PEITEHNMN A
1 KYPC

Bamaua 1. [Iycts A, B — 1Ba HemycTHIX mOAMHOXKecTBa R, mpuaém A N
B=0uBNA={ (uepra osnauaer sambikanue). JloKazarb, 4ro HaipLyTcs
JIBa, HellepeceKaromuxcs OTKpbIThiX MHokecTBa U, V' C R, Takue uro U D A,
V DO B.

Pemenne. Byjaem paccMarpuBaTh TOJBKO CHMMETPUYHbBIE OKPECTHOCTH
touek. Ilo ycmoBuo y Kaxaoii Toukn ¢ € A ecrb okpectHOCTH U(a), KOTO-
pas He mepecekaeTcs ¢ B. Y kaxoii Touku b € B ecth okpectrOCcTh V(b),
KoTOpas He nepecekaercs ¢ A. VI3 HepaBeHCTBa TPEyTroJbHUKA JIETKO BUJIETD,
9TO ecim MBIl BO3bMEM BiBoe Menbinne okpecraoctu U'(a) u V'(b), To onn
He OyIyT mepeceKaTbcst MexK 1y co0oii mpu J0bsix a € A, b € B. Torma MHo-

JKCCTBA,
U=JU(a), V=JV'®
acA beB
001aa10T TpeOyeMbIM CBOHCTBOM.

Samauga 2. I[Iycrb A — 0OecKOHEUHOEe MHOMKECTBO BEIIeCTBEHHBIX YHCEI.
Jloka3aTh, 9TO CyMIECTBYET CTPOrO MOHOTOHHASI MOCJEJI0BATEIBHOCTE {dy, },
BCe WICHBLI KOTOPOil nmpuHaiezkar A.

Pemenne. Muoxkecto A ob1amaeT npeeabHOil TOUKONE To € R. [Iyctn
{z;} — nocmenoBarebHOCTL TOUEK MHOKecTBa A, cxongmascs K xo (x; #
xo). Torga omuo uz muoxecrs I = {i : z; < xo} wm I' = {i : x; > w0}
OECKOHEUHO; IYCTh JJ15 ONPeeJIeHHOCTH 3T0 MEHOXKecTBO . Torna, 3amenus x;
HA ee IIOII0CIeJ0BATEILHOCTD ¢ HHICKCAMHE, JIeZKAIMUMHA B 1, MOKHO CUATATD,
910 T; < T IPH JIFOOOM 1.

OcTasoch TOCTPOUTH MOHOTOHHYO MOJIMOCEI0BATEIBHOCTD {y;} 1mocTe-
nosarenbnocru {z; }. llonoxum y; = 1,4 = 1. Ilycrs orpesok y; < -+ < Yy,
yzke nocrpoen. Tak xax ¥, < Zg, TO CYHIECTBYeT TAKOE HATYPAJbHOE YHCJIO
int1, 9TO T; > Yp TPH BCEX § > Gp4q (SICHO, 9TO Gpyq > 4y). TOrma MOXKHO
IOJIOXKHUTD Yny1 = &5, . llociaegsoBarenpuocts {y,} mocTpoena.

Sapaua 3. Ilycrs a,b, c,d — Bekropsl B R™, () — crangaprHoe cKa-
JIpHOE npou3Beaenue. JJokasarnb, 4ro

((a,c) + (b,d))* + ((a,d) — (b,¢))* < (a® +b*) - (¢ + d?).

Pemenne. Paccmorpum BekTopa a + tb, ¢ + id € C". Torma mo uepa-
BercTBy [lIBapia

(a +ib,c+id)|* < |a+ ib|]* - |c + id|?,
pacKkpbiBas CKOOKH, 110J1y4aeM

[(a,c) + (b,d) +i(b,c) —i(a,d)|* < (a® +b?) - (* + d?).



[To ompenenenuio 1epas 4aCTh paBHA
((CL, C) + (b7 d))2 + ((a7 d) - (b7 C))2'

Sapaua 4. [Tycts addunnoe orobpazkenue (KOMIIO3UIUS JTHHEHHOTO OTle-
paropa u capura) « : R" — R™ rakoe, uro s nHekoroporo x € R™ muo-
ZKEeCTBO {Oék(l')}keN orpanunyeno. /lokaxKure, 4TO  UMEET HEIOJBUKHYIO
TOYKY, TO eCTb Jijig HeKoToporo y € R™

aly) =y.
Pemenmne. llycts o pencTaBigeTcsa B Bue
a(r) = Az + b,

rine A — nuneiinniii oneparop u b € R”. Eciin HenoaBuzKHONR TOYKH HET, TO

ypaBHeHUE
Ar—x+b=0

e umeer pemrenuit. Mluade roBopst, BekTop b He JjiekuT B 00Opa3e JIMHEHHOTO
oneparopa A— I. CiegoBaresbHo, Haiiaércs auHeiinas Gyakmus A @ R” — R
TaKast, 9T

Ve e R" M(A—I)z) =0, u Ab)#£0.

Tornma asa moboro x € R™ nmomydaercs
Ma(z)) = MAzx —x) + Mz +b) = Mz) + A(b),

a caegoBatenbho, A(a¥(z)) = A(x) + kA(b). Buauut, nua moboro xr € R”
nocsieiosaresibhocTh { A (af(2)) }ren HeOrpanMUeHa, YTO IPOTHBOPEUHUT YC/I0-
BUIO 33/1a40.

Bagmaua 5. 1) ITycrs f: (0,1]> — (0, +00) — dbynkuus, HenpepbiBHas 110
COBOKYNIHOCTH INEepeMEeHHBIX. BepHo Jm, 4ro o6g3aTebHO Haiigercsa Herpe-
poiBHag Gynkmus g: (0,1] — (0, +00) Takas, uro g(x) = o(f(z,y)), x — +0
pu so6om y € (0,1]7

2) Tycrs f: (0,112 — (0,+00) — dynkuus, HenpepuiBHAS M0 T HPH
mobom dukcuposannom y € (0,1]. Bepuo mm, uro obgzareanHo HaiigeTcs
uenpepbiBaas yukmusa g: (0, 1] (0, +00) makas, uro g(z) = o(f(z,y)),
x — +0 npu ar0bom y € (0,1]7

Pemenne. 1) Moxkuo nonoxuth g(z) = x - min f(z,y) (3r0T MuHu-

)

MyM CYHIECTBYeT M I110JIOXKUTEJeH M3 HEelPePbIBHOCTU M 110JI0XKUTE/bHOCTH
f(z,y)). Torma nupu so6om duxcuposannom y € (0, 1] nepasencrso g(x) <
xf(x,y) Bepuo mst moboro 0 < x <y, orkyza g(x) = o( f(z,y)), = — +0.



2) MuoxkecTBo M BCex TOCIeI0BATELHOCTEN HATY PATBHBIX YHCET HMEeT
MOIITHOCTh KOHTHHYYM. 3adHUKCHPYEM B3aUMHO OJHO3HAYHOE COOTBETCTBHE
mexy M u (0,1]); nyers {al?}°2, — nociesobaTesbocTh, cooTBeTCTBYIO-
mas qucty y € (0, 1]. Torma cymectyer nenpepoiBuast dynkius by (z): (0, 1]
(0, 00) Takas, uro hy,(1/n) = 1/a7(1y) (MOKHO, HApUMep, caenatsh hy(x) mu-
Hefinoit Ha sio6om orpeske [1/(n + 1),1/n]). Honoxum f(x,y) = hy(z).

Paccmorpum npoussosbayo dyakmuio g(z): (0,1] — (0,+00); mycrsb
sp=1[1/g(1/n)] (nanmenburee natypaabaoe uucao > 1/g(1/n)). Torna Haii-
nerces y € (0, 1], npu xoropom f(1/n,y) = hy(1/n) = 1/s, < g(1/n). D10
osnauaer, uro g(1/n) # o(f(1/n,y)), n — oo, u yx tem 6onee g(z) #
o(f(x,y)), = — +0.

Bagauda 6. [Iycte D C R? — obuacth ¢ riraakoit rpannmeii 0D Ges ca-
morepecedennit, G = D. s kaxaoi Toukn x € 0G maiigercs kpyr B®
paanyca R takoi, uro € B®, B® NG = B® N oG.

1) Jokaszarb, 9To HaiigeTcs okpecTHOCTH U MHOKecTBa (G Takasi, 4To JisI
Kaz10it Toukn x € U cymecrByer exquncrBennas rouka 7(z) € G co cBoiict-
sou [z —m(2)] = inf Jlz —gl.

2) Mokazarb, uro okpecrHocTh U B myHKTe 1) MOXKHO BBIGPATH TaK, YTO JJIsI
HekoTroporo uuciaa L > 0 n jais jiro0six ToYek x,y € U BBHITIOJIHEHO Hepa-
BEHCTBO
() =)l < L- |z —yll.
Pemenne. 1) Boibepem r € (0, R). Ilycts U ecTb r-oKpecTHOCTH MHO-
xkecrBa (G, T.e. TaKHe TOYKH T, 9TO ;1612 |z —g| <r.

Yepes B, (a) 0603Ha9uMM 3aMKHYTBIH KDY pajuyca " ¢ HEHTPOM B TOUKE
a.

Badukcupyem x € U. Hemycrora MHOMXKeCTBa OMMKANIIMX K & TOYEK
MHOKecTBa GG ClielyeT M3 KOMIAKTHOCTH KpYyra Ha IJIOCKOCTH W TE€OPEMbI
Beitepmrpacca.

[Tycrs y — Touka u3 G, ais koropoit ||z —y|| = 911612 lt—gll=0<r<R.

Torga GNint By(x) =0 uy € B,(x)NOG. [losromy KacaTeabHas TpsiMast
(l) K KpuBoii 0G B TOUYKE ¥ COBIIAJAET C KacaTe/JbHON HPAMOil K OKPYKHOCTH
OB,(r) B Touxe y. [lo ycaoemio Teopembr cymectyer kpyr BY) pammyca
R > p, Takoii, uto y € BW, BW NG = BW N 9G. C 1eobXoauMOCTHIO
BW) kacaercs npsivoii [ B TOUKe y (nHAaYe HApYNIAETCS YCIOBHE BYW NG =
BW N AG), smaxmr kpyrn BY) n B,(x) xacaotcsa mpamoit [ B Touke y u 06a
JIesKaT B OHON HoJyIocKoeTu orHocuteabno | (nnaue BY umeer obuue
toukn ¢ int G). Tlosromy {y} Uint BY) > B,(x). Cienosarenso, y € G —
eJIMHCTBEeHHAd OJiMzKaiinas K .

2) Ilokaxewm, ato orobpaxkenme U > x — w(x) € G yaosmerBopsier



_R_

7. Muoxkectso U To ke, 9TO 1 B

yeaosuio Jlunmmuma ¢ koucranToit L =
nyHkre 1).

[lycrs 1, x9 € U\G, Toukn y; = 7(x;) — upoekuun x; ua G, z; — HEHTPHI
mrapos B¥) coorsercrsenno. Torma mo csoiictsy mapos ||z —y1 || < |21 -2/,
22 = g2 < l[22 — wall.

BBejieM JeKapToBYy CHCTEMY KOOPAMHAT C IIEHTPOM Y1 TaK, 4UTOOBI TOUKA, IJa
nmesta koopauuarst (1,0); mycTs mrpux or3Hadaer abCuuccy noc/e npoeKIyun
(r.e. ) — abenmeca Toukn rp; u T.ar.). Torma w3 gokazanHoro z; < 1/2
zh > 1/2; IOCKOJIbKY X1, To JEJIAT OTPE3KH 21Y1, Z2Yo B OTHONIEHUH, GOJIHIIEM
(R—r):r,r0ox) < (1/2)-(r/R), zf, > 1—(1/2)-(r/R), 10 ectb |2} — )| >
1 —r/R. 3uaunr, u ||z2 — z1]| > £=2||y1 — 42|, a0 1 TpeboBaTOCH.

Eciu 5 = yo € G, TO MOXKHO HOBTOPUTDH NPEJBLIAYIINE PACCYAKJCHUS,
B35B B Ka4eCTBEe TOUKH Zp JIOOYIO TOUKY CO CBOiicTBOMamu |23 — 30| = R,
22— w2l < 12 — 3l

Jlpyroe perenue myHKTa 2).

2) Ilycrb 21,29 € U\G u touknu y; = 7(x;) — npoekuun x; Ha G. Torma

BeKTOp -2 mopMmaseH K kpusoit 0G B TOUKe y; U, caemoBaTenbHo, B
llzr =yl ) )
€CTb KpyT ¢ IeHTPOM B TOUKe ¥y + Hi:ziHR' [TosTomy

1 — U

ht+ T R—uy| >R,

1 =yl

U, BO3BOJS B KBaJparT, HOJyIaeM
9 2R
lyr = 9ell” = (41 — v, 51 — m1),
|21 — g1l

orkyma (||lz1 — w1l <)

2R
[ = 7(91 — Y2, Y1 — T1).

Menss mectamMu WHIEKCH 1 u 2 B mpeabiayiieii (dhopmyste, moaydaem

2R
lyr — wol* > 7(92 — Y1, Y2 — T2).

CymMa JIBYX TOC/IEIHIX HEPABEHCTB JAaeT

2R
2|1 — yol” > T(yl — Y2, Y1 — T1 — Yo + T2),

R R
lyr — wol* > ?Hyl —yo|? — 7(91 — Y2, T1 — Ta).



Orcrona

R R R—r ,
—lyr — vl - [|Jz1 — z2|| > —(y1 — Yo, 21 — x2) > |l — vo]
r r r

st 1 — ol < ol — o).

Ecin, nanpumep, o = ys € G, 1 € U\G, T0 u3 HepaBeHCTBA

:L‘ J—
gt T p ol >R,
|21 — 1]

BO3BOJIEHNEM B KBAaJpaT U MOBTOPEHUEM MPEJbIAYINX PAaCcCyKIAeHUN, TOTy-

qaeM, 910 ||y1 — Ta|| < 52 ||a1 — 3of], & o < -
2 — 6 KYPC

Sagaua 1. Jlokaxkure, 9T0 HeHYyJIeBas KOMILIEKCHAs Marpuna A pazmepa
2 X 2 apngerca kBaapaTom (A = B?) rorga u ToabKo Torga, koraa A% # 0.

Pemenne. Ecim A #0, A2 =0u A = B?, ro B* = 0. CregoBarenbHo,
Bce cOOCTBEHHBI 3HaueHuss B HyseBbie u 110 Teopeme Famusbrona-Kamm A =
B? = () — npoTusopeune.

IIycts Temepn A% # 0. Torma ecin A MOKHO IPUBECTH K JIHATOHAJLHOMY

BUAY
-1 _ a 0
sas= (80

SBS‘lz(\/a 0 )

TO MOXKHO B34TDb

0 b

Nnrave A MOXKHO NPUBECTH K BHJLY YKOPJIAHOBOI KJIETKH C HEHYJIeBbIMHU (TaK
kaK A? # () coGCTBeHHBIME 3HAYEHUAMU

-1 __ a 1
SAS _(0 a),

1
spst— (V4 wa
0 +a
31ech 1/ 0603HAYAET HEKOTOPDIH KOPEHDb U3 KOMILJIEKCHOTO YUC/IA.
Sazgaua 2. /lano quddepenimaibaoe ypaBHeHEe ¢ 3ana3/piBanueM o' (t) =
x(t — 1). BepHo Ju, 910 I KazKJA0r0 perenus x(t) STOro ypaBHEHUS BbI-

IIOJTHEHO
1) lim 22 =07
t——+o00
2
2) lim W =(?

t——+o0

n MOZKHO B34Tb



Pemenne. 1) Bepro. Ilycts ¢, = supep, 1, |[2(t)]. Torma |2'(t)] < c,
upu t € [n,n + 1], o ecrp |z(t)| < ¢, + ¢,(t — n) upn srux xe t. 3nauur,
Cni1 < 2¢,, oTkyga u caeayer |z(t)| < 2" e, t € [n,n + 1.

2) Hesepno. Byaem nckarp pemenue B uge x(t) = e. Yenopue 2/ () =
x(t — 1) maer A = e,

[Tycrs A BemecTBenHoe Yuci0. Torga CymecTByer BelecTBeHHOe PElleH e
Ao € (0,1) ypasuenns A\ = e, upuuem upu A € (0, \g) umeem A < e, a npu

62A0t

A€ (Mo, 1) mmeem A > e, TTockombKy % < e_%, TO A\g > % u tiiinoo
+00.

3anaga 3. Cum. 3amaay 3 1 Kypca.

3amaua 4. CymecTtByer Jiu Takoil HaOop [ HMHTEpBAIOB, JIeXKAIIUX B
unrepsase (0,1), uro kaxaas panuonaibHas Touka uarepsasa (0,1) npu-
HQJIEZKAT KOHETHOMY YHUCJIy WHTEPBAJIOB u3 [, a KaxKjasi upparnuoHa/IbHas
TOYKA, TOTO OTPe3Ka — OECKOHETHOMY YHUCJIy WHTEPBAJIOB u3 [7

Pemenue. Cymecrsyer. [lyctn

I - { (1@)
n!’” nl

fcno, uro muoxectBa [, nonapHo He nepecekaiorcs. Jlajee, Kaxjas up-
panuoHaJIbHAsl TOYKA MPUHAIIEKUT POBHO OJHOMY WHTEPBAJIY U3 KayKI0TO
MHOXKeCTBa [,,, TO ecTh OECKOHEYHOMY MHOXKECTBY HHTepBaJsoB u3 [. Kaxnas
JKe palMoHaJbHAsS TOYKA (CKayKeM, CO 3HAMeHaTeseM k) He TPUHAJIeKUT
HHTepBaJIaM U3 MHOKecTB [, nmpu n > k.

3amaga 5. Cum. 3azaay 5 1 kypca.

3amaua 6. [lycTs muockast rajikast Kpubast || orpaHnYInBaeT BHITYKIIYIO
obaacth 2 mromaapio 107w, OTpe3ok gauabl 1 ¢ KoHIamu Ha Kpusoii I' mpo-
TaCKHBaeTCs 1O KPUBOil I’ Tak, 9TO ero KOHIbI MPOXO/IAT BCe TOYKU KPHUBOIl
I', a cepeanua onuceIBaeT IJIAJIKYI0 KPUBYIO Y, KOTOPas OrPAHUYUBAET BbI-
nykJyio objacrs G C ). Haittu mwiomans G.

Permenune. [Tycts KOOpauHATH KOHIIOB IIPOTACKUBAEMOT0 oTpe3ka AB u
ero cepeannbl C' ecTh

et

a:O,l,...,n!—l}, I =U,1,.

T1+ 22 Y1+ Yo
2 ’ 2

A (z1,y) €, B(xg,12) €T, C( )EWCQ-

Bes orpannuenns o6ITHOCTH MOXKHO CYUTATh, YTO MPU MPOTACKUBAHUH OT-
peska Touku A u B jaBuxkyrcs no kpusoit I' nporus dacoBoii crpesku. Ilo
caejcTBuIo U3 popmysibl ['puna nosrydaem, 4To

1 1 1
pf) = 107 = 5 / x1 dy+x9 dys = 5/351 dys+x2 dy1+§ /(1’1—1’2) d(y1—y2).
r r

r

6



1 1 1
uG:—/(:c1+a:2)d(Z/1+y2)=—/x1d3/1+xzdy2+—/$1d312+1'2d91:
4 T 4 I 4 r

1
:57T+—/l'1dy2+$2dy1,
4 Jr

OTCIOIA,

1
5 / x1 dys + 2o dyy = 2uG — 107.
r

B wrore momygaem, 4To

1
10m = 2puG — 107 + 3 /(ml — 23) d(y1 — y2).
r
[TockobKy mpu mporackuBanun orpeska AB mo kpusoii [ BekTop (77 —
Tg, Y1 — Yo) JUTHHBI 1 COBEpIIAeT MOBOPOT HA 27 MPOTUB YACOBON CTPEKH, TO
Je(@1 = x2) d(yr — o) = 7, oTRYyMA PG = P,



