OJIMMIINATA 11O MATEMATHUKE — 2008
PEHIEHHNE 2 — 6 KYPCBHI

1. Haiitu 6eckoneqano quddepeniupyemyto dyuknuto f : (0, +00) — (0, +00),
NI KOTOpOil mpu r060M Ty > (0 peKyppeHTHas IOCIeI0BATENbHOCTD Xy | =
f(x,) ymoBneTBOpsieT AaCUMITOTUYECKOMY PABEHCTBY

1
I’nNm, n — oQ.

Pemenne. Ilycrs miua masana x, = 1/Inn. Ilocrpoum Takyo dyHKIWMIO,
aro f(x,—1) = x,. Huas sroro paccmorpum ¢(t) = 1/Int u maiimem perenue
dbyukumonanbroro ypasuenus f(@(t — 1)) = ¢(t). Dro ecrb byukuus f(t) =
1/In (1 + e!/"). Hokaxem, aTo f — TO, 4TO HAJO.

g mocienoBaTeibHOCTH Tyyq1 = 1/ In (1 + el/ m") oJIy9aeM

/it =1 4 el = =1 el/xo,
OTKyZa caeayeT TpebyeMoe yCIOBHE.

2. JlokasaTb, YTO CUMMETPUYHAA MaTpHUIla A HEOTPUIATEJIHLHO OIpeIesIeHa,
TOTIa ¥ TOJILKO TOTIA, KOT A JJIs1 JIIOOO CMMMETPUYIHON HEOTPHUIATETHHO OIIPe-
JIeJIEHHOM MaTpulibl B BbIIOJIHEHO HepaeHCcTBO tr AB > 0.

Pemtenne. 3amernM, uro ecan X — crosber, To marpuna X X! HeoTpu-
IIaTeJIbHO OIpeeseHa U CHMMETPHUYIHA. Tak:Ke 3aMeTHM, UTO BCIKas HEOTPH-
IaTeJbHO ONpEJIe/EHHAs CUMMeTpUYHas B npejicrasisiercs B Buje (Teopema o
IIPUBEJICHUN K JUATOHAJBHOMY BUJLY )

B=X X'+ ..+ Xx,Xx".

[Iycts A meorpunarensro onpegenena. Torma B = X1 X{ + -+ X, X u

n n
trAB =) trAX;X] => tr X]AX; >0
i=1 i=1
10 OIIPEJIEIEHUIO ITOJIOKUTEIBHOM OIpeae e HHOCTH.
B obparnyo cropony: mis Jsoboro cronbma X momokmm B = XXT u
IIOJIY 9MM, 9TO

tr XTAX =tr AXXT > 0.

3. Ilyctb B C R" — 1meHTpaJIbHO CUMMETPUYHOE BBIMYKJIOE KOMIIAKTHOE
TeJIo ¢ menTpoM Hyste. Jlasa muoxkectBa A C R™ ompemesmm MHOXKECTBO

f(A) = (\(a+B)

acA
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(3mecb a + B = {a +x | v € B} — cupur muoxkecrBa B). [lokasarh, 4ro
HEIYCTOE MHOYXKECTBO A eCcTh epecedenne CIBUTOB MHOKECTBa B TorIa 1 TOJIbKO
torga, korma A = f(f(A)).

Pemenne. 3amerum, uro mHOX)eCTBO S = Myep(z + B) ects {0}. eiict-
sutesibho, 0 = = + (—x) € x + B upu awbom x € B, nosromy 0 € S. C
IpyTOoit cTOpoHbI, ycTh 0 # y € S; Torja U3 KOMHOAKTHOCTH B ciemyer, 4To
cymecrByer A = max{u | uy € B} > 1. Tormauz y € S C (—A\y) + B, 1o
ectb (1 + A)y € B. IIporusopeune ¢ Boibopom A. 3uauut, S = {0}. Orcroga
caepyer, 9t0 N.ep (2 + B) = {x} pna nroboro x.

Eciu A = f(f(A)), To oueBunno A ectb nepecedenue casuros B.

[Tycts A ecth Takoe MHOX)ECTBO, aTo f(A) # (.

[Mokaxem, auro A C f(f(A)). Iycrb a € A. Torma f(A) = (2 + B) C
z€A

a+ B. Orciopa f(f(A)) = QA)(z-I—B) D GQB(Z+B) = {a}. Urak,
A C f(F(A)).

[Iycrb MHOXKecTBO A ecTh HellycTOe nepecedeHue CABUTOB B, r.e. s He-
koToporo muHoxkectBa X BoimoaHeHo A = f(X). Ilo mokaszammomy f(A) =

f(f(X)) DX, orxyma f(f(A)) C f(X)=A

4. Tlycrs f : [0,1] — R — menpepoiBrag dyukiua. Jlokasars, 9ro Haiigercsa
nogmuoxkectBo X C [0,1] momHOCTH KOHTHHYYM, Ha KOTOpoM dyHKIUA f
MOHOTOHHA..

Pemenne. Ilycrs maitmyrces Takue Touku a,b € [0, 1], ato a < bu f(a) <
f(b). Ecmu 3to He Tak, To muas 0bbix Touek a,b € [0,1], a < b, BBIIOIHEHO
f(a) > f(b) u Tpebyemoe mokazaHo.

Mg kaxgoro ¢ € [f(a), f(b)] oupenenum z, = sup{z € [a,b] | f(x) =c}. B
CUJTy HeIpepbIBHOCTH f mosydaeM, 9to f(x.) = c uu3 ¢ < ¢ Clienyer T, < T,
u f(z.) =c1 < cy = f(x.,). o mocrpoenuto {x. | ¢ € [f(a), f(b)]} — uckompbrii
KOHTHHYYM.

5. a) 3amkHyTOe orpanmiennoe muoxkecrso A C R" obmamaer coiicTBOM:
s 1t060# Touku x € R™ cymecrByer poBHO osiHA TouKa a(r) € A Takas, 94TO

|z — a(z)|| = sup ||z — al|. Hokazarb, uro MHOXKECTBO A OJHOTOYEUHO.
acA
6) JlokaskuTe TO yKe YTBEPIKAEHNE JJIsI TPOU3BOJIBHOIO OTPAHUTIEHHOTO MHO-

xectBa A C R™.

Permuennue. Paccmorpum dyukuuio f(z) = sup||lz — al|. Tlockoabky
acA
9TO HempepbiBHad ¢yHKIudI Ha R" un | |%im f(z) = +o00, To MuamMyM™m f
T||—+00

nocTuraeTcs B HeKoTopoit rouke zp € R”. TTokaxewm, yro A = {z¢}.
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Homycrum nporusroe. Torma f(xg) > 0 u map By, (7o) aBnsgercs mapom
HamMeHbIero pasmuyca (pasHoro f(zg)), KoTopblii comepxut A cpemnm Bcex
nrapos, cogepxamux A. Ilpu stom B cuity ycmosus 3amadn 0By (20) N A =

{ap}. Oupenennm nomaycdepy.
S = an(xo)(xO) N {CIZ’ e R" ‘ (CL() — Xy, T — SL‘()) < 0}

Tax kak SN A = (), To o semme Teiitne-Bopena cymecTsyer HeHy/1eBOi CABUT
Sy = S+ tlag — xg), t > 0, BIOIL BEKTOpa Gy — T(, COXPAHSIONINN YCIOBHE
S;NA =0 nna scex 7 € [0,t]. Orcroga cremyer, 9To

AC Bf(xo)(ajo) N Bf(xo)(xo + t(ao — I’()))

Ho mo Teopeme IIudaropa momyuaem, aro Torma

 t?lag — o)
4

AC zy+ %(ao — x0) + \/f2(:z;0)

9TO MPOTUBOPEYNUT MUHUMAIBHOCTH paauyca f(zg).

B4 (0),

6) JlokaxkeM, 4TO eciii MHOKECTBO A yIOBJIETBOPSieT HAIlleMy CBOHCTBY, TO U
ero 3aMbIKanue B = A Takzke eMy yIOBJIETBODSET. 3aMeTUM, 9T0o max ||z —b|| =
beB

max | — a|| mus moboro & (MaKCUMyMBI 110 YCJIOBHIO CYHIECTBYIOT!).
ac

[Tpenmonoxnm mporuBHOoe. Torma jsi HEKOTOPOI TOYKU X CYIIECTBYIOT JIBE

touku by, by € B rmakwme, uro ||z — b;|| = rglaBXHx —b|| = s. Torma onna u3
S

HUX — cKaxkeM, by — jexur B B \ A. Paccmorpum Touky 1 = = + (x — by).

Torma ||z1 — b1]| = ||2(x — by)|| = 25, a ays mw0boit apyroit Touku b € B umeem

|lz1 —b|| < ||lx1 — || + ||z — b]| = 2s. lpu 3TOM paBEHCTBO MOXKET JOCTUrATHCS

TOT/Ia W TOJILKO TOTJA, KOTjia 1, b U & JieyKaT Ha ONHON TpsMoil (z Mexmy b
u 1), u |z — b|| = s; 370 BBIMOMHSAETCS TONBKO Tipu b = by. Takum o6pasom,
|z1—b1]] > ||z1—0b|| st mr0boit Touku b € B\{b1} D A; B wacruocru, ||x1—0by| >
max ||z1 — al|. DTo HEBo3MOKHO, Tak Kak max ||z1 — b|| = max||x; — a|.
z€A beB acA

Nrak, MHO)KECTBO B yJI0BJIETBOPSIET HAIIIEMY CBOMCTBY U 110 IYHKTY a) OJI-
HOTOYEYHO. 3HAYUT, U A OJHOTOYEUHO.

6. Ilyctp f : R?> — R — Bmmykiag HempepblBHO muddepeHIupyeMas
dbyukuus; f(0) =0, Vf(0) = 0. Tokazars, aTo

|
f(z) > /gp(t) dt,  VrcR?
0
e o(t) = inf ||V f(z)]], Vt > 0.

[l ]|=t



Pemtenne. Byzem obosnauars f/'(x) = V f(z). Onpenennm

(1) = arg in f(a). (1)

z||=t
st sir06oro HeHysieBoro BekTopa Y, rakoro, uro (y,z(t)) = 0 ciexyer paBeH-
crBo (f'(z(t)),y) = 0 (B mpoTHBHOM CJIyuae MmoJydaeM IpOTUBOpedne ¢ hakToM

flz(t)) = Hm”im f(z)). Tloaromy st Becex t > 0 Haiimercs amciio
x||=t

AL f(2(t) = Atz (2). (2)

[Mockonbky [ Beimmykaas dysakmus, to (f'(z) — f/(0),x — 0) > 0, mosromy
A(t) > 0. Bamernm, 9T0

p(t) < I/ @@ = AD)lx@)] = tA).

[ToaTomy

o(t)
P

Badukcupyem t > 0. Ilyctb A > 0u 0 <t—A < t; <t Tak kak u3 (1)

caenyer, aro f(z(t1)) < f (%z(?)), o

A(t) > vt > 0. (3)

Fat) = flafe) = £a(0) - £ (Fa0)) = a(0),a(0) 7 +o(8) = 2
2) = MO @I +o(A) = ABHE—t) +0(A) > (3) > p(B)(E—tr) +o(A),
N3 sroit BbikIaaku nomydaem, mia gyakmun P(t) = f(z(t)) = Hr:?”iilt f(x)

CymieCTByeT HUMCHAA NE€BAA TTPOU3BOAHAA

Y)_(t) = liminf v(t) — ot - At

At—+0 At

> (1) (4)

nag Beex t > 0. 3amernm, uro dyHKImsA ¢(f) HempepbiBHA, TakK Kak f(x)
t

PABHOMEDHO HeNpephlBHA Ha Jrobom Kommakre. llomoxkum P(t) = [ (t) dt.
0

Torma 1) (t) > ®'(t) u ¥(0) = ®(0) = 0. [Tokaxkem, 4TO UpPHU STUX YCIOBUIX
o(t) > (1),

ITycrs g(t) = 9 (t) — ®(t). Torma g;_(t) > 0 u g(0) = 0. 3adukcupyem € > 0
u nokaxem, 4to ¢(t) > —et. Ilomoxum ty = min{s € [0,t] : g(t) — g(s) >
—e(t —s)} (MuHMMYM cyiecTByer, Tak Kak ¢(t) Henpepbisaa). [Ipeamnonoxum,
aro ty > 0. Torma us g, (ty) > 0 cremyer, uro cymecrsyer d € (0,ty) Taxoe,
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g(t) = g(t) — g(0) > —et. B cuny upoussosbHOCTH € > 0 mojaydaem, d9To
g(t) = 0.
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