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1. � ©â¨ ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ãî äã­ªæ¨î f : (0, +∞) → (0, +∞),
¤«ï ª®â®à®© ¯à¨ «î¡®¬ x0 > 0 à¥ªãàà¥­â­ ï ¯®á«¥¤®¢ â¥«ì­®áâì xn+1 =
f(xn) ã¤®¢«¥â¢®àï¥â  á¨¬¯â®â¨ç¥áª®¬ã à ¢¥­áâ¢ã

xn ∼ 1

ln n
, n →∞.

�¥è¥­¨¥. �ãáâì ¤«ï ­ ç «  xn = 1/ ln n. �®áâà®¨¬ â ªãî äã­ªæ¨î,
çâ® f(xn−1) = xn. �«ï íâ®£® à áá¬®âà¨¬ ϕ(t) = 1/ ln t ¨ ­ ©¤¥¬ à¥è¥­¨¥
äã­ªæ¨®­ «ì­®£® ãà ¢­¥­¨ï f(ϕ(t − 1)) = ϕ(t). �â® ¥áâì äã­ªæ¨ï f(t) =
1/ ln

(
1 + e1/t

)
. �®ª ¦¥¬, çâ® f | â®, çâ® ­ ¤®.

�«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ xn+1 = 1/ ln
(
1 + e1/xn

)
¯®«ãç ¥¬

e1/xn+1 = 1 + e1/xn = . . . = n + 1 + e1/x0,

®âªã¤  á«¥¤ã¥â âà¥¡ã¥¬®¥ ãá«®¢¨¥.

2. �®ª § âì, çâ® á¨¬¬¥âà¨ç­ ï ¬ âà¨æ  A ­¥®âà¨æ â¥«ì­® ®¯à¥¤¥«¥­ 
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï «î¡®© á¨¬¬¥âà¨ç­®© ­¥®âà¨æ â¥«ì­® ®¯à¥-
¤¥«ñ­­®© ¬ âà¨æë B ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® tr AB ≥ 0.

�¥è¥­¨¥. � ¬¥â¨¬, çâ® ¥á«¨ X | áâ®«¡¥æ, â® ¬ âà¨æ  XXT ­¥®âà¨-
æ â¥«ì­® ®¯à¥¤¥«¥­  ¨ á¨¬¬¥âà¨ç­ . � ª¦¥ § ¬¥â¨¬, çâ® ¢áïª ï ­¥®âà¨-
æ â¥«ì­® ®¯à¥¤¥«ñ­­ ï á¨¬¬¥âà¨ç­ ï B ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥ (â¥®à¥¬  ®
¯à¨¢¥¤¥­¨¨ ª ¤¨ £®­ «ì­®¬ã ¢¨¤ã)

B = X1X
T
1 + · · ·+ XnX

T
n .

�ãáâì A ­¥®âà¨æ â¥«ì­® ®¯à¥¤¥«¥­ . �®£¤  B = X1X
T
1 + · · ·+ XnX

T
n ¨

tr AB =
n∑

i=1

tr AXiX
T
i =

n∑
i=1

tr XT
i AXi ≥ 0

¯® ®¯à¥¤¥«¥­¨î ¯®«®¦¨â¥«ì­®© ®¯à¥¤¥«ñ­­®áâ¨.
� ®¡à â­ãî áâ®à®­ã: ¤«ï «î¡®£® áâ®«¡æ  X ¯®«®¦¨¬ B = XXT ¨

¯®«ãç¨¬, çâ®
tr XTAX = tr AXXT ≥ 0.

3. �ãáâì B ⊂ Rn | æ¥­âà «ì­® á¨¬¬¥âà¨ç­®¥ ¢ë¯ãª«®¥ ª®¬¯ ªâ­®¥
â¥«® á æ¥­âà®¬ ­ã«¥. �«ï ¬­®¦¥áâ¢  A ⊂ Rn ®¯à¥¤¥«¨¬ ¬­®¦¥áâ¢®

f(A) =
⋂

a∈A

(a + B)
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(§¤¥áì a + B = {a + x | x ∈ B} | á¤¢¨£ ¬­®¦¥áâ¢  B). �®ª § âì, çâ®
­¥¯ãáâ®¥ ¬­®¦¥áâ¢® A ¥áâì ¯¥à¥á¥ç¥­¨¥ á¤¢¨£®¢ ¬­®¦¥áâ¢  B â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  A = f(f(A)).

�¥è¥­¨¥. � ¬¥â¨¬, çâ® ¬­®¦¥áâ¢® S = ∩x∈B(z + B) ¥áâì {0}. �¥©áâ-
¢¨â¥«ì­®, 0 = x + (−x) ∈ x + B ¯à¨ «î¡®¬ x ∈ B, ¯®íâ®¬ã 0 ∈ S. �
¤àã£®© áâ®à®­ë, ¯ãáâì 0 6= y ∈ S; â®£¤  ¨§ ª®¬¯ ªâ­®áâ¨ B á«¥¤ã¥â, çâ®
áãé¥áâ¢ã¥â λ = max{µ | µy ∈ B} ≥ 1. �®£¤  ¨§ y ∈ S ⊂ (−λy) + B, â®
¥áâì (1 + λ)y ∈ B. �à®â¨¢®à¥ç¨¥ á ¢ë¡®à®¬ λ. �­ ç¨â, S = {0}. �âáî¤ 
á«¥¤ã¥â, çâ® ∩z∈x+B(z + B) = {x} ¤«ï «î¡®£® x.

�á«¨ A = f(f(A)), â® ®ç¥¢¨¤­® A ¥áâì ¯¥à¥á¥ç¥­¨¥ á¤¢¨£®¢ B.
�ãáâì A ¥áâì â ª®¥ ¬­®¦¥áâ¢®, çâ® f(A) 6= ∅.
�®ª ¦¥¬, çâ® A ⊂ f(f(A)). �ãáâì a ∈ A. �®£¤  f(A) =

⋂
z∈A

(z + B) ⊂
a + B. �âáî¤  f(f(A)) =

⋂
z∈f(A)

(z + B) ⊃ ⋂
z∈a+B

(z + B) = {a}. �â ª,

A ⊂ f(f(A)).
�ãáâì ¬­®¦¥áâ¢® A ¥áâì ­¥¯ãáâ®¥ ¯¥à¥á¥ç¥­¨¥ á¤¢¨£®¢ B, â.¥. ¤«ï ­¥-

ª®â®à®£® ¬­®¦¥áâ¢  X ¢ë¯®«­¥­® A = f(X). �® ¤®ª § ­­®¬ã f(A) =
f(f(X)) ⊃ X, ®âªã¤  f(f(A)) ⊂ f(X) = A.

4. �ãáâì f : [0, 1] → R| ­¥¯à¥àë¢­ ï äã­ªæ¨ï. �®ª § âì, çâ® ­ ©¤¥âáï
¯®¤¬­®¦¥áâ¢® X ⊂ [0, 1] ¬®é­®áâ¨ ª®­â¨­ãã¬, ­  ª®â®à®¬ äã­ªæ¨ï f

¬®­®â®­­ .
�¥è¥­¨¥. �ãáâì ­ ©¤ãâáï â ª¨¥ â®çª¨ a, b ∈ [0, 1], çâ® a < b ¨ f(a) <

f(b). �á«¨ íâ® ­¥ â ª, â® ¤«ï «î¡ëå â®ç¥ª a, b ∈ [0, 1], a < b, ¢ë¯®«­¥­®
f(a) ≥ f(b) ¨ âà¥¡ã¥¬®¥ ¤®ª § ­®.

�«ï ª ¦¤®£® c ∈ [f(a), f(b)] ®¯à¥¤¥«¨¬ xc = sup{x ∈ [a, b] | f(x) = c}. �
á¨«ã ­¥¯à¥àë¢­®áâ¨ f ¯®«ãç ¥¬, çâ® f(xc) = c ¨ ¨§ c1 < c2 á«¥¤ã¥â xc1

< xc2

¨ f(xc1
) = c1 < c2 = f(xc2

). �® ¯®áâà®¥­¨î {xc | c ∈ [f(a), f(b)]} | ¨áª®¬ë©
ª®­â¨­ãã¬.

5.  ) � ¬ª­ãâ®¥ ®£à ­¨ç¥­­®¥ ¬­®¦¥áâ¢® A ⊂ Rn ®¡« ¤ ¥â á¢®©áâ¢®¬:
¤«ï «î¡®© â®çª¨ x ∈ Rn áãé¥áâ¢ã¥â à®¢­® ®¤­  â®çª  a(x) ∈ A â ª ï, çâ®
‖x− a(x)‖ = sup

a∈A
‖x− a‖. �®ª § âì, çâ® ¬­®¦¥áâ¢® A ®¤­®â®ç¥ç­®.

¡) �®ª ¦¨â¥ â® ¦¥ ãâ¢¥à¦¤¥­¨¥ ¤«ï ¯à®¨§¢®«ì­®£® ®£à ­¨ç¥­­®£® ¬­®-
¦¥áâ¢  A ⊂ Rn.

�¥è¥­¨¥. � áá¬®âà¨¬ äã­ªæ¨î f(x) = sup
a∈A

‖x − a‖. �®áª®«ìªã
íâ® ­¥¯à¥àë¢­ ï äã­ªæ¨ï ­  Rn ¨ lim

‖x‖→+∞
f(x) = +∞, â® ¬¨­¨¬ã¬ f

¤®áâ¨£ ¥âáï ¢ ­¥ª®â®à®© â®çª¥ x0 ∈ Rn. �®ª ¦¥¬, çâ® A = {x0}.
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�®¯ãáâ¨¬ ¯à®â¨¢­®¥. �®£¤  f(x0) > 0 ¨ è à Bf(x0)(x0) ï¢«ï¥âáï è à®¬
­ ¨¬¥­ìè¥£® à ¤¨ãá  (à ¢­®£® f(x0)), ª®â®àë© á®¤¥à¦¨â A áà¥¤¨ ¢á¥å
è à®¢, á®¤¥à¦ é¨å A. �à¨ íâ®¬ ¢ á¨«ã ãá«®¢¨ï § ¤ ç¨ ∂Bf(x0)(x0) ∩ A =
{a0}. �¯à¥¤¥«¨¬ ¯®«ãáä¥àã.

S = ∂Bf(x0)(x0) ∩ {x ∈ Rn | (a0 − x0, x− x0) ≤ 0}
� ª ª ª S ∩ A = ∅, â® ¯® «¥¬¬¥ �¥©­¥-�®à¥«ï áãé¥áâ¢ã¥â ­¥­ã«¥¢®© á¤¢¨£
St = S + t(a0 − x0), t > 0, ¢¤®«ì ¢¥ªâ®à  a0 − x0, á®åà ­ïîé¨© ãá«®¢¨¥
Sτ ∩ A = ∅ ¤«ï ¢á¥å τ ∈ [0, t]. �âáî¤  á«¥¤ã¥â, çâ®

A ⊂ Bf(x0)(x0) ∩Bf(x0)(x0 + t(a0 − x0)).

�® ¯® â¥®à¥¬¥ �¨ä £®à  ¯®«ãç ¥¬, çâ® â®£¤ 

A ⊂ x0 +
t

2
(a0 − x0) +

√
f 2(x0)− t2‖a0 − x0‖2

4
B1(0),

çâ® ¯à®â¨¢®à¥ç¨â ¬¨­¨¬ «ì­®áâ¨ à ¤¨ãá  f(x0).
¡) �®ª ¦¥¬, çâ® ¥á«¨ ¬­®¦¥áâ¢® A ã¤®¢«¥â¢®àï¥â ­ è¥¬ã á¢®©áâ¢ã, â® ¨

¥£® § ¬ëª ­¨¥ B = A â ª¦¥ ¥¬ã ã¤®¢«¥â¢®àï¥â. � ¬¥â¨¬, çâ® max
b∈B

‖x−b‖ =

max
a∈A

‖x− a‖ ¤«ï «î¡®£® x (¬ ªá¨¬ã¬ë ¯® ãá«®¢¨î áãé¥áâ¢ãîâ!).
�à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥. �®£¤  ¤«ï ­¥ª®â®à®© â®çª¨ x áãé¥áâ¢ãîâ ¤¢¥

â®çª¨ b1, b2 ∈ B â ª¨¥, çâ® ‖x − bi‖ = max
b∈B

‖x − b‖ =: s. �®£¤  ®¤­  ¨§
­¨å | áª ¦¥¬, b1 | «¥¦¨â ¢ B \ A. � áá¬®âà¨¬ â®çªã x1 = x + (x − b1).
�®£¤  ‖x1 − b1‖ = ‖2(x− b1)‖ = 2s,   ¤«ï «î¡®© ¤àã£®© â®çª¨ b ∈ B ¨¬¥¥¬
‖x1 − b‖ ≤ ‖x1 − x‖+ ‖x− b‖ = 2s. �à¨ íâ®¬ à ¢¥­áâ¢® ¬®¦¥â ¤®áâ¨£ âìáï
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  x1, b ¨ x «¥¦ â ­  ®¤­®© ¯àï¬®© (x ¬¥¦¤ã b
¨ x1), ¨ ‖x − b‖ = s; íâ® ¢ë¯®«­ï¥âáï â®«ìª® ¯à¨ b = b1. � ª¨¬ ®¡à §®¬,
‖x1−b1‖ > ‖x1−b‖ ¤«ï «î¡®© â®çª¨ b ∈ B\{b1} ⊃ A; ¢ ç áâ­®áâ¨, ‖x1−b1‖ >

max
x∈A

‖x1 − a‖. �â® ­¥¢®§¬®¦­®, â ª ª ª max
b∈B

‖x1 − b‖ = max
a∈A

‖x1 − a‖.
�â ª, ¬­®¦¥áâ¢® B ã¤®¢«¥â¢®àï¥â ­ è¥¬ã á¢®©áâ¢ã ¨ ¯® ¯ã­ªâã  ) ®¤-

­®â®ç¥ç­®. �­ ç¨â, ¨ A ®¤­®â®ç¥ç­®.
6. �ãáâì f : R2 → R | ¢ë¯ãª« ï ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ ï

äã­ªæ¨ï; f(0) = 0, ∇f(0) = 0. �®ª § âì, çâ®

f(x) ≥
‖x‖∫

0

ϕ(t) dt, ∀x ∈ R2,

£¤¥ ϕ(t) = inf
‖x‖=t

‖∇f(x)‖, ∀t ≥ 0.
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�¥è¥­¨¥. �ã¤¥¬ ®¡®§­ ç âì f ′(x) = ∇f(x). �¯à¥¤¥«¨¬

x(t) = arg min
‖x‖=t

f(x). (1)

�«ï «î¡®£® ­¥­ã«¥¢®£® ¢¥ªâ®à  y, â ª®£®, çâ® 〈y, x(t)〉 = 0 á«¥¤ã¥â à ¢¥­-
áâ¢® 〈f ′(x(t)), y〉 = 0 (¢ ¯à®â¨¢­®¬ á«ãç ¥ ¯®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥ á ä ªâ®¬
f(x(t)) = min

‖x‖=t
f(x)). �®íâ®¬ã ¤«ï ¢á¥å t ≥ 0 ­ ©¤¥âáï ç¨á«®

λ(t) : f ′(x(t)) = λ(t)x(t). (2)

�®áª®«ìªã f ¢ë¯ãª« ï äã­ªæ¨ï, â® 〈f ′(x) − f ′(0), x − 0〉 ≥ 0, ¯®íâ®¬ã
λ(t) ≥ 0. � ¬¥â¨¬, çâ®

ϕ(t) ≤ ‖f ′(x(t))‖ = λ(t)‖x(t)‖ = tλ(t).

�®íâ®¬ã
λ(t) ≥ ϕ(t)

t
, ∀t > 0. (3)

� ä¨ªá¨àã¥¬ t > 0. �ãáâì ∆ > 0 ¨ 0 < t − ∆ ≤ t1 ≤ t. � ª ª ª ¨§ (1)
á«¥¤ã¥â, çâ® f(x(t1)) ≤ f

(
t1
t x(t)

)
, â®

f(x(t))− f(x(t1)) ≥ f(x(t))− f

(
t1
t
x(t)

)
= 〈f ′(x(t)), x(t)〉t− t1

t
+ o(∆) = (2)

(2) = λ(t)‖x(t)‖2 t− t1
t

+o(∆) = λ(t)t(t−t1)+o(∆) ≥ (3) ≥ ϕ(t)(t−t1)+o(∆).

�§ íâ®© ¢ëª« ¤ª¨ ¯®«ãç ¥¬, ¤«ï äã­ªæ¨¨ ψ(t) = f(x(t)) = min
‖x‖=t

f(x)

áãé¥áâ¢ã¥â ­¨¦­ïï «¥¢ ï ¯à®¨§¢®¤­ ï

ψ′l−(t) = lim inf
∆t→+0

ψ(t)− ψ(t−∆t)

∆t
≥ ϕ(t) (4)

¤«ï ¢á¥å t ≥ 0. � ¬¥â¨¬, çâ® äã­ªæ¨ï ψ(t) ­¥¯à¥àë¢­ , â ª ª ª f(x)

à ¢­®¬¥à­® ­¥¯à¥àë¢­  ­  «î¡®¬ ª®¬¯ ªâ¥. �®«®¦¨¬ Φ(t) =
t∫

0
ϕ(t) dt.

�®£¤  ψ′l−(t) ≥ Φ′(t) ¨ ψ(0) = Φ(0) = 0. �®ª ¦¥¬, çâ® ¯à¨ íâ¨å ãá«®¢¨ïå
ψ(t) ≥ Φ(t).

�ãáâì g(t) = ψ(t)−Φ(t). �®£¤  g′l−(t) ≥ 0 ¨ g(0) = 0. � ä¨ªá¨àã¥¬ ε > 0
¨ ¯®ª ¦¥¬, çâ® g(t) ≥ −εt. �®«®¦¨¬ t0 = min{s ∈ [0, t] : g(t) − g(s) ≥
−ε(t− s)} (¬¨­¨¬ã¬ áãé¥áâ¢ã¥â, â ª ª ª g(t) ­¥¯à¥àë¢­ ). �à¥¤¯®«®¦¨¬,
çâ® t0 > 0. �®£¤  ¨§ g′l−(t0) ≥ 0 á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â δ ∈ (0, t0) â ª®¥,
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çâ® g(t0−δ) ≤ g(t0)+εδ. �â® §­ ç¨â, çâ® g(t)−g(t0−δ) ≥ g(t)−g(t0)−εδ ≥
−ε(t − (t0 − δ)), çâ® ¯à®â¨¢®à¥ç¨â ¬¨­¨¬ «ì­®áâ¨ t0. �­ ç¨â, t0 = 0, ¨
g(t) = g(t) − g(0) ≥ −εt. � á¨«ã ¯à®¨§¢®«ì­®áâ¨ ε > 0 ¯®«ãç ¥¬, çâ®
g(t) ≥ 0.
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