bl b2 bn b1+b2++bn
A 9 a a a
Dau “=’ xay ra s 2T
b, b b,

2. Gia tri 16n nhit, gia tri nhé nhat
Cho f(x;,%5,...,x,) la mt ham n bién thyuc trén D" : f:Dcl" >0

(X, % ,..0x,) S M V(x,%y,...,x,) €D
- Max f =M < 0
b A, x5 x €D f (X)X, X0) = M
_ (X, %0,..0,x,) 2 m V(x,X,,...,x,) €D
- Minf=mo 0 .0 0 0 .0 0
D A, x5 ,.0x,) €D f(X],X5,..0.%,) =M

3. Phwong phap chon diém roi
Nhén xét: Cac bat dang thire trong cac dé thi dai hoc thong thuong 1a d6i xtng véi cac
bién, va ta du doan dau bang xay ta khi cac bién bang nhau va xdy ra tai bién.
a) Ky thudt chon diém roi trong bit ding thirc Cauchy
St dung h¢ qua (1) va (2)

2 2

. a,b>0 2 1 1
Bai 1. Cho , tim GTNN cua biéu thic P=————+—+4ab.
a+b<l1 a”“+b°- ab

Sai ld:m thwong gap:
Sai lam 1: Taco :

P= 21 >+ ! + +4ab>— j + ]'-+4ab= 4 2-+( +4abj.
a“+b° 2ab 2ab a“+b"+2ab 2ab (a+b) 2ab
Mt khéc 1 aap>2 /L.4ab =242 . Vay P>4+2+2 nén MinP=2(2++2)

2ab 2ab
Sai lam 2:

=%+i+(4ab+ 1j+ ! > 4 22‘f4 bL+L>4+2+L_6+L
a”+b~ ab 4ab) 4ab (a+b) 2ab  4ab 4ab 4ab

a’ +b> =2ab

272

Dau bang xdy ra < {a’bh” = @a:b:%. Thay a:b:% vao ta dugc P>7

1
16
+b=1

= MinP =7 khi azbzé.

Nguyén nhan sai lam:
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Sai lam I: Hoc sinh chua c6 khai niém “diém roi”, viéc tach 1 = L+L la do thoi
ab 2ab 2ab
a=b
A 1a A ‘A 2 2 2 . 1
quen dé lam xuat hién a” +b" +2ab=(a+b)". MinP =4+2J2 & 2—b=4ab:> VN .
a
a+b=1

Dau “=" bat dang thirc khong xay ra = khong két luan dugc MinP =4 + 22

Sai lam 2: Hoc sinh dd ¢ khéi niém diém roi, dy doan dugc ddu bang khi a =b :% nén
. . 1 ‘. .

da tach cac s6 hang va MinP =7 khi a=b= 5 la diing, nhung budc cudi hoc sinh lam

sai vi du nhu (1—x)2 +x>x, dau bﬁng xay rakhi x=1 :>Min[(x—1)2 +x} =177.

2 ‘. . . 1
Loi gidi dung: Do P 1a biéu thuc doi xting véi a,b, ta du doan MinP dattai a=5b= 5 ta

co:
P= 21 5>+ ! +(4ab+ ! j+ ! > 4 2+2,/4ab. ! + ! 527
a”+b°- 2ab 4ab) 4ab (a+Db) 2ab A a+b
2
a’ +b* =2ab
o1 , 2,2 1 1
Daubang xdyra < jab"=— <Sa=b=—.
16 2
a+b=1
.. a,b>0 P 1 1 1
Bai 2. Cho , tim GTNN cua biéu thuc S = + + .
a+b<1 a@+b a’b  ab®
Sai lam thuwong gap:
1 1 1 2 2 9 2( 1 1
Taco: §S= + + + + > += +
a+b> 3a’h 3ab® 3a’h 3ab® @’ +b +3a’b+3ab’ 3(a2b asz
S ALy, 2 4L
(a+b)y 3 abla b 3 a+b) a+b 3
2
MinS:2
3
a’ +b> =3a%b
Nguyén nhan sai lam: MinS:£<:> a=b (vn)

a+b=1
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Loi gidi dung

Ta du doan dau bﬁng xay ra khi a=»5 =%, va ta théy @ +b° +3a*b+3ab* = (a +b)3 vi

4 r 4 . 14 2 1 1 4
thé ta mubn xuét hién (a+5)’; ta ap dung bét dang thuc 3t TSt 5 va néu
a+b> 2a’b 2ab
vay:
1 1 1 9 A . ok A .
> , ta khong danh gié tiép dugc cho nén ta phai

+ + >
a+b 24a°b 2ab® (a+ b)3 —ab(a+Db)
ap dung bat dang thirc cho 5 sb:

1 1 1 1 1 S 25 25

S=F— Sttt t 52 3 > 7220
a’+b’ 2a°b 2ab” 2a°b 2ab” (a+b) +ab(a+b) 3 (a+b)
(a+b)” +
4
Dau bang xay ra khi a :b:%.
x,y,z>0 | | |
Bai3. Choy1 1 1 . Tim GTLN cua P = + + .
—+—+—=4 2x+y+z x+2y+z x+y+2z
X y z
Sai lam thuong gap: ‘
Sai lam I: Ta co
If1tr 1 1)} 1({1 1 1) 1({1 1 1) 5(1 1 1) 10
PL{—| —+—+—|4+—| —+—+—|+=| —+—+— |=—| —+—+— |=—
9O\2x y z) 9\x 2y z) 9\x y 2z) 18\x y z) 9
:MaxP:%

Sai lam 2:

1 1 1 111 1 1)y 11(1 1 1} 11{1 1 1
P< + + S——| —+—4+—|+—=| —+—+—|+—=| —+—+—
3%/2xyz 3§/x.2yz 32z 33\2x y z) 33\x 2y z) 33(x y 2z
Nguyén nhdn sai lam: Ca hai 151 giai trén déu di biét huéng “dich” song chua biét chon

2x=y=z

o |27 10

diém roi. MaxP:3<:> 2z=x=y (vn), tirc 12 khong ton tai (x,y,z)eD:Pz;
X y z

Loi gidi dung: Tt hai 101 giai trén véi du doan MaxP dat dugctai x=y=z= 5 nén tach

cac sO 2x = x + xra cho dau bang x4y ra.

, , 1 1 1{1 1 1 1 . .
Cach I: Ta co = <—| —+—+—+—|, tuong tu va ta co:
2x+y+z x+x+y+z 16(x x y =z

Trang 5



PsL 2+l+l + l+g+l + l+l+% =1,VayMaxP=1khix:y=z=i
6|\x y =z X y z X y z 3

1 1
Cach2: Taco 2x+y+z=x+x+y+z24Yxxy.z = < , mat khac:
2x+y+z 44 X2z

1111 _1({1 1 1 1 1 1{2 1 1 ,
4——— —<—| —4+—+—+—|=>——<—| —+—+— |, tuong tu ta co:
xxyz 4 x x y z 2x+y+z 16{x y =z
PSLA l+l+l :l.Déu“Z”xéyrakhix:y=z=l,suyra:
16 \x y z 4

MaxP =1 khix=y=z=i.

Nhin xét: Ta c6 thé mo rong bai 3:
x,y,z>0

Cho<1 1 1 . Tim GTLN cua P = ! + ! + ! .
—+—+—=4 ax+pPy+yz px+yy+az yx+ay+pz
X y z

Véi a,f,y€N": Cach 1am tuong ty nhu bai 3, ta tich ax=x+x+---=x,.... Néu

a so
a,B,7 € R, thi bai toan c6 con giai quyét dugc khong? Cau tra 101 danh cho doc gia
trong phan sau” K thuét chon diém roi trong BCS”
a,b,c>0
a+b+c=3

Bai 4. Cho { . Chttng minh ring:Ja +2b + /b +2¢ +Jc+2a <333.

Sai lam thwong gap:
1+1 2b) 2+a+2
Ta ¢6: 1 1(a+2b) < — ”3‘” b) _ +“3+ b twong tr ta co:

24a+2b 2+b+2c¢c 2+c+2a
+ + =

Ja+2b+Ib+2c +3Jc+2a < 3 3 5,
ma 5>333 = dé ra sai...2...2
a+2b=1
) ) A b+2c=1 .
Nguyén nhan sai lam: P=VT <5, viy MaxP=5 < (vn), vay P<5
c+2a=1
a+b+c=3

Loi gidi ding: Ta du doan dau “=" trong bat ding thic xay rakhi a=b=c=1. Vay ta 4p
dung Cauchy cho ba s6 a +2b,3,3 ta co:
1 1 3+3+(a+2b) 6+a+2b ,
Ja+2b=-—33.3(a+2b) < —. = , tuong tu ta co:
Po 0 3 3309 ‘
6+a+2b 6+b+2c 6+c+2a

P< + +
339 339 339

=333, ddu bing xayrakhi a=b=c=1
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2 2 2
, chirmg minh rang; AR A Zg
xyz =1 I+y 1+z 1+x 2

x,y,z2>0

Bai 5. Cho {

Sai lam thuong gap:

1+y22\/;

2 2 2 2
Sai lam 1: P= al + Y + z >33 (y2) , mat khac 1+222\/;,suy
I+y 1+z 1+x (I+y)d+z)A+x)
1+x>2x

ra:
I+ y)d+z2)A+x)<8xyz =8. Vay Pzg,déu “="xayrakhi x=y=z=1

2
Y L (1+y)>2x
+y

2

Sai lam 2: ta co: y—+(1+z)22y > P22(x+y+z)—-(x+y+z)-3=x+y+z-3,

1+z
2

+(1+x)>2z

1+x

mat khac x+ y+z>33xyz=3=P>0
Nguyén nhan sai lam:

O sai lam I: Hoc sinh quén tinh chat co ban cua bat dang thic: a>b > 0= 1 < 1
a
X=y=z
) . ) 2 32 2
O sai lam 2: Dau “=" xay ra < =1+y, =1+z, =1+x(vn)
I+y I+z I+x
xyz =1

(Y

Loi gidi diing: Ta dy doan dau
2 2
X Vé1+y: X :1+y<:>l:£<:>a:4
I+y a 1+y « 2 «a
2
1+
al +—y2x

xay ra khi x =y =z=1. Vi vay khi 4p dung Cauchy

cho

I+y 4
2
, y 1+z 1 3 3 3.3

Ta co: +—2>2y=>P2x+y+z)——(x+y+z)—=—(x+y+z)——>—
T, 27 (x+y+2) 4( y+z) 2 4( y+z) 123
2
z +1+x22
I+x 4

Dau “="xayrakhi x=y=z=1.
Bai tip twong tw(trich din trong cdc dé thi dai hoc)
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. x,y,z>0
Bai 1. Cho

, chung minh rang

xyz =1

3,3 3,3 3, .3
+x°+ +y 4 +z7+ :
\/m X +y +\/m 4z +\/m 7 +x > 343, v6i

Xy vz zx
me N": Néum=11a @ thi Pai hoc kh&i D nim 2005
Bai 2. Cho x,y,z 1a3 s0 thoa x+ y+z =0, chung minh rang:

J3+4% +43+4Y ++/3 447 > 6(dé tham khio 2005)

Bai 3. Cho a>2,h>3,c>4, tim GTLN: P:abvc‘4+bc\/z—2+cwb—3
aoc

. . . X , o 3
Bai 4. Cho a,b,c 1a cac s6 duong thoa man a+b+c=—.

Chirng minh ring:Ja +3b +3Jb+2¢ +3c+3a <3 (DTK 2005)

. a,b,c>0 . L )
Bai 5. Cho , tim GTNN cua cac bi€u thuc sau:

a+b+c<l1

P_;-Fiﬁ-iﬁ-i
a+b>+c> ab be ca
S = ! + ! ! +L+i+L
a’+b> b*+c® F+a? ab be ca
1 1 1 1 1 1
=— +— +— +—t—+—
a“+bc b +ca c“+ab ab bc ca

1Y 1Y 25
Bai 6. Cho u” +v* =1, ching minh ring: (uz +—2j +(v2 +—j >
u

Bai 7. Cho a,b,c 1a cac s6 duong. Tim GTNN cua:

a’ b e’
2 NS N
0= PR (PHQGHN 2001-2002)
c a

g+—+—
Bii 8. Cho a,b,c dwong théa abc =1, tim GTNN cua biéu thirc:
S be @ 9 (pH2000-2001)
a“(b+c) b°(c+a) c“(a+b)
ve X, Y,z > 0 \ , X y
Bai 9. Cho , tim GTNN cua P = + (PHNT 2001 —2002)
x+y=1 \/1 —X \/1 -y

Bai 10. Cho x,y,z 1a ba s6 duwong va x+ y+z <1, chimg minh rang;

1 1 1
\/xz +—2+\/y2+?+\/22 +— >+/82 (DH 2003)

X z
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b) K§ thuit chon diém roi trong bat dang thirc BCS.
Bai 1. Cho x,y,z labasoé duong va x+ y+z <1, chiing minh rang:

2, 1 2, 1 LI S v
\/x +—+ y+?+ z+Z—22 82

X
Nhén xét: chiing ta c6 thé dung bat ding thirc Cauchy nhu ¢ phan 1

2
Salldm (x2+i2j(12+12)2 (X+lj :x+l:> x2+L2 ZL(X‘FLJ
X X X X \/5 X

Tuong ty ta co: PZ%{(x+y+z)+(%+i+éﬂ2%\/(x+y+z)(%+%+é} =32
Vay P>3/2....2

x 1y 12z 1
Nguyén nhan sai lam: P=32<!1 x'1 _y’l _z(vn)

x+y+z=1

C . | <
Loi gidi dung: Ta du doan dau dang thirc xdy rakhi x=y=z= 3 ; va bi€u thirc trong can

2
. 1 ) .
go1 cho tam su dung BCS: (xz +x—2j(0{2 +,[32) > (ax+§j vol «,f la nhiing s6 thoa

man;:

:Lc>x2:g:l,chon a=1L£=9
g 9

2
Ta co (x2+i2j(12+92)2(x+2j = /x2+L ZL(x+2j,tuongtutacé:
X X X V82 X

P>—{9x+y+z)+9[l+l+lﬂ,dox+y+z:1;l+l+l:9 nén ta tach:
X y z X y z

(x+y+z)+é(l+l+lJ+@[l+l+lj2%\/(x+y+z)(l+l+lj+@L>82
y

x z) 9\x y =z x y z) 9 x+y+z

. , 1
Vay P >+/82, dau “=" xay ra khi x=y=z=§.

v,z.0

| 1 1
1 1 ,tim GTLN cua P = + +
+;+_Sl \/§x+y+z x+\/§y+z x+y+x/§z

X,
Bai 2. Cho 1
X z

Giai
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Ap dung hé qua (1) ta co: —+l l (a+2)" ta chon a sao cho x=y=z=3

\/_x y z \/_x+y+z

Véizlzl:izljazﬁ
2x y oz 2

2 11 @+2)
\/Ex y z \/_x+y+z

e Ll L1 @4V2)? (J—+2){ 11} 1

Vay ta co: + - 4+ —+— | —=
X f z x+\/7y+z (24_\/’) y z| 2442

1

111 , @+\2)y
X y \/72 x+y+\/72

N 1
Dau bang xayrakhi x=y=z=3= MaxP = khix=y=2z=3
g xay y 2+ 2 y
Bai tdp ap dung
. a,b,c>0 . . 1 1 1 3
Bai 1. Cho ,chimg minh rang — +— +— > —
abc =1 a(b+c) b’(c+a) c(a+b) 2
. a,b,c>0 , a b’ ¢’
Bai 2. Cho , tim GTNN cua P = + +
abc =1 (1+b)1+¢c) (d+o)d+a) (A+a)1+b)
Bai 3. Cho a,b,c,d >0, tim GTNN cua
a b c d
= + + +
b+2c+3d c+2d+3a d+2a+3b a+2b+3c
x;>0,i=1n
Bii4.Choyg ,tim GTNN clia P = \[1-x; +/1-x, ++,/1-x,
X, =
i=1
N , . N a b C
Bai 5. Cho a,b,c >0, ching minh rang: + + >1

\/a2 +8bc \/b2 +8ca \/02 + 8ab
IV. THAY CHO LOIKET
Dé lam 16 vai tro quan trong cia viéc chon diém roi trong viéc dinh hiedng gidi quyét bai
todn va ciing la két lai phan chuyén dé nay, téi xin néu mét phwong phdp méi gidi bai
toan sau:
Bai _togn: Chimg minh riang trong moi tam gidc ABC ta ludn co

sin 4+sin B+sinC < %

Phdn tich dé di dén loi gidi: Ta du doan dau dang thic xay ra khi tam giac ABC 1a tam
gidc déu A=B=C=§.

Vi A+ B+C = ta giam bot sb bién bang sin C =sin Acos B + sinBcos A

P =sin A+ sin B +sin C =sin 4+ sin B +sin Acos B + sin Bcos 4, ta nghi dén:
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sin® A+cos’ A=1 ) . o ) . FE . I
; A,B khong con quan hé rang budc, lam thé nao dé xuat hién

sin> B+cos> B =1

a’ +b?

b

sin® 4,cos” A, ta nghi ngay dén bt dang thirc ab <
sin4=sinB = %,cosA =cosB = % , Ta ap dung Cauchy:

] . .2 )
[—SIHA cosB +_s1nB cos A}\/g < ﬁ sin” 4 +cos’ B |+ 22 z +cos” 4
5 NE 2 (| 3 V3

Ta co: smA+smB<—Ksm A+ 3]+(sin23+%ﬂ.\/éy:

NG

) -2
VTSQ S A+coszB + Sl B+COSZA +L (Sin2A+§j+(sin2B+ij :ﬂ
2 3 3 3 4 4 2
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