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CAC KI THUAT CO BAN PE CHUNH MINH BAT DANG THUC VA TIM GIA TRI LO'I}\I NHAT, GIA TRI NHO NHAT TRONG CAC KI
THI TUYEN SINH DAI HQC, CAO PANG, LOP CHUYEN, LOP CHON

Cao Minh Quang , THPT chuyén Nguyén Binh Khiém, Vinh Long, e-mail: kt13quang @yahoo.com
sesiesiesiesk

Bat ding thirc va bai todn tim gid tri 16n nhat, gia tri nho nhat 1a nhitng dang toan khé khong chi trong céc ki thi hoc sinh gidi céc cap
ma con thudng hay xuat hi€n trong cac ki tuyén sinh dai hoc, tuyén sinh vao 16p chuyén, 16p chon.

Bai viét ndy xin néu mot sé ki thuat co ban dé chirmg minh bét ddng thirc va tim gid tri 16n nhit, gid tri nho nhét.
1. Sir dung ki thuét chon “diém roi” ciia bat dang thirc AM — GM (bt ding thirc Cauchy).

Bit dang thic AM — GM (bt dang thirc Cauchy) von rat quen thudc véi hoc sinh phd thong va cé rét nhiéu tmg dung. Phan nay xin
trinh bay cdch str dung ki thuat chon “di€ém roi” (gia tri cua (cac) bién dé xay ra dang thiic) cia bat dang thtc AM — GM trong viéc
chiing minh bat dang thirc. Trudc hét, xin néu lai bat dang thtc AM — GM

Cho n sd thuc khong am a;,a,,...,a, . Khi d6

wzdalazulan hay dalaz_..an Sw

n n

Dang thirc xay ra khi vachikhi ¢, =a, =...=a

Ta thuong dp dung bat dang thirc AM — GM khi n = 2,3,4 . Ngoai ra, sir dung bat dang thirc AM — GM, ta con thu dugc cdc két qua
quan trong sau: Cho a,b,c la cac sb thuc duong, khi dé

(D) a’+b*+c* >ab+bc+ca hay a+b+c2@+«/§+«/§.
2) (a+b+c)2 §3(a2+b2+c2) hay Va® +b* +c* > %(aerJrc).
ettt

a+b+c —9

3) (a+b)(L+1)>

@) (a+b+c)(L+1+1 )>9 hay

<3lE+i+e)-
Viéc xdc dinh didu kién cua (cdc) bién dé xdy ra ding thirc trong bai todn bét ding thirc rit quan trong, né s& gitip ta rat nhidu trong
viéc dinh hudng cich giai.
Dé str dung ki thuat nay ta cdn két hop thém ki thuat nho sau day:
A . . . L
Ki thugt them bét: A=A+B—B="xB=All.1= JANA =AY AYA , dé tao ra cdc biéu thic méi & hai vé clia bat ding

thirc ma ta c6 thé danh gia duoc.
Ki thudt doi bién: Mot s6 bai toan c6 chira can thic, phan thirc thi ta ¢6 thé d6i bién dé d& nhan thiy cdc mdi quan hé cua cc dai
NP PP , Ty 2 ~ < X s s — 1
lugng, tir d6 ta c6 dinh hudng cho 161 gidi. Chang han nhitng phép thé don gian nhu x := Ja,x= T

Sau day 12 mot sd vi du. Vi du dau tién 1a mot bat dang thirc hét strc don gian.
L 11
Bai toan 1. Cho x, y > 0. Chtng minh rang x4 y2 +—4+—-> 2(\/;—1—\/;) .
x oy

Phén tich 101 giai. Nhan thay rang, vé trdi ciia bat dang thirc c6 chita don thirc va phan thirc, vé phai ¢6 chira can thic (bac hai), va dé

. e (e p 1 1
thiy déng thirc xay rakhi x = y=1. Do d6, ta s& diing bt déng thitc AM — GM cho hai s6 x* va —, y* va —.
X Yy

o L[ [
Loi gidi. St dung bat ddng thitc AM — GM, ta ¢6 x° +—>2 K= =[xy y? + L y:—=2Jy.
X

Cong hai bat ding thirc ta thu dwoc bat ding thirc cin chirg minh.

1
Bai toan 2. Cho 0 <a < 5 Chirng minh rang a -|—— > %
a’

. 1 1 1 . 1
Phan tich 10i gidi. Ta nhan thay, tr 0 <a < > tacé — >4. Ngoaira, khi a = 5 thi dang thuc ¢ (1) xay ra va % = 5
a 16a

Loi giai. Do d6, sir dung bat déng thire AM — GM, ta nhan dugc

Moi thir déu do lam viéc ma c6 _ Alex Ferguson
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1 a a 1 15 aa 1 15 _3 15 9
at—S=—t-t—m+t—5 2Pt 5> =
a 2 2 16a 16a 2 2 16a 16a 4 4 2

Ta c6 thé giai bai todn trén bang ciach mot cach khac nhung 13 rang 10i giai trén khd gon gang va dep mit sau khi ta xdc dinh duoc

.2 . 1
“diémroi”’ la a = 5 .

X : 2
Bai toan 3. Cho a,b >0 théa méan diéu kién a +b =1. Ching minih rang —b+ Y >14.
a a” +

Loi giai. Dy dodn diémroi a=b=1.Khidé 2 =8 va 25=—3_=6.
2 ab a’+b* 1-2ab

St dung bat ding thirc AM — GM, ta c6
2.3 2. 2 1 _ 1—ab L1
ab  a*+b* ab a>+b> a*+b*  ab(1-2ab) 4’ +b*

Tadé yring ab<1,a® +b* >L(a+b) =1 ab(1—2ab)=1.2ab(1—2ab) < 1.1 =1 Do do
- 1-1
L S Y o SRS Y
ab  a* +b? ab(1-2ab)  a* 4 b* 5 2

Bai todin 4. Cho céc s6 thuc x, y,z théa man didu kién x+ y+z = 0 . Ching minh ring 3+ 4° +v3+4” £43+4° >6.

Loi giai. Dy doan diém roi x = y = z = 0. Sir dung bat ding thirc AM — GM, ta c6

344" 4344 3147 >3\ 314 314" B4 :3«3/(3+4").(3+4").(3+4") .

Mit khdc, 3+4° =1+14+1+4 >4Y4* Do d6 (3+4X)(3+4y)(3+41)243\4/4X.4y.4z =4 M x+y+z=0).

Suyra \3+4° +13+4" 443447 >3¢8 =6.

1

y

Bai todn 5. Cho x,y >0 . Chimg minh ring (1+ x)[l +X] > 256.
X

Loi giai. Dy dodn diém roi: x =3,y =9. St dung bat ding thirc AM — GM, ta c6

3 . 3 3
— 4 y Yy Yy y Yy 9 3
It x=1+5+34+2>44(3) ,1+;f1+§+§+§z4$/(§) ,1+$z414/($) .

2
. y 9 4 x3y3(3)6 4
D 1 1—1—>4.3,/-——=4=2.
odo(—f—x)[—i—x] + =| 2 (%) (3) - 56

Bai to4n 6. [Khdi B_2007] Cho x,y,z 1a ba sd thuc duong thay ddi. Tim gi4 tri nhé nhét ctia biéu thirc
1 1 1
P=x|T4+— +y[l+—]+z S
2 yz 2 2 xy
Loi giai. Dy dodn diém roi x = y = z . Khi d6

>33ﬁLL_2
N2 22 27

21 1
2 2x 2x

2
P:3L_|_§:3
2 X

: 3% 3 PP
Dang thirc xdy ra khi %zz— hay x=1.Nhu vay, diemroicéthéla x=y=z=1.
X

2
1
AN
2y

21
_+_
2 x

4y 4 +x2+y2+z2 N o L dyztax
2 Xxyz - 2 xyz

Tacé P= +

. . 1 1 1 s
Bai toan 7. [Khoi A_2005] Cho x,y,z laba so thyc duong thoa man —+ —+ 4. Chtirng minh rang
x

y 7
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<1

+ + <
2x+y+z x+2y+z x+y+2z

2 . P fr 1 .
Loi giai. Dy dodn diém roi x = y = z . Str dung bat dang thirc g—[—+—] véi moi s6 thuc duong a,b , ta co
a+b 4la b
1 1| 1 1 {1 1 11 1 1{2 1 1
<-— + <—|=|—t—|+=|—F+—||=—|—+—+—|.
2x+y+z 4lx+y x+z) 414\x y] 4\lx z 16{x y z

Chtng minh twong tu cho céc biéu thirc con lai, ta suy ra

1 1 1 114 4 4
+ + <—|—+—+—|=1.
2x+y+z x+2y+z x+y+2z 16{x y z

Bai toan 8. [ Japan, 2005 ] Cho a,b,c 1a céc sb thyc duong, thoa diéu kién a + b+ ¢ = 1. Chimg minh ring

all+b—c+bl+c—a+N+a—b<1 2)

. 2 . 1 ) C s
Loi gidi. Dy dodn diémroi a=b=c= 3 Khi @6 14+b—c =1. St dung bat dang thitc AM — GM, ta c6

1+14(1 —
a%/l—l—b—c :ai/l.l.(l—i—b—c) Sa.#z%(?aa—l—ab—ac).

Chirng minh twong tu, ta nhan dugc b3/1+c—a < %(3b+bc—ba),c3 l+a—b< %(3c+ca—cb) )

Cong ba bat déng thirc trén, ta nhan duoc

a%/l—i—b—c —l—b%/l—l—c—a —l—c%/l—l—a—b S%[3(61—I—b—i—c)—l—(ab—l—bc—i—ca)—(ab—l—bc—l—ca)]:1.

Bai toan 9. Cho a,b,c > 0 thoa man didu kién a+b+c¢ :%. Chting minh rﬁng Ja+3b+3b+3c+3c+3a<3.
. s o ¢ s 1 ) 1 .
Phan tich loi gidi. Nhan thay rang, vé trdi cua bat dang thirc ¢6 chira (bac ba), dé thay dang thirc xay rakhi a=b=c= 7 khi do,
a+3b=1.Do d6, ta s& dung bét ding thitx AM — GM cho ba s6 a +3b,1,1.

o a+3b)+14+1  a+43b+2
Loi giai. St dung bat dang thirc AM — GM, ta ¢6 Ja+3b = 3/(a+3b .1.1<( = .
g ung g N I )11< 3 3

Chirng minh twong ty cho hai biéu thtrc con lai, ta thu dwoc

a+3b+2+b+3c+2+c+3a—|—2_4(a+b+c)+6
3 3 3

Bai toan 10. [ IMO, 1995 ] Cho a,b,c la cac $6 thuc duong thdéa man diéu kién abc =1. Ching minh réng

Ja+3b+3fb+3c +3c+3a <

1 1 1 3
+ + >—.
a3(b+c) b3(c+a) c3(a+b) 2
e eos . .2 . .l 1 1 2 b+c L Zoaz , .
Loi gidi. Dy dodn diémroi a =b=c=1.Khid6 ———=—=—= . Do @6, ap dung bat dang thirc AM — GM, ta cé
a (b—|—c) 2 4  dbc
1 1 1 1 1 1(1 1
. +b+622 - ‘b+C =—=— 2___[_4__].
a (bJrc) 4bc a (b+c) 4bc a a (b+c) a 4\b ¢
1 1 1(1 1 1 I 1(1 1
Chirng minh tuong tu, ta c6 3—2——[—+—],3—Z__[_+_ .
b (cha) b 4\c a) ¢ (aer) c 4la b
Cong cdc bat dang thirc trén va dp dung bat dang thirxt AM — GM, ta ¢6
1 1 1 If1r 1 1 1 111 3
- += + _—[—+—+— >—33———==.
a(b+c) b'(c+a) c(a+b) 2la b ¢) 2 Nabc 2
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x+y+z<3<1 1 1

1+x% 14y* 1422727 14x 14y 14z

Loi giai. S dung bét ding thitc AM — GM, ta ¢6 1+ x> > 2x,1+ y* >2y,1+ 2% > 2z . Do d6

X z X z 3
PR SN SR S

< + .
1+x* 1+y> 1+z2 2x 2y 2z 2

St dung bat dang thirc Tyi+l> a+b+ ,

véi moi a,b,c¢ duong, chi yring x+ y+z<3,tacé

1 1 1 > 9
I+x 14y 14z 3+x+y+z

oo

3
-
2 2 2
+2 45
y+1 z+1 x+1

Bai toan 12. Cho x,y,z >0 vathéa min diéu kién xyz = 1. Chiing minh ring

t\)lw

2 2 2
- 1 1 1
L gidi. Sir dung bét déng thic AM — GM, tac6 = 4 20>, ¥ (215 &yl

> EBA >z
y+1 4 = z+1 4 x+1 4

2 2 2 2 2 2
X

+y+z .3 3 3 3 3
b I s ey hay —+ 24 (x+y+z)——> 3z —2=2.
y+1 z+1 x+1 4 4 y+1 z4+1 x+1" 4 4 4 2

Suy ra

) 1 1 1 .
Bai toan 13. Cho a,b,c > 0 thoéa man diéu kién —+Z+—:3 . Chtrng minh rang (a +1)(b+1)(c+1) >8.
c

a
111 (s 3 .
Phén tich 10i giai. Gia thiét bai todn chua céc bién — T , nhung bat dang thirc can chirng minh chi chita a,b,c . Do d6, d¢ chiing
abc
111
minh bét dang thirc, ta can chuyén dai luong — o thanh a,b,c . Ta can ching minh
abc
1 1 1 8
(a+1)(p+1)(c+1)>8& [1+—||1+—|14+—|>—.
a b c) abc
e eae oo (o ARs 1k 1 1 1 A , . .
Loi giai. Str dung phép doi bién x=—,y= PREi ta can ching minh (1+x)(1+ y)(1+ z) >8xyz, trong d6 x+y+z=3.
a c

Du dodn diém roi: x = y= zzl.Sfrdungbétdéngthfrc AM-GM, tacé 3=x+y+z>33xyz = xyz <1.

Do d6 (1+x)(1+y)(1+2) > 2vx.2/y.2vz = 8 /xyz > 8xyz .

ey s , . L a’ 3 _a b ¢
Bai toan 14. Cho a,b,c > 0. Chiing minh rang —+—+ >—+——|——.
»¥ oSl b ¢ a
e soe < a b C A , . 3 3 3 ,-
LO‘lglal.Datx:;,y:—,z:—.Tacanchu’ngmmhx +y' +27>x+y+z,v0 xyz=1.
c a

Str dung bét dang thic AM — GM, tacé x° +2=x"+1+1>3x.Dod6 x’ +y’ +2° +6>3(x+y+2z) hay

F 4y 2 2 (v y )+ (vt y+2)=32 (4 y+ ) +2(Roe 3] =xt vz

3 3 3
Bai toan 15. Cho a.b.c > 0. Chimg minh ring [~ + /b—3+‘/6—3 >a,bi e
b c a b ¢ a

b 5 . 333 .
Loi giai. bat x = —,Z:E.Tacénchl'mgrmnh x; +y§ +z§ >x+y+z,v01 xyz=1.
c

a

4y=
b

3 1 I3 B ,
B dé: ta s& ching minh x? +% %x & 2x2 4+12>3x. bat r = x?, bat dang thirc trén dugc viét lai dudi dang

28 +1>3% <200 =32 41206 (1—1) (20 +1)>0.

Suy ra 2(x%+y%+z%)+3z3(x+y+z).Dodé, v6i chil § riing x4 y+z—3>33 0z —3=0.
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Z(x%—|—y%+z%)2(x+y+z—3)+2(x+y+z)22(x+y+z) hay x* +y? +22 > x+y+z

Bai toan 16. Cho a,b,c > 0 thoa man diu kién ab + bc + ca = abc . Chitng minh rr?lng

2 2 2 2 2 2
Jb Zza +\/c ;219 +«/a 2
a C ca

Loi gidi. Thyc hién phép doi bién x=1, y=1 z=1 Turdicukién, tacé x+y+z=1.

Ta can chitng minh bat ding thirc \/xz +2y? +\/y2 +22% + \/zz +2x2 >3

St dung bat ding thirc Cauchy — Schwarz, ta c6 \/x2 +2y? = \/xz +y2 4y > %()H— y+y)= ﬁ(x—f— 2y).

V6i hai bat dang thirc twong tu con lai, suy ra \/x2 +2y? +\/y2 +27% +\/12 +2x% > %.3(x+ y+z)= V3.

Bai todn 17. Khéi A_2006] Cho hai s6 thuc x =0,y = 0 thay dbi va thoa man diéu kién (x+ y)xy = x* + y* —xy . Tim gid tri Ion
1

. . 1
nhat cua biéu thic A = — +—-
X v

Loi gidi. Vi x=0,y=0 nén diéu kién cua bai todn c6 thé dugc viét lai dudi dang (chia hai vé cho dai luong xzyz)

+ *%Jr%fj. Thyc hién phép ddi bién a :%,b:—y, ta can tim gia tri 16n nhit cia biéu thic A=d’ +b° v6i diéu kién
) '

141 1
x oy y
a+b=a’>+b*—ab.Khidé6 A=d’ +0b° :(a +b)(az +b° fab) = (a+b)2 . Sir dung bét dang thuc ab S(“;b)z , tasuyra

a+b=a’+b* —ab=(a+b) —3ab>(a+b)’ —3(a+b) =L(a+b).

Do d6 (a+b)’ —4(a+b)<0 hay 0<a+b<4.Viviy A<16.
Ding thic xay ra khi va chikhi a=b =2 hay x= y:% va max A=16.
Bai toan 18. [Khoi A_2007] Cho x,y,z 1a ba s6 thuc dwong thay d6i va thoa man diéu kién xyz =1. Tim gid tri nho nhét ctia biéu
thire
p_ xz(y—l-z) yz(z+x) zz(x—i—y)
y\/;+2Z\/E Nz +2x0x X\/;+2y\/§ .

Loi gidi. D& tién cho viéc trinh bay 16 giai, dit a = vx,b = [y,c =+/z . Khi d6 abc =1, ta cin tim gi trj nh6 nhét cua biu thiic

at (bz +c2) b* (c2 Jraz) et (az +b2)

M =
b +2¢° ¢ +24° a +2b°
, L 2
Du dodn diémroi a =b=c=1, khi d6 M =3. Sit dung bit déng thitc AM — GM, ta c6 b + ¢ > 2bc = = = a4(b2 +c2) >24%.
a
24° 2b° 203

Thuc hién viéc tuong ty cho cic biéu thirc con lai trong biéu thae M ,tacé M > 3 >+ >+ 3
b>+2c ¢ +2a a’ +2b

Thuc hién phép ddi bién m=b3+263,n=c3+2a3,p=a3+2b3.Khi dé
a3_4n+p72m b3_4p+m72n 3 4m+n—2p

b} ,C
9 9 9
Nhu vay:
M g[4n+p—2m+4p—|—m—2n+4m+n—2p]
9 m n p

4[i+£+ﬁ]+[£+ﬂ+ﬁ]6 2%(4.3+376): 2.

m n p
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2. Sir dung cac tinh chit ciia ham sb, lrong gi
Dbi véi cdc bai todn bét ddng thirc, bai todn tim gid tri 1on nhat, gid tri nho nhit ¢ chira mot bién sé (x hodc a ), ta thudng giai
b?mg cich sir dung dao ham véi diéu kién rang budc cua bién thudc moét mién xdc dinh ndo d6; néu xe [f 1, l] thi ta c6 thé dat

Xx=sinaq,x=cosa ; néu bai todn cé chira diéu kién a,b,c >0,ab+bc+ca=1 thi ta co thé dat aztan%,b:tang,c:tan%; voi

A,B,C 1a ba géc ciia mdt tam gidc; néu bai ton c6 chita dai lugng va® +b° thi ta c6 thé dat u = (a,b); néu bai todn c6 chira diéu kién
a>b thi ta can chuyén bai todn vé dang f (a)> f(b) hodc f(a)< f(b), rdi xét sy dong bién hodc nghich bién ctia ham sé y = f(x),
va luu ¥ rang, trong mot s6 trudng hop, ta can phép doi bién dé bai toan c6 dang don gian hon.

Bai toan 19. [Khéi D_ 2003] Tim gi4 tri 16n nhat va nho nhét ctia ham s§ y = trén doan [—1;2].

x+1
\/x2+1
Loi gidi. Xét x €[—1;2]. Pao ham ctia ham s6 nay 1a y'= (1’)‘)3 .Tacé y'=0&x=1.
x4+l

Gid tri ciia ham s6 tai diém t6i han va diém bién: f(1)=~/2, f(~1)=0,f(2)= +.

Viay [ryg]y:f(l):\/i[glli’g}y:f(fl)zﬂ

Bai toan 20. [Khéi B_ 2003] Tim gi4 trj 16n nhat va nho nhit ciia ham s6 y = x+v4—x? .

Loi giai. Tap xac dinh [—2, 2} . Pao ham ctia ham sb nayla y'=1——==.Tacéb

Na—x?

y'=0& 4—x* =x<:)x2()/\4—x2 =x? @x:\/g.

Gid tri clia ham s6 tai diém t6i han va diém bien: f(v2)=2v2, f(-2) =2, f(2)=2.
Vay maxy:f(\/i): 242, min y= f(fZ):fZ.

[-22] -2
Luuy: vi x€ [72, 2} nén ta cé thé dit x=2cosa,a € [O,ﬂ hoac x=2sina,a € [7%%] , sau d6 dua bai todn vé dang lugng giac

dé giai.
. , , 3
Bai toan 21. Tim gid tri 16n nhat, gid tri nho nhit ciia ham sé y = x° + 4(1 - xz) trén doan [—1,1]
Loi gidi. Thuc hién phép ddi bién r=x". Vi x€[-L1] nén ¢ €[0,1]. Ta cin tim gid tri 16n nhat, gi4 tri nho nhit cia ham sb
F()=1 +4(1—1) = =3 412 —121 + 4.

DPao ham cua ham s nay la f'(t) =—9r* +24r—12 . Ta c6 f'(t) =0&1=2Vt :%.
Gid trj ciia ham s6 tai diém t6i han (chd § 7 €[0,1]) va diém bién: f(2) =4, (0)=4,f(1)=1.
Viay maxy =4 khi t=0 hay x=0, miny =2 khi t:% hay x:j:@ .

(1] Fut? : :
Luuy:
(1) Vi xe [f 1, l] nén ta c6 thé dit x=cosa,a € [0, 7r] hoac x =sina,a € [f%%] , sau d6 dua bai todn vé dang lugng giac dé giai.
(2) Néu dat y> =1—x?, thi bai todn dugc phét biéu dudi dang: Tim gid tri 16n nhdt va gid tri bé nhit cia biéu thirc
f (x, y) =x%+4y° thoa diéu kién x* +y> =1.
Bai to4n 22. [Khoi A_2003] Cho x,y,z 1aba sd thuc duong théa man x + y +z < 1. Ching minh rang

1 1 1
\/x2+—2+Jy2+—2+\/z2+—22\/§.
y Z

X

2 . 1 . 1
Loi gidi. Dy dodn diémroi x= y=z=—.Khid6, x> =—= .
3 9 8l1x?
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a+b+c

Str dung bat dang thirc ‘21'
X

2
R 1 1 1 11 1
Ta nhén duoc \/x2+—2+\/y2+—2+\/zz+—2Z\](x—i-y-i-z)z-i-[—-i-——i-—] .
x y z Xy oz

+1—|—1]>9 v6i a,b,c>0,t=x+y+z<1,tacéd l+1+l>L 2
b ¢ z x+y+z t

1 1 /
>t +8 =7 Ty + et >8232t _8282/—>82

Do d6 ta c6 diéu phai chimg minh. Péng thirc xay ra khi va chikhi x=y=z= 3

Tir bét déng thirc (a+b+ c)[ !
a

1 1 1
Suy ra (x+y+z)2+[ +— +

b a
. . 1 1
Bai toan 23. [Khoi D_2007] Cho a > b > 0. Chlrng minh rang [2" +—] < [Zb +—b] .
24 2

Loi giai. Bt ding thic can chimg minh tuvong duong véi bit ding thic

a a b X
(1+4“)b <(1+4") @m(lai)gw hay f(a)< f(b). trong d6 £ (x)= 1“(114 )
Ta chd ¥ rdng, vi @ >b >0 nén ta chi cin chimg minh ham sé nay nghich bién trong (0,+00).
o . P 4 4" —(1+4"|in(1+47) 5 o . L
That vay, dao ham ctia ham so nay la f '(x) = < 0. Dang thirc xay rakhi vachikhi a=5.

(1447
Cuodi cuing, moi cac ban rén luyén ki thudt nay qua cac bai tdp sau.

Bai 1. Cho a,b,c >0 va a+b+c=23.Ching minhring Y2a+b +3J2b+c +3Y2c+a <333.

- - 1) - 1|~ 1
véi moi vector a,b,c , ap dung cho a= [x —] b—[y,—],c—[z,—].
y

Bai 2. Cho a,b,c >0 va a+b+c=3.Chlirng minh rﬁng Q/(Za—i—b)(a—i—c)a +§/(2b+c)(b—|—a)b —|—§/(2€—|—a)(c—|—b)
Bai 3. Cho a,b,c >0 va (a” +a+2)(b+1)* (¢? +3¢| = 64 . Chimg minh réing a’h*c® <1.

. 2
Bai 4. Cho a > b > 0. Chung minh rang 2a +3—2 5.

(a—b)(2b+3)

Bai 5. [ Nesbitt | Cho x,y,z > 0. Chtng minh ring —— + —>— + —~— >
y+z z+x x+Yy

0| W

c§3§/€.

Bai 6. [Cao Minh Quang] Cho a,b,c €[2,2] va a+b+c=3. Chimg minh ring \V4—a” +V4—b> +4—c* <33

. : 1
Bai 7. [ Ioan Tomescu ] Cho x, y,z > 0. Chung minh rang a2kt —.

(1+3x)(x+8y)(y+9z)(z+6) 74

3
b’ P

Bai 8. [ IMO Short List, 1998 ] Cho a,b,c >0 va abc:l.Chl'rngmjnhr?mg (1+b6)l(1+ )+(1+ )(1+ )+(1+ )(
c c a a

Bai 9. [ Greece, 2007 ] Cho a,b,c la @6 dai ba canh ctia mot tam gidc. Chirng minh réng

(c+a—b)4 (a—l—b—c)4 (b+c—a)4

>ab+bc+ca .
a(a—l—b—c) b(b—l—c—a) c(c—l—a—b)
.. 3 i . . a b c 9
Bai 10 [ Poland, 1995 ] Cho a,b,c > —— va a+b+c =1. Ching minh rang 5 +— +— <—
4 a“+1 b"+1 ¢ +1 10

2

i . . . . . . 1
Bai 11 [Khoi B_2004] Tim gia tri Io6n nhat va gid tri nhd nhat cia ham s6 y = n trén doan [1; 83} .

X

2 2 2
X y Z

2 + 2 2 :
x“4+2yz oy 2z 74 2xy

Bai 12. Cho x, v,z 12 céc sb thuc duong. Tim gié tri nhé nhét cia biéu thuc M =

>3,
1+b) 4



Bai 13.

Bai 14.

Bai 15.

Bai 16.

Bai 17.

Bai 18.

Bai 19.

Bai 20.

Bai 21.

Bai 22.

Bai 23.

Bai 24.

Bai 25.

Bai 26.

Bai 27.

Bai 28.

Bai 29.

Bai 30.

Cho a,b,c >0 thoa man diéu kién + =1. Tim gia tri nho nhét cua abc .
2+a 2 +b 2+4c
. . . a b
Cho a,b >0 thoa man dicu kién a+b =1. Tim gia tri nho nhat cta biéu thic P = —+—.
Nl—a ~1-b
1 1 1 b
Cho céc sb thuc a,b,c théa man diéu kién a +b + ¢ =1. Chirg minh rang —+5+—-2=23|— + - +
3 3 3 3 3 3
. . oot ¥ x| x x
Cho x,y = 0. Tim gid tri nho nhat cua biéu thic P = -+t 2 —t+t—|+—+=
y y y Yy y oy
. % . : 1 a 3.1 a
Cho a,b 1a hai s6 thyc duong. Chung minh rang - +b—3 +b’ > _+Z +b.
a a
Cho x,y,z 1acdc sb thuc duong thoa méan diéu kién x+ y+z< % . Tim gia tri nho nhét cia biéu thirc
1 1 1
M=x"+y +7 +—+—+—.
Xy z
Y , L 1 1 1
Cho a,b,c >0 théa méin dicu kién a + b+ ¢ = abc . Ching minh rang 1+—2 + 1+—2 + 1+—2 > 2\/§ .
a b c
s oz A , . N a b 1
Cho a,b la céc s6 thyc duong. Ching minh rang ———+—F——<—.
a +b b"+a ab
: o : 2 b ~ab
Cho a,b 1a cdc s6 thuc duong. Tim gid tri nho nhat cia biéu thic P = at +L .
Nab  a+b
1) 1)
Cho a,b 1a céc sb thyc duong thoa méan didu kién a+b = V2. Chung minh rang [a +Z] + [b +—] >9.
a
Cho x,y,z 1a cdc sé thuc dwong théa man diéu kién xy + yz+ zx = 1 . Chirng minh ring
2 2 2 2 \/ 2 2
\/x +xy+y +\/y +yz+z" +Vz" o+ x" >3,
Cho a,b,c 1a cic sb thyc duong théa man diéu kién a + b + ¢ = abc . Ching minh ring
. bc T ca +— ab <1
a”+2bc b"+2ca ¢ +2ab
: s . : 1
Cho a,b la cdc s6 thuc duong théa man diéu kién a +b =1. Chung minh rang 8(a4 +b4) + pr >5.
a
. 5 . 1
Cho a,b 1a céc s6 thuc duong thoa man diéu kién a +b <1. Ching minh rang — +— >4
a“+ab b”+ab
Cho x,y>1.Ching minh ring xy/y—1+ yvx—1<xy.
. 3 . . 2 1 1
Cho a,b la céac so thuc duong thoa man diéu kién a +b =1. Tim gia tri nhd nhat ctia biéu thiic M = [1 —2] [1 -
a b
. . 2 1 1 1
Cho x,y,z > 0.Ching minh rang x \/7 §—2+—2+—2
x4 y y +7° z +x* x y z
. . 1 1
Cho x,y,z > 0. Ching minh rang + + <x+y+z.
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