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1. �ãáâì ¤«ï ­ âãà «ì­®£® n ç¨á«® xn | ª®à¥­ì ãà ¢­¥­¨ï x = tg x ¨§
¯à®¬¥¦ãâª  (πn, π(n + 1)). �®ª § âì, çâ®

xn = πn +
π

2
− 1

πn
+ O

(
1

n2

)
.

�¥è¥­¨¥. �ãáâì yn = xn − πn− π
2 . �¥£ª® ¢¨¤¥âì, çâ® yn < 0 ¨ yn → 0.

yn + πn +
π

2
= tg

(
yn + πn +

π

2

)
= −ctg yn = − 1

yn
+ O (yn) ,

πn +
π

2
= − 1

yn
+ O (yn) .

�§  á¨¬¯â®â¨ç¥áª®£® à ¢¥­áâ¢  ¯®«ãç ¥¬, çâ®

yn = − 1

πn + π
2

+
1

πn + π
2
O(y2

n),

®âªã¤  yn = − 1
πn + O(1/n2).

2. �ãáâì e1, e2, . . . , en ¨ e′1, e
′
2, . . . , e

′
n | ¤¢  ¡ §¨á  ¢ Rn. �®ª § âì, çâ®

áãé¥áâ¢ã¥â â ª ï ¯¥à¥áâ ­®¢ª  e′i1, e
′
i2
, . . . , e′in ¢¥ªâ®à®¢ e′1, e

′
2, . . . , e

′
n, çâ® ¤«ï

«î¡®£® k = 1, 2, . . . , n ¢¥ªâ®àë e′i1, e
′
i2
, . . . , e′ik, ek+1, ek+2, . . . , en ®¡à §ãîâ ¡ §¨á.

�¥è¥­¨¥. �ãáâì áà¥¤¨ e′1, e
′
2, . . . , e

′
n ¢ë¡à ­® k < n â ª¨å à §«¨ç­ëå

¢¥ªâ®à®¢ e′i1, e
′
i2
, . . . , e′ik, çâ® e′i1, e

′
i2
, . . . , e′ik, ek+1, ek+2, . . . , en | ¡ §¨á. � áá¬®â-

à¨¬ (n−1)-¬¥à­®¥ ¯®¤¯à®áâà ­áâ¢® Vk+1 = 〈e′i1, e′i2, . . . , e′ik, ek+2, . . . , en〉. �à¥¤¨
¢¥ªâ®à®¢ e′1, e

′
2, . . . , e

′
n ­ ©¤¥âáï ¢¥ªâ®à v, ­¥ «¥¦ é¨© ¢ Vk+1. � ¬¥â¨¬, çâ® v

®â«¨ç¥­ ®â e′i1, e
′
i2
, . . . , e′ik, ¯®áª®«ìªã e′i1, e

′
i2
, . . . , e′ik ∈ Vk+1. �®«®¦¨¬ e′ik+1

= v,
â®£¤  e′i1, e

′
i2
, . . . , e′ik+1

, ek+2, ek+3, . . . , en | ¡ §¨á.
� ááã¦¤ ï ª ª ¯®ª § ­® ¢ëè¥ ¤«ï k = 0, 1, . . . , n−1, ¬ë ¯®«ãç¨¬ âà¥¡ã¥¬ãî

¯¥à¥áâ ­®¢ªã e′i1, e
′
i2
, . . . , e′in.

3. �ãáâì B1(a) | § ¬ª­ãâë© ¥¤¨­¨ç­ë© ¥¢ª«¨¤®¢ è à ¢ Rn á æ¥­âà®¬ ¢
â®çª¥ a ∈ Rn. �«ï ¬­®¦¥áâ¢  A ⊂ Rn ®¯à¥¤¥«¨¬ ¬­®¦¥áâ¢®

f(A) =
⋂

a∈A

B1(a).

�®ª § âì, çâ® ­¥¯ãáâ®¥ ¬­®¦¥áâ¢® A ¥áâì ¯¥à¥á¥ç¥­¨¥ § ¬ª­ãâëå ¥¤¨­¨ç­ëå
è à®¢ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  A = f(f(A)).
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�¥è¥­¨¥. �á«¨ A = f(f(A)), â® ®ç¥¢¨¤­® A ¥áâì ¯¥à¥á¥ç¥­¨¥ § ¬ª­ãâëå
¥¤¨­¨ç­ëå è à®¢.

�ãáâì A ¥áâì â ª®¥ ¬­®¦¥áâ¢®, çâ® f(A) 6= ∅.
�®ª ¦¥¬, çâ® A ⊂ f(f(A)). �ãáâì a ∈ A. �®£¤  f(A) =

⋂
z∈A

B1(z) ⊂ B1(a).
�âáî¤  f(f(A)) =

⋂
z∈f(A)

B1(z) ⊃ ⋂
z∈B1(a)

B1(z) = {a}. �â ª, A ⊂ f(f(A)).

�ãáâì ¬­®¦¥áâ¢® A ¥áâì ­¥¯ãáâ®¥ ¯¥à¥á¥ç¥­¨¥ ¥¤¨­¨ç­ëå § ¬ª­ãâëå è à®¢,
â.¥. ¤«ï ­¥ª®â®à®£® ¬­®¦¥áâ¢  B ¢ë¯®«­¥­® A = f(B). �® ¤®ª § ­­®¬ã
f(A) = f(f(B)) ⊃ B, ®âªã¤  f(f(A)) ⊂ f(B) = A.

4. � ­ë ­¥¯à¥àë¢­ë¥ äã­ªæ¨¨ f, g : [0, 1] → [0, 1], ¯à¨ç¥¬ ¨§¢¥áâ­®, çâ® f
áâà®£® ¢®§à áâ ¥â. �®ª ¦¨â¥, çâ®

∫ 1

0
f(g(x)) dx ≤

∫ 1

0
(f(x) + g(x)) dx.

�¥è¥­¨¥. �ãáâì c = maxx∈[0,1](f(x)− x). �®£¤ 
∫

0
(f(g(x))− g(x)) dx ≤

∫ 1

0
c dx = c.

�«¥¤®¢ â¥«ì­®, ¤®áâ â®ç­® ¤®ª § âì, çâ® c ≤ ∫ 1
0 f(x) dx. �á«¨ c ≤ 0, â®

íâ® ­¥à ¢¥­áâ¢® ®ç¥¢¨¤­®. �ãáâì c > 0, ¨ f(x0) − x0 = c. �®£¤  0 ≤ x0 =
f(x0)− c ≤ 1− c. �®£¤ 

∫ 1

0
f(x) dx ≥

∫ 1

x0

f(x) dx ≥
∫ 1

x0

f(x0) dx = (1− x0)(x0 + c).

�áâ «®áì § ¬¥â¨âì, çâ® (1−x0)(x0+c) = c+x0(1−c−x0) ≥ c ¯à¨ 0 ≤ x0 ≤ 1−c.
5. �ãáâì f : [0, 1] → R | ­¥¯à¥àë¢­ ï äã­ªæ¨ï. �®ª § âì, çâ® ­ ©¤¥âáï

¯®¤¬­®¦¥áâ¢® X ⊂ [0, 1] ¬®é­®áâ¨ ª®­â¨­ãã¬, ­  ª®â®à®¬ äã­ªæ¨ï f ¬®­®â®­-
­ .

�¥è¥­¨¥. �ãáâì ­ ©¤ãâáï â ª¨¥ â®çª¨ a, b ∈ [0, 1], çâ® a < b ¨ f(a) <

f(b). �á«¨ íâ® ­¥ â ª, â® ¤«ï «î¡ëå â®ç¥ª a, b ∈ [0, 1], a < b, ¢ë¯®«­¥­®
f(a) ≥ f(b) ¨ âà¥¡ã¥¬®¥ ¤®ª § ­®.

�«ï ª ¦¤®£® c ∈ [f(a), f(b)] ®¯à¥¤¥«¨¬ xc = sup{x ∈ [a, b] | f(x) = c}. �
á¨«ã ­¥¯à¥àë¢­®áâ¨ f ¯®«ãç ¥¬, çâ® f(xc) = c ¨ ¨§ c1 < c2 á«¥¤ã¥â xc1

< xc2

¨ f(xc1
) = c1 < c2 = f(xc2

). �® ¯®áâà®¥­¨î {xc | c ∈ [f(a), f(b)]} | ¨áª®¬ë©
ª®­â¨­ãã¬.

6.  ) � ¬ª­ãâ®¥ ®£à ­¨ç¥­­®¥ ¬­®¦¥áâ¢® A ⊂ R2 ®¡« ¤ ¥â á¢®©áâ¢®¬:
¤«ï «î¡®© â®çª¨ x ∈ R2 áãé¥áâ¢ã¥â à®¢­® ®¤­  â®çª  a(x) ∈ A â ª ï, çâ®
‖x− a(x)‖ = sup

a∈A
‖x− a‖. �®ª § âì, çâ® ¬­®¦¥áâ¢® A ®¤­®â®ç¥ç­®.
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¡) �®ª ¦¨â¥ â® ¦¥ ãâ¢¥à¦¤¥­¨¥ ¤«ï ¯à®¨§¢®«ì­®£® ®£à ­¨ç¥­­®£® ¬­®-
¦¥áâ¢  A ⊂ R2.

�¥è¥­¨¥. � áá¬®âà¨¬ äã­ªæ¨î f(x) = sup
a∈A

‖x − a‖. �®áª®«ìªã íâ®
­¥¯à¥àë¢­ ï äã­ªæ¨ï ­  Rn ¨ lim

‖x‖→+∞
f(x) = +∞, â® ¬¨­¨¬ã¬ f ¤®áâ¨£ ¥âáï

¢ ­¥ª®â®à®© â®çª¥ x0 ∈ Rn. �®ª ¦¥¬, çâ® A = {x0}.
�®¯ãáâ¨¬ ¯à®â¨¢­®¥. �®£¤  f(x0) > 0 ¨ è à Bf(x0)(x0) ï¢«ï¥âáï è à®¬

­ ¨¬¥­ìè¥£® à ¤¨ãá  (à ¢­®£® f(x0)), ª®â®àë© á®¤¥à¦¨â A áà¥¤¨ ¢á¥å è à®¢,
á®¤¥à¦ é¨å A. �à¨ íâ®¬ ¢ á¨«ã ãá«®¢¨ï § ¤ ç¨ ∂Bf(x0)(x0) ∩ A = {a0}.
�¯à¥¤¥«¨¬ ¯®«ãáä¥àã.

S = ∂Bf(x0)(x0) ∩ {x ∈ Rn | (a0 − x0, x− x0) ≤ 0}
� ª ª ª S ∩ A = ∅, â® ¯® «¥¬¬¥ �¥©­¥-�®à¥«ï áãé¥áâ¢ã¥â ­¥­ã«¥¢®© á¤¢¨£
St = S+t(a0−x0), t > 0, ¢¤®«ì ¢¥ªâ®à  a0−x0, á®åà ­ïîé¨© ãá«®¢¨¥ Sτ∩A = ∅
¤«ï ¢á¥å τ ∈ [0, t]. �âáî¤  á«¥¤ã¥â, çâ®

A ⊂ Bf(x0)(x0) ∩Bf(x0)(x0 + t(a0 − x0)).

�® ¯® â¥®à¥¬¥ �¨ä £®à  ¯®«ãç ¥¬, çâ® â®£¤ 

A ⊂ x0 +
t

2
(a0 − x0) +

√
f 2(x0)− t2‖a0 − x0‖2

4
B1(0),

çâ® ¯à®â¨¢®à¥ç¨â ¬¨­¨¬ «ì­®áâ¨ à ¤¨ãá  f(x0).
¡) �®ª ¦¥¬, çâ® ¥á«¨ ¬­®¦¥áâ¢® A ã¤®¢«¥â¢®àï¥â ­ è¥¬ã á¢®©áâ¢ã, â® ¨

¥£® § ¬ëª ­¨¥ B = A â ª¦¥ ¥¬ã ã¤®¢«¥â¢®àï¥â. � ¬¥â¨¬, çâ® max
b∈B

‖x− b‖ =

max
a∈A

‖x− a‖ ¤«ï «î¡®£® x (¬ ªá¨¬ã¬ë ¯® ãá«®¢¨î áãé¥áâ¢ãîâ!).
�à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥. �®£¤  ¤«ï ­¥ª®â®à®© â®çª¨ x áãé¥áâ¢ãîâ ¤¢¥

â®çª¨ b1, b2 ∈ B â ª¨¥, çâ® ‖x− bi‖ = max
b∈B

‖x− b‖ =: s. �®£¤  ®¤­  ¨§ ­¨å |
áª ¦¥¬, b1 | «¥¦¨â ¢ B \ A. � áá¬®âà¨¬ â®çªã x1 = x + (x − b1). �®£¤ 
‖x1−b1‖ = ‖2(x−b1)‖ = 2s,   ¤«ï «î¡®© ¤àã£®© â®çª¨ b ∈ B ¨¬¥¥¬ ‖x1−b‖ ≤
‖x1−x‖+‖x−b‖ = 2s. �à¨ íâ®¬ à ¢¥­áâ¢® ¬®¦¥â ¤®áâ¨£ âìáï â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  x1, b ¨ x «¥¦ â ­  ®¤­®© ¯àï¬®© (x ¬¥¦¤ã b ¨ x1), ¨ ‖x− b‖ = s;
íâ® ¢ë¯®«­ï¥âáï â®«ìª® ¯à¨ b = b1. � ª¨¬ ®¡à §®¬, ‖x1 − b1‖ > ‖x1 − b‖ ¤«ï
«î¡®© â®çª¨ b ∈ B \ {b1} ⊃ A; ¢ ç áâ­®áâ¨, ‖x1 − b1‖ > max

x∈A
‖x1 − a‖. �â®

­¥¢®§¬®¦­®, â ª ª ª max
b∈B

‖x1 − b‖ = max
a∈A

‖x1 − a‖.
�â ª, ¬­®¦¥áâ¢® B ã¤®¢«¥â¢®àï¥â ­ è¥¬ã á¢®©áâ¢ã ¨ ¯® ¯ã­ªâã  ) ®¤­®-

â®ç¥ç­®. �­ ç¨â, ¨ A ®¤­®â®ç¥ç­®.
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