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PhÇn chung: 
C©u I: 
1. MiÒn x¸c ®Þnh D = R 
§¹o hµm: 

' 2

' 2

3 6

0
0 3 6 0

2

y x x

x
y x x

x

= − −
=

= ⇔ − − = ⇔  = −

 

Giíi h¹n: 
lim
x→+∞

= −∞   

lim
x→−∞

= +∞  

B¶ng biÕn thiªn: 
 
        x        −∞                   -2                     0                  +∞   
 
        'y                    -                     +                    - 
                 +∞                                            4 
 
        y 
 
                                          0                                          −∞  
§å thÞ: 

 
2. Tõ b¶ng biÕn thiªn ta cã to¹ ®é hai ®iÓm cùc trÞ cña (1) lµ: A(-2;0) vµ B(0;4) 
VËy ph−¬ng tr×nh ®−êng th¼ng ®i qua A, B lµ: y = 2x + 4 
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Ta cã: 
2 2( ) : ( ) ( 1) 5C x m y m− + − − =  

5R⇒ =  vµ ( ; 1)I m m +  víi R, I lÇn l−ît lµ t©m vµ b¸n kÝnh ®−êng trßn (C) 
§Ó AB tiÕp xóc víi (C) th× /( )AB Cd R=  

23
5 3 5

85

mm
m

m

=+ 
⇔ = ⇔ + = ⇒  = −

 

VËy víi m = 2 hoÆc m = -8 th× ®−êng th¼ng ®i qua hai ®iÓm cùc trÞ cña hµm sè 
(1) sÏ tiÕp xóc víi (C). 
C©u II:  
1. Ta cã: 

( )

( )

( ) ( )

2 2

2 2

2

2

2

2cos cos 1 cos sin 2
2

2cos cos 1 cos sin 2
2

cos cos cos sin 2

cos sin 2 2
( )

cos sin 2 2

x x

x x

x x

x x k
k Z

x x k

π π

π π

π π

π π π
π π π

  = + 
 

 ⇔ − = 
 

⇔ =

 = +
⇒ ∈

= − +

 

 +) TH1: 2 2cos sin 2 2 cos sin 2 2 ( )x x k x x k k Zπ π π= + ⇔ − = ∈  
Do 20 cos 1x≤ ≤  vµ 1 sin 2 1x− ≤ ≤  nªn 21 cos sin 2 2x x− ≤ − ≤  

0

1

k

k

=
⇒  =

 

*) k = 0  

( )
2cos 2sin cos 0

cos cos 2sin 0

cos 0
2 ( )

1 1
tan arctan

2 2

x x x

x x x

x x k
k Z

x x k

π π

π

⇒ − =
⇔ − =

 = ⇔ = +
⇒ ∈

 = ⇔ = +


 

*) k = 1 
2

2

cos sin 2 2

cos 1
( )

sin 2 1

x x

x
VN

x

⇒ − =

 =
⇒  = −

 

+) TH2: 2 2cos sin 2 2 cos sin 2 2 ( )x x k x x k k Zπ π π= − + ⇔ + = ∈  
Do 20 cos 1x≤ ≤  vµ 1 sin 2 1x− ≤ ≤  nªn 21 cos sin 2 2x x− ≤ + ≤  

0

1

k

k

=
⇒  =

 

*) k = 0 
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( )
2cos 2sin cos 0

cos cos 2sin 0

cos 0
2 ( )

1 1
tan arctan

2 2

x x x

x x x

x x k
k Z

x x k

π π

π

⇒ + =
⇔ + =

 = ⇔ = +
⇒ ∈

− = − ⇔ = +


 

*) k = 1 
2

2

cos sin 2 2

cos 1
( )

sin 2 1

x x

x
VN

x

⇒ + =

 =
⇒  =

 

VËy ph−¬ng tr×nh cã c¸c nghiÖm lµ:

2
1

arctan ( )
2
1

arctan
2

x k

x k k Z

x k

π π

π

π

 = +

 = + ∈


− = +


 

2. §KX§: 2 2x− ≤ ≤  
Ta cã: 

2

2

2

12 8
2 4 2 2

9 16
6 4 12 8

2 4 2 2 9 16

2

3

2 2 4 4 2 9 16(1)

x
x x

x
x x

x x x

x

x x x

−+ − − =
+

− −⇔ =
+ + − +

 =⇒ 
 + + − = +

 

§Æt 2cos 2x t=  víi 0;
2

t
π ∈   

. Ph−¬ng tr×nh (1) trë thµnh: 

2

2 2

4 2 cos 8sin 36cos 2 16

4 2 cos 8sin 0(2)

(4 2 cos 8sin ) 36cos 2 16(3)

t t t

t t

t t t

+ = +

 + ≥
⇒ 

+ = +

 

2 2 2

2

2 2

2

2

(3) 32cos 64sin 32 2 sin 2 36cos 2 16

8 8 2 sin 2 4cos 2 9cos 2

1
8(sin 2 2 sin 2 ) cos 2 4cos 2 4

2

2
8 sin 2 (cos 2 2)

2

1
2 2 sin 2 cos 2 2 arctan ( )

2 2

cos 2 2 2 sin 2 4 0

t t t t

t t t

t t t t

t t

t t t k k Z

t t

π

⇔ + + = +

⇔ + − =

⇔ + + = + +

 
⇔ + = +  

 

 = ⇒ = + ∈⇒ 
 + + =
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1
2 arctan

2 2
t⇒ =  (do 0;

2
t

π ∈   
). KiÓm tra §K (2) ta thÊy tho· m·n. 

VËy ph−¬ng tr×nh cã nghiÖm lµ: 

2

3
1

2cos(arctan )
2 2

x

x

 =

 =


 

C©u III:  

Hµm sè d−íi dÊu tÝch ph©n x¸c ®Þnh vµ liªn tôc trong [ ]0;π  nªn 
20

sin

1 cos

x xdx
I

x

π
∃ =

+∫  

§Æt: t xπ= −  th×: 
0

2 2 20 0

( )sin ( ) ( )sin sin

1 cos 1 cos 1 cos

t t dt t tdt tdt
I I

t t t

π π

π

π π π− − −= = = −
+ + +∫ ∫ ∫  

21

2 20 1

1( cos ) 2
2 .arctan

11 cos 1 4

d t du
I u

t u

π ππ π π
−

−
⇒ = = = =

−+ +∫ ∫  

2

4
I

π
⇒ =  

C©u V: 

§Æt: ( ; ; )
x y z y x z

f x y z
y z x x z y

= + + + + +   

Cè ®Þnh y, z. Ta cã: 
'

( ) 2 2

1 1
x

z y
f

y z x x
= + − −  

'
( ) 2 2 2

1 1 1 1
0 0 ( ) 0x

z y
f y z x yz

y z x x yz x

 
= ⇒ + − − = ⇔ + − = ⇒ = 

 
 

Do ®¹o hµm ®æi dÊu tõ ©m sang d−¬ng khi x ®i qua yz  vµ '
( )xf  chØ cã ®óng mét 

nghiÖm trªn [ ]1;3  nªn hµm sè ®¹t gi¸ trÞ lín nhÊt khi: 
1

3

x

x

=
 =

 (1) 

§Æt x = a víi { }1;3a ∈ . Ta cã: 

( ; )
a y z y a z

f y z
y z a a z y

= + + + + +  

Cè ®Þnh z. Ta cã: 
'

( ) 2 2

1 1
y

a z
f

a z y y
= + − −  

'
( ) 2

1 1
0 ( ) 0yf z a y az

az y

 
= ⇔ + − = ⇒ = 

 
 

Do ®¹o hµm ®æi dÊu tõ ©m sang d−¬ng khi y ®i qua az  vµ '
( )yf  chØ cã ®óng mét 

nghiÖm trªn [ ]1;3  nªn hµm sè ®¹t gi¸ trÞ lín nhÊt khi: 
1

3

y

y

=
 =

 (2) 

§Æt y = b víi { }1;3b ∈ . Ta cã: 

( )
a b z b a z

f z
b z a a z b

= + + + + +  
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'
( ) 2 2

1 1
z

a b
f

a b z z
= + − −  

'
( ) 2

1 1
0 ( ) 0zf a b z ab

ab z
 = ⇔ + − = ⇒ = 
 

 

Do ®¹o hµm ®æi dÊu tõ ©m sang d−¬ng khi z ®i qua ab  vµ '
( )zf  chØ cã ®óng mét 

nghiÖm trªn [ ]1;3  nªn hµm sè ®¹t gi¸ trÞ lín nhÊt khi: 
1

3

z

z

=
 =

 (3) 

Kh«ng gi¶m tæng qu¸t, gi¶ sö a b c≤ ≤ (4) 
Tõ (1), (2), (3) vµ (4) ta cã hµm ( ; ; )f x y z  ®¹t gi¸ trÞ lín nhÊt khi 

{ }( ; ; ) (3;3;3);(1;3;3);(1;1;3); (1;1;1)x y z ∈  

LÇn l−ît thay c¸c gi¸ trÞ trªn vµo ( ; ; )f x y z  ta cã: 
26

max ( ; ; )
3

f x y z =  (®pcm) 

DÊu b»ng x¶y ra khi: 
( ; ; ) (1;1;3)

( ; ; ) (1;3;3)

x y z

x y z

=
 =

 vµ c¸c ho¸n vÞ t−¬ng øng. 

PhÇn riªng: 
C©u VI.a: 

1. Ta cã: 

(1;0)
: 3 3 0

B Ox
B Ox BC B

BC x y

∈
⇒ = ∩ ⇒

− − =
 

Do A thuéc trôc hoµnh nªn ta gi¶ sö A(t;0) ( 1t ≠ ). V× AB AC⊥  nªn ph−¬ng tr×nh 
®−êng th¼ng AC lµ: x = t 

( ; 3 3)C AC BC C t t= ∩ ⇒ −  
Tõ trªn ta suy ra: 

1AB t= −  

2 1BC t= −  

3 1CA t= −  

(3 3) 1

2 2

tAB BC CA
p

+ −+ +
⇒ = =  

Mµ: 
1

. .
2ABCS AB AC p r∆ = =  

1 ( 3 1 6 2 3) 0t t⇒ − − − − =  1 2 3 2t⇒ − = +  (do 1t ≠ ) 

1 2 3 2 2 3 3

1 2 3 2 1 2 3

t t

t t

 − = + ⇔ = +
⇒ 

− = + ⇔ = − −
 

TH1: 2 3 3t = +  
(2 3 3;0)A⇒ +   ;    (1;0)B       ;     (2 3 3;6 2 3)C + +  

4 3 7 6 2 3
;

3 3
G
 + +

⇒   
 

 

TH2: 1 2 3t = − −  
( 1 2 3;0)A⇒ − −  ;    (1;0)B      ;     ( 1 2 3; 6 2 3)C − − − −  
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1 4 3 6 2 3
;

3 3
G
 − − − −

⇒   
 

 

 
2. Ta cã: 
XÐt vÞ trÝ t−¬ng ®èi cña M, N ®èi víi ( )α , ta cã: 

. (3.2 1 0 1).( 9.2 4 9 1) 72 0M Nt t = − + + − − + + = − <  

VËy M, N kh¸c phÝa ®èi víi ( )α . 

Gäi 1M  lµ ®iÓm ®èi xøng víi M qua ( )α . 

MÆt ph¼ng ( )α  cã mét vtpt (2; 1;1)n −
�

 

§−êng th¼ng 1MM  ®−îc x¸c ®Þnh bëi: 

1

1

(3;1;0)
( ) :

(2; 1;1)

M MM
MM

vtcpn

∈


−
� 1

3 2

( ) : 1 , ( )

x t

MM y t t R

z t

= +
⇔ = − ∈
 =

 

Gäi H lµ h×nh chiÕu vu«ng gãc cña M lªn ( )α . Ta cã ( )1( )H MM α= ∩ . Thay x, y, 

z tõ ph−¬ng tr×nh tham sè cña 1( )MM  vµo ( )α , ta ®−îc: 

( ) ( )2 3 2t 1 t t 1 0 1 (1;2; 1)t H+ − − + + = ⇔ = − ⇒ −  

Gi¶ sö 1 1 1 1( ; ; )M x y z . V× H lµ trung ®iÓm cña 1MM , ta cã: 

1 1

1 1 1

1 1

2 1

2 3 ( 1;3; 2)

2 2

H M

H M

H M

x x x x

y y y y M

z z z z

= − = − 
 = − ⇔ = ⇒ − − 
 = − = − 

 

Ph−¬ng tr×nh ®−êng th¼ng 1( )M N  ®−îc x¸c ®Þnh bëi: 
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1 1

1 1

1

1 8
( 1;3; 2)

( ) : ( ) : 3 ,( )
( 8;1;11)

2 11

x t
M M N

M N M N y t t R
vtcpM N

z t

= − −− − ∈ ⇔ = + ∈ 
−  = − +

������  

Gäi 1( ) ( )E M N α= ∩ , khi ®ã ®Ó t×m to¹ ®é E ta thay x, y, z tõ ph−¬ng tr×nh tham 

sè cña 1( )M N  vµo ph−¬ng tr×nh cña ( )α  ®−îc: 
2( 1 8 ) (3 ) 2 11 1 0 1 (7;2; 13)t t t t E− − − + − + + = ⇔ = − ⇒ −  
Ta sÏ chøng minh r»ng IM IN−  lín nhÊt khi vµ chØ khi I E≡ . ThËt vËy, lÊy 

®iÓm I bÊt k× thuéc ( )α  ta cã: 

1 1IM IN IM IN M N EM EN− = − ≤ = −  

DÊu “=” x¶y ra khi vµ chØ khi I E≡ . 
VËy ®iÓm (7;2; 13)I −  tho· m·n ®iÒu kiÖn ®Çu bµi. 
C©u VII.a:  
Gi¶ sö sè phøc z tho· m·n ®iÒu kiÖn ®Ò bµi lµ z = a+bi ( ,a b R∈ ) 
Ta cã: 

2 2 2 2

2 2 2 2 2 2 2

2 2

2 2 2 2 2 2 2 2 2 2

2 2

2 2

4

( 1) ( 1) 16

( ) 2( ) 1 8

8

( ) 16 16 64 ( ) 2 2 1

8

18 14 63

z i z i

a b a b

a b a b a b

a b

a b a b a b a b

a b

a b

− + + =

⇔ + − + + + =

⇔ + + + + − + =

 + ≤
⇒ 

+ − − + = + + − +

 + ≤⇔ 
+ =

 

VËy tËp hîp c¸c ®iÓm biÓu diÔn sè phøc z lµ mét h×nh elip cã ph−¬ng tr×nh: 
2 2

2 2 1
63 63
18 14

a b+ =
   
   
   

 

 
 
 
 
 
 
 
P/s: RÊt tiÕc lµ em kh«ng lµm ®−îc c©u IV v× ch−a häc phÇn hai mÆt ph¼ng 
vu«ng gãc, mÆc dï em ®· cè g¾ng t− duy nh−ng vÉn chÞu �, ®µnh ngåi chê ®¸p 
¸n…. 
 
 
 
 


