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�¢¥¤¥­¨¥
C 1974 £®¤  ¢ �®áª®¢áª®¬ ä¨§¨ª®-â¥å­¨ç¥áª®¬ ¨­áâ¨âãâ¥

à¥£ã«ïà­® ¯à®¢®¤¨« áì ®«¨¬¯¨ ¤  áâã¤¥­â®¢ ¯® ¬ â¥¬ â¨ª¥.
�¥«ì ®«¨¬¯¨ ¤ë ®ç¥¢¨¤­  | ¬ ªá¨¬ «ì­® á¯®á®¡áâ¢®¢ âì
à §¢¨â¨î ã áâã¤¥­â®¢ ¨­â¥à¥á  ª ¨§ãç¥­¨î ¬ â¥¬ â¨ª¨,
¢ëï¢«ïâì ­ ¨¡®«¥¥ ®¤ à¥­­ëå áâã¤¥­â®¢, áâ¨¬ã«¨à®¢ âì ¨å
â¢®àç¥áªãî  ªâ¨¢­®áâì.

�à ¢¨«  ¯à®¢¥¤¥­¨ï ®«¨¬¯¨ ¤ §  íâ¨ 34 £®¤  ä ªâ¨ç¥áª¨
­¥ ¨§¬¥­¨«¨áì. �«¨¬¯¨ ¤  ¯à®¢®¤¨âáï à §¤¥«ì­® ¤«ï 1-£® ¨
¤«ï 2 | 6 ªãàá®¢. �à®å®¤¨â ®­  ¢ ª®­æ¥ ä¥¢à «ï | ­ ç «¥
¬ àâ . �  à¥è¥­¨¥ 6-â¨ § ¤ ç ®â¢®¤¨âáï 4  áâà®­®¬¨ç¥áª¨å
ç á .

�«ï ¯à®¢¥¤¥­¨ï ®«¨¬¯¨ ¤ë ­  ª ä¥¤à¥ ¢ëáè¥©
¬ â¥¬ â¨ª¨ ¥¦¥£®¤­® á®§¤ ¥âáï ®à£ª®¬¨â¥â ¨ ¦îà¨, ª®â®à®¥
¯® âà ¤¨æ¨¨ ¢®§£« ¢«ï¥â § ¢¥¤ãîé¨© ª ä¥¤à®©. �à£ª®¬¨â¥â,
¯®¬¨¬® ¯®¤£®â®¢ª¨ § ¤ ç, ¯à®¢®¤¨â ¢áî ­¥®¡å®¤¨¬ãî
®à£ ­¨§ æ¨®­­ãî à ¡®âã, ¢ª«îç îéãî, ¢ ç áâ­®áâ¨,
®§­ ª®¬«¥­¨¥ áâã¤¥­â®¢ á § ¤ ç ¬¨, ¯à¥¤« £ ¢è¨¬¨áï ­ 
¯à®è«ëå ®«¨¬¯¨ ¤ å.

�®«¨ç¥áâ¢® ãç áâ­¨ª®¢ ®«¨¬¯¨ ¤ë ª®«¥¡«¥âáï ¢ ¯à¥¤¥« å
®â 80 ¤® 150 ç¥«®¢¥ª. �«ï ¯à®¢¥àª¨ à ¡®â ¢ë¤¥«ï¥âáï 10
¯à¥¯®¤¢ â¥«¥©. �ãçè¨¥ à ¡®âë ­¥§ ¢¨á¨¬® ¯¥à¥¯à®¢¥àïîâáï
¨ áà ¢­¨¢ îâáï ç«¥­ ¬¨ ¦îà¨. �ª®­ç â¥«ì­® ¦îà¨ ®â¡¨à ¥â
7|10 ¯®¡¥¤¨â¥«¥© ­  1-¬ ¨ 2|6 ªãàá å.

� 1974 £®¤  ¯® 1990 £®¤ ¢ª«îç¨â¥«ì­® ®«¨¬¯¨ ¤  ����
¯à®¢®¤¨« áì ¢ à ¬ª å �á¥á®î§­®© ¬ â¥¬ â¨ç¥áª®© ®«¨¬¯¨ ¤ë
áâã¤¥­â®¢, ¢ ª ç¥áâ¢¥ ¥¥ ¯¥à¢®£® âãà . �® à¥§ã«ìâ â ¬
¯¥à¢®£® âãà  ä®à¬¨à®¢ « áì ª®¬ ­¤  ���� ¤«ï ãç áâ¨ï ¢
�®áª®¢áª®¬ £®à®¤áª®¬ âãà¥ ®«¨¬¯¨ ¤ë. � è¨ áâã¤¥­âë ¢®
II-¬ âãà¥ ­¥¨§¬¥­­® ¤®¡¨¢ «¨áì ¢ëá®ª¨å à¥§ã«ìâ â®¢, ª ª ¢
ª®¬ ­¤­®¬ ¯¥à¢¥­áâ¢¥, £¤¥ ®¡ëç­® ¢ëáâã¯ «® 35|45 ª®¬ ­¤
¢ã§®¢ �®áª¢ë, â ª ¨ ¢ «¨ç­®¬ á®à¥¢­®¢ ­¨¨. �®¬ ­¤ 
����, ª ª ¯à ¢¨«®, § ­¨¬ «  ¯®ç¥â­®¥ II ¬¥áâ®, ¯à®¯ãáª ï
¢¯¥à¥¤ â®«ìª® á¨«ì­ãî ª®¬ ­¤ã ¬¥å ­¨ª®-¬ â¥¬ â¨ç¥áª®£®
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ä ªã«ìâ¥â  ���. � «¨ç­®¬ ¯¥à¢¥­áâ¢¥ ç«¥­ë ª®¬ ­¤ë
���� à¥£ã«ïà­® § ­¨¬ «¨ ¯à¨§®¢ë¥ ¬¥áâ . �â® ¤ ¢ «® ¨¬
¯à ¢® ¢ëáâã¯ âì ¢ âà¥âì¥¬ § ª«îç¨â¥«ì­®¬ âãà¥ ®«¨¬¯¨ ¤ë
¢ á®áâ ¢¥ ª®¬ ­¤ �®áª¢ë ¨ �®áá¨¨. �¦¥ ¢ ¯¥à¢®©
�á¥á®î§­®© ®«¨¬¯¨ ¤¥ áâã¤¥­â®¢, ¯à®å®¤ïé¥© ­  ¬¥å ­¨ª®-
¬ â¥¬ â¨ç¥áª®¬ ä ªã«ìâ¥â¥ ��� ¢ ®ªâï¡à¥ 1974 £®¤ ,
¦îà¨ § ª«îç¨â¥«ì­®£® âãà , ¢®§£« ¢«ï¥¬®¥  ª ¤¥¬¨ª®¬ �.�.
�«¥ªá ­¤à®¢ë¬, ¯à¨áã¤¨«® 3-¥ ¯à¨§®¢®¥ ¬¥áâ® áâã¤¥­âã 2-£®
ªãàá  ���� �.�. �®«®£ã¡®¢ã. �é¥ ¡®«ìè¥£® ãá¯¥å  ¤®¡¨«¨áì
­ è¨ áâã¤¥­âë ¢ ­®ï¡à¥ 1985 £®¤  ¢ �¬áª®¬ ¯®«¨â¥å­¨ç¥áª®¬
¨­áâ¨âãâ¥. �®£¤  ª®¬ ­¤  �®áª¢ë, ãª®¬¯«¥ªâ®¢ ­­ ï ¢
®á­®¢­®¬ áâã¤¥­â ¬¨ ����, § ­ï«  I ¬¥áâ®. �¥à¢ë¥ ¤¢ 
¬¥áâ  ¢ ¨­¤¨¢¨¤ã «ì­®¬ ¯¥à¢¥­áâ¢¥ â ª¦¥ ¤®áâ «¨áì ­ è¨¬
áâã¤¥­â ¬.

� á®¦ «¥­¨î, ­ ç¨­ ï á 1991 £®¤  II ¨ III âãàë ®«¨¬¯¨ ¤ë
¯® ¬ â¥¬ â¨ª¥ ­¥ ¯à®¢®¤ïâáï. �®áâ ¢¨âì ¢¯¥ç â«¥­¨¥ ®¡ íâ¨å
®«¨¬¯¨ ¤ å ç¨â â¥«ì ¬®¦¥â ¯® ª­¨£ ¬ [1], [2].

� ®â«¨ç¨¥ ®â à §¢ «  áâã¤¥­ç¥áª®£® ®«¨¬¯¨ ¤­®£®
¤¢¨¦¥­¨ï ¢ �®áá¨¨ ¢ ­ ç «¥ 90-å £®¤®¢, §  àã¡¥¦®¬ ¢
íâ® ¦¥ ¢à¥¬ï ¨­â¥à¥á ª ¬ â¥¬ â¨ç¥áª¨¬ ®«¨¬¯¨ ¤ ¬
áâã¤¥­â®¢ ¢®§à®á. � 1994 £®¤  ¢®§­¨ª«  ®«¨¬¯¨ ¤  IMC
[3] (International Mathematical Competition for university
students), ®à£ ­¨§ â®à®¬ ª®â®à®© áâ «  ­£«¨©áª¨© ¬ â¥¬ â¨ª
John Jayne. �âã¤¥­âë ���� í¯¨§®¤¨ç¥áª¨ (ª®£¤  ¡ë«®
ä¨­ ­á¨à®¢ ­¨¥) ãç áâ¢®¢ «¨ ¢ á®à¥¢­®¢ ­¨ïå IMC ¨ ¢á¥£¤ 
¤®¡¨¢ «¨áì å®à®è¨å à¥§ã«ìâ â®¢, ¢å®¤ï ®¡ëç­® ¢ ª®¬ ­¤­®¬
¯¥à¢¥­áâ¢¥ ¢ ¯¥à¢ãî ¯ïâ¥àªã ¨§ ¡®«¥¥ ç¥¬ 40 ã­¨¢¥àá¨â¥â®¢
ãç áâ­¨ª®¢. �á®¡¥­­® ã¤ ç­ë¬ ®ª § «áï 1995 £®¤, ª®£¤ 
ª®¬ ­¤  ���� § ­ï«  ¯¥à¢®¥ ¬¥áâ®,   | â®£¤  áâã¤¥­â 1-£®
ªãàá  | �.�. � à á¥¢ ãáâ ­®¢¨«  ¡á®«îâ­ë© à¥ª®à¤: ­ ¡à «
199 ¡ ««®¢ ¨§ 200 ¢®§¬®¦­ëå ¨ ¯®«ãç¨« £à ­-¯à¨.

�¥áì¬  ¨­â¥à¥á­®, çâ® ®à£ ­¨§ â®àë IMC ¨­®£¤  ¡à «¨
§ ¤ ç¨ ®«¨¬¯¨ ¤ ����, ­ ¯à¨¬¥à § ¤ ç  5 ( ) ¢â®à®£®
¤­ï IMC-2 | íâ® § ¤ ç  1993.4.2. � á¢®î ®ç¥à¥¤ì

4



®à£ ­¨§ â®àë ®«¨¬¯¨ ¤ ���� ¤«ï «ãçè¥© ¯®¤£®â®¢ª¨
ª®¬ ­¤ë ¨á¯®«ì§®¢ «¨ ­¥ª®â®àë¥ § ¤ ç¨ ¨§  àá¥­ «  IMC.
�à¨ íâ®¬ ­¥ª®â®àë¥ § ¤ ç¨ ¯®áë« «¨áì ­ ¬¨ á¯¥æ¨ «ì­® ¤«ï
IMC, ­ ¯à¨¬¥à § ¤ ç  3 2-£® ¤­ï IMC-10. � ª¨¬ ®¡à §®¬,
¢§ ¨¬®¤¥©áâ¢¨¥ á IMC ¨¬¥¥â ¤ ¢­îî ¨áâ®à¨î. � á®¦ «¥­¨î,
¯®áâ®ï­­ë¥ ä¨­ ­á®¢ë¥ âàã¤­®áâ¨ ­¥ ¯®§¢®«ïîâ â « ­â«¨¢ë¬
áâã¤¥­â ¬ ���� à¥£ã«ïà­® ãç áâ¢®¢ âì ¢ ¬¥à®¯à¨ïâ¨ïå IMC
¨ ¤®áâ®©­® ¯à¥¤áâ ¢«ïâì â ¬ �®áá¨î.

�â¬¥â¨¬, çâ® ¯®¬¨¬® á¯®àâ¨¢­®£® ¨­â¥à¥á , ¬­®£¨¥ § ¤ ç¨
®«¨¬¯¨ ¤ ���� ï¢«ïîâáï ¯à®áâë¬¨ ç áâ­ë¬¨ á«ãç ï¬¨
£«ã¡®ª¨å ¬ â¥¬ â¨ç¥áª¨å ä ªâ®¢ ¨ â¥®à¨©. �¥è¥­¨¥ â ª¨å
§ ¤ ç ¬®¦¥â á«ã¦¨âì ¯¥à¢ë¬¨ áâã¯¥­ìª ¬¨ ­  ¯ãâ¨ ª
á¥àì¥§­ë¬ ¬ â¥¬ â¨ç¥áª¨¬ à¥§ã«ìâ â ¬. � à¥è¥­¨ïå ¬ë
¯®áâ à «¨áì ãª § âì ­  â ª¨¥ § ¤ ç¨ ¨ ¤ âì ááë«ª¨ ­ 
«¨â¥à âãàã, ¢ ª®â®à®© ¬®¦­® ­ ©â¨ à §¢¨â¨¥ ¨§«®¦¥­­ëå ¢
§ ¤ ç¥ ¨¤¥©.

� § ª«îç¥­¨¥ ¬ë ¢á¯®¬­¨¬  ¢â®à®¢ § ¤ ç à §­ëå «¥â:
�.�. �®«¨¡àãå, �.�. �¥¤®á®¢, �.�. �®«ã¡®¢, �.�. �®­®¢ «®¢,
�.�. �®«®¢¨­ª¨­, �.�. �ª®¢«¥¢, �.�. �à®¥¢, �.�. � « è®¢,
�.�. � à á¥¢, �.�. �®£¤ ­®¢, �.�. �®¦¥¢­¨ª®¢ ¨ ¬­®£¨¥
¤àã£¨¥.

�¯à¥«ì, 2007 �®áª¢  | �®«£®¯àã¤­ë©
�.�. �®­®¢ «®¢, �.�. � « è®¢
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�á«®¢¨ï § ¤ ç
�®¬¥à § ¤ ç¨ 1993.1.1 ®§­ ç ¥â, çâ® ®­  ¤ ­  ¢ 1993 £®¤ã,

¨¬¥¥â ­®¬¥à 1 ¨ ¯à¥¤«®¦¥­  ¯¥à¢®ªãàá­¨ª ¬. �®¬¥à § ¤ ç¨
1993.1.2 ®§­ ç ¥â, çâ® ®­  ¤ ­  ¢ 1993 £®¤ã, ¨¬¥¥â ­®¬¥à 1
¨ ¯à¥¤«®¦¥­  áâã¤¥­â ¬ 2|6 ªãàá®¢. �®¬¥à § ¤ ç¨ 1993.2
®§­ ç ¥â, çâ® ®­  ¤ ­  ¢ 1993 £®¤ã, ¨¬¥¥â ­®¬¥à 2 ¨ ¯à¥¤«®¦¥­ 
áâã¤¥­â ¬ ¢á¥å ªãàá®¢.

��������� | 1993

1993.1.1. � ©â¨ ­ ¨¡®«ìè¥¥ §­ ç¥­¨¥ äã­ªæ¨¨

f = |x1x3 + x1x4 + x2x3 − x2x4|
­  ¥¤¨­¨ç­®¬ ªã¡¥ {x ∈ R4 | |xk| ≤ 1, 1 ≤ k ≤ 4}.

1993.1.2. � ©â¨ à¥è¥­¨¥ ¬ âà¨ç­®£® ¤¨ää¥à¥­æ¨ «ì­®£®
ãà ¢­¥­¨ï dX

dt = AX + XB, £¤¥ A, B | ¯®áâ®ï­­ë¥ ¬ âà¨æë
¯®àï¤ª  n, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î X(0) = E.

1993.2. � ª¢ ¤à â­®© ¬ âà¨æ¥ A ¯®àï¤ª  2n ­  £« ¢­®©
¤¨ £®­ «¨ áâ®ïâ ­ã«¨,   ®áâ «ì­ë¥ í«¥¬¥­âë à ¢­ë ±1.
�®ª § âì, çâ® det A 6= 0.

1993.3. � áâ¨æ  ¤¢¨¦¥âáï ¨§ â®çª¨ A ¢ â®çªã B ¯®
¯àï¬®©, ­¥ ¬¥­ïï ­ ¯à ¢«¥­¨ï ¤¢¨¦¥­¨ï. � ááâ®ï­¨¥
AB = 1, ¢à¥¬ï ¤¢¨¦¥­¨ï à ¢­® 1, ¢ ­ ç «ì­ë© ¨ ª®­¥ç­ë©
¬®¬¥­âë ¢à¥¬¥­¨ ¤¢¨¦¥­¨ï áª®à®áâì à ¢­  ­ã«î. �®ª § âì,
çâ® ¢ ­¥ª®â®àë© ¬®¬¥­â ¢à¥¬¥­¨  ¡á®«îâ­ ï ¢¥«¨ç¨­ 
ãáª®à¥­¨ï ç áâ¨æë à ¢­  4.

1993.4.1. �ãé¥áâ¢ã¥â «¨ ­¥¯à¥àë¢­ ï äã­ªæ¨ï f : R→ R,
¯à¨­¨¬ îé ï à æ¨®­ «ì­ë¥ §­ ç¥­¨ï ¢ ¨àà æ¨®­ «ì­ëå

6



â®çª å ¨ ¨àà æ¨®­ «ì­ë¥ §­ ç¥­¨ï ¢ à æ¨®­ «ì­ëå â®çª å?

1993.4.2. �®ª § âì, çâ® äã­ªæ¨ï

T (x) =
a0

2
+ cosx +

∞∑

k=2

ak cos kx,

£¤¥ |a0| < 1, ¯à¨­¨¬ ¥â ª ª ¯®«®¦¨â¥«ì­ë¥, â ª ¨
®âà¨æ â¥«ì­ë¥ §­ ç¥­¨ï.

1993.5.1. �ãáâì A ¨ B | § ¬ª­ãâë¥ ¢ë¯ãª«ë¥ ¬­®¦¥áâ¢ 
­  ¯«®áª®áâ¨. �«¥¤ã¥â «¨ ®âáî¤ , çâ® ¨å áã¬¬ 

A + B = {x ∈ R2 | x = a + b, a ∈ A, b ∈ B}

â®¦¥ § ¬ª­ãâ®¥ ¬­®¦¥áâ¢®?

1993.5.2. �§¢¥áâ­®, çâ® ¢á¥ ª®à­¨ ¯®«¨­®¬ 

P (z) = zn + c1z
n−1 + · · ·+ cn

á ª®¬¯«¥ªá­ë¬¨ ª®íää¨æ¨¥­â ¬¨ | ç¨áâ® ¬­¨¬ë¥. �®ª § âì,
çâ® ¯à¨ «î¡®¬ ¢¥é¥áâ¢¥­­®¬ x ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

∣∣∣∣
2xP ′(x)
P (x)

− n

∣∣∣∣ ≤ n.

1993.6.1. �®¦­® «¨ ç¨á«® π ¯à¥¤áâ ¢¨âì ª ª

lim
n→∞

(√
kn −√mn

)
,

£¤¥ {kn} ¨ {mn} | ¯®á«¥¤®¢ â¥«ì­®áâ¨ ­ âãà «ì­ëå ç¨á¥«?
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1993.6.2. �®ª § âì, çâ® ¯à¨ a > 1 á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®
π/2∫

0

cos ax (cosx)a−2 dx = 0.

��������� | 1994

1994.1. 1994 ®ªàã¦­®áâ¨ à §¡¨¢ îâ ¯«®áª®áâì ­  ®¡« áâ¨,
£à ­¨æ ¬¨ ª®â®àëå ï¢«ïîâáï ¤ã£¨ ®ªàã¦­®áâ¥©. �ª®«ìª®
æ¢¥â®¢ ­¥®¡å®¤¨¬®, çâ®¡ë à áªà á¨âì â ªãî £¥®£à ä¨ç¥áªãî
ª àâã?

1994.2. �á¥£¤  «¨ ¡ã¤¥â á¢ï§­ë¬ ¬­®¦¥áâ¢®, ¯®«ãç¥­­®¥
¨§ ®âªàëâ®£® ¥¤¨­¨ç­®£® ª¢ ¤à â  ã¤ «¥­¨¥¬ áç¥â­®£®
¬­®¦¥áâ¢® â®ç¥ª?

1994.3. � ©â¨ ¢á¥ ­¥¯à¥àë¢­ë¥ äã­ªæ¨¨ f : R → R,
ã¤®¢«¥â¢®àïîé¨¥ ãà ¢­¥­¨î

3f(2x + 1) = f(x) + 5x.

1994.4. �  ¯«®áª®áâ¨ ¤ ­ë â®çª¨ A1, A2, A3, A4,
­¨ª ª¨¥ âà¨ ¨§ ª®â®àëå ­¥ «¥¦ â ­  ®¤­®© ¯àï¬®©.
�à®¢¥¤¥¬ ¤¢¥ ª®­æ¥­âà¨ç¥áª¨¥ ®ªàã¦­®áâ¨: ®¤­ã ç¥à¥§
â®çª¨ A1, A2, A3,   ¤àã£ãî ç¥à¥§ â®çªã A4. �¡®§­ ç¨¬
ç¥à¥§ k(A1, A2, A3, A4) ¯à®¨§¢¥¤¥­¨¥ ¯«®é ¤¥© âà¥ã£®«ì­¨ª 
A1A2A3 ¨ ¯®«ãç¨¢è¥£®áï ªàã£®¢®£® ª®«ìæ . �®ª § âì, çâ®
¢¥«¨ç¨­  k ­¥ § ¢¨á¨â ®â ­ã¬¥à æ¨¨ â®ç¥ª: k(A1, A2, A3, A4) =

= k(A2, A3, A4, A1) = k(A3, A4, A1, A2) = k(A4, A1, A2, A3).
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1994.5.1. �ãáâì C(α) | ª®íää¨æ¨¥­â ¯à¨ x1994 ¢
à §«®¦¥­¨¨ ¯® ä®à¬ã«¥ � ª«®à¥­  äã­ªæ¨¨ (1 + x)α.
�ëç¨á«¨âì

1∫

0

C(−y − 1)
(

1
y + 1

+ · · ·+ 1
y + 1994

)
dy.

1994.5.2. �ãáâì ϕ1(x), . . . , ϕn(x) | ®àâ®­®à¬¨à®¢ ­­ ï
­  ®âà¥§ª¥ [0, 1] á¨áâ¥¬  ­¥¯à¥àë¢­ëå äã­ªæ¨©. �®ª § âì,
çâ® å®âï ¡ë ¤«ï ®¤­®© äã­ªæ¨¨ ϕi (i = 1, . . . , n) á¯à ¢¥¤«¨¢®
­¥à ¢¥­áâ¢®

n∑

k=1




k
n∫

k−1
n

ϕi(x) dx




2

≤ 1
n

.

1994.6.1. �  ¯«®áª®áâ¨ ¤ ­  ¯ à ¡®« . � ª á ¯®¬®éìî
æ¨àªã«ï ¨ «¨­¥©ª¨ ¯®áâà®¨âì ¥¥ ®áì?

1994.6.2. �®ª § âì, çâ® ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥
n∑

k=0

ckx
k+1

(
xk−1y

)(k)
= 0

á¢®¤¨âáï ª «¨­¥©­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î á
¯®¬®éìî § ¬¥­ë t = x−1 ¨ ¢ë¯¨á âì íâ® ãà ¢­¥­¨¥.
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��������� | 1995

1995.1.1. �®¦¥â «¨ £à ä¨ª ­¥¯à¥àë¢­®© äã­ªæ¨¨
f : R → R ¯¥à¥á¥ª âì ª ¦¤ãî ­¥¢¥àâ¨ª «ì­ãî ¯àï¬ãî
¡¥áª®­¥ç­®¥ ç¨á«® à §?

1995.1.2. �ãé¥áâã¥â «¨ ­¥¯à¥àë¢­ ï ¯à¨ x > 1 äã­ªæ¨ï
f , ã¤®¢«¥â¢®àïîé ï ãà ¢­¥­¨î

(x2 − x)(f(x2) + f(x)) = 1?

1995.2. �ãé¥áâ¢ã¥â «¨ ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ ï
äã­ªæ¨ï f : R→ R, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î

|f(x)| < 2, f(x)f ′(x) ≥ sinx, ∀x ∈ R?

1995.3. �ãáâì f1, . . . , fn | «¨­¥©­® ­¥§ ¢¨á¨¬ ï á¨áâ¥¬ 
­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ëå ­  ®âà¥§ª¥ [0, 1] äã­ªæ¨©.
�®ª § âì, çâ® áà¥¤¨ ¯à®¨§¢®¤­ëå f ′1, . . . , f ′n ­ ©¤ãâáï n − 1
«¨­¥©­® ­¥§ ¢¨á¨¬ëå äã­ªæ¨©.

1995.4. � ©â¨ ¯à¥¤¥«

lim
n→∞

(
n∑

k=1

1
Ck

n

)n

.

1995.5. �®ª § âì, çâ® ¯à¨ x2 + y2 + z2 = 1 á¯à ¢¥¤«¨¢®
­¥à ¢¥­áâ¢® ∣∣∣∣∣∣

1 1 1
x y z
x2 y2 z2

∣∣∣∣∣∣
< 1.
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1995.6.1. �¯à¥¤¥«¨¬ áã¬¬ã ¤¢ãå ¬­®¦¥áâ¢ ­  ¥¢ª«¨¤®¢®©
¯«®áª®áâ¨:

A + B = {x ∈ R2 | x = a + b, a ∈ A, b ∈ B}.
�ãáâì A = Br(a) ∩ Br(−a), £¤¥ Br(a) = {x ∈ R2 | ‖x − a‖ ≤ r}
| ªàã£ à ¤¨ãá  r > 0 á æ¥­âà®¬ ¢ â®çª¥ a, ‖a‖ < r. �®ª § âì,
çâ® ­ ©¤ãâáï â ª¨¥ â®çª¨ b1 ¨ b2, çâ®

A + (Br(b1) ∩Br(b2)) = Br(0). (∗)

1995.6.2. �«ï ¬­®¦¥áâ¢ ­  ª®¬¯«¥ªá­®© ¯«®áª®áâ¨
®¯à¥¤¥«¨¬ ®¯¥à æ¨¨ á«®¦¥­¨ï ¨ ã¬­®¦¥­¨ï

A + B = {z ∈ C | z = a + b, a ∈ A, b ∈ B},
A ·B = {z ∈ C | z = ab, a ∈ A, b ∈ B}.

�ãáâì A = {z | |z| = 1
1995}. � ©â¨ å®âï ¡ë ®¤­® à¥è¥­¨¥

ãà ¢­¥­¨ï A + X = A ·X, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î 0 /∈ X.

��������� | 1996

1996.1. �ãáâì a, b, c | à ááâ®ï­¨ï ¬¥¦¤ã âà¥¬ï â®çª ¬¨
æ¥«®ç¨á«¥­­®© à¥è¥âª¨, «¥¦ é¨¬¨ ­  ®ªàã¦­®áâ¨ à ¤¨ãá 
R. �®ª § âì, çâ® abc ≥ 2R.

1996.2. �®ª § âì, çâ® ¤«ï «î¡®£® ­ âãà «ì­®£® ç¨á«  n
á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

{
n
√

2
}

>
1

2n
√

2
,
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£¤¥ {x} | ¤à®¡­ ï ç áâì ç¨á«  x.

1996.3.1. �ãáâì f ∈ Cn+1(R) ¨

ln

(
f(b) + f ′(b) + · · ·+ f (n)(b)
f(a) + f ′(a) + · · ·+ f (n)(a)

)
= b− a,

£¤¥ a < b. �®ª § âì, çâ® ­ ©¤¥âáï c ∈ (a, b) â ª®¥, çâ®

f (n+1)(c) = f(c).

1996.3.2. � ©â¨ lim
n→∞

n
√

an, ¥á«¨ a1 = a > 0, a2 = a2,

an =
n−1∑
i=1

aian−i ¯à¨ n ≥ 3.

1996.4.1. �®ª § âì, çâ® ¯à¨ n ≥ 2 ¢á¥ ¯®«®¦¨â¥«ì­ë¥
ª®à­¨ ¬­®£®ç«¥­ 

P (x) = xn −
n−1∑

k=0

xk

«¥¦ â ­  ¨­â¥à¢ «¥
(
2− 1

2n−1 , 2− 1
2n

)
.

1996.4.2. �ãáâì x, ϕ1, . . . , ϕn | í«¥¬¥­âë ¥¢ª«¨¤®¢ 
¯à®áâà ­áâ¢ , c1, . . . , cn | ¯à®¨§¢®«ì­ë¥ ¢¥é¥áâ¢¥­­ë¥ ç¨á« .
�®ª § âì ­¥à ¢¥­áâ¢®

(
n∑

i=1

ci(x, ϕi)

)2

≤
(

n∑

i=1

c2
i

)2

(x, x)


 max

1≤i≤n

n∑

j=1

|(ϕi, ϕj)|

 .
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1996.5.1. �ãáâì A = (aij) | ­¥¢ëà®¦¤¥­­ ï ¬ âà¨æ 
¯®àï¤ª  n, aij > 0 ∀i, j. �®ª § âì, çâ® zn ≤ n2 − 2n, £¤¥ zn |
ç¨á«® ­ã«¥¢ëå í«¥¬¥­â®¢ ¢ ¬ âà¨æ¥ A−1.

1996.5.2. �ãáâì á¯¥ªâà ¬ âà¨æë ¯®àï¤ª  n

A(x) = B(x) +
C

x

®£à ­¨ç¥­ ­  ¨­â¥à¢ «¥ x ∈ (0, 1), ¬ âà¨æ  C | ¯®áâ®ï­­ ï,
  í«¥¬¥­âë ¬ âà¨æë B(x) ®£à ­¨ç¥­ë ­  ®âà¥§ª¥ [0, 1].
�®ª § âì, çâ® ¬ âà¨æ  C | ­¨«ì¯®â¥­â­ ï (â.¥. ∃k ∈ N:
Ck = 0).

1996.6. �ãáâì a, b, c | ­¥®âà¨æ â¥«ì­ë¥ æ¥«ë¥ ç¨á« ,
¯à¨ç¥¬ ab ≥ c2. �®ª § âì, çâ® áãé¥áâ¢ã¥â ­ âãà «ì­®¥ ç¨á«®
n ¨ æ¥«ë¥ ç¨á«  x1, . . . , xn, y1, . . . , yn â ª¨¥, çâ®

n∑

i=1

x2
i = a,

n∑

i=1

y2
i = b,

n∑

i=1

xiyi = c.

��������� | 1997

1997.1.1. �ãáâì a1,. . . , an | ¯®«®¦¨â¥«ì­ë¥ ç¨á« .
�®ª § âì, çâ® ¬­®£®ç«¥­

xn − a1x
n−1 − · · · − an

¨¬¥¥â à®¢­® ®¤¨­ ¯®«®¦¨â¥«ì­ë© ª®à¥­ì.

1997.1.2. �®ª § âì, çâ®

lim
x→+∞

∞∑

n=1

nx

(n2 + x)2
=

1
2
.
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1997.2. � ©â¨ ®¡ê¥¬ á¥ç¥­¨ï ç¥âëà¥å¬¥à­®£® ªã¡ 
{
x ∈ R4 | 0 ≤ xk ≤ 1, k ∈ 1, 4

}

£¨¯¥à¯«®áª®áâìî x1 + x2 + x3 + x4 = 2.

1997.3.1. �®ª § âì, çâ® ∀ε > 0 ­ ©¤ãâáï ­ âãà «ì­®¥
ç¨á«® n ¨ ç¨á«  a1, . . . , an â ª¨¥, çâ®

max
x∈[0,1]

∣∣∣∣∣x−
n∑

k=1

akx
2k+1

∣∣∣∣∣ < ε.

1997.3.2. �á¥£¤  «¨ ¡ã¤¥â ¨§¬¥à¨¬ë¬ ¯® �®à¤ ­ã
®£à ­¨ç¥­­®¥ ®âªàëâ®¥ á¢ï§­®¥ ¬­®¦¥áâ¢® ­  ¯«®áª®áâ¨?

1997.4. � á â¥«ì­ë¥ ª ¯ à ¡®«¥ y2 = 2px ¢ â®çª å
A, B ¨ C ®¡à §ãîâ âà¥ã£®«ì­¨ª KLM . �®ª § âì, çâ®
SKLM = 1

2SABC .

1997.5. �ãáâì f ∈ C1([0, 1]). �®ª § âì ­¥à ¢¥­áâ¢®

∣∣∣∣f
(

1
2

)∣∣∣∣ ≤
1∫

0

|f(x)| dx +
1
2

1∫

0

|f ′(x)| dx.

1997.6. �ãáâì A(x) | ª¢ ¤à â­ ï ¬ âà¨æ  ¯®àï¤ª  2n+1,
®¯à¥¤¥«¥­­ ï ­  ¨­â¥à¢ «¥ (0, 1). �§¢¥áâ­®, çâ® det A(x) = 1
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¤«ï ¢á¥å x ¨ ¤«ï «î¡®© ¯®áâ®ï­­®© ¬ âà¨æë B áãé¥áâ¢ã¥â
¯à¥¤¥« lim

x→+0
A(x)BA−1(x). �®ª § âì, çâ® áãé¥áâ¢ãîâ ¯à¥¤¥«ë

lim
x→+0

A(x) ¨ lim
x→+0

A−1(x).

��������� | 1998

1998.1. � ­® ¢§ ¨¬­® ®¤­®§­ ç­®¥ ®â®¡à ¦¥­¨¥
f : N → N. �®ª § âì, çâ® ­ ©¤ãâáï ­ âãà «ì­ë¥ ç¨á« 
a, b ¨ c â ª¨¥, çâ® a < b < c ¨ f(a) + f(c) = 2f(b).

1998.2. �ãáâì ª®¬¯«¥ªá­ë¥ ç¨á«  a, b ¨ c â ª¨¥,
çâ® ¢á¥ ª®à­¨ ãà ¢­¥­¨ï z3 + az2 + bz + c = 0 «¥¦ â ­ 
®ªàã¦­®áâ¨ |z| = 1. �®ª § âì, çâ® ¢á¥ ª®à­¨ ãà ¢­¥­¨ï
z3 + |a|z2 + |b|z + |c| = 0 â ª¦¥ «¥¦ â ­  ®ªàã¦­®áâ¨ |z| = 1.

1998.3.1. �ãé¥áâ¢ã¥â «¨ ®àâ®£®­ «ì­®¥ ¯à¥®¡à §®¢ ­¨¥
¯«®áª®áâ¨ R2 ¨ ®£à ­¨ç¥­­®¥ ¬­®¦¥áâ¢® S ⊂ R2 â ª¨¥, çâ®
f(S) ⊂ S, ­® f(S) 6= S?

1998.3.2. �ãáâì A | ­¥¢ëà®¦¤¥­­ ï ¢¥é¥áâ¢¥­­ ï 2 × 2
¬ âà¨æ , ã ª®â®à®© á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï λ1 = λ2 = λ.
�®ª § âì, çâ® ¤«ï «î¡®£® ε > 0 ­ ©¤¥âáï 2 × 2 ¬ âà¨æ  S
¨ ç¨á«® δ ∈ [0, ε] â ª¨¥, çâ®

S−1AS =
(

λ δ
0 λ

)
.
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1998.4. (i) �®ª § âì, çâ® áãé¥áâ¢ã¥â ¬­®£®ç«¥­ P (x)
â ª®©, çâ® ¤«ï «î¡®£® ­ âãà «ì­®£® ç¨á«  n

n∫

n−1

P (x) dx = n4.

(ii) � ©â¨ áã¬¬ã
n∑

k=1

k4.

1998.5. �®á«¥¤®¢ â¥«ì­®áâì {xn} § ¤ ­  à¥ªãàà¥­â­®:
x1 | ­¥ª®â®à®¥ ç¨á«® ¨§ ¨­â¥à¢ «  (0, 1),   xn+1 = ln(1 + xn).
� ©â¨ ¯à¥¤¥« lim

n→∞nxn.

1998.6. �ãáâì e1, . . . , en | ®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á ¢
Rn,   a1, . . . , an | ¢¥ªâ®àë ¥¤¨­¨ç­®© ¤«¨­ë. �®ª § âì, çâ®
¥á«¨

(a1, e1) + · · ·+ (an, en) >
√

n(n− 1),

â® ¢¥ªâ®àë a1, . . . , an «¨­¥©­® ­¥§ ¢¨á¨¬ë.

��������� | 1999

1999.1. �®ª § âì, çâ® ¢áïª®¥ ­¥¯à¥àë¢­®¥ ®â®¡à ¦¥­¨¥
®ªàã¦­®áâ¨ ¢ ¯àï¬ãî ¯¥à¥¢®¤¨â ­¥ª®â®àãî ¯ àã
¤¨ ¬¥âà «ì­® ¯à®â¨¢®¯®«®¦­ëå â®ç¥ª ¢ ®¤­ã â®çªã.

1999.2.1. �ãáâì

M =



f ∈ C([0, π])

∣∣∣∣∣∣

π∫

0

f(x) sin x dx =

π∫

0

f(x) cos x dx = 1



 .

� ©â¨ min
f∈M

∫ π
0 f2(x) dx.
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1999.2.2. �ãáâì ¤ ­® ãà ¢­¥­¨¥ y′ = xy + f(x), £¤¥
f : R → R | ­¥¯à¥àë¢­ ï ®£à ­¨ç¥­­ ï äã­ªæ¨ï. � ©â¨
­¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç­®¥ ãá«®¢¨¥, ª®â®à®¬ã ¤®«¦­ 
ã¤®¢«¥â¢®àïâì äã­ªæ¨ï f(x) ¤«ï â®£®, çâ®¡ë ãà ¢­¥­¨¥ ¨¬¥«®
à¥è¥­¨¥ y(x) → 0 ¯à¨ x →∞.

1999.3. �ãáâì a1,. . . , an | ¯®«®¦¨â¥«ì­ë¥ ç¨á«  ¨
¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® a1 + · · ·+ an < 1. �®ª § âì, çâ®

(a1 + · · ·+ an)(1− a1)(1− a2) . . . (1− an)
a1a2 . . . an(1− a1 − · · · − an)

≥ nn+1.

1999.4. �®ª § âì, çâ® ¯à¨ «î¡®¬ ­ âãà «ì­®¬ n
áãé¥áâ¢ã¥â á¥ç¥­¨¥ n-¬¥à­®£® ªã¡  {x ∈ Rn | |xk| ≤ 1, k =
1, . . . , n} ¤¢ã¬¥à­®© ¯«®áª®áâìî, ï¢«ïîé¥¥áï ¯à ¢¨«ì­ë¬
2n-ã£®«ì­¨ª®¬.

1999.5. �ãé¥áâ¢ã¥â «¨ äã­ªæ¨ï f(x), ­¥¯à¥àë¢­ ï ­ 
¯®«ã®á¨ (1, +∞) ¨ â ª ï, çâ®

x2∫

x

f(t) dt = 1, ∀x ∈ (1, +∞)?

1999.6. � ©â¨ ¬ âà¨æã âà¥âì¥£® ¯®àï¤ª 

T (x) = T0 +
1
x

T1 + · · ·+ 1
xn

Tn

(Tk | ¯®áâ®ï­­ë¥ ¬ âà¨æë) â ªãî, çâ® ¯à¨ x 6= 0 ¢ë¯®«­¥­®
à ¢¥­áâ¢® det T (x) = 1,   ¬ âà¨æã

A(x) = T (x) ·



sin x
x e2x sin x

x2

x3 ln(1+x)
x

cos x
x2

0 0 ex



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¬®¦­® ¤®®¯à¥¤¥«¨âì ¢ ­ã«¥ â ª, çâ® ¯®á«¥ íâ®£® ®­  áâ ­¥â
­¥¢ëà®¦¤¥­­®© ¨ ­¥¯à¥àë¢­®© ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ ­ã«ï.

��������� | 2000

2000.1. � ­® á¥¬¥©áâ¢® F = {A ⊂ N | |A| < ∞} â ª®¥, çâ®
A∩B 6= ∅ ¤«ï «î¡ëå A,B ∈ F . �¥à­® «¨, çâ® ¢á¥£¤  ­ ©¤¥âáï
â ª®¥ ª®­¥ç­®¥ ¬­®¦¥áâ¢® X ⊂ N, çâ® A ∩ B ∩ X 6= ∅ ¤«ï
«î¡ëå A,B ∈ F?

2000.2. �ãáâì f ∈ C([0, 1]) ¨ ¤«ï «î¡ëå x, y ∈ [0, 1]
¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® xf(y) + yf(x) ≤ 1. �®ª § âì, çâ®

1∫

0

f(x) dx ≤ π

4
.

2000.3. �ãé¥áâ¢ã¥â «¨ â ª ï ¡¨¥ªæ¨ï π : N→ N, çâ®
∞∑

n=1

π(n)
n2

< +∞?

2000.4. �ãáâì ­¥¢ëà®¦¤¥­­ ï ¬ âà¨æ  M ¯®àï¤ª  2n ¨
®¡à â­ ï ¬ âà¨æ  M−1 à §¡¨âë ­  ª¢ ¤à â­ë¥ ¡«®ª¨

M =
(

A B
C D

)
, M−1 =

(
E F
G H

)
.

�®ª § âì, çâ® det M · det H = det A.
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2000.5. �ãáâì L | ¢¥é¥áâ¢¥­­®¥ «¨­¥©­®¥ ¯à®áâà ­áâ¢®,
dim L = 10, L1 ¨ L2 | ¯®¤¯à®áâà ­áâ¢  L, L1 ⊂ L2,
dim L1 = 3, dim L2 = 6. �ãáâì E | ¯à®áâà ­áâ¢® â¥å
«¨­¥©­ëå ¯à¥®¡à §®¢ ­¨© L, ¤«ï ª®â®àëå L1 ¨ L2 ï¢«ïîâáï
¨­¢ à¨ ­â­ë¬¨ ¯®¤¯à®áâà ­áâ¢ ¬¨. � ©â¨ à §¬¥à­®áâì
¯à®áâà ­áâ¢  E.

2000.6. �ãáâì P (x) | ¬­®£®ç«¥­ áâ¥¯¥­¨ n á
¢¥é¥áâ¢¥­­ë¬¨ ª®íää¨æ¨¥­â ¬¨, ¨¬¥îé¨© â®«ìª®
¢¥é¥áâ¢¥­­ë¥ ª®à­¨. �®ª § âì, çâ®

(n− 1)
(
P ′(x)

)2 ≥ nP (x)P ′′(x)

¤«ï «î¡®£® x ∈ R.

��������� | 2001

2001.1. � ­  ¢®§à áâ îé ï äã­ªæ¨ï f : [0, 1] → [0, 1].
�®ª § âì, çâ® ­ ©¤¥âáï â ª ï â®çª  x ∈ [0, 1], çâ® f(x) = x.

2001.2. �ãáâì {xi}n
i=1 | ª®­¥ç­ ï ã¡ë¢ îé ï ¯®á«¥¤®¢ -

â¥«ì­®áâì ¯®«®¦¨â¥«ì­ëå ç¨á¥«. �®ª § âì, çâ®
(

n∑

i=1

x2
i

) 1
2

≤
n∑

i=1

xi√
i
.

2001.3. �ãáâì f ∈ C(R) ¨ ­¨ ­  ®¤­®¬ ¨­â¥à¢ «¥ äã­ªæ¨ï
f ­¥ ï¢«ï¥âáï ¬®­®â®­­®©. �®ª § âì, çâ® ­  «î¡®¬ ¨­â¥à¢ «¥
¨¬¥îâáï â®çª¨ ¬¨­¨¬ã¬  äã­ªæ¨¨ f .
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2001.4. � ©â¨ ¢á¥ äã­ªæ¨¨ f : R+ → R+ (§¤¥áì R+ =
(0,+∞)), ã¤®¢«¥â¢®àïîé¨¥ ãà ¢­¥­¨î

f(x)f(yf(x)) = f(x + y), ∀x, y ∈ R+.

2001.5. �ãáâì P (x) ¨ Q(x) | ¬­®£®ç«¥­ë áâ¥¯¥­¨
n ¨ G(x, y) =

∑n
k=0 P (n−k)(x)Q(k)(y). �®ª § âì, çâ®

G(x, y) = G(y, x).

2001.6. �®ª § âì, çâ® ¥¤¨­¨ç­ë© ª¢ ¤à â ¬®¦­®
à §à¥§ âì ­  N ª¢ ¤à â®¢ ¬¥­ìè¥£® à §¬¥à , ¥á«¨ N
¤®áâ â®ç­® ¢¥«¨ª®.

��������� | 2002

2002.1. �ëç¨á«¨âì ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë (aij) ¯®àï¤ª 
n, £¤¥ aij = δij + xiyj (δij | á¨¬¢®« �à®­¥ª¥à ).

2002.2. �­ ï, çâ®
1∫
0

ln(1+x)
x dx = π2

12 , ¢ëç¨á«¨âì
1∫
0

ln(1−x3)
x dx.

2002.3. �®á«¥¤®¢ â¥«ì­®áâì {xn} § ¤ ­  à¥ªãàà¥­â­®:
x0 = 1, xn+1 = xn − x2

n
2002 . �®ª § âì, çâ® x2002 < 1

2 .

2002.4. �ãáâì A ¨ B | ª¢ ¤à â­ë¥ ¬ âà¨æë ¯®àï¤ª 
n. �®ª § âì, çâ® à ¢¥­áâ¢® P (A + B) = P (A) + P ′(A)B
¢ë¯®«­ï¥âáï ¤«ï «î¡®£® ¬­®£®ç«¥­  P (x) â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  AB −BA = B2.
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2002.5. �ãáâì {εn} | ¯®á«¥¤®¢ â¥«ì­®áâì, á®áâ®ïé ï ¨§
±1. �®¦¥â «¨ ç¨á«® ∞∑

n=0

εn

n!

¡ëâì à æ¨®­ «ì­ë¬?

2002.6. �ãáâì A ⊂ Rn | ª®¬¯ ªâ ¨

B =

{
x ∈ Rn

∣∣∣∣∣ ∀x ∈ B ∃ ! a ∈ A : ‖x− a‖ = sup
y∈A

‖x− y‖
}

.

�®ª § âì, çâ® § ¬ëª ­¨¥ ¬­®¦¥áâ¢  B á®¢¯ ¤ ¥â á Rn.

��������� | 2003

2003.1. �ãáâì a, b, c, d | ª®¬¯«¥ªá­ë¥ ç¨á« , |a| ≤ 1,
|b| ≤ 1, |c| ≤ 1, |d| ≤ 1. � ©â¨ ­ ¨¡®«ìè¥¥ §­ ç¥­¨¥ ¢ëà ¦¥­¨ï
|ac + ad + bc− bd|.

2003.2. �®ª § âì, çâ® ¤«ï «î¡ëå ¢¥ªâ®à®¢ a1,. . . , an ¨§
R3 ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

n∑
i,j=1

e(ai,aj) ≥ n2.

2003.3. �®ª § âì, çâ® ¬­®£®ç«¥­ ¢¨¤  a1x
k1 + a2x

k2 +
+ · · · + a2003x

k2003 ¨¬¥¥â ­¥ ¡®«¥¥ 2002 ¯®«®¦¨â¥«ì­ëå ª®à­¥©
(á ãç¥â®¬ ªà â­®áâ¨).

2003.4. �ãáâì f(x) | ­¥¯à¥àë¢­ ï ¯¥à¨®¤¨ç¥áª ï
äã­ªæ¨ï. �®ª § âì, çâ® ¤«ï «î¡®£® a ∈ R ãà ¢­¥­¨¥
f(x + a) = f(x) ¨¬¥¥â ¯® ªà ©­¥© ¬¥à¥ ¤¢  ª®à­ï ­  ª ¦¤®¬
®âà¥§ª¥, ¤«¨­  ª®â®à®£® à ¢­  ¯¥à¨®¤ã.
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2003.5. �à¨ ¯àï¬ë¥ r = ri + ait (i = 1, 2, 3) ¯®¯ à­® ­¥
¯¥à¥á¥ª îâáï ¨ ­¥ ¯ à ««¥«ì­ë ®¤­®© ¯«®áª®áâ¨. �ëà §¨âì
®¡ê¥¬ ¯ à ««¥«¥¯¨¯¥¤ , âà¨ à¥¡à  ª®â®à®£® «¥¦ â ­  ¤ ­­ëå
¯àï¬ëå, ç¥à¥§ ¢¥ªâ®àë ri ¨ ai.

2003.6. �®ª § âì ­¥à ¢¥­áâ¢®
∣∣∣∣∣∣∣∣

1 1 . . . 1
x1 x2 . . . xn

· · . . . ·
xn−1

1 xn−1
2 . . . xn−1

n

∣∣∣∣∣∣∣∣
≤

[
2

n− 1
(
x2

1 + x2
2 + · · ·+ x2

n

)]n(n−1)
4

��������� | 2004

2004.1. �«¥¬¥­âë ¬ âà¨æë ¯®àï¤ª  10 | æ¥«ë¥ ç¨á« ,
¯à¨ç¥¬ ¯® ªà ©­¥© ¬¥à¥ 92 ¨§ ­¨å | ­¥ç¥â­ë¥. �®ª § âì, çâ®
®¯à¥¤¥«¨â¥«ì íâ®© ¬ âà¨æë | ç¥â­®¥ ç¨á«®.

2004.2. �ãáâì f(x) | ­¥¯à¥àë¢­ ï ¯¥à¨®¤¨ç¥áª ï
äã­ªæ¨ï á ¯¥à¨®¤®¬ T ,

∫ T
0 f(x) dx = 0. �®ª § âì, çâ® ­ ©¤¥âáï

â ª®¥ ç¨á«® a, çâ® ¯à¨ «î¡®¬ b ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®
b∫

a

f(x) dx ≥ 0.

2004.3. �ãáâì P | ¯¥à¨¬¥âà âà¥ã£®«ì­¨ª  á
æ¥«®ç¨á«¥­­ë¬¨ ª®®à¤¨­ â ¬¨ ¢¥àè¨­ ­  ¯«®áª®áâ¨ Oxy,
R | à ¤¨ãá ®¯¨á ­­®© ®ª®«® âà¥ã£®«ì­¨ª  ®ªàã¦­®áâ¨.
�®ª § âì ­¥à ¢¥­áâ¢® P 3 ≥ 54R.
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2004.4. � ©â¨ ¬­®£®ç«¥­ P (x) ­ ¨¬¥­ìè¥© áâ¥¯¥­¨,
ª®â®àë© ¨¬¥¥â ­ã«ì ¤¥áïâ®£® ¯®àï¤ª  ¯à¨ x = 0 ¨ â ª®©, çâ®
P (x)− 1 ¨¬¥¥â ­ã«ì ¯ïâ®£® ¯®àï¤ª  ¯à¨ x = 1.

2004.5. �  ¯«®áª®áâ¨ ¤ ­ë âà¨ ¯®¯ à­® ¯¥à¥á¥ª îé¨¥áï
®ªàã¦­®áâ¨. �¥à¥§ â®çª¨ ¯¥à¥á¥ç¥­¨ï ª ¦¤ëå ¤¢ãå
®ªàã¦­®áâ¥© ¯à®¢¥¤¥­  ¯àï¬ ï. �®ª § âì, çâ® íâ¨ âà¨
¯àï¬ë¥ ¯¥à¥á¥ª îâáï ¢ ®¤­®© â®çª¥ ¨«¨ ¯ à ««¥«ì­ë.

2004.6.1. �®¢¥àå­®áâì z = f(x, y), £¤¥ f(x, y) | ¬­®£®ç«¥­
áâ¥¯¥­¨ ­¥ ­¨¦¥ ¢â®à®©, ®¡« ¤ ¥â á¢®©áâ¢®¬: ç¥à¥§ «î¡ãî ¥¥
â®çªã ¬®¦­® ¯à®¢¥áâ¨ ¤¢¥ ¯àï¬ë¥, æ¥«¨ª®¬ «¥¦ é¨¥ ­ 
¯®¢¥àå­®áâ¨. �®ª § âì, çâ® ¯®¢¥àå­®áâì | £¨¯¥à¡®«¨ç¥áª¨©
¯ à ¡®«®¨¤.

2004.6.2. �ãáâì

A =
(

B C
CT D

)
,

£¤¥ B, C, D | ¤¥©áâ¢¨â¥«ì­ë¥ ¬ âà¨æë ®¤­®£® ¯®àï¤ª , B |
­¥¢ëà®¦¤¥­­ ï, B ¨ D | á¨¬¬¥âà¨ç¥áª¨¥. �¡®§­ ç¨¬ ç¥à¥§
n1, n2, n3 ç¨á«® ¯®«®¦¨â¥«ì­ëå á®¡áâ¢¥­­ëå §­ ç¥­¨© ¬ âà¨æ
A, B, D−CT B−1C á®®â¢¥âáâ¢¥­­®. �®ª § âì, çâ® n1 = n2+n3.

��������� | 2005

2005.1. �ãáâì ¯®«®¦¨â¥«ì­ë¥ ç¨á«  x1, x2, y1, y2

ã¤®¢«¥â¢®àïîâ á®®â­®è¥­¨ï¬ x1 + x2 = y1 + y2 = 1, x2
1 + x2

2 <
< y2

1 + y2
2. �®ª § âì, çâ®

x1 lnx1 + x2 ln x2 < y1 ln y1 + y2 ln y2.
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2005.2. �ãáâì dn | ª®«¨ç¥áâ¢® ¯¥à¥áâ ­®¢®ª
σ : {1, 2, . . . , n} → {1, 2, . . . , n} â ª¨å, çâ® ¢ë¯®«­¥­®
­¥à ¢¥­áâ¢® (σ(i) − σ(i − 1))(σ(i) − σ(i + 1)) > 0 ¯à¨
«î¡®¬ i = 2, 3, . . . , n− 1. �®ª § âì, çâ® 2d2004 < d2005.

2005.3.  ) � ­  ¤¨ää¥à¥­æ¨àã¥¬ ï äã­ªæ¨ï f : [0, 1] →
R. �§¢¥áâ­®, çâ® x sin f(x)+x2 = f(x) sinx+2f(x)2 ¯à¨ «î¡®¬
x ∈ [0, 1]. � ©¤¨â¥ |f ′+(0)| (§¤¥áì f ′+(0) | ¯à®¨§¢®¤­ ï á¯à ¢ 
¢ â®çª¥ 0).

¡) � ­  ­¥¯à¥àë¢­ ï äã­ªæ¨ï f : [0, 1] → R. �§¢¥áâ­®,
çâ® x sin f(x) + x2 = f(x) sinx + 2f(x)2 ¯à¨ «î¡®¬ x ∈ [0, 1].
�®ª ¦¨â¥, çâ® áãé¥áâ¢ã¥â f ′+(0).

2005.4. �  ¯«®áª®áâ¨ § ¤ ­  § ¬ª­ãâ ï ªãá®ç­®-£« ¤-
ª ï ªà¨¢ ï Γ, ®£à ­¨ç¨¢ îé ï ¢ë¯ãª«ãî æ¥­âà «ì­®-
á¨¬¬¥âà¨ç­ãî ®¡« áâì. �®ª § âì, çâ® ¢ ªà¨¢ãî Γ ¬®¦­®
¢¯¨á âì  ää¨­­® ¯à ¢¨«ì­ë© è¥áâ¨ã£®«ì­¨ª (â.¥. ®¡à §
¯à ¢¨«ì­®£® è¥áâ¨ã£®«ì­¨ª  ¯à¨ ­¥ª®â®à®¬  ää¨­­®¬ ¯à¥-
®¡à §®¢ ­¨¨).

2005.5. � ­ë æ¥«®ç¨á«¥­­ë¥ ¬ âà¨æë A ¨ B ¯®àï¤ª  10.
�§¢¥áâ­®, çâ® ¬ âà¨æë A, A + B, A + 2B, . . . , A + 25B ¨¬¥îâ
æ¥«®ç¨á«¥­­ë¥ ®¡à â­ë¥. �®ª § âì, çâ® ¬ âà¨æ  A + 2005B
â ª¦¥ ¨¬¥¥â æ¥«®ç¨á«¥­­ãî ®¡à â­ãî.

2005.6. �ãáâì äã­ªæ¨ï f : R → R ­¥¯à¥àë¢­  ¢ â®çª¥
x = x0, â.¥.
∀ε > 0 ∃δ > 0 ∀x ∈ Uδ(x0) = (x0 − δ, x0 + δ) |f(x)− f(x0)| < ε.

(∗)
�®ª § âì, çâ® ¢ ãá«®¢¨¨ (∗) ¤«ï ª ¦¤®£® ε > 0 ¬®¦­® â ª
¯®¤®¡à âì δ = δ(ε), çâ® äã­ªæ¨ï δ(ε) ¡ã¤¥â ­¥¯à¥àë¢­®© ¯à¨
ε > 0.
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��������� | 2006

2006.1. �ãáâì f ∈ C2([0, 1]). �®ª § âì, çâ® äã­ªæ¨î
f ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ à §­®áâ¨ ¤¢ãå ¢ë¯ãª«ëå ¢­¨§
äã­ªæ¨©.

2006.2.1. �ãáâì xn =
3

√
6 +

3

√
6 + · · ·+ 3

√
6

︸ ︷︷ ︸
n à §

. � ©â¨ ¯à¥¤¥«

lim
n→∞ 6n(2− xn).

2006.2.2. �ãáâì α ∈ (0, 1), àï¤
∞∑

k=1

xk
kα áå®¤¨âáï ¨

xk ≥ xk+1 ≥ 0 ¤«ï ¢á¥å k. �®ª § âì, çâ® àï¤
∞∑

k=1

x
1

1−α

k â ª¦¥
áå®¤¨âáï.

2006.3.1. � ­ ¬­®£®ç«¥­ P (x) ­¥ç¥â­®© áâ¥¯¥­¨ n â ª®©,
çâ® lim

x→+∞P (x) = +∞. �§¢¥áâ­®, çâ® ¬­®£®ç«¥­ë P (x) ¨
P (P (x)) ¨¬¥îâ à®¢­® ¯® n ¢¥é¥áâ¢¥­­ëå ª®à­¥©. �®ª § âì,
çâ® ¬­®£®ç«¥­ P (P (P (x))) â ª¦¥ ¨¬¥¥â à®¢­® n ¢¥é¥áâ¢¥­­ëå
ª®à­¥©.

2006.3.2. �®ª § âì, çâ® ¤«ï «î¡®£® à¥è¥­¨ï y(x)
ãà ¢­¥­¨ï y′′ + sin y = 0 áãé¥áâ¢ã¥â lim

x→+∞
y(x)

x .

2006.4. �¥âëà¥ ª¢ ¤à â¨ç­ëå ãà ¢­¥­¨ï f1(x, y) = 0,
f2(x, y) = 0, f3(x, y) = 0, f4(x, y) = 0 § ¤ îâ ç¥âëà¥
®ªàã¦­®áâ¨ ­  ¯«®áª®áâ¨, ¯à¨ íâ®¬ ­¨ ã ª ª¨å âà¥å
®ªàã¦­®áâ¥© æ¥­âàë ­¥ «¥¦ â ­  ®¤­®© ¯àï¬®©, ®ªàã¦­®áâ¨
­¥ ¯¥à¥á¥ª îâáï ¨ ­¥ á®¤¥à¦ âáï ¢­ãâà¨ ¤àã£ ¤àã£ .
�®ª ¦¨â¥, çâ® äã­ªæ¨¨ f1, f2, f3, f4 «¨­¥©­® § ¢¨á¨¬ë â®£¤ 
¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â ®ªàã¦­®áâì, ¯¥à¥á¥ª îé ï
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4 ¨áå®¤­ëå ®ªàã¦­®áâ¨ ¯®¤ ¯àï¬ë¬¨ ã£« ¬¨.

2006.5.1. �ãáâì A ⊂ R2 | ¢ë¯ãª«®¥ ª®¬¯ ªâ­®¥
¬­®¦¥áâ¢® ¨ Aε | ε-®ªà¥áâ­®áâì íâ®£® ¬­®¦¥áâ¢ , â.¥.
¬­®¦¥áâ¢® ∪a∈A{x ∈ R2 | ‖x − a‖ ≤ ε}. �®ª § âì, çâ®
¯«®é ¤ì S(Aε) ¬­®¦¥áâ¢  Aε ¥áâì S(Aε) = a + bε + cε2 ¨
­ ©â¨ ª®íää¨æ¨¥­âë a, b, c. �ç¨â âì, çâ® £à ­¨æ  A ¥áâì
á¯àï¬«ï¥¬ ï ªà¨¢ ï.

2006.5.2. �ë¯ãª«ë© ª®¬¯ ªâ A ¢ ¥¢ª«¨¤®¢®© ¯«®áª®áâ¨
R2 ¨¬¥¥â ¯«®é ¤ì π.

∫

R2

exp (−%(x,A)) dx = 5π,

£¤¥ äã­ªæ¨ï %(x,A) = mina∈A ‖x − a‖ ∀x ∈ R2. � ©â¨ ¤«¨­ã
£à ­¨æë ∂A ª®¬¯ ªâ  A.

2006.6. �ãáâì B, C | ¢¥é¥áâ¢¥­­ë¥ n× n ¬ âà¨æë, A =
= B + i C | ª®¬¯«¥ªá­ ï n× n ¬ âà¨æ , i =

√−1. �®ª § âì,
çâ®

det
(

B −C
C B

)
= |det A|2.

��������� | 2007

2007.1. �ãáâì C ⊂ Rn | ®£à ­¨ç¥­­®¥ ¬­®¦¥áâ¢® ¨
äã­ªæ¨ï f : C → R ã¤®¢«¥â¢®àï¥â ãá«®¢¨î |f(x1) − f(x2)| ≤
≤ ‖x1 − x2‖ ¤«ï ¢á¥å â®ç¥ª x1, x2 ∈ C. �®ª § âì, çâ®
äã­ªæ¨ï g(x) = inf

y∈C
(‖x − y‖ + f(y)) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

|g(x1) − g(x2)| ≤ ‖x1 − x2‖ ¤«ï ¢á¥å x1, x2 ∈ Rn ¨ g(x) = f(x)
¤«ï ¢á¥å x ∈ C.
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2007.2.1. �ãáâì x0 = a, x1 = b,   xn =
(
1− 1

n

)
xn−1+ 1

nxn−2,
n = 2, 3, . . . . � ©â¨ lim

n→∞xn.

2007.2.2. �ãáâì ¯®á«¥¤®¢ â¥«ì­®áâì {an} â ª®¢ , çâ®
¯®á«¥¤®¢ â¥«ì­®áâì

{
1
n

n∑
k=1

ak

}
áå®¤¨âáï. �®ª § âì, çâ® ¤«ï

«î¡®£® ε > 0 àï¤
∞∑

n=1

an
n1+ε áå®¤¨âáï.

2007.3.1. �ãáâì B | æ¥­âà «ì­® á¨¬¬¥âà¨ç­®¥ ¢ë¯ãª«®¥
ª®¬¯ ªâ­®¥ â¥«® ¢ R2. �®ª § âì, çâ® ­ ©¤¥âáï â ª®©
¯ à ««¥«®£à ¬¬, á®¤¥à¦ é¨© B, çâ® á¥à¥¤¨­ë áâ®à®­
¯ à ««¥«®£à ¬¬  ï¢«ïîâáï â®çª ¬¨ ¬­®¦¥áâ¢  B.

2007.3.2. �®ª § âì, çâ® § ¤ ç  �®è¨ ẋ(t) = x(t/2) + et,
x(0) = 1, ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ­  ®á¨. (�¥è¥­¨¥
¥áâì ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ ï äã­ªæ¨ï x(·),
ã¤®¢«¥â¢®àïîé ï § ¤ ç¥ �®è¨).

2007.4. �ãáâì f(x) | ¬­®£®ç«¥­ á ¤¥©áâ¢¨â¥«ì­ë¬¨
ª®íää¨æ¨¥­â ¬¨ áâ¥¯¥­¨ n, ¨¬¥îé¨© n à §«¨ç­ëå
¤¥©áâ¢¨â¥«ì­ëå ª®à­¥© x1, x2, . . . , xn. �®ª § âì, çâ®
¤«ï «î¡®£® ­ âãà «ì­®£® k ≤ n− 2 ¢ë¯®«­¥­®

∑n
i=1

xk
i

f ′(xi)
= 0.

2007.5. �ãáâì § ¤ ­ë T ∈ Rm×n | ¬ âà¨æ  à ­£  m,
b ∈ Rm ¨ ¬­®¦¥áâ¢® A = {x ∈ Rn | Tx = b; xk ≥ 0, 1 ≤ k ≤ n}.
�®ª § âì, çâ® ¥á«¨ â®çª  x ∈ A ï¢«ï¥âáï ¢¥àè¨­®© ¬­®¦¥áâ¢ 
A, â® áãé¥áâ¢ã¥â â ª ï ­ã¬¥à æ¨ï {ik}n

k=1 ª®¬¯®­¥­â â®çª¨ x,
çâ® xik = 0 ¤«ï ¢á¥å k ∈ m + 1, n,   áâ®«¡æë {Tik}m

k=1 «¨­¥©­®
­¥§ ¢¨á¨¬ë.

2007.6. �ãáâì A ¨ B | ¢ë¯ãª«ë¥ ª®¬¯ ªâë ¨§ R2

á ­¥¯ãáâ®© ¢­ãâà¥­­®áâìî, £à ­¨æ  ª®â®àëå ­¥ á®¤¥à¦¨â
®âà¥§ª®¢. �ãáâì C = A + B = {a + b | a ∈ A, b ∈ B}.
�®ª § âì, çâ® áãé¥áâ¢ãîâ ­¥¯à¥àë¢­ë¥ äã­ªæ¨¨ a : [0, 1] → A
¨ b : [0, 1] → B â ª¨¥, çâ®

{a(t) + b(t) | t ∈ [0, 1]} = C.

27



�¥è¥­¨ï § ¤ ç
��������� | 1993

1993.1.1.

f = |x1x3 +x1x4 +x2x3−x2x4| ≤ |x1| · |x3 +x4|+ |x2| · |x3−x4| ≤

≤ |x3 + x4| + |x3 − x4|. �¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¬®¦­®
áç¨â âì, çâ® x3 ≥ x4 ≥ 0, ¯®íâ®¬ã f ≤ 2x3 = 2. �â® §­ ç¥­¨¥
¤®áâ¨£ ¥âáï, ­ ¯à¨¬¥à, ¢ â®çª¥ xk = 1, 1 ≤ k ≤ 4.

� ¬¥ç ­¨¥. � ¬¥â¨¬, çâ® ®â­®á¨â¥«ì­® ª ¦¤®©
ª®®à¤¨­ âë xk (¯à¨ ä¨ªá¨à®¢ ­­ëå ®áâ «ì­ëå) äã­ªæ¨ï
¨¬¥¥â ¢¨¤ |axk + b|, ¯®íâ®¬ã ­ ¨¡®«ìè¥¥ §­ ç¥­¨¥ äã­ªæ¨ï
¯à¨­¨¬ ¥â ¯à¨ xk = −1 ¨«¨ xk = 1. �«¥¤®¢ â¥«ì­®,
¬ ªá¨¬ «ì­®¥ §­ ç¥­¨¥ ¤®áâ¨£ ¥âáï ¢ ª ª¨å-â® ¢¥àè¨­ å
ªã¡ , ª®â®àëå 16. �¨âã æ¨ï §¤¥áì  ­ «®£¨ç­  â®¬ã ä ªâã,
çâ® ¢ë¯ãª« ï ­¥¯à¥àë¢­ ï äã­ªæ¨ï ¤®áâ¨£ ¥â ¬ ªá¨¬ã¬  ­ 
ª®¬¯ ªâ¥ ¢ ­¥ª®â®à®© ªà ©­¥© â®çª¥ íâ®£® ª®¬¯ ªâ .

1993.1.2. �¤¥« ¥¬ ¢ ãà ¢­¥­¨¨ § ¬¥­ã X = eAtY (t):

Ẋ = AeAtY + eAtẎ = AeAtY + eAtY B,

®âªã¤  Ẏ = Y B, Y = CeBt, £¤¥ C | ¯®áâ®ï­­ ï ¬ âà¨æ .
�¡é¥¥ à¥è¥­¨¥ X = eAtCeBt, à¥è¥­¨¥ § ¤ ç¨ �®è¨ X =
= eAteBt.

1993.2. � áá¬®âà¨¬ ¬ âà¨æã B = A2. � ­¥© bii |
­¥ç¥â­ë¥ ç¨á«  (áã¬¬  ­ã«ï ¨ ­¥ç¥â­®£® ç¨á«  ±1),   bij ,
i 6= j | ç¥â­ë¥ ç¨á«  (áã¬¬  ¤¢ãå ­ã«¥© ¨ ç¥â­®£® ç¨á«  ±1).
�«¥¤®¢ â¥«ì­®, det A2 = (det A)2 | ­¥ç¥â­®¥ ç¨á«®.

1993.3. �ãáâì v(t) | áª®à®áâì ç áâ¨æë ¢ ¬®¬¥­â ¢à¥¬¥­¨
t, t ∈ [0, 1]. �®£¤  v(0) = v(1) = 0,

∫ 1
0 v(t) dt = 1. � ª®®à¤¨­ â å

(t, v) à áá¬®âà¨¬ âà¥ã£®«ì­¨ª OMN , £¤¥ O(0, 0), M
(

1
2 , 2

)
,

N(1, 0). �à ä¨ª äã­ªæ¨¨ v(t) ¯¥à¥á¥ª ¥âáï ¯® ªà ©­¥© ¬¥à¥ á
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®¤­®© ¨§ ¡®ª®¢ëå áâ®à®­ âà¥ã£®«ì­¨ª  OMN , â.ª. SOMN = 1.
�«¥¤®¢ â¥«ì­®, ­  £à ä¨ª¥ äã­ªæ¨¨ v = v(t) ­ ©¤¥âáï â®çª 
(t0, v(t0)), ¢ ª®â®à®© ª á â¥«ì­ ï ¯ à ««¥«ì­  ¡®ª®¢®© áâ®à®­¥
âà¥ã£®«ì­¨ª , â.¥. |v′(t0)| = 4.

1993.4.1. �à¥¤¯®«®¦¨¬, çâ® â ª ï äã­ªæ¨ï áãé¥áâ¢ã¥â.
�®£¤  ¬­®¦¥áâ¢® f(Q) | ®¡à § áç¥â­®£® ¬­®¦¥áâ¢  | ­¥ ¡®«¥¥
ç¥¬ áç¥â­®, ª ª ¨ f(R\Q), â.ª. ¯® ãá«®¢¨î f(R\Q) ⊂ Q.
�«¥¤®¢ â¥«ì­®, ¬­®¦¥áâ¢® §­ ç¥­¨© äã­ªæ¨¨ ­¥ ¡®«¥¥ ç¥¬
áç¥â­® ¨ á®¤¥à¦¨â ¯® ªà ©­¥© ¬¥à¥ ¤¢¥ à §­ë¥ â®çª¨. �â®
¯à®â¨¢®à¥ç¨â â¥®à¥¬¥ �®«ìæ ­®|�®è¨ ® ¯à®¬¥¦ãâ®ç­ëå
§­ ç¥­¨ïå ­¥¯à¥àë¢­®© äã­ªæ¨¨.

1993.4.2. � áá¬®âà¨¬ ¤¢  ¨­â¥£à « :

I± =

2π∫

0

T (x)(1± cosx) dx =

2π∫

0

(a0

2
± cos2 x

)
dx = π(a0 ± 1).

� ª ª ª |a0| < 1, â® I+ > 0, I− < 0. �® ¥á«¨ ¯à¥¤¯®«®¦¨âì,
çâ® T ≥ 0 (≤ 0), â® ®¡  ¨­â¥£à «  ¡ã¤ãâ ≥ 0 (≤ 0),
â.ª. 1± cosx ≥ 0. �«¥¤®¢ â¥«ì­®, äã­ªæ¨ï T (x) ¯à¨­¨¬ ¥â
§­ ç¥­¨ï à §­ëå §­ ª®¢.

1993.5.1. �¥â. � ¯à¨¬¥à, ¥á«¨ A = {(x, y) | y = 0},  
B = {(x, y) | x > 0, y > 0, xy > 1}, â® A + B = {(x, y) | y > 0}.

1993.5.2. �ãáâì P (x) = (x−a1)k1 . . . (x−am)km , £¤¥ Re as =

0 ¨
m∑

s=1
ks = n. �®£¤ 

∣∣∣∣
2xP ′(x)
P (x)

− n

∣∣∣∣ =

∣∣∣∣∣2x
∑

s

ks

x− as
−

∑
s

ks

∣∣∣∣∣ =

∣∣∣∣∣
∑

s

ks
x + as

x− as

∣∣∣∣∣ ≤

≤
∑

s

ks

∣∣∣∣
x + as

x− as

∣∣∣∣ =
∑

s

ks = n.

1993.6.1. �à¨ ª ¦¤®¬ ­ âãà «ì­®¬ n ç¨á« 

p(
√

n + 1−√n) =
√

p2(n + 1)−
√

p2n, p = 1, 2, . . .
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®¡à §ãîâ  à¨ä¬¥â¨ç¥áªãî ¯à®£à¥áá¨î á à §­®áâìî
dn =

√
n + 1−√n. �«¥¤®¢ â¥«ì­®, á â®ç­®áâìî dn ¨¬¨

¬®¦­® ¯à¨¡«¨§¨âì «î¡®¥ ç¨á«® ¨§ (0,+∞). � ª ª ª dn → 0
¯à¨ n → ∞, â® «î¡®¥ ç¨á«® | ¢ â®¬ ç¨á«¥ ¨ π | ¬®¦­®
¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ lim

n→∞
(√

kn −√mn

)
.

1993.6.2. �à¥¡ã¥¬ë© à¥§ã«ìâ â ¯®«ãç ¥âáï áà §ã, ¥á«¨
¨áå®¤­ë© ¨­â¥£à « á«¥¤ãîé¨¬ ®¡à §®¬ à §¡¨âì ­  ¤¢ 
¨­â¥£à « ,   § â¥¬ ¢® ¢â®à®¬ ¯à®¨­â¥£à¨à®¢ âì ¯® ç áâï¬:

π/2∫
0

cos ax (cosx)a−2 dx =

=
π/2∫
0

(cos(a− 1)x cosx− sin(a− 1)x sinx) (cos x)a−2 dx =

=
π/2∫
0

cos(a− 1)x (cosx)a−1 dx +
π/2∫
0

sin(a−1)x
a−1 d (cosx)a−1 =

= sin(a−1)x
a−1 (cosx)a−1

∣∣∣
π/2

0
= 0.

��������� | 1994

1994.1. � ¦¤ ï â®çª  «¥¦¨â «¨¡® ¢­ãâà¨ ç¥â­®£® ç¨á« 
®ªàã¦­®áâ¥©, «¨¡® ¢­ãâà¨ ­¥ç¥â­®£®. �®íâ®¬ã ¤®áâ â®ç­®
¤¢ãå æ¢¥â®¢ | ç¥à­®£® ¨ ­¥ç¥à­®£®.

1994.2. �á¥£¤ . �ãáâì A ¨ B | â®çª¨ ¤ ­­®£® ¬­®¦¥áâ¢ .
�ãé¥áâ¢ã¥â â ª®¥ ç¨á«® R0, çâ® ¤«ï «î¡®£® R > R0 ¬ « ï
¤ã£  ®ªàã¦­®áâ¨ à ¤¨ãá  R, ¯à®å®¤ïé¥© ç¥à¥§ â®çª¨ A ¨ B,
«¥¦¨â ¢ ¥¤¨­¨ç­®¬ ª¢ ¤à â¥. �­®¦¥áâ¢® â ª¨å ¤ã£ ­¥áç¥â­®,
¯®íâ®¬ã å®âï ¡ë ­  ®¤­®© ¨§ ­¨å ­¥â â®ç¥ª ã¤ «¥­­®£®
¬­®¦¥áâ¢ .

1994.3. �¥â®¤®¬ ­¥®¯à¥¤¥«¥­­ëå ª®íää¨æ¨¥­â®¢
­ å®¤¨¬ à¥è¥­¨¥ ¢ ª« áá¥ «¨­¥©­ëå äã­ªæ¨©: f1(x) = x − 3

2 .
�®ª ¦¥¬, çâ® f1 | ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥.
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�ãáâì g(x) = f(x)− f1(x), â®£¤  g ∈ C(R) ¨ ã¤®¢«¥â¢®àï¥â
ãà ¢­¥­¨î 3g(2x + 1) = g(x). � ¬¥­¨¬ ¢ íâ®¬ ãà ¢­¥­¨¨ x ­ 
x−1

2 : g(x) = 1
3g

(
x−1

2

)
. � ¯®«ãç¥­­®¬ ãà ¢­¥­¨¨ ®¯ïâì § ¬¥­¨¬

x ­  x−1
2 : g

(
x−1

2

)
= 1

3g
(

x−3
4

)
¨ â.¤. �®«ãç¨¬

g(x) =
1
3n

g

(
x− 2n + 1

2n

)
, n = 1, 2, . . . .

� á¨«ã ­¥¯à¥àë¢­®áâ¨ g ¤«ï «î¡®£® x

lim
n→∞ g

(
x− 2n + 1

2n

)
= g(−1),

¯®íâ®¬ã g(x) ≡ 0.
1994.4. �ãáâì (xi, yi) | ª®®à¤¨­ âë â®ç¥ª Ai ¢ ­¥ª®â®à®©

¯àï¬®ã£®«ì­®© á¨áâ¥¬¥ ª®®à¤¨­ â Oxy. � áá¬®âà¨¬
®¯à¥¤¥«¨â¥«ì

∆ =

∣∣∣∣∣∣∣∣

1 x1 y1 x2
1 + y2

1

1 x2 y2 x2
2 + y2

2

1 x3 y3 x2
3 + y2

3

1 x4 y4 x2
4 + y2

4

∣∣∣∣∣∣∣∣
.

� ¬¥â¨¢, çâ® ¯à¨ ¯¥à¥­®á¥ ­ ç «  ª®®à¤¨­ â ∆ ­¥ ¬¥­ï¥âáï,
¯¥à¥­¥á¥¬ ­ ç «® ª®®à¤¨­ â ¢ â®çªã, ï¢«ïîéãîáï æ¥­âà®¬
ª®­æ¥­âà¨ç¥áª¨å ®ªàã¦­®áâ¥© ¤«ï à §¡¨¥­¨ï (A1, A2, A3, A4).
�®£¤  ¢ ­®¢®© á¨áâ¥¬¥ ª®®à¤¨­ â

∆ =

∣∣∣∣∣∣∣∣

1 x1 y1 r2

1 x2 y2 r2

1 x3 y3 r2

1 x4 y4 R2

∣∣∣∣∣∣∣∣
=

(
R2 − r2

)
∣∣∣∣∣∣

1 x1 y1

1 x2 y2

1 x3 y3

∣∣∣∣∣∣
,

®âªã¤ 

|∆| = ∣∣R2 − r2
∣∣ · 2SA1A2A3 =

2
π

k(A1, A2, A3, A4).
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1994.5.1.

1
1994!

1∫

0

(
1994∏

k=1

(y + k)

)′
dy = 1994.

1994.5.2. �à¨¬¥­¨¬ ­¥à ¢¥­áâ¢® �¥áá¥«ï ¤«ï å à ªâ¥à¨á-
â¨ç¥áª¨å äã­ªæ¨© κk(x) ®âà¥§ª®¢

[
k−1
n , k

n

]
, £¤¥ κk(x) = 1 ¯à¨

x ∈ [
k−1
n , k

n

]
¨ κk(x) = 0 ¯à¨ x /∈ [

k−1
n , k

n

]
:

n∑

i=1

(κk, ϕi)2 ≤ (κk,κk) =
1
n

, k = 1, . . . , n.

�«¥¤®¢ â¥«ì­®,
n∑

k=1

n∑

i=1

(κk, ϕi)2 =
n∑

i=1

(
n∑

k=1

(κk, ϕi)2
)
≤ 1,

  ¯®â®¬ã ­ ©¤¥âáï i:
n∑

k=1

(κk, ϕi)2 ≤ 1
n .

1994.6.1. � ª ¨§¢¥áâ­®, á¥à¥¤¨­ë ¯ à ««¥«ì­ëå å®à¤
¯ à ¡®«ë «¥¦ â ­  ¤¨ ¬¥âà¥, ¯®íâ®¬ã ¢®§¬®¦¥­ â ª®© ¯« ­
¯®áâà®¥­¨ï:
1) ¯à®¢®¤¨¬ ¤¢¥ ¯ à ««¥«ì­ë¥ å®à¤ë, â®£¤  ¯àï¬ ï,
¯à®å®¤ïé ï ç¥à¥§ ¨å á¥à¥¤¨­ë, | ¤¨ ¬¥âà,
2) áâà®¨¬ å®à¤ã, ¯¥à¯¥­¤¨ªã«ïà­ãî íâ®¬ã ¤¨ ¬¥âàã,   § â¥¬
ç¥à¥§ ¥¥ á¥à¥¤¨­ã ¯à®¢®¤¨¬ ¯àï¬ãî, ¯ à ««¥«ì­ãî ¤¨ ¬¥âàã.

1994.6.2. �ãáâì D = d
dx | ®¯¥à â®à ¤¨ää¥à¥­æ¨à®¢ ­¨ï.

�¯à ¢¥¤«¨¢® â®¦¤¥áâ¢®
xn+1Dnxn−1 =

(
x2D

)n
. (∗)

�®ª ¦¥¬ (∗) ¯® ¨­¤ãªæ¨¨. �à¨ n = 1 à ¢¥­áâ¢® á¯à ¢¥¤«¨¢®.
�à¨ ¯¥à¥å®¤¥ ®â n ª n + 1 ¨¬¥¥¬
xn+2Dn+1xny =
= xn+2Dn+1(x · xn−1y) = xn+2((n + 1)Dnxn−1y + xDn+1xn−1y),
(x2D)n+1y = x2D(x2D)ny = x2D(xn+1Dnxn−1y) =

= x2
(
(n + 1)xnDnxn−1y + xn+1Dn+1xn−1y

)
,
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®âªã¤  á«¥¤ã¥â (∗).
�¥¯¥àì ¬®¦­® ¯à¥®¡à §®¢ âì ¨áå®¤­®¥ ãà ¢­¥­¨¥:

n∑

k=0

ckx
k+1Dkxk−1y ≡

n∑

k=0

ck(x2D)ky = 0,

¥á«¨ t = x−1, â® x2D = −Dt ¨ ãà ¢­¥­¨¥ ¯à¨¬¥â ¢¨¤
n∑

k=0

ck(−1)k dky

dyk
= 0.

��������� | 1995

1995.1.1. � . � ¯à¨¬¥à, f(x) = x2 sinx.
1995.1.2. � . �à¨ x > 1 ¨¬¥¥¬

1
x2 − x

=
∞∑

k=2

1
xk

,

àï¤ áå®¤¨âáï  ¡á®«îâ­® ¨ à ¢­®¬¥à­® ­  «î¡®¬ ª®¬¯ ªâ¥
¨§ {x > 1}. �â®¡ë ¯®«ãç¨âì f(x), ¤®áâ â®ç­® ¯®áâà®¨âì
à §¡¨¥­¨¥

{n ∈ N | n ≥ 2} = {nk}∞k=1

⋃
{2nk}∞k=1.

�¢­ ï ä®à¬ã« :

f(x) =
∞∑

n=0

x−22n+1
+

∞∑

n=0

∞∑

k=1

x−22n(2k+1).

1995.2. �¥ áãé¥áâ¢ã¥â. �¬¥¥¬

f2(x)− f2(0) =

x∫

0

2f(t)f ′(t) dt ≥ 2

x∫

0

sin t dt = 2(1− cosx),
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á«¥¤®¢ â¥«ì­®, f2(π) ≥ 4.
1995.3. �ãáâì f ′1, . . . , f ′n «¨­¥©­® § ¢¨á¨¬ë (¢ ¯à®â¨¢­®¬

á«ãç ¥ ¢á¥ ïá­®) ¨, ­ ¯à¨¬¥à, c1f
′
1 + · · ·+ cn−1f

′
n−1 = f ′n. �®£¤ 

c1f1 + · · · + cn−1fn−1 + c = fn, £¤¥ c 6= 0 ¢ á¨«ã «¨­¥©­®©
­¥§ ¢¨á¨¬®áâ¨ á¨áâ¥¬ë {fk}n

k=1. �®ª ¦¥¬, çâ® äã­ªæ¨¨
{f ′k}n−1

k=1 «¨­¥©­® ­¥§ ¢¨á¨¬ë. �á«¨ a1f
′
1 + · · ·+ an−1f

′
n−1 = 0,

â® a1f1 + · · · + an−1fn−1 + A = 0, A = const. �âáî¤ 
(Ac1−ca1)f1+ · · ·+(Acn−1−can−1)fn−1 = Afn. �«¥¤®¢ â¥«ì­®,
A = 0,   â®£¤  ¨ ak = 0 ¯à¨ 1 ≤ k ≤ n− 1.

1995.4. �ãáâì an =
n∑

k=1

1
Ck

n
. �®£¤  ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å

§­ ç¥­¨ïå n

an >
1

C1
n

+
1

Cn−1
n

+
1

Cn
n

= 1 +
2
n

,

an < 1 +
2

C1
n

+
2

C2
n

+
n− 5
C3

n

< 1 +
2
n

+
1995
n2

.

�«¥¤®¢ â¥«ì­®, lim
n→∞ an

n = e2.

1995.5. �¡®§­ ç¨¬ ®¯à¥¤¥«¨â¥«ì ç¥à¥§ W . �®áâ â®ç­®
¤®ª § âì, çâ® W 2 < 1. �¬¥¥¬

W 2 = (y−x)2(z−x)2(z−y)2 ≤
(

(y − x)2 + (z − x)2 + (z − y)2

3

)3

≤

≤
(

3(x2+y2+z2)
3

)3
= 1, ¯à¨ç¥¬ ¯¥à¢®¥ ­¥à ¢¥­áâ® ¯à¥¢à é ¥âáï

¢ à ¢¥­áâ¢® â®«ìª® ¯à¨ x = y = z,   â®£¤  W = 0.
1995.6.1. �ãáâì b ¨ −b | â®çª¨ ¯¥à¥á¥ç¥­¨ï ®ªàã¦­®áâ¥©

‖x±a‖ = r. �®£¤  à ¢¥­áâ¢® (∗) ¢ë¯®«­¥­® ¤«ï b1 = b, b2 = −b.
�¥£ª® ¢¨¤¥âì, çâ® ¥á«¨ p ∈ R2 | ¥¤¨­¨ç­ë© ¢¥ªâ®à, â®

max{(p, x) | x ∈ A}+max{(p, x) | x ∈ Br(b)∩Br(−b)} = r. (∗∗)
�«¥¤®¢ â¥«ì­®, max{(p, x) | x ∈ C} = max{(p, x) | x ∈ Br(0)},
£¤¥ C = A + Br(b) ∩ Br(−b). �®áª®«ìªã C ¥áâì ¢ë¯ãª«ë©
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ª®¬¯ ªâ, â® C = Br(0). �¥©áâ¢¨â¥«ì­®, ¤®¯ãáâ¨¬, çâ®
áãé¥áâ¢ã¥â â®çª  x0 ∈ C\Br(0). �ãáâì b0 | ¬¥âà¨ç¥áª ï
¯à®¥ªæ¨ï x0 ­  Br(0), p0 = x0−b0

‖x0−b0‖ . �á«¨ ¤®¯ãáâ¨âì, çâ® ¤«ï
­¥ª®â®à®© â®çª¨ b ∈ Br(0) (p0, b−b0) > 0, â® ¢ á¨«ã ¢ë¯ãª«®áâ¨
Br(0) ¤«ï «î¡®£® λ ∈ (0, 1) λb + (1− λ)b0 ∈ Br(0) ¨

‖x0−(λb+(1−λ)b0)‖2 = ‖x0−b0‖2−2λ(x0−b0, b−b0)+λ2‖b−b0‖2 <

< ‖x0 − b0‖2 ¯à¨ ¬ «ëå λ > 0. � ª¨¬ ®¡à §®¬, (p0, b− b0) ≤ 0
∀b ∈ Br(0),   (p0, x0) > (p0, b0). �â® ¯à®â¨¢®à¥ç¨â ä®à¬ã«¥
(∗∗).

�­ «®£¨ç­® ¯®ª §ë¢ ¥âáï, çâ® à ¢¥­áâ¢® Br(0)\C 6= ∅
­¥¢®§¬®¦­®. �«¥¤®¢ â¥«ì­®, C = Br(0).

�à®¢¥àªã ä®à¬ã«ë (∗∗) ¤«ï ¢á¥å p ¯à¥¤®áâ ¢«ï¥¬
ç¨â â¥«î.

� ¬¥ç ­¨¥. �â  § ¤ ç  ¯à¥¤«®¦¥­  �. �. �®«®¢¨­ª¨­ë¬.
�­ «®£¨ç­®¥ á¢®©áâ¢® è à  ¨¬¥¥â ¬¥áâ® ¢ £¨«ì¡¥àâ®¢®¬ ¨
­¥ª®â®àëå ¤àã£¨å ¯à®áâà ­áâ¢ å. �áá«¥¤®¢ ­¨¥ á¢®©áâ¢ 
(∗) ¯®¢«¥ª«® á®§¤ ­¨¥ â¥®à¨¨ á¨«ì­® ¢ë¯ãª«®£®  ­ «¨§ ,
ç áâ¨ç­® ¨§«®¦¥­­®© ¢ [14].

1995.6.2. � ¯à¨¬¥à, X = {z | |z| ≥ 1
1994}.

��������� | 1996

1996.1. �ãáâì S | ¯«®é ¤ì âà¥ã£®«ì­¨ª  á ¢¥àè¨­ ¬¨ ¢
ã§« å à¥è¥âª¨, â®£¤  S ≥ 1

2 (â.ª. S = 1
2 |x1y2−x2y1|, £¤¥ (xi, yi)

| ª®®à¤¨­ âë ¤¢ãå ¢¥àè¨­ ®â­®á¨â¥«ì­® âà¥âì¥©). � â® ¦¥
¢à¥¬ï S = abc

4R .
1996.2. �¬¥¥¬ k =

[
n
√

2
]

< n
√

2, á«¥¤®¢ â¥«ì­®

1 ≤ 2n2 − k2 =
(
n
√

2− k
)(

n
√

2 + k
)

<
{

n
√

2
}
· 2n

√
2.

1996.3.1. �ãáâì g(x) =
n∑

k=0

f (k)(x), â®£¤  g(b) = g(a)eb−a.

�à¨¬¥­¨¬ ª äã­ªæ¨¨ h(x) = e−xg(x) â¥®à¥¬ã �®««ï ­  ®âà¥§ª¥
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[a, b]: ∃c ∈ (a, b) â ª®¥, çâ® h′(c) = −e−cg(c) + e−cg′(c) = 0.
�«¥¤®¢ â¥«ì­®, g′(c) = g(c).

1996.3.2. � áá¬®âà¨¬ ä®à¬ «ì­ë© áâ¥¯¥­­®© àï¤ f(z) =

=
∞∑

n=1
anzn. �®£¤ 

f(z) =
∞∑

n=1

(
n−1∑

i=1

aian−i

)
zn = a1z + f2(z).

�âáî¤  á ãç¥â®¬ ãá«®¢¨ï f(0) = 0 ­ å®¤¨¬ f(z) = 1−√1−4az
2 .

� ¤¨ãá áå®¤¨¬®áâ¨ àï¤  �¥©«®à  äã­ªæ¨¨ f(z) ¢ ­ã«¥ à ¢¥­
1
4a , ¯®íâ®¬ã lim

n→∞
n
√

an = 4a.

1996.4.1. �à¨ x 6= 1 P (x) = xn+1−2xn+1
x−1 . � áá¬®âà¨¬

¬­®£®ç«¥­ Q(x) = xn+1 − 2xn + 1 ¯à¨ x > 0. � ª ª ª
Q(0) = Q(2) = 1, Q(1) = 0 ¨ Q′(x) = xn−1 [(n + 1)x− 2n],
â® ¢â®à®© ¯®«®¦¨â¥«ì­ë© ª®à¥­ì ¬­®£®ç«¥­  Q(x) «¥¦¨â ­ 
¨­â¥à¢ «¥

(
2n

n+2 , 2
)

. �®ç­¥¥, íâ®â ª®à¥­ì «¥¦¨â ­  ¨­â¥à¢ «¥(
2− 1

2n−1 , 2− 1
2n

)
, ¯®áª®«ìªã

Q

(
2− 1

2n−1

)
= −2

(
1− 1

2n

)n

+1 < −2
(
1− n

2n

)
+1 ≤ −2·1

2
+1 =

= 0,   Q
(
2− 1

2n

)
= − (

1− 1
2n+1

)n + 1 > 0.
1996.4.2. �¬¥¥¬ ®æ¥­ªã

(
n∑

i=1
ci(x, ϕi)

)2

=
(

x,
n∑

i=1
ciϕi

)2

≤ (x, x) ·
(

n∑
i=1

ciϕi,
n∑

j=1
cjϕj

)
=

= (x, x)
∑
i,j

cicj(ϕi, ϕj) ≤ 1
2(x, x)

∑
i,j

(
c2
i + c2

j

)
|(ϕi, ϕj)| ≤

≤ (x, x)
(

n∑
i=1

c2
i

) (
max
1≤i≤n

n∑
j=1

|(ϕi, ϕj)|
)

.
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1996.5.1. �ãáâì A−1 = (bik). �®£¤ 
n∑

k=1

bikakj = 0 ¯à¨ i 6= j,

  â ª ª ª akj > 0, â® áà¥¤¨ í«¥¬¥­â®¢ i-© áâà®ª¨ ¬ âà¨æë A−1

¥áâì ¯® ªà ©­¥© ¬¥à¥ ¤¢  ­¥­ã«¥¢ëå. �«¥¤®¢ â¥«ì­®, ¢á¥£®
­¥­ã«¥¢ëå í«¥¬¥­â®¢ ­¥ ¬¥­¥¥, ç¥¬ 2n ¨ ®âáî¤  zn ≤ n2 − 2n.

1996.5.2. �§ ãá«®¢¨ï á«¥¤ã¥â, çâ® ª®íää¨æ¨¥­âë qi(x)
å à ªâ¥à¨áâ¨ç¥áª®£® ¬­®£®ç«¥­ 

P (λ) = det (λE −A(x)) = λn + q1(x)λn−1 + · · ·+ qn(x)

®£à ­¨ç¥­ë ­  ¨­â¥à¢ «¥ (0, 1). �§ â¥®à¥¬ë � ¬¨«ìâ®­ |
�í«¨ á«¥¤ã¥â, çâ®

P (A(x)) =
Cn

xn
+

D1(x)
xn−1

+ · · ·+ Dn(x) = 0,

¯à¨ç¥¬ í«¥¬¥­âë ¢á¥å ¬ âà¨æ Di(x) ®£à ­¨ç¥­ë ­  ¨­â¥à¢ «¥
(0, 1). �®íâ®¬ã

Cn = lim
x→+0

(−xD1(x)− · · · − xnDn(x)) = 0.

1996.6. �®ª ¦¥¬ ãâ¢¥à¦¤¥­¨¥ ¨­¤ãªæ¨¥© ¯® a + b.
�á­®¢ ­¨¥ ¯à¨ a + b = 0 ®ç¥¢¨¤­®.

�à¥¤¯®«®¦¨¬, çâ® ¯à¨ a+b ≤ N ãâ¢¥à¦¤¥­¨¥ á¯à ¢¥¤«¨¢®.
�ãáâì a + b = N + 1 ¨ ¤«ï ®¯à¥¤¥«¥­­®áâ¨ a ≥ b.
�á«¨ c ≤ b, â® ¢¥ªâ®àë x = (1, . . . , 1︸ ︷︷ ︸

c

, 1, . . . , 1︸ ︷︷ ︸
a−c

, 0, . . . , 0︸ ︷︷ ︸
b−c

) ¨

y = (1, . . . , 1︸ ︷︷ ︸
c

, 0, . . . , 0︸ ︷︷ ︸
a−c

, 1, . . . , 1︸ ︷︷ ︸
b−c

) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ § ¤ ç¨.

�ãáâì â¥¯¥àì a ≥ c > b (á«ãç © c > a ­¥¢®§¬®¦¥­).
�¨á«  a0 = a + b − 2c, b0 = b, c0 = c − b ï¢«ïîâáï
­¥®âà¨æ â¥«ì­ë¬¨, â.ª. a + b − 2c ≥ 2

√
ab − 2c ≥ 0, ¨
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a0b0 ≥ c2
0. �à¨ íâ®¬ a0 + b0 < a + b = N + 1, â.¥. a0 + b0 ≤ N .

� á¨«ã ¯à¥¤¯®«®¦¥­¨ï ¨­¤ãªæ¨¨ à¥è¥­¨¥ {x, y} áãé¥áâ¢ã¥â
¤«ï âà®©ª¨ (a + b − 2c, b, c − b). �® â®£¤  {x + y, y} ï¢«ï¥âáï
à¥è¥­¨¥¬ ¤«ï (a, b, c).

��������� | 1997

1997.1.1. � áá¬®âà¨¬ äã­ªæ¨î

f(x) =
a1

x
+

a2

x2
+ · · ·+ an

xn
.

�  ¯®«ã®á¨ (0, +∞) äã­ªæ¨ï f(x) áâà®£® ã¡ë¢ ¥â ®â
+∞ ¤® ­ã«ï. �«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥
¯®«®¦¨â¥«ì­®¥ x0 â ª®¥, çâ® f(x0) = 1, â.¥.

a1

x0
+

a2

x2
0

+ · · ·+ an

xn
0

= 1.

1997.1.2. �§ ¤®ª § â¥«ìáâ¢  ¨­â¥£à «ì­®£® ¯à¨§­ ª 
áå®¤¨¬®áâ¨ àï¤®¢ á«¥¤ã¥â, çâ®

0 ≤
∞∑

n=1

nx

(n2 + x)2
−

+∞∫

1

tx

(t2 + x)2
dt ≤ x

(1 + x2)
.

�®íâ®¬ã

lim
x→+∞

∞∑

n=1

nx

(n2 + x)2
= lim

x→+∞

+∞∫

1

tx

(t2 + x)2
dt = lim

x→+∞
x

2

+∞∫

1+x

du

u2
=

1
2
.

1997.2. �®çª¨ ¯¥à¥á¥ç¥­¨ï á¥ªãé¥© ¯«®áª®áâ¨ á
ª®®à¤¨­ â­ë¬¨ ®áï¬¨ ®¡à §ãîâ ¯à ¢¨«ì­ë© â¥âà í¤à á
à¥¡à®¬ 2

√
2. �«®áª®áâ¨ xk = 1 ®âá¥ª îâ ®â ­¥£® ç¥âëà¥

¯à ¢¨«ì­ëå â¥âà í¤à  á à¥¡à®¬
√

2. � ª ª ª ®¡ê¥¬
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¯à ¢¨«ì­®£® â¥âà í¤à  á à¥¡à®¬ a à ¢¥­
√

2
12 a3, â® ®¡ê¥¬

á¥ç¥­¨ï à ¢¥­
√

2
12

(
2
√

2
)2
−
√

2
12

(√
2
)2

=
4
3
.

1997.3.1. � áá¬®âà¨¬ äã­ªæ¨î f(x) = x(1 − x2)n. � 
®âà¥§ª¥ [0, 1]

fmax = f

(
1√

1 + 2n

)
=

1√
1 + 2n

(
1− 1

2n + 1

)2

.

�à¨ n →∞ fmax → 0, ¯®íâ®¬ã ¢ ª ç¥áâ¢¥ ¨áª®¬®£® ¬­®£®ç«¥­ 
¬®¦­® ¢§ïâì P (x) = x−x(1−x2)n ¯à¨ ¤®áâ â®ç­® ¡®«ìè®¬ n.

� ¬¥ç ­¨¥. �®£« á­® â¥®à¥¬¥ �î­æ , á¨áâ¥¬  áâ¥¯¥­¥©
{1, xpk}∞k=1, {pk}∞k=1 ⊂ N, ¯®«­ ï ¢ C([0, 1]) â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤ 

∑
k≥1

1
pk

= +∞.

1997.3.2. �¥â. �ãáâì {sn}∞n=1 | ¬­®¦¥áâ¢® ¢á¥å â®ç¥ª
ª¢ ¤à â  [0, 1]2, ã ª®â®àëå ®¡¥ ª®®à¤¨­ âë à æ¨®­ «ì­ë. �«ï
¤ ­­®£® ε > 0 ¬®¦­® ®ªàã¦¨âì ª ¦¤ãî â®çªã sn â ª¨¬ ¬ «ë¬
ªàã£®¬ Bn(sn), çâ® áã¬¬  ¯«®é ¤¥© ªàã£®¢-á®á¥¤¥© Bn ¨ Bn+1

á ¯«®é ¤ìî á®¥¤¨­ïîé¥£® ¨å ª®à¨¤®à  (¬®¦­®, ­ ¯à¨¬¥à,
¯à®¢¥áâ¨ ¤¢¥ ¢­¥è­¨¥ ª á â¥«ì­ë¥) ¡ã¤¥â ¬¥­ìè¥, ç¥¬ ε/2n

¤«ï ¢á¥å n ∈ N. �ãáâì G | ®¡ê¥¤¨­¥­¨¥ ¢á¥å â ª¨å âàã¡®ç¥ª.
� ª ª ª ­¨¦­ïï ¬¥à  µ∗G ≤

∞∑
n=1

ε
2n = ε,   G ¢áî¤ã ¯«®â­® ¢

ª¢ ¤à â¥ [0, 1]2 (¨ â¥¬ á ¬ë¬ ¢¥àå­ïï ¬¥à  µ∗G = 1), â® G ­¥
¨§¬¥à¨¬® ¯® �®à¤ ­ã.

1997.4. � á â¥«ì­ë¥ ª ¯ à ¡®«¥ ¢ â®çª å
(

y2
i

2p , yi

)

(i = 1, 2, 3) § ¤ îâáï ãà ¢­¥­¨ï¬¨ yyi = px + y2
i
2 . � á â¥«ì­ë¥

¯¥à¥á¥ª îâáï ¢ â®çª å
(

yiyj

2p ,
yi+yj

2

)
. �«¥¤®¢ â¥«ì­®,

SABC =
1
2
|
∣∣∣∣∣∣

y2
1/2p y1 1

y2
2/2p y2 1

y3
1/2p y3 1

∣∣∣∣∣∣
|.
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� â® ¦¥ ¢à¥¬ï

SKLM =
1
2
|
∣∣∣∣∣∣

y1y2/2p (y1 + y2)/2 1
y2y3/2p (y2 + y3)/2 1
y3y1/2p (y3 + y1)/2 1

∣∣∣∣∣∣
|.

�âáî¤  ­ å®¤¨¬ SKLM = 1
2SABC .

1997.5. �®áâ â®ç­® ¯à®¢¥à¨âì, çâ® á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

f

(
1
2

)
=

1∫

0

f(x) dx +

1/2∫

0

xf ′(x) dx +

1∫

1/2

(x− 1)f ′(x) dx,

  ¤«ï íâ®£® ¢®á¯®«ì§®¢ âìáï ¨­â¥£à¨à®¢ ­¨¥¬ ¯® ç áâï¬.
1997.6. �ãáâì C = AEijA

−1, £¤¥ Eij | ¬ âà¨æ , ¢
ª®â®à®© ­  ¯¥à¥á¥ç¥­¨¨ i-© áâà®ª¨ ¨ j-£® áâ®«¡æ  áâ®¨â 1,  
¢á¥ ®áâ «ì­ë¥ í«¥¬¥­âë à ¢­ë ­ã«î. �®£¤ 

ckl(x) = aki(x)Alj(x), (∗)
£¤¥ Alj |  «£¥¡à ¨ç¥áª®¥ ¤®¯®«­¥­¨¥ í«¥¬¥­â  alj ¢ det A.
� ¬¥â¨¬, çâ® ¢ëà ¦¥­¨¥ (Alj(x))2n+1 · det A(x) ï¢«ï¥âáï
áã¬¬®© ¯à®¨§¢¥¤¥­¨© ¢¨¤  (∗), ¯®íâ®¬ã ®­® ¨¬¥¥â ¯à¥¤¥« ¯à¨
x → +0. �® det A(x) = 1, á«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â ¯à¥¤¥«
lim

x→+0
Alj(x) (∀l, j).

��������� | 1998

1998.1. �®§ì¬¥¬ a = 1 ¨ ®¡®§­ ç¨¬ ç¥à¥§ b ­ ¨¬¥­ìè¥¥
¨§ ç¨á¥« n ∈ N â ª¨å, çâ® f(n) > f(1). �ãáâì
c = f−1(2f(b)− f(1)). � ª ª ª 2f(b) − f(1) > f(b) > f(1), â®
c > b.

1998.2. �ãáâì z1, z2, z3 | ª®à­¨ ãà ¢­¥­¨ï z3 + az2 + bz +
+c = 0. �®£¤ 

b = z1z2 + z2z3 + z3z1 = z1z2z3

(
1
z1

+
1
z2

+
1
z3

)
= −ca.
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� ª ª ª |c| = |z1z2z3| = 1, â® |a| = |b|, ¨ ¢â®à®¥
ãà ¢­¥­¨¥ ¯à¨­¨¬ ¥â ¢¨¤ z3 + |a|z2 + |a|z + 1 = 0. �¤¨­
¨§ ª®à­¥© íâ®£® ãà ¢­¥­¨ï à ¢¥­ −1,   ¤¢  ¤àã£¨å ï¢«ïîâáï
ª®¬¯«¥ªá­® á®¯àï¦¥­­ë¬¨ ç¨á« ¬¨, ¯à®¨§¢¥¤¥­¨¥ ª®â®àëå
à ¢­® 1. �«¥¤®¢ â¥«ì­®, ®­¨ â ª¦¥ «¥¦ â ­  ®ªàã¦­®áâ¨
|z| = 1.

1998.3.1. �ãáâì f | ¯®¢®à®â ¯«®áª®áâ¨ ¢®ªàã£ â®çª¨
O ­  ã£®« π

√
2. �ãáâì A0 6= O | ¯à®¨§¢®«ì­ ï â®çª ,

An = f(An−1) ¯à¨ n ∈ N. �®£¤  An 6= Am ¯à¨ n 6= m, â.ª.
ç¨á«® n

√
2−m

√
2 ­¥ ï¢«ï¥âáï æ¥«ë¬. �ãáâì S = {A0, A1, . . . },

â®£¤  f(S) = {A1, A2, . . . } ⊂ S, ­® f(S) 6= S.
1998.3.2. �á«¨ ¬ âà¨æ  ­¥ ï¢«ï¥âáï á¨¬¬¥âà¨ç­®©, â®

¡¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¤®áâ â®ç­® à áá¬®âà¥âì á«ãç ©
¦®à¤ ­®¢®© ª«¥âª¨ á λ 6= 0:

A =
(

λ 1
0 λ

)
.

�®£¤  ¢ ª ç¥áâ¢¥ S ¬®¦­® ¢ë¡à âì

S =
(

1 0
0 ε

)
.

1998.4. (i) �ã¤¥¬ ¨áª âì ¯®«¨­®¬ ç¥â¢¥àâ®© áâ¥¯¥­¨:
P (x) = ax4 + bx3 + cx2 + dx + e. �ëç¨á«¨¢ ¨­â¥£à « ¨
¯à¨à ¢­ï¢ ª®íää¨æ¨¥­âë ¯à¨ áâ¥¯¥­ïå n ¢ «¥¢®© ¨ ¯à ¢®©
ç áâïå, ¯®«ãç¨¬ «¨­¥©­ãî á¨áâ¥¬ã ®â­®á¨â¥«ì­® ¯¥à¥¬¥­­ëå
a, b, c, d, e á âà¥ã£®«ì­®© ¬ âà¨æ¥©:




1 0 0 0 0
∣∣ 1

−2 1 0 0 0
∣∣ 0

2 −3
2 1 0 0

∣∣ 0
−1 1 −1 1 0

∣∣ 0
1
5 −1

4
1
3 −1

2 1
∣∣ 0



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�âáî¤  ­ å®¤¨¬ P (x) = x4 + 2x3 + x2 − 1
30 .

(ii)

n∑

k=1

k4 =

n∫

0

P (x) dx =
n

30
(
6n4 + 15n3 + 10n2 − 1

)
.

1998.5. �á­®, çâ® xn ¬®­®â®­­® ã¡ë¢ ¥â ¨ áâà¥¬¨âáï ª
­ã«î.

1
xn+1

=
1

ln(1 + xn)
=

1
xn

(
1− xn

2 + o(xn)
) =

1
xn

+
1
2

+ o(1),

¨«¨ 1
xn+1

= 1
xn

+ 1
2 +yn, £¤¥ yn → 0 ¯à¨ n →∞. �âáî¤  á«¥¤ã¥â,

çâ® 1
xn+1

= 1
x1

+ n
2 + y1 + · · · + yn, 1

nxn+1
= 1

nx1
+ 1

2 + y1+···+yn

n .
� ª ª ª yn → 0, â® ¨ y1+···+yn

n → 0, ¯®íâ®¬ã 1
nxn

→ 1
2 .

1998.6. �ãáâì ai = (ai1, ai2, . . . , ain). �à¥¤¯®«®¦¨¬, çâ®
¢¥ªâ®àë a1, . . . , an «¨­¥©­® § ¢¨á¨¬ë. �®£¤  ¢ ¬ âà¨æ¥ (aij)
«¨­¥©­® § ¢¨á¨¬ë ­¥ â®«ìª® áâà®ª¨, ­® ¨ áâ®«¡æë. �®íâ®¬ã
áãé¥áâ¢ãîâ ç¨á«  α1, . . . , αn (¬®¦­® áç¨â âì, çâ®

n∑
j=1

α2
j = 1)

â ª¨¥, çâ®
n∑

j=1
αjaij = 0 ¯à¨ 1 ≤ i ≤ n. �®íâ®¬ã α2

i a
2
ii =

=


−

∑

j 6=i

αjaij




2

≤

∑

j 6=i

α2
j





∑

j 6=i

a2
ij


 =

(
1− α2

i

) (
1− a2

ii

)
,

â.¥. a2
ii + α2

i ≤ 1. �«¥¤®¢ â¥«ì­®, (a1, e1) + · · ·+ (an, en) =

=
n∑

i=1

aii ≤
n∑

i=1

√
1− α2

i ≤
√√√√

n∑

i=1

1 ·
√√√√

n∑

i=1

(
1− α2

i

)
=

√
n(n− 1).
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��������� | 1999

1999.1. �ãáâì f : S → R ­¥¯à¥àë¢­® ­  ¥¤¨­¨ç­®©
®ªàã¦­®áâ¨ ª®¬¯«¥ªá­®© ¯«®áª®áâ¨. � áá¬®âà¨¬ ­  ®âà¥§ª¥
[0, 1] ­¥¯à¥àë¢­ãî äã­ªæ¨î ϕ(t) = f

(
eπi(t+1)

)−f
(
eπit

)
. �®£¤ 

ϕ(0) = f(−1)− f(1), ϕ(1) = f(1)− f(−1) = −ϕ(0) ¨ ¯® â¥®à¥¬¥
�®è¨ ­ ©¤¥âáï â ª ï â®çª  t0 ∈ [0, 1], çâ® ϕ(t0) = 0, â.¥.
f

(
eπit0

)
= f

(−eπit0
)
.

1999.2.1. �ãáâì f0(x) = 2
π (sinx + cosx). �®-

¯¥à¢ëå, f0 ∈ M , ¢®-¢â®àëå, ¤«ï «î¡®© äã­ªæ¨¨ f ∈ M
π∫
0

(f(x)− f0(x))2 dx ≥ 0 ¨ ¯®íâ®¬ã

π∫

0

f2(x) dx ≥ 2

π∫

0

f(x)f0(x) dx−
π∫

0

f2
0 (x) dx =

8
π
− 4

π
=

4
π

=

=
π∫
0

f2
0 (x) dx. �â ª, ¬¨­¨¬ã¬ ¤®áâ¨£ ¥âáï ¯à¨ f = f0.

1999.2.2. �¬¥¥¬ y(x) = ex2/2
(∫ x

x0
e−t2/2f(t) dt + C

)
. �á«¨

y(x) → 0 ¯à¨ x →∞, â®
+∞∫

x0

e−t2/2f(t) dt = −C = −
x0∫

−∞
e−t2/2f(t) dt,

®âªã¤  ¯®«ãç ¥¬ ­¥®¡å®¤¨¬®¥ ãá«®¢¨¥
+∞∫

−∞
e−

t2

2 f(t) dt = 0.

�®ª ¦¥¬, çâ® ¯à¨ ¢ë¯®«­¥­¨¨ íâ®£® ãá«®¢¨ï à¥è¥­¨¥ y(x) =
= ex2/2

∫ x
−∞ e−t2/2f(t) dt = −ex2/2

∫ +∞
x e−t2/2f(t) dt áâà¥¬¨âáï ª

­ã«î ¯à¨ x →∞. �à¨ x → −∞ ¨¬¥¥¬ ¯® ¯à ¢¨«ã �®¯¨â «ï

|y(x)| ≤
∫ x
−∞ e−t2/2|f(t)| dt

e−x2/2
∼ e−x2/2|f(x)|

−xe−x2/2
= −|f(x)|

x
→ 0.
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�à¨ x → +∞ ¨á¯®«ì§ã¥¬ ¯à¥¤áâ ¢«¥­¨¥

y(x) = −e−x2/2

+∞∫

x

e−t2/2f(t) dt

¨ ¤¥©áâ¢ã¥¬  ­ «®£¨ç­®.
1999.3. �®«®¦¨¬ an+1 = 1− a1 − · · · − an. �®£¤  an+1 > 0,

¨ ­¥à ¢¥­áâ¢®, ª®â®à®¥ ­ ¤® ¤®ª § âì, ¯à¨¬¥â á«¥¤ãîé¨© ¢¨¤:

(1− a1)(1− a2) . . . (1− an)(1− an+1)
a1a2 . . . an(an+1)

≥ nn+1.

�à¨¬¥­ïï ­¥à ¢¥­áâ¢® ¤«ï áà¥¤­¨å, ¯®«ãç¨¬ ¤«ï ª ¦¤®£®
i = 1, 2, . . . , n + 1: 1− ai = a1 + · · ·+ ai−1 + ai+1 + · · ·+ an+1 ≥
≥ n n

√
a1 . . . ai−1ai+1 . . . an+1. �¥à¥¬­®¦¨¢ íâ¨ ­¥à ¢¥­áâ¢ ,

¯®«ãç¨¬, çâ®

(1− a1)(1− a2) . . . (1− an+1) ≥ nn+1a1a2 . . . an+1.

1999.4. �à®¢¥¤¥¬ ç¥à¥§ ­ ç «® ª®®à¤¨­ â ¢ Rn ¯«®áª®áâì,
¯®à®¦¤¥­­ãî ¢¥ªâ®à ¬¨ a ¨ b. �­  ¯¥à¥á¥ª ¥â ªã¡ ¯®
¬­®¦¥áâ¢ã {αa + βb | |αak + βbk| ≤ 1, k = 1, . . . , n}. �¥ªâ®àë
a ¨ b ¤®áâ â®ç­® ¢ë¡à âì â ª, çâ®¡ë ¢ë¯®«­ï«¨áì á«¥¤ãîé¨¥
á¢®©áâ¢ :
1) ‖a‖ = ‖b‖ ¨ (a, b) = 0;
2) ­  ¤¢ã¬¥à­®© ¯«®áª®áâ¨ á ª®®à¤¨­ â ¬¨ (α, β) ­¥à ¢¥­áâ¢ 
|αak + βbk| ≤ 1, k = 1, . . . , n, § ¤ îâ ¯à ¢¨«ì­ë© 2n-ã£®«ì­¨ª.

�¡  á¢®©áâ¢  ¢ë¯®«­ïîâáï, ­ ¯à¨¬¥à, ¯à¨ ak = sin kπ
n , bk =

= cos kπ
n : (a, b) = 1

2

n∑
k=1

sin 2kπ
n = 0,

‖a‖2 =
n

2
− 1

2

n∑

k=1

cos
2kπ

n
=

n

2
, ‖b‖2 =

n

2
+

1
2

n∑

k=1

cos
2kπ

n
=

n

2
.
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1999.5. � ¤ ç  á¢®¤¨âáï ª à¥è¥­¨î äã­ªæ¨®­ «ì­®£®
ãà ¢­¥­¨ï 2xf(x2) = f(x). �¤­® ¨§ ¥£® à¥è¥­¨© ¥áâì äã­ªæ¨ï
f(x) = A

x ln x . �®á«¥ ¯®¤áâ ­®¢ª¨ ¢ ¨­â¥£à « ­ å®¤¨¬ A = 1
ln 2 .

1999.6. �®¤®©¤¥â ¬ âà¨æ 

T (x) =




1 0 − 1
x

0 1 − 1
x2 + 1

x
0 0 1


 =




1 0 0
0 1 1

x
0 0 1


·




1 0 − 1
x

0 1 − 1
x2

0 0 1


 =

= T2T1. �®á«¥ ã¬­®¦¥­¨ï ­  T1 ã­¨çâ®¦ ¥âáï £« ¢­ ï
®á®¡¥­­®áâì ¢ ª ¦¤®© áâà®ª¥ ¨ â.¤. � âà¨æ  T (x) ­¥
¥¤¨­áâ¢¥­­ .

� ¬¥ç ­¨¥. � ªâ¨ç¥áª¨, íâ® á¯®á®¡ ¤®ª § â¥«ìáâ¢  «¥¬¬ë
�®¢ ¦  ¨§ ª­¨£¨ [17].

��������� | 2000

2000.1. �¥¢¥à­®. �ãáâì An = {1, 3, . . . , 2n − 3, 2n − 1, 2n},
Bn = {2, 4, . . . , 2n − 2, 2n, 2n + 1}, F = {A1, B1, A2, B2, . . . }.
�®£¤ 

Ak ∩Bm =
{ {2k}, ¥á«¨ m ≥ k,
{2m + 1}, ¥á«¨ m < k.

2000.2. � ¬¥â¨¬, çâ®

I =

1∫

0

f(x) dx =

π/2∫

0

f(sinϕ) cos ϕdϕ =

π/2∫

0

f(cosϕ) sinϕdϕ.

�âáî¤  á«¥¤ã¥â, çâ®

2I =

π/2∫

0

(f(sinϕ) cosϕ + f(cosϕ) sinϕ) dϕ ≤
π/2∫

0

dϕ =
π

2
.

2000.3. �¥ áãé¥áâ¢ã¥â ¯® ªà¨â¥à¨î �®è¨. �®ª ¦¥¬,
çâ®

∑3N
n=N+1

π(n)
n2 > 1

9 ¯à¨ «î¡®¬ N ≥ 1. �à¥¤¨ 2N ç¨á¥«
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π(N + 1),. . . ,π(3N), ¯® ªà ©­¥© ¬¥à¥, N ç¨á¥« ¡®«ìè¥, ç¥¬ N .
�«¥¤®¢ â¥«ì­®,

3N∑

n=N+1

π(n)
n2

>
1

(3N)2

3N∑

n=N+1

π(n) >
1

9N2
·N ·N.

2000.4. �ãáâì I | ¥¤¨­¨ç­ ï ¬ âà¨æ  ¯®àï¤ª  n. �®£¤ ,
¯à¨¬¥­ïï ¯à ¢¨«  ã¬­®¦¥­¨ï ¡«®ç­ëå ¬ âà¨æ, ¯®«ãç ¥¬
det M · det H =

= det
(

A B
C D

)
·det

(
I F
0 H

)
= det

(
A B
C D

)
·
(

I F
0 H

)
=

= det
(

A 0
C I

)
= det A.

2000.5. �ãáâì {e1, e2, . . . , e10} | â ª®© ¡ §¨á ¢ L, çâ®
{e1, e2, e3} | ¡ §¨á ¢ L1,   {e1, . . . , e6} | ¢ L2. � íâ®¬ ¡ §¨á¥
¬ âà¨æ  ¯à¥®¡à §®¢ ­¨ï ¨§ E ¨¬¥¥â ¢¨¤




∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
0 0 0 ∗ ∗ ∗ ∗ ∗ ∗ ∗
0 0 0 ∗ ∗ ∗ ∗ ∗ ∗ ∗
0 0 0 ∗ ∗ ∗ ∗ ∗ ∗ ∗
0 0 0 0 0 0 ∗ ∗ ∗ ∗
0 0 0 0 0 0 ∗ ∗ ∗ ∗
0 0 0 0 0 0 ∗ ∗ ∗ ∗
0 0 0 0 0 0 ∗ ∗ ∗ ∗




.

�«¥¤®¢ â¥«ì­®, dimE = 3 · 3 + 3 · 6 + 4 · 10 = 67.
2000.6. �®áâ â®ç­® ¤®ª § âì ­¥à ¢¥­áâ¢® ¯à¨ n > 1 ¨ ¯à¨

x 6= xi, £¤¥ x1, . . . , xn | ª®à­¨ ¬­®£®ç«¥­  P (x). �¬¥¥¬

P ′(x)
P (x)

=
n∑

i=1

1
x− xi

,
P ′′(x)
P (x)

=
∑

1≤i<j≤n

2
(x− xi)(x− xj)

.
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�«¥¤®¢ â¥«ì­®, (n− 1)
(

P ′(x)
P (x)

)2
− nP ′′(x)

P (x) =

= (n− 1)
(

n∑
i=1

1
x−xi

)2

− n
∑

1≤i<j≤n

2
(x−xi)(x−xj)

=
n∑

i=1

n−1
(x−xi)2

−

− ∑
1≤i<j≤n

2
(x−xi)(x−xj)

=
∑

1≤i<j≤n

(
1

x−xi
− 1

x−xj

)2
≥ 0.

��������� | 2001

2001.1. �á«¨ 0 = f(0), â® § ¤ ç  à¥è¥­ . �á«¨ 0 < f(0), â®
¬­®¦¥áâ¢® A = {x ∈ [0, 1] | f(x) > x} ­¥¯ãáâ®. �ãáâì a = supA,
b = f(a). �®ª ¦¥¬, çâ® a = b.

�à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥: a < b ¨«¨ a > b.
1) �á«¨ a < b, â® b = f(a) ≤ f

(
a+b
2

) ≤ a+b
2 < b.

2) �á«¨ a > b = f(a), â® a /∈ A. �® ®¯à¥¤¥«¥­¨î supA ∀c < a
∃xc ∈ A: a ≥ xc > c. �§ï¢ c = b, ¯®«ãç ¥¬ b = f(a) ≥ f(xb) >
> xb > b. �â ª, ¢ ®¡®¨å á«ãç ïå ¯®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥,
§­ ç¨â a = b.

� ¬¥ç ­¨¥. � ¤ ç  ¯à¨¬¥ç â¥«ì­  â¥¬, çâ® ¢ íâ®¬
¯à®áâ¥©è¥¬ à¥§ã«ìâ â¥ ® ­¥¯®¤¢¨¦­®© â®çª¥ ®âáãâáâ¢ã¥â
âà¥¡®¢ ­¨¥ ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ f . �®«¥¥ ¯®¤à®¡­® ®¡
íâ®¬ ¢®¯à®á¥ ¬®¦­® ¯®á¬®âà¥âì [20, £« ¢  5, §1, §2].

2001.2. �¬¥¥¬ ®æ¥­ªã
(

n∑

i=1

xi√
i

)2

=

(
n∑

i=1

xi√
i

)


n∑

j=1

xj√
j


 ≥

n∑

i=1

xi√
i




i∑

j=1

xj√
j


 ≥

≥
n∑

i=1

xi√
i
· i · xi√

i
=

n∑

i=1

x2
i .

2001.3. �®§ì¬¥¬ ¯à®¨§¢®«ì­ë© ¨­â¥à¢ « (x0 − δ, x0 + δ),
δ > 0. � ª ª ª f ­¥ ï¢«ï¥âáï ¬®­®â®­­® ¢®§à áâ îé¥© ­ 
[x0− δ, x0], â® ­ ©¤ãâáï â®çª¨ p, q ∈ [x0− δ, x0] â ª¨¥, çâ® p < q
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¨ f(p) > f(q). �­ «®£¨ç­®, ­ ©¤ãâáï â®çª¨ r, s ∈ [x0, x0 + δ]:
r < s, f(r) < f(s) (â.ª. f ­¥ ï¢«ï¥âáï ¬®­®â®­­® ã¡ë¢ îé¥© ­ 
[x0, x0+δ]). �® â¥®à¥¬¥ �¥©¥àèâà áá  ­  ®âà¥§ª¥ [p, s] äã­ªæ¨ï
f ¤®áâ¨£ ¥â á¢®¥© ­¨¦­¥© £à ­¨, ¨ íâ®© â®çª®© £«®¡ «ì­®£®
¬¨­¨¬ã¬  ­¥ ¬®£ãâ ¡ëâì â®çª¨ p, s. �«¥¤®¢ â¥«ì­®, ­ 
¨­â¥à¢ «¥ (p, s) ⊂ (x0 − δ, x0 + δ) ¨¬¥¥âáï â®çª  ¬¨­¨¬ã¬  f .

� ¬¥ç ­¨¥. �â¬¥â¨¬, çâ® «î¡ ï äã­ªæ¨ï ¨§ C(R)
­¥ ¤¨ää¥à¥­æ¨àã¥¬ ï ­¨ ¢ ®¤­®© â®çª¥ ¨§ R (äã­ªæ¨ï
�¥©¥àèâà áá ) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î § ¤ ç¨.

2001.4. � ¬¥â¨¬, çâ® ¥á«¨ ∃x ∈ R+: f(x) > 1, â® ¯à¨
y = x

f(x)−1 ¨§ äã­ªæ¨®­ «ì­®£® ãà ¢­¥­¨ï á«¥¤ã¥â, çâ® f(x) =
1 | ¯à®â¨¢®à¥ç¨¥.

�«¥¤®¢ â¥«ì­®, f(x) ≤ 1 ¤«ï ¢á¥å x ∈ R+. �âáî¤ 
¢ëâ¥ª ¥â, çâ® ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

∀x, y ∈ R+
f(x + y)

f(x)
= f(yf(x)) ≤ 1,

â.¥. äã­ªæ¨ï f ¬®­®â®­­® ã¡ë¢ ¥â.
�á«¨ ∃x ∈ R+: f(x) = 1, â® f(y) = f(x+y) ¤«ï ¢á¥å y > 0, ¨

¢ á¨«ã ãáâ ­®¢«¥­­®© ¬®­®â®­­®áâ¨ ®âáî¤  á«¥¤ã¥â, çâ® f = 1
â®¦¤¥áâ¢¥­­®. �â® âà¨¢¨ «ì­®¥ à¥è¥­¨¥.

�á«¨ f(x) < 1 ¤«ï ¢á¥å x ∈ R+, â® f áâà®£® ã¡ë¢ îé ï
äã­ªæ¨ï. � íâ®¬ á«ãç ¥ ¨¬¥¥¬

f(x)f(yf(x)) = f(x + y) = f(yf(x) + x + y(1− f(x))) =

= f(yf(x))f((x + y(1 − f(x)))f(yf(x))). � á¨«ã
áâà®£®© ¬®­®â®­­®áâ¨ f ®âáî¤  á«¥¤ã¥â, çâ®
x = (x + y(1− f(x)))f(yf(x)). � ç áâ­®áâ¨, ¯®« £ ï x = 1,
z = yf(1), ¯®«ãç¨¬ f(z) = 1

1+az , £¤¥ a = 1−f(1)
f(1) > 0.

�â¬¥â¨¬, çâ® ¯à¨ a = 0 ¯®«ãç ¥¬ âà¨¢¨ «ì­®¥ à¥è¥­¨¥.
�à®¢¥àª  ¯®ª §ë¢ ¥â, çâ® f(x) = 1

1+ax , a ≥ 0, ã¤®¢«¥â¢®àï¥â
äã­ªæ¨®­ «ì­®¬ã ãà ¢­¥­¨î.
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2001.5. �®áâ â®ç­® ¯à®¢¥à¨âì, çâ®

∂

∂x
G(x, y) =

∂

∂y
G(x, y) = P (n)(x)Q(1)(y) + · · ·+ P (1)(x)Q(n)(y).

2001.6. �ç¥¢¨¤­®, ª¢ ¤à â ¬®¦­® à §à¥§ âì ­  k2

ª¢ ¤à â®¢ ¬¥­ìè¥£® à §¬¥à , k ≥ 2.
�â® ç¨á«® ¬®¦­® ã¢¥«¨ç¨âì ¤® k2 + p(m2 − 1) + q(n2 − 1),

£¤¥ m, n, p, q | «î¡ë¥ ­ âãà «ì­ë¥.
�á«¨ ­ âãà «ì­ë¥ ç¨á«  a, b | ¢§ ¨¬­® ¯à®áâë¥, â® «î¡®¥

æ¥«®¥ ç¨á«® c ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ c = ax + by (x, y ∈ Z).
�à¨ íâ®¬, ¥á«¨ ­ âãà «ì­®¥ c ¤®áâ â®ç­® ¢¥«¨ª®, â® ­ ©¤ãâáï
­¥®âà¨æ â¥«ì­ë¥ à¥è¥­¨ï. �¥©áâ¢¨â¥«ì­®, {0, a, . . . , (b − 1)a}
| ¯®«­ ï á¨áâ¥¬  ¢ëç¥â®¢ ¯® ¬®¤ã«î b. �«¥¤®¢ â¥«ì­®, ax ≡
≡ c (mod b) ¯à¨ ­¥ª®â®à®¬ x ∈ {0, 1, . . . , b−1}. �á«¨ c ≥ (b−1)a,
â® ç¨á«® y = c−ax

b ï¢«ï¥âáï ­¥®âà¨æ â¥«ì­ë¬.
�§ï¢ m = 2, n = 3, ¯®«ãç ¥¬ ¯ àã ¢§ ¨¬­® ¯à®áâëå ç¨á¥«

a = m2 − 1 = 3 ¨ b = n2 − 1 = 8. �ãé¥áâ¢®¢ ­¨¥ à §¡¨¥­¨ï
¢¨¤  N = k2 + 3p + 8q ¤«ï ¤®áâ â®ç­® ¡®«ìè®£® N á«¥¤ã¥â ¨§
¯à¨¢¥¤¥­­®£® ¢ëè¥ à ááã¦¤¥­¨ï.

��������� | 2002

2002.1. �ãáâì ∆j | ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë, ¯®«ãç¥­­®©
¨§ ¥¤¨­¨ç­®© § ¬¥­®© j-£® áâ®«¡æ  ­  (x1yj , . . . , xnyj)T . � á¨«ã
«¨­¥©­®áâ¨ ¤¥â¥à¬¨­ ­â  ¯® áâ®«¡æã ¨¬¥¥¬

det A = det E +
n∑

i=1

∆i = 1 +
n∑

i=1

xiyi.

2002.2. �ãáâì

Ik =

1∫

0

ln(1− xk)
x

dx =
1
k

1∫

0

ln(1− y)
y

dy.
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�®£¤ 

I =

1∫

0

ln(1 + x)
x

dx = I2−I1 = −1
2
I1,   I3 =

1
3
I1 = −2

3
I = −π2

18
.

2002.3. �á­®, çâ® 0 < xn < 1 ¯à¨ ¢á¥å n. �à¨ áà ¢­¥­¨¨
¬ «ëå ¢¥«¨ç¨­ ¯®«¥§­® ¡ë¢ ¥â § ¬¥­ïâì ¨å ®¡à â­ë¬¨,
¯®íâ®¬ã

∆n+1 =
1

xn+1
− 1

xn
=

xn − xn+1

xnxn+1
=

x2
n/2002

xnxn+1
=

xn

2002xn+1
=

= 1
2002−xn

∈ (
1

2002 , 1
2001

)
. �âáî¤ 

1
x2002

= ∆2002 + · · ·+ ∆1 +
1
x0
∈

(
1 +

2002
2002

, 1 +
2002
2001

)
.

�«¥¤®¢ â¥«ì­®, 2001
4003 < x2002 < 1

2 .
2002.4. �á«®¢¨¥ ­¥®¡å®¤¨¬®: ¤®áâ â®ç­® ¯®¤áâ ¢¨âì

¬­®£®ç«¥­ P (x) = x2.
�®áâ â®ç­®áâì ãá«®¢¨ï ¤®ª §ë¢ ¥âáï ¯® ¨­¤ãªæ¨¨:

(A + B)n+1 = (A + B)n(A + B) =
(
An + nAn−1B

)
(A + B) =

= An+1 + nAn−1
(
BA + B2

)
+ AnB =

= An+1 + nAn−1AB + AnB = An+1 + (n + 1)AnB.

2002.5. �¥ ¬®¦¥â. �á«¨ ¤®¯ãáâ¨âì, çâ®
∞∑

n=0

εn
n! = p

q , p ∈ Z,

q ∈ N, â® q!
(

p
q −

∞∑
n=0

εn
n!

)
= k −

∞∑
n=q+1

εn
n! , £¤¥ k ∈ Z. �®ª ¦¥¬,

çâ® 0 <

∣∣∣∣∣
∞∑

n=q+1

q!εn

n!

∣∣∣∣∣ < 1. �¥©áâ¢¨â¥«ì­®,

∣∣∣∣∣∣

∞∑

n=q+1

q!εn

n!

∣∣∣∣∣∣
≤ 1

q + 1
+

1
(q + 1)(q + 2)

+· · · < 1
q + 1

+
1

(q + 1)2
+· · · =
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= 1
q ≤ 1; ¨ ®âáî¤  ¦¥ á«¥¤ã¥â, çâ®

∣∣∣∣∣∣

∞∑

n=q+2

q!εn

n!

∣∣∣∣∣∣
<

1
q(q + 1)

≤ 1
q + 1

=
∣∣∣∣

εq+1q!
(q + 1)!

∣∣∣∣ .

2002.6. �®§ì¬¥¬ ¯à®¨§¢®«ì­ãî â®çªã x ∈ Rn. � á¨«ã
­¥¯à¥àë¢­®áâ¨ ­®à¬ë ¨ ª®¬¯ ªâ­®áâ¨ ¬­®¦¥áâ¢  A ­ ©¤¥âáï
a ∈ A: ‖x− a‖ = sup

y∈A
‖x− y‖. �ãáâì l = {x + λ(x− a) | λ > 0}.

�¡®§­ ç¨¬ Br(x) = {y ∈ Rn | ‖y − x‖ ≤ r}. �®£¤  ¤«ï «î¡®£®
z ∈ l ¨¬¥¥¬

A ⊂ B‖x−a‖(x) ⊂ B‖z−a‖(z),

¯à¨ç¥¬ ¯¥à¥á¥ç¥­¨¥ £à ­¨æ ¤¢ãå ¯®á«¥¤­¨å è à®¢ ¥áâì
®¤­®â®ç¥ç­®¥ ¬­®¦¥áâ¢® {a}. �«¥¤®¢ â¥«ì­®, l ⊂ B. �® x ∈ l,
¯®íâ®¬ã x ∈ B.

� ¬¥ç ­¨¥. �â®â ¯®çâ¨ âà¨¢¨ «ì­ë© ¢ Rn à¥§ã«ìâ â
¤®ª § ­ �. �¤¥«áâ¥©­®¬ ¢ à ¢­®¬¥à­® ¢ë¯ãª«ëå ¡ ­ å®¢ëå
¯à®áâà ­áâ¢ å (­ ¯à¨¬¥à, ¢ lp, 1 < p < ∞) ¢
1968 £®¤ã ¨ ¯à¨¬¥­¥­ ¤«ï ®¡®¡é¥­¨ï â¥®à¥¬ë �à¥©­ |
�¨«ì¬ ­  ® ªà ©­¨å â®çª å. �­ «®£¨ç­ë© à¥§ã«ìâ â
¤«ï ¡«¨¦ ©è¨å â®ç¥ª § ¬ª­ãâëå ¬­®¦¥áâ¢ ¢ à ¢­®¬¥à­®
¢ë¯ãª«ëå ¯à®áâà ­áâ¢ å ¤®ª § « �.�. �â¥çª¨­ [16] ¢
1963 £®¤ã ¯à¨ ¨áá«¥¤®¢ ­¨¨ § ¤ ç £¥®¬¥âà¨ç¥áª®© â¥®à¨¨
¯à¨¡«¨¦¥­¨©.

��������� | 2003

2003.1. |ac + ad + bc − bd| ≤ |a| · |c + d| + |b| · |c − d| ≤
|c + d| + |c − d| ≤ 2

√
2. �­ ç¥­¨¥ 2

√
2 ¤®áâ¨£ ¥âáï, ­ ¯à¨¬¥à,

¯à¨ a = b = 1, c = 1+i√
2

, d = 1−i√
2

.
2003.2. � ª ª ª ex ≥ 1 + x ¤«ï ¢á¥å x ∈ R, â®
n∑

i,j=1

e(ai,aj) ≥
n∑

i,j=1

(1 + (ai, aj)) = n2 +

(
n∑

i=1

ai,
n∑

i=1

ai

)
≥ n2.
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2003.3. �¥®à¥¬  �¥ª àâ , ãâ¢¥à¦¤ îé ï, çâ® ¬­®£®ç«¥­
¢¨¤  Pn(x) = a1x

k1 + · · · + anxkn (k1 < k2 < · · · < kn)
¨¬¥¥â ­¥ ¡®«¥¥ n − 1 ¯®«®¦¨â¥«ì­ëå ª®à­¥©, ¤®ª §ë¢ ¥âáï
¨­¤ãªæ¨¥© ¯® n. �à¨ n = 2 P2(x) = xk1(a1 + a2x

k2−k1).
�®ª ¦¥¬, çâ® ¨§ á¯à ¢¥¤«¨¢®áâ¨ ãâ¢¥à¦¤¥­¨ï ¤«ï
áâ¥¯¥­¨ n á«¥¤ã¥â ¥£® á¯à ¢¥¤«¨¢®áâì ¤«ï n + 1.
�ãáâì Nf | ç¨á«® ¯®«®¦¨â¥«ì­ëå ­ã«¥© £« ¤ª®©
äã­ªæ¨¨ f(x). �®£¤  ¯® â¥®à¥¬¥ �®««ï Nf ′ ≥ Nf − 1.
�à®¤¨ää¥à¥­æ¨à®¢ ¢ ¬­®£®ç«¥­ Q(x) = Pn+1(x)/xk1 ,
¯®«ãç¨¬ ®æ¥­ªã NPn+1 = NQ ≤ NQ′ + 1 ≤ (n− 1) + 1 = n.

2003.4. � áá¬®âà¨¬ äã­ªæ¨î g(x) = f(x + a) − f(x).

�ãáâì T > 0 | ¯¥à¨®¤ äã­ªæ¨¨ f . �®£¤ 
T∫
0

g(x) dx = 0.

�«¥¤®¢ â¥«ì­®, «¨¡® g(x) = 0, «¨¡® g ¯à¨­¨¬ ¥â ­  [0, T ]
§­ ç¥­¨ï à §­ëå §­ ª®¢. �ãáâì ξ < η ¨ g(ξ) > 0,   g(η) < 0.
�®£¤  g(ξ+T ) > 0 ¨ ¯® â¥®à¥¬¥ �®è¨ ­  ª ¦¤®¬ ¨§ ¨­â¥à¢ «®¢
(ξ, η) ¨ (η, ξ + T ) ¨¬¥îâáï ­ã«¨ äã­ªæ¨¨ g.

2003.5. � ©¤¥¬ ¯àï¬ãî, ¯ à ««¥«ì­ãî âà¥âì¥© ¨
¯¥à¥á¥ª îéãî ¯¥à¢ãî ¨ ¢â®àãî. �âà¥§®ª, ®£à ­¨ç¥­­ë©
â®çª ¬¨ ¯¥à¥á¥ç¥­¨ï, ¡ã¤¥â à¥¡à®¬ ¯ à ««¥«¥¯¨¯¥¤ . �«ï
íâ®£® ­ã¦­® ­ ©â¨ â ª®¥ γ, çâ®¡ë ¤«ï ­¥ª®â®àëå α ¨ β
¢ë¯®«­ï«®áì à ¢¥­áâ¢® r1 + αa1 + γa3 = r2 + βa2. �¨á«  α,
β ¨ γ ®¯à¥¤¥«ïîâáï ®¤­®§­ ç­®, ¯®áª®«ìªã ¢¥ªâ®àë a1, a2, a3

­¥ª®¬¯« ­ à­ë. �¬­®¦¨¢ à ¢¥­áâ¢® ­  [a1, a2], ¯®«ãç¨¬ γ =
(a1, a2, r2 − r1)/(a1, a2, a3). � ª¨¬ ®¡à §®¬, ¢¥ªâ®à, § ¤ îé¨©
®¤­® ¨§ à¥¡¥à, ¨¬¥¥â ¢¨¤ a3 · (a1, a2, r2 − r1)/(a1, a2, a3).
�àã£¨¥ ¢¥ªâ®àë ­ å®¤ïâáï  ­ «®£¨ç­®. � ©¤ï á¬¥è ­­®¥
¯à®¨§¢¥¤¥­¨¥ íâ¨å ¢¥ªâ®à®¢, ¯®«ãç¨¬ ®â¢¥â

V =
∣∣∣∣
(a1, a2, r2 − r1)(a2, a3, r3 − r2)(a3, a1, r1 − r3)

(a1, a2, a3)2

∣∣∣∣ .

2003.6. �¡®§­ ç¨¬ ®¯à¥¤¥«¨â¥«ì ¢ «¥¢®© ç áâ¨ Wn. �â®
®¯à¥¤¥«¨â¥«ì � ­¤¥à¬®­¤  ¨ ®­ à ¢¥­ Wn =

∏
i>j

(xi − xj).
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�®áâ â®ç­® ¤®ª § âì, çâ® W
4

n(n−1)
n ≤ 2

n−1

n∑
i=1

x2
i . �«ï ®æ¥­ª¨

«¥¢®© ç áâ¨ ¢ ¯®á«¥¤­¥¬ ­¥à ¢¥­áâ¢¥ ¯à¨¬¥­¨¬ ­¥à ¢¥­áâ¢® ®
áà¥¤­¨å: 

∏

i>j

(xi − xj)




2
n(n−1)

≤

∑
i>j

(xi − xj)2

n(n−1)
2

.

�®
∑
i>j

(xi − xj)2 ≤ n
n∑

i=1
x2

i , â.ª. ¯®á«¥¤­¥¥ ­¥à ¢¥­áâ¢®

íª¢¨¢ «¥­â­® â®¬ã, çâ®
(

n∑
i=1

xi

)2

≥ 0.

��������� | 2004

2004.1. � ©¤ãâáï å®âï ¡ë ¤¢¥ áâà®ª¨, ¢á¥ í«¥¬¥­âë
ª®â®àëå | ­¥ç¥â­ë¥ ç¨á« . �ëç¨â ï ®¤­ã áâà®ªã ¨§ ¤àã£®©,
¯®«ãç¨¬ áâà®ªã, á®áâ®ïéãî ¨§ ç¥â­ëå ç¨á¥«.

2004.2. �¯à¥¤¥«¨¬ F (x) =
x∫
0

f(t) dt. �ã­ªæ¨ï F (x)

­¥¯à¥àë¢­ ï ¨ ¯¥à¨®¤¨ç¥áª ï. �ãáâì a | â®çª  £«®¡ «ì­®£®
¬¨­¨¬ã¬  F (x). �®£¤  ¤«ï «î¡®£® b ∈ R ¨¬¥¥¬

b∫

a

f(x) dx = F (b)− F (a) ≥ 0.

2004.3. �ãáâì a, b, c | áâ®à®­ë âà¥ã£®«ì­¨ª , â®£¤ 
(

a + b + c

3

)3

≥ abc = 4SR ≥ 2R,

â.ª. ¯«®é ¤ì âà¥ã£®«ì­¨ª  á æ¥«®ç¨á«¥­­ë¬¨ ¢¥àè¨­ ¬¨ ­¥
¬¥­¥¥ 1

2 .
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2004.4. �¥£ª® ¢¨¤¥âì, çâ® P (x) = 1 + (x− 1)5Q(x) ¨ ªà®¬¥
â®£® P (x) = O(x10) ¯à¨ x → 0. �®£¤ 

Q(x) = (1− x)−5 + O(x10) =
9∑

k=0

Ck
−5(−x)k + O(x10).

�á­®, çâ® Q(x) ¡ã¤¥â ¨¬¥âì ­ ¨¬¥­ìèãî áâ¥¯¥­ì, ¥á«¨

Q(x) =
9∑

k=0

Ck
−5(−x)k.

� ª¨¬ ®¡à §®¬,

P (x) = 1 + (x− 1)5
9∑

k=0

Ck
−5(−x)k.

2004.5. � ¦¤ãî ®ªàã¦­®áâì "­ ªàë¢ ¥¬" ¯ à ¡®«®¨¤®¬
¢¨¤  z = R2

i − (x− xi)2− (y− yi)2. � ¦¤ ï ¯ à  ¯ à ¡®«®¨¤®¢
¯¥à¥á¥ª ¥âáï ¯® ¯ à ¡®«¥, ¯à®¥ªæ¨ï ª®â®à®© ­  ¯«®áª®áâì Oxy
¤ ¥â á®®â¢¥âáâ¢ãîéãî ¯àï¬ãî. �® â ª ï ¯ à ¡®«  «¨¡®
¯¥à¥á¥ª ¥â âà¥â¨© ¯ à ¡®«®¨¤ ¢ ¥¤¨­áâ¢¥­­®© â®çª¥, «¨¡® ­¥
¯¥à¥á¥ª ¥â.

2004.6.1. �à¨¬¥¬ §  ­ ç «® ª®®à¤¨­ â O ª ªãî-­¨¡ã¤ì
â®çªã ­  ¯®¢¥àå­®áâ¨. �áì Ox ­ ¯à ¢¨¬ ¯® ®¤­®© ®¡à §ãîé¥©,
®áì Oy | ¯® ¤àã£®©, ®áì Oz ®áâ ¢¨¬ ¯à¥¦­¥©. � ­®¢ëå
ª®®à¤¨­ â å ãà ¢­¥­¨¥ ¯®¢¥àå­®áâ¨ ¨¬¥¥â ¢¨¤ z = g(x, y), £¤¥
g | ¬­®£®ç«¥­ áâ¥¯¥­¨ ­¥ ­¨¦¥ ¢â®à®©, g(0, y) = g(x, 0) = 0,
â.¥. g(x, y) = xyh(x, y). �áâ ¥âáï ¤®ª § âì, çâ® h(x, y) = const.

� ¬¥â¨¬, çâ® ¥á«¨ l | ª ª ï-«¨¡® ®¡à §ãîé ï,   l1 |
¥¥ ¯à®¥ªæ¨ï ­  ¯«®áª®áâì Oxy, â® äã­ªæ¨ï g ­  ¯àï¬®© l1
«¨­¥©­ . �¥©áâ¢¨â¥«ì­®, ¯ãáâì l1 ¨¬¥¥â ãà ¢­¥­¨¥ x = x0 +at,
y = y0 + bt, â®£¤  g(x0 + at, y0 + bt) = z0 + ct.

� áá¬®âà¨¬ â®çªã (0, y0, 0) ­  ¯®¢¥àå­®áâ¨, y0 6= 0. �à®¬¥
®á¨ Oy ç¥à¥§ íâã â®çªã ¯à®å®¤¨â ¥é¥ ®¤­  ®¡à §ãîé ï l.
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� ¯¨è¥¬ ¥¥ ãà ¢­¥­¨¥ ¢ ¢¨¤¥ y = y0 + ax, z = bx. �®£¤  ¨¬¥¥¬
â®¦¤¥áâ¢¥­­® ¯® x:

bx = x(y0 + ax)h(x, y0 + ax). (∗)
�®ª ¦¥¬, çâ® a = 0. �á«¨ íâ® ­¥ â ª, â® ¨§
(∗) á«¥¤ã¥â, çâ® h(x, y0 + ax) = 0 â®¦¤¥áâ¢¥­­® ¯® x,
â.¥. ¬­®£®ç«¥­ g ®¡à é ¥âáï ¢ ­®«ì ­  âà¥å ¯àï¬ëå:
x = 0, y = 0, y = y0 + ax. �®§ì¬¥¬ «î¡ãî â®çªã
(x1, y1) ¢­ãâà¨ âà¥ã£®«ì­¨ª , ®£à ­¨ç¥­­®£® íâ¨¬¨ ¯àï¬ë¬¨.
� áá¬®âà¨¬ ®¤­ã ¨§ ¤¢ãå ®¡à §ãîé¨å, ¯à®å®¤ïé¨å ç¥à¥§
â®çªã (x1, y1, g(x1, y1)). �à®¥ªæ¨ï íâ®© ®¡à §ãîé¥© ¯¥à¥á¥ª ¥â
£à ­¨æã âà¥ã£®«ì­¨ª  ¢ ¤¢ãå â®çª å, ¢ íâ¨å â®çª å g
®¡à é ¥âáï ¢ ­®«ì. � ª ª ª g «¨­¥©­  ­  ¯à®¥ªæ¨¨
®¡à §ãîé¥©, â® g(x1, y1) = 0 ¢­ãâà¨ âà¥ã£®«ì­¨ª ,   §­ ç¨â, ¨
¢¥§¤¥, â.ª. g | ¬­®£®ç«¥­. �â® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® g 6= 0
â®¦¤¥áâ¢¥­­®.

�à¨ a = 0 ¨§ (∗) ¯®«ãç ¥¬, çâ® h(x, y0) = α(y0).
�­ «®£¨ç­®, à áá¬ âà¨¢ ï â®çªã (x0, 0, 0), ¯®«ãç¨¬
h(x0, y) = β(x0). �®£¤  ¤«ï «î¡®© â®çª¨ (x0, y0) ¨¬¥¥¬
h(x0, y0) = α(y0) = β(x0) ¨ h = const.

2004.6.2. �¬¥¥¬

A =
(

B C
CT D

)
=

(
E 0

CT B−1 E

)(
B 0
0 D − CT B−1C

)
×

×
(

E B−1C
0 E

)
.

� ª¨¬ ®¡à §®¬, ¬ âà¨æ  A ¨ ¬ âà¨æ 

A1 =
(

B 0
0 D − CT B−1C

)

¥áâì ¬ âà¨æ  ®¤­®© ¨ â®© ¦¥ ª¢ ¤à â¨ç­®© ä®à¬ë ¢ à §­ëå
¡ §¨á å. �â¢¥à¦¤¥­¨¥ § ¤ ç¨ ¢ëâ¥ª ¥â ¨§ § ª®­  ¨­¥àæ¨¨
ª¢ ¤à â¨ç­ëå ä®à¬.
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��������� | 2005

2005.1. �ãáâì h(x) = x ln x + (1− x) ln(1− x), g(x) = x2 +
+(1−x)2. g′(x) = 2(2x− 1). �á«¨ 0 ≤ x, y ≤ 1/2, â® g(x) < g(y)
¢«¥ç¥â x > y, ®âªã¤  á«¥¤ã¥â h(x) < h(y), ¯®áª®«ìªã h′(x) = 1+
+ lnx− 1− ln(1−x) = ln x

1−x < 0, â.ª. x
1−x < 1 ¯à¨ 0 < x < 1/2.

2005.2. �ã¤¥¬ ­ §ë¢ âì ¯¥à¥áâ ­®¢ª¨, ã¤®¢«¥â¢®àïîé¨¥
ãá«®¢¨î, ¯¨«®®¡à §­ë¬¨. �á­®, çâ® ¯¨«®®¡à §­ëå
¯¥à¥áâ ­®¢®ª á ãá«®¢¨¥¬ σ(1) < σ(2) à®¢­® ¯®«®¢¨­  ®â
®¡é¥£® ª®«¨ç¥áâ¢ . �à¨ íâ®¬ â ª¨å ¯¥à¥áâ ­®¢®ª á ãá«®¢¨¥¬
σ(2006) = 2006 à®¢­® d2005/2, ¨ ¢ «î¡®© â ª®© ¯¥à¥áâ ­®¢ª¥
σ(2005) < 2005, ¨­ ç¥ σ(2004) ­¥®¯à¥¤¥«¥­ . �®¯®áâ ¢¨¬
¯¥à¥áâ ­®¢ª¥ σ, σ(2006) = 2006, ¯¥à¥áâ ­®¢ªã σ′ â ªãî, çâ®
σ′(i) = σ(i) ¯à¨ σ(i) < 2005, σ′(2006) = 2005, σ′(j) = 2006,
£¤¥ σ(j) = 2005. �®£¤  σ′ | â®¦¥ ¯¨«®®¡à §­ ï, ¯à¨ç¥¬
à §­ë¬ σ á®®â¢¥âáâ¢ãîâ à §­ë¥ σ′. �®íâ®¬ã d2006 ≥ 2d2005.
�áâ «®áì § ¬¥â¨âì, çâ® áãé¥áâ¢ã¥â å®âï ¡ë ®¤­  ¯¨«®®¡à §­ ï
¯¥à¥áâ ­®¢ª  á σ(2005) < σ(2006) < 2005.

2005.3.  ) �ãáâì a = f ′+(0). �®£¤  f(x) = ax+o(x), x → +0,
®âªã¤  x(ax + o(x)) + x2 = (ax + o(x))(x + o(x)) + 2(ax + o(x))2,
¨«¨ x2(2a2 − 1) = o(x2), â. ¥. a2 = 1/2, |a| = 1/

√
2.

¡) � ¬¥â¨¬, çâ® f(x) = 0 ⇒ x = 0, ¯®íâ®¬ã f(x)
§­ ª®¯®áâ®ï­­ . �ã¤¥¬ áç¨â âì f(x) > 0.

�ãáâì F (x, y) = x sin y + x2 − y sinx − 2y2. �® ä®à¬ã«¥
�¥©«®à  F (x, y) = x2−2y2 +o(x2 +y2) ¯à¨ x, y → 0. �®¤áâ ¢¨¢
y = f(x), ¯®«ãç ¥¬ x2−2f2(x) = o(f2(x)+x2), x → +0. �âáî¤ 
¯®á«¥¤®¢ â¥«ì­® ¯®«ãç ¥¬ ¯à¨ x → +0

x2 − 2f2(x)
f2(x) + x2

→ 0,
3x2

f(x)2 + x2
→ 2,

f2(x) + x2

x2
→ 3

2
,

f2(x)
x2

→ 1
2
.

�ç¨âë¢ ï ¯®áâ®ï­áâ¢® §­ ª , ¯®«ãç ¥¬ f(x)/x → 1/
√

2.
� ¬¥ç ­¨¥. �« áá¨ç¥áª ï â¥®à¥¬  ® ­¥ï¢­®© äã­ªæ¨¨ ¢

íâ®© § ¤ ç¥ ­¥ à ¡®â ¥â | á¯ á ¥â â¥©«®à®¢áª®¥ à §«®¦¥­¨¥.
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� «®ª «ì­®¬ ¨áá«¥¤®¢ ­¨¨ ãà ¢­¥­¨ï f(x) = 0 ¬®¦­®
¯®á¬®âà¥âì [20, �«. 2, §3].

2005.4. �ãáâì O | æ¥­âà á¨¬¬¥âà¨¨, â®çª¨ A0, B0 ∈ Γ:
A0B0 = diam Γ (*). �®£¤  ¯àï¬ë¥ l10 ¨ l20 (A0 ∈ l10, B0 ∈ l20;
l10, l20 ⊥ A0B0) ¯¥à¥á¥ª îâ Γ ¢ ®¤­®© â®çª¥ (l10 | ¢ â®çª¥ A0,
  l20 | ¢ â®çª¥ B0), â.ª. ¨­ ç¥ ¯® â¥®à¥¬¥ �¨ä £®à  ¯®«ãç ¥¬
¯à®â¨¢®à¥ç¨¥ á ãá«®¢¨¥¬ (*). �ãáâì ¯àï¬ ï l0‖l10 ¨ ¯à®å®¤¨â
ç¥à¥§ â®çªã O, A1 ¨ A2 | â®çª¨ ¯¥à¥á¥ç¥­¨ï l0 á Γ. �ãáâì
l1 | ¯àï¬ ï ¬¥¦¤ã l10 ¨ l0, ¯ à ««¥«ì­ ï ¨¬ ¨ â ª ï, çâ®
l1 ∩ Γ = {B1, B2} ¨ B1B2 = 1

2A1A2 (áãé¥áâ¢ã¥â ¯® â¥®à¥¬¥ ®
¯à®¬¥¦ãâ®ç­ëå §­ ç¥­¨ïå ­¥¯à¥àë¢­®© ­  ®âà¥§ª¥ äã­ªæ¨¨).
�ãáâì l2 á¨¬¬¥âà¨ç­  l1 ®â­®á¨â¥«ì­® l0, l2 ∩ Γ = {C1, C2},
C1C2 = 1

2A1A2. �ãáâì  ää¨­­®¥ ¯à¥®¡à §®¢ ­¨¥ T ¯¥à¥¢®¤¨â
¯ à ««¥«®£à ¬¬ B1B2A2O ¢ à®¬¡ B1B2A2O á à¥¡à®¬ 1 ¨
ã£«®¬ ∠B1OA2 = 2π/3. �®£¤  T ¯¥à¥¢®¤¨â B1B2A2C2C1A1

¢ ¯à ¢¨«ì­ë© è¥áâ¨ã£®«ì­¨ª ¨, §­ ç¨â, B1B2A2C2C1A1 |
¨áª®¬ë©.

� ¬¥ç ­¨¥. �§ íâ®© § ¤ ç¨ á«¥¤ã¥â, çâ® ¥á«¨ §  ¥¤¨­¨ç­ë©
è à ­  ¯«®áª®áâ¨ ¢§ïâì ¬­®¦¥áâ¢® ¨§ § ¤ ç¨ 2005.4, â® ¥£®
¯¥à¨¬¥âà ¡ã¤¥â ­¥ ¬¥­ìè¥ 6.

2005.5. � ª ª ª det(A + tB)−1 = (det(A + tB))−1 |
æ¥«®¥ ç¨á«®, â® ¯®«ãç ¥¬ f(t) = det(A + tB) = ±1 ¯à¨
t = 0, 1, . . . , 25. �®£¤  f(t)2− 1 | ¬­®£®ç«¥­ ­¥ ¡®«¥¥, ç¥¬ 20-©
áâ¥¯¥­¨, ¨¬¥îé¨© 26 ª®à­¥©, ¯®íâ®¬ã ®­ | â®¦¤¥áâ¢¥­­ë©
­®«ì. �âáî¤  det(A + 2005B) = ±1 ¨ ¯® ä®à¬ã« ¬ �à ¬¥à 
í«¥¬¥­âë ¬ âà¨æë (A + 2005B)−1 | æ¥«ë¥.

2005.6. �ãáâì ¯à¨ ε > 0

∆(ε) = sup{δ > 0 | ∀x ∈ Uδ(x0) |f(x)− f(x0)| < ε}.

�¥£ª® ¢¨¤¥âì, çâ® ∀ε > 0 ∆(ε) ∈ (0,+∞], â ª¦¥ ¥á«¨ 0 < ε1 <
< ε2, â® ∆(ε1) ≤ ∆(ε2) (áç¨â ¥¬, çâ® +∞ ≤ +∞). �á«¨ ¤«ï
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«î¡®£® ε > 0 ∆(ε) = +∞, â® f(x) = f(x0) ¨ ãâ¢¥à¦¤¥­¨¥
®ç¥¢¨¤­®.

�ãáâì ∃ε0 > 0: ∆(ε0) < +∞. �®£¤  äã­ªæ¨ï

δ(ε) =





1
ε

ε∫
0

∆(t) dt, 0 < ε ≤ ε0,

1
ε0

ε0∫
0

∆(t) dt, ε0 ≤ ε,

ï¢«ï¥âáï ¨áª®¬®©.
� ¬¥ç ­¨¥. � ¤ ç  ¢®§­¨ª«  ­  ­ ãç­®¬ á¥¬¨­ à¥ ¯®

­¥«¨­¥©­®¬ã  ­ «¨§ã ä ªã«ìâ¥â  ��� ���.

��������� | 2006

2006.1. �ãáâì h2(x) = max{f ′′(x), 0},
g2(x) = max{−f ′′(x), 0}. �ãáâì

h1(x) =

x∫

0




t∫

0

h2(τ) dτ


 dt, g(x) =

x∫

0




t∫

0

g2(τ) dτ


 dt.

� ª ª ª f ′′(x) = h2(x)−g2(x), â® ­ ©¤ãâáï ç¨á«  a, b â ª¨¥, çâ®
f(x) = h1(x)−g(x)+ax+b. �®£¤  f(x) = h(x)−g(x), £¤¥ h(x) =
= h1(x)+ax+b, ¢ë¯ãª«®áâì h ¨ g á«¥¤ã¥â ¨§ ­¥®âà¨æ â¥«ì­®áâ¨
¨å ¢â®àëå ¯à®¨§¢®¤­ëå.

� ¬¥ç ­¨¥. �â  § ¤ ç  áâ ­®¢¨âáï ­¥âà¨¢¨ «ì­®©, ¥á«¨
 à£ã¬¥­â äã­ªæ¨¨ ¨§ Rn, n > 1. � â ª®¬ ¢¨¤¥ ®­  ¯®áâ ¢«¥­ 
�.�. �«¥ªá ­¤à®¢ë¬. �¥¤ ¢­® ¯®ï¢¨«®áì à¥è¥­¨¥ ¢ á«ãç ¥,
ª®£¤   à£ã¬¥­â ¨§ R2 (ãáâ­®¥ á®®¡é¥­¨¥).

2006.2.1. �¬¥¥¬ xn ≥ 3
√

6 > 1 ¨ xn ≤ 3
√

6 + · · ·+ 3
√

8 = 2
¤«ï ¢á¥å n. �à®¬¥ â®£®, {xn} áâà®£® ¬®­®â®­­® ¢®§à áâ ¥â,
¯®íâ®¬ã ¯® â¥®à¥¬¥ �¥©¥àèâà áá  áãé¥áâ¢ã¥â limxn = 2.
� ¬¥ç ï, çâ®

0 ≤ 2− xn+1 =
8− x3

n+1

4 + 2xn+1 + x2
n+1

=
2− xn

4 + 2xn+1 + x2
n+1

≤ 2− xn

7
,
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¯®«ãç ¥¬, çâ® lim 6n(2− xn) = 0.
2006.2.2. � ª ª ª {xk} ¬®­®â®­­® ã¡ë¢ ¥â ª ­ã«î, â®

¨ ¯®á«¥¤®¢ â¥«ì­®áâì αk = xk
kα ¬®­®â®­­® ã¡ë¢ ¥â ª ­ã«î.

�®áª®«ìªã
2k∑

m=k+1

αm ≥ α2k · k ¨ àï¤
∞∑

k=1

αk áå®¤¨âáï, ¢ á¨«ã

ªà¨â¥à¨ï �®è¨ áå®¤¨¬®áâ¨ àï¤  ¯®«ãç ¥¬, çâ® 2k · α2k → 0.
�âáî¤  ¢ á¨«ã ¬®­®â®­­®áâ¨ {αk} ¨¬¥¥¬ αk = εk

k , εk → 0.

xk

kα
=

εk

k
⇒ xk =

εk

k1−α
⇒ x

1
1−α

k =
ε

1
1−α

k

k
≤ εk

k
,

¯®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ¢¥à­® ¯à¨ ¢á¥å ¤®áâ â®ç­® ¡®«ìè¨å k.
�â ª, àï¤

∑
x

1
1−α

k áå®¤¨âáï ¯® ¯à¨§­ ªã áà ¢­¥­¨ï.
2006.3.1. �® â¥®à¥¬ ¬ � ãáá  ¨ �®««ï ¬­®£®ç«¥­ P ′

¨¬¥¥â n − 1 ª®à¥­ì {ej}n−1
j=1 , ¯à¨ç¥¬ ¢ ª ¦¤®© ¨§ â®ç¥ª ej

ã äã­ªæ¨¨ P «¨¡® «®ª «ì­ë© ¬¨­¨¬ã¬, «¨¡® «®ª «ì­ë©
¬ ªá¨¬ã¬. �ãáâì M = max{f(ej)}n−1

j=1 , m = min{f(ej)}n−1
j=1 .

�ãáâì z1 = max{x | P (x) = M}, z0 = min{x | P (x) = m}. �ãáâì
{xk}n

k=1 | ª®à­¨ P (x) = 0. �á«¨ ¤«ï ­¥ª®â®à®£® k ¢ë¯®«­¥­®
xk ∈ [m,M ], â® áãé¥áâ¢ã¥â ­¥ ¬¥­¥¥ 2-å à¥è¥­¨© P (y) = xk;
¯®áª®«ìªã ¤«ï ª ¦¤®£® k áãé¥áâ¢ã¥â å®âï ¡ë 1 à¥è¥­¨¥ y
ãà ¢­¥­¨ï P (y) = xk, â® ¯®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥ á ãá«®¢¨¥¬
P (P (x)) = 0 ¨¬¥¥â n ª®à­¥©. �®íâ®¬ã ¤«ï ª ¦¤®£® k xk < m
¨«¨ xk > M .

�ãáâì P (yk) = xk, â.¥. {yk}n
k=1 | à¥è¥­¨ï P (P (x)) = 0.

�á«¨, ­ ¯à¨¬¥à, ¤«ï ¤ ­­®£® k xk > M , â® yk > z1 ≥ xk > M ,
¯¥à¢®¥ ­¥à ¢¥­áâ¢® ¢ á¨«ã áâà®£® ¬®­®â®­­®£® ¢®§à áâ ­¨ï
P ­  ¯à®¬¥¦ãâª¥ [z1, +∞). �­ «®£¨ç­®, ¥á«¨ xk < m, â®
yk < z0 ≤ xk < m. � ª¨¬ ®¡à §®¬, ãà ¢­¥­¨¥ P (x) = yk

¨¬¥¥â 1 ª®à¥­ì ¤«ï ¢á¥å k ∈ 1, n. �«¥¤®¢ â¥«ì­®, ãà ¢­¥­¨¥
P (P (P (x))) = 0 ¨¬¥¥â n ª®à­¥©.
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2006.3.2. � ¯¨è¥¬ ¯¥à¢ë© ¨­â¥£à «

(y′)2

2
− cos y =

(y′(0))2

2
− cos y(0) = C.

�âáî¤  (y′)2 = 2C + 2 cos y. �á«¨ C ≤ 1, â® à¥è¥­¨¥ y(x)
®£à ­¨ç¥­® ¨ lim

x→+∞
y(x)

x = 0. �ãáâì C > 1. �®£¤  à¥è¥­¨¥
­¥®£à ­¨ç¥­®. �ãáâì ¤«ï ®¯à¥¤¥«¥­­®áâ¨ y′ =

√
2C + 2 cos y.

�âáî¤ 

dy√
2C + 2 cos y

= dx ⇒
y∫

y(0)

dy√
2C + 2 cos y

= x(y)− x(y(0)).

�§ íâ®£® ¯®«ãç ¥¬, çâ® ¯à¨ y →∞
y∫

y(0)

dy√
2C + 2 cos y

∼ y − y(0)
2π

2π∫

0

dy√
2C + 2 cos y

=
y − y(0)

2π
A,

A =
2π∫
0

dy√
2C+2 cos y

. �âáî¤  x(y) ∼ y−y(0)
2π A ¨ lim

x→+∞
y(x)

x = 2π
A .

2006.4. �®¦­® áç¨â âì, çâ® ã ¢á¥å ç¥âëà¥å äã­ªæ¨©
ª¢ ¤à â¨ç­ ï ç áâì à ¢­  x2 + y2. � íâ®¬ á«ãç ¥ ¤«ï â®çª¨ p
¢­¥ ®ªàã¦­®áâ¨, § ¤ ­­®© ãà ¢­¥­¨¥¬ f(x) = 0, §­ ç¥­¨¥ f(p)
à ¢­® ª¢ ¤à âã ¤«¨­ë ª á â¥«ì­®© ª ®ªàã¦­®áâ¨.

�®ª ¦¥¬, çâ® ¥á«¨ áãé¥áâ¢ã¥â ¯¥à¯¥­¤¨ªã«ïà­ ï
®ªàã¦­®áâì, â® ãà ¢­¥­¨ï «¨­¥©­® § ¢¨á¨¬ë. �ãáâì æ¥­âà
íâ®© ®ªàã¦­®áâ¨ ­ å®¤¨âáï ¢ ­ ç «¥ ª®®à¤¨­ â. �®£¤  ¤«¨­ë
ª á â¥«ì­ëå ¨§ ­ ç «  ª®®à¤¨­ â ª® ¢á¥¬ ®ªàã¦­®áâï¬
à ¢­ë à ¤¨ãáã ¯¥à¯¥­¤¨ªã«ïà­®© ®ªàã¦­®áâ¨, §­ ç¨â, ¢á¥
ãà ¢­¥­¨ï ®ªàã¦­®áâ¥© ¨¬¥îâ ¢¨¤

fi(x) = x2 + y2 + aix + biy + C

¨ «¨­¥©­® ¢ëà ¦ îâáï ç¥à¥§ âà¨ äã­ªæ¨¨ x2 + y2 + C, x, y.
� ª ª ª ãà ¢­¥­¨© ç¥âëà¥, â® ®­¨ «¨­¥©­® § ¢¨á¨¬ë.
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� ®¡à â­ãî áâ®à®­ã. �§ ­®à¬¨à®¢ª¨ ª¢ ¤à â¨ç­ëå ç áâ¥©
á«¥¤ã¥â, çâ® ¢ § ¢¨á¨¬®áâ¨

λ1f1(x) + λ2f2(x) + λ3f3(x) + λ4f4(x) = 0

áã¬¬  λ1 + λ2 + λ3 + λ4 = 0. �ãáâì ¤«ï ®¯à¥¤¥«¥­­®áâ¨
λ4 6= 0. � ©¤¥¬ â®çªã p, ¢ ª®â®à®© f1(p) = f2(p) = f3(p).
� ª ï â®çª  ­ ©¤¥âáï, â ª ª ª ãá«®¢¨ï ­  â®çªã p á¢®¤ïâáï ª
«¨­¥©­®© á¨áâ¥¬¥ ãà ¢­¥­¨© á ­¥­ã«¥¢ë¬ ®¯à¥¤¥«¨â¥«¥¬ (â ª
ª ª ­¨ª ª¨¥ ¤¢  æ¥­âà  ­¥ «¥¦ â ­  ®¤­®© ¯àï¬®©); ¨­ ç¥
¬®¦­® áª § âì, çâ® p | à ¤¨ª «ì­ë© æ¥­âà ¯¥à¢ëå âà¥å
®ªàã¦­®áâ¥©. �®£¤ 

f4(p) = −λ1f1(p) + λ2f2(p) + λ3f3(p)
λ4

= f1(p) = f2(p) = f3(p),

ªà®¬¥ â®£®, ¨§ ãá«®¢¨ï á«¥¤ã¥â, çâ® p «¥¦¨â ¢­¥ ¢á¥å ç¥âëà¥å
®ªàã¦­®áâ¥© ¨ ¤«¨­ë ª á â¥«ì­ëå ª ç¥âëà¥¬ ®ªàã¦­®áâï¬
¨§ p à ¢­ë ®¤­®¬ã ç¨á«ã l. �®£¤  ®ªàã¦­®áâì á æ¥­âà®¬ p ¨
à ¤¨ãá®¬ l ¯¥à¯¥­¤¨ªã«ïà­  ç¥âëà¥¬ ¤ ­­ë¬.

2006.5.1. �ãáâì á­ ç «  A | ¢ë¯ãª«ë© ¬­®£®ã£®«ì­¨ª
a1a2 . . . an. �­®¦¥áâ¢® Aε = ∪a∈A(a + Bε(0)) ¯®«ãç ¥âáï,
¥á«¨ ¢ ª ¦¤®© ¢¥àè¨­¥ ak ¢§ïâì è à Bε(ak) ¨ § â¥¬ ¢§ïâì
¢ë¯ãª«ãî ®¡®«®çªã ∪1≤k≤n(ak + Bε(0)) (â.¥. ­ ¨¬¥­ìè¥¥ ¯®
¢ª«îç¥­¨î ¢ë¯ãª«®¥ ¬­®¦¥áâ¢®, á®¤¥à¦ é¥¥ ®¡ê¥¤¨­¥­¨¥ n
è à®¢). �®«ãç¥­­®¥ ¬­®¦¥áâ¢® Aε ®â«¨ç ¥âáï ®â A ­ «¨ç¨¥¬
n ¯àï¬®ã£®«ì­¨ª®¢ è¨à¨­ë ε, ¯®áâà®¥­­ëå ­  áâ®à®­ å A
¢®¢­¥,   â ª¦¥ n á¥ªâ®à®¢ ªàã£  à ¤¨ãá  ε, ¯à¨ç¥¬ áã¬¬ à­ ï
à ¤¨ ­­ ï ¬¥à  ¢á¥å á¥ªâ®à®¢ à ¢­  2π, â.¥. "¢ áã¬¬¥" á¥ªâ®à 
¤ îâ ªàã£.

�ã¬¬  ¯«®é ¤¥© ¢á¥å ¯àï¬®ã£®«ì­¨ª®¢, á¥ªâ®à®¢ ¨ á ¬®£®
¬­®¦¥áâ¢  A ¥áâì S(Aε) = S(A) + l(∂A)ε + πε2, £¤¥ l(∂A) |
¤«¨­  £à ­¨æë A. �â ª, ¤«ï ¬­®£®ã£®«ì­¨ª  A ¯®«ãç ¥¬

a = S(A), b = l(∂A), c = π. (∗)
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�®ª ¦¥¬, çâ® ä®à¬ã«  (∗) ¢¥à­  ¨ ¢ á«ãç ¥ ¯à®¨§¢®«ì­®£®
¢ë¯ãª«®£® ª®¬¯ ªâ  A.

�® ãá«®¢¨î ∂A = {r(s) | s ∈ [0, l(∂A)]}, s | ­ âãà «ì­ ï
¯ à ¬¥âà¨§ æ¨ï £à ­¨æë (­  á ¬®¬ ¤¥«¥ íâ® ¢¥à­® ¤«ï «î¡®£®
¢ë¯ãª«®£® ª®¬¯ ªâ  A). �«ï ­ âãà «ì­®£® n ®¯à¥¤¥«¨¬
rk = r

(
k
n l(∂A)

)
, 1 ≤ k ≤ n; Γn | «®¬ ­ ï á ¢¥àè¨­ ¬¨ rk,

k = 0, 1, . . . , n. �® ¯®áâà®¥­¨î |Γn| → l(∂A) ¯à¨ n → ∞.
� ä¨ªá¨àã¥¬ s ∈ [ k

n l(∂A), k+1
n l(∂A)]. � ááâ®ï­¨¥ ®â r(s) ¤® Γn

¥áâì %(r(s), Γn) ≤ ‖r(s)− rk‖ ≤ max
s∈[0,l(∂A)]

‖r′(s)‖ · l(∂A)
n = εn → 0

¯à¨ n → ∞. � ª¨¬ ®¡à §®¬, ¥á«¨ An | ¬­®£®ã£®«ì­¨ª,
®£à ­¨ç¥­­ë© Γn, â®

An ⊂ A ⊂
⋃

a∈An

(a + Bεn(0)),

á«¥¤®¢ â¥«ì­®,

S(An) ≤ S(A) ≤ S(An) + |Γn|εn + πε2
n ≤ S(An) + 2l(∂A)εn + πε2

n

(∗∗)
¯à¨ ¢á¥å ¤®áâ â®ç­® ¡®«ìè¨å n. �â ª, S(An) → S(A), |Γn| →
→ l(∂A).

� ª ¨ ¯à¨ ¢ë¢®¤¥ (∗∗) «¥£ª® ¯®ª § âì, çâ® ∀ε > 0

(An)ε ⊂ Aε ⊂
⋃

a∈(An)ε

(a + Bεn(0))

¨
S((An)ε) ≤ S(Aε) ≤ S((An)ε) + 2l(∂Aε)εn + πε2

n

¤«ï ¤®áâ â®ç­® ¡®«ìè¨å n (§¤¥áì εn = max
s∈[0,l(∂Aε)]

‖r′(s)‖· l(∂Aε)
n ).

�¥à¥å®¤ï ¢ à ¢¥­áâ¢¥ S((An)ε) = S(An) + l(∂An)ε + πε2 ª
¯à¥¤¥«ã ¯à¨ n →∞, ¯®«ãç ¥¬ S(Aε) = S(A) + l(∂A)ε + πε2.

2006.5.2. � §®¡ì¥¬ ¨­â¥£à « ­  ¤¢ :
∫

R2

exp (−%(x,A)) dx =
∫

A

e0 dx +
∫

R2\A

exp (−%(x,A)) dx,
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â.¥. ¨­â¥£à « à ¢¥­

S(A) +
∫

R2\A

exp (−%(x,A)) dx,

£¤¥ S(A) | ¯«®é ¤ì ¬­®¦¥áâ¢  A. �­®¦¥áâ¢® â®ç¥ª,
à ááâ®ï­¨¥ ®â ª®â®àëå ¤® ∂A ¥áâì ε > 0 | íâ® £à ­¨æ 
¬­®¦¥áâ¢  Aε = ∪a∈A (a + Bε(0)), á¬. § ¤ çã ¤«ï 1-£® ªãàá .
�à ­¨æ  ∂Aε ¥áâì £« ¤ª ï ªà¨¢ ï á ¤«¨­®© l(∂Aε) = l(∂A) +
+2πε. �âáî¤ 

∫

R2\A

exp (−%(x,A)) dx =

+∞∫

0

e−ε(l(∂A) + 2πε) dε = l(∂A) + 2π =

= 5π − S(A) = 4π. �â ª, l(∂A) = 2π (¨ â¥¬ á ¬ë¬ ¬­®¦¥áâ¢®
A ¥áâì ªàã£ à ¤¨ãá  1).

� ¬¥ç ­¨¥. �¢¥ ¯®á«¥¤­¨¥ § ¤ ç¨ § âà £¨¢ îâ í«¥¬¥­âë
â¥®à¨¨ á¬¥è ­­ëå ®¡ê¥¬®¢ | ªà á¨¢®£® à §¤¥«  £¥®¬¥âà¨¨.
�®¤à®¡­®áâ¨ ¬®¦­® ­ ©â¨ ¢ ª­¨£¥ [15].

2006.6. �ãáâì Ã =
(

B −C
C B

)
. det Ã ¨ |det A|2 ¥áâì

¬­®£®ç«¥­ë ®â N = 2n2 ¯¥à¥¬¥­­ëå bjk ¨ cjk. �ãáâì V |
®ªà¥áâ­®áâì â®çª¨ RN , â ª®©, çâ® bjk = 0 ∀j, k, cjk = 0 ¯à¨
j 6= k, ckk = k, 1 ≤ k ≤ n. �®®â¢¥âáâ¢ãîé ï ¬ âà¨æ 
A = diag {i, 2i, . . . , ni}.

�á«¨ V | ¤®áâ â®ç­® ¬ « ï, â® ª ¦¤ ï ¬ âà¨æ  A,
á®®â¢¥âáâ¢ãîé ï â®çª¥ ¨§ V , ¨¬¥¥â n à §«¨ç­ëå á®¡áâ¢¥­­ëå
§­ ç¥­¨©. �ãáâì A | â ª ï ¬ âà¨æ , λ | ®¤­® ¨§ ¥¥
á®¡áâ¢¥­­ëå §­ ç¥­¨©,   z | á®®â¢¥âáâ¢ãîé¨© á®¡áâ¢¥­­ë©
¢¥ªâ®à.

Ã

(
z
−iz

)
=

(
B −C
C B

)(
z
−iz

)
=

(
Az
−iAz

)
= λ

(
z
−iz

)
,
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á«¥¤®¢ â¥«ì­®, λ | á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ Ã,   â ª ª ª Ã
¢¥é¥áâ¢¥­­ , â® λ | â®¦¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ Ã. �ãáâì
λ1, . . . , λn | à §«¨ç­ë¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï A. �®£¤ 
λ1, λ1, . . . , λn, λn | à §«¨ç­ë¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï Ã ¨
¢ ®ªà¥áâ­®áâ¨ V ¢ë¯®«­¥­® |det A|2 =

n∏
k=1

λk · λk = det Ã.

�®áª®«ìªã ¬­®£®ç«¥­ë |det A|2 ¨ det Ã á®¢¯ ¤ îâ ­  ®âªàëâ®¬
¬­®¦¥áâ¢¥ V , â® ®­¨ â®¦¤¥áâ¢¥­­® à ¢­ë.

��������� | 2007

2007.1. �ãáâì x ∈ C, â®£¤  f(x) ≤ ‖x − y‖ + f(y) ¤«ï
«î¡®£® y ∈ C, ¯®íâ®¬ã f(x) ≤ inf

y∈C
(‖x− y‖+ f(y)) = g(x). � ª

ª ª g(x) ≤ ‖x− x‖+ f(x) = f(x), â® g(x) = f(x).
�ãáâì x1, x2 ∈ Rn ¨ g(x1) ≤ g(x2). �«ï «î¡®£® ε > 0

­ ©¤¥âáï y1 ∈ C: g(x1) > ‖x1 − y1‖ + f(y1) − ε. �âáî¤  ¨
¨§ ­¥à ¢¥­áâ¢  g(x2) ≤ ‖x2 − y1‖+ f(y1) á«¥¤ã¥â, çâ®

g(x2)− g(x1) ≤ ‖x2 − y1‖ − ‖x1 − y1‖+ ε ≤ ‖x1 − x2‖+ ε.

� á¨«ã ¯à®¨§¢®«ì­®áâ¨ ε > 0 ¯®«ãç ¥¬ g(x2)−g(x1) ≤ ‖x1−x2‖.
� ¬¥ç ­¨¥. �®¯à®á ® «¨¯è¨æ¥¢®¬ ¯à®¤®«¦¥­¨¨ äã­ªæ¨¨

¢¥áì¬  ¢ ¦¥­. � ¤ ­­®© § ¤ ç¥ ¯à¥¤êï¢«¥­  ï¢­ ï ä®à¬ã« 
¤«ï â ª®£® ¯à®¤®«¦¥­¨ï. � ¡®«¥¥ ®¡é¥© á¨âã æ¨¨ ¬®¦­®
­ ©â¨ ¢ [13, § 8].

2007.2.1. � ª ª ª

xn − xn−1 = − 1
n

(xn−1 − xn−2) = · · · = x0 − x1

n!
(−1)n,

â®

limxn = x0 +
∑

n≥1

(xn − xn−1) = x0 + (x0 − x1)
∑

n≥1

(−1)n

n!
=

= a + (a− b)(e−1 − 1).
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2007.2.2. � ä¨ªá¨àã¥¬ ε > 0. �ãáâì a1+···+an
n = a + εn,

a ∈ R, εn → 0.
� ¯®¬­¨¬ ¯à¨§­ ª �¡¥«ï: ¯ãáâì αn ¨ βn

¯®á«¥¤®¢ â¥«ì­®áâ¨, Bn = β1 + · · · + βn ¨ ¯ãáâì
¯®á«¥¤®¢ â¥«ì­®áâì {αnBn} áå®¤¨âáï. �®£¤  àï¤ë

∑
αnβn ¨∑

(αn − αn+1)Bn áå®¤ïâáï ¨«¨ à áå®¤ïâáï ®¤­®¢à¥¬¥­­®.
�à¨¬¥­¨¬ ¯à¨§­ ª �¡¥«ï ª αn = 1

n1+ε , βn = an. �®£¤ 
Bn = na + nεn, αnBn = a+εn

nε → 0. �®íâ®¬ã àï¤ ¨§ ãá«®¢¨ï
§ ¤ ç¨ ¨¬¥¥â â®â ¦¥ â¨¯ áå®¤¨¬®áâ¨, çâ® ¨ àï¤

∑(
1

n1+ε
− 1

(n + 1)1+ε

)
(a + εn)n,

ª®â®àë© áå®¤¨âáï ¯® ¯à¨§­ ªã áà ¢­¥­¨ï (n-© ç«¥­  á¨¬¯â®-
â¨ç¥áª¨ à ¢¥­ 1+ε

n1+ε (a + εn)).
2007.3.1. �¥¬¬ . �ãáâì ¢¥ªâ®àë a, b ­¥ ¯ à ««¥«ì­ë.

�®£¤  ∃ε > 0: ∀x ∈ Bε(a), ∀y ∈ Bε(b) ¢¥ªâ®àë x ¨ y ­¥
¯ à ««¥«ì­ë.

�®ª § â¥«ìáâ¢®. �®¯ãáâ¨¬ ¯à®â¨¢­®¥: ∀k ∃xk ∈ B1/k(a)
¨ ∃yk ∈ B1/k(b): xk ¨ yk ¯ à ««¥«ì­ë. � ª ª ª a, b 6= 0, â®
xk, yk 6= 0 (¤«ï ¤®áâ â®ç­® ¡®«ìè¨å ­®¬¥à®¢ k) ¨ λkxk + yk 6=
0 ¤«ï λk = ±‖yk‖/‖xk‖ (¤«ï ®¤­®£® ¨§ §­ ª®¢). � á¨«ã
áå®¤¨¬®áâ¨ xk → a, yk → b ¯®«ãç ¥¬ ¢ ¯à¥¤¥«¥ λa + b = 0,
£¤¥ λ = lim λk = ±‖b‖/‖a‖. �à®â¨¢®à¥ç¨¥.

�ãáâì Pk | ¯®á«¥¤®¢ â¥«ì­®áâì ¯ à ««¥«®£à ¬¬®¢ á ¢¥à-
è¨­ ¬¨ {xi

k}4
i=1 â ª¨å, çâ® B ⊂ Pk ¤«ï ¢á¥å k ¨

lim S(Pk) = S = inf{S(P ) | P − ¯ à ««¥«®£à ¬¬, B ⊂ P}. (∗)
�®áª®«ìªã {Pk} ®£à ­¨ç¥­ , â® ¬®¦¥¬ áç¨â âì limxi

k = xi,
1 ≤ i ≤ 4. � á¨«ã «¥¬¬ë â®çª¨ {xi}4

i=1 ï¢«ïîâáï ¢¥àè¨­ ¬¨
¯ à ««¥«®£à ¬¬  P , ­  ª®â®à®¬ ¢ á¨«ã ­¥¯à¥àë¢­®áâ¨
¯«®é ¤¨ ¤®áâ¨£ ¥âáï §­ ç¥­¨¥ S ¢ (*). �®ª ¦¥¬, çâ® á¥à¥¤¨­ë
áâ®à®­ P ï¢«ïîâáï â®çª ¬¨ ¨§ B.

�®¯ãáâ¨¬ ¯à®â¨¢­®¥. �ãáâì O | æ¥­âà á¨¬¬¥âà¨¨ B (¨ P ),
y = 1

2(x1+x2). �ãáâì [x1, x2]∩B = [a, b] (¢ á¨«ã ¢ë¯ãª«®áâ¨ B)
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¨ y /∈ [a, b]. �®£¤  ∃ε > 0: [a, b]∩Bε(y) = ø. �ãáâì [a, b] ⊂ [x1, y],
yε = y + ε

2
x1−x2

‖x1−x2‖ . �§-§  ¢ë¯ãª«®áâ¨ B ¢ë¯®«­¥­® [yε, x
2] ∩

B = ø, ¯®íâ®¬ã (¢ á¨«ã ª®¬¯ ªâ­®áâ¨ ¬­®¦¥áâ¢ ¢ ¯®á«¥¤­¥¬
à ¢¥­áâ¢¥) ∃δ > 0: δ-®ªà¥áâ­®áâì [yε, x

2] ­¥ ¯¥à¥á¥ª ¥â B.
�ãáâì z = x2 + δ

2
x3−x2

‖x3−x2‖ . �® ¯®áâà®¥­¨î [yε, z] ∩ B = ø.
�ãáâì w | ¯¥à¥á¥ç¥­¨¥ ¯àï¬®© a� {yε, z} á ¯àï¬®© a� {x1, x4}.
�ãáâì w′ ¨ z′ | â®çª¨, á¨¬¬¥âà¨ç­ë¥ â®çª ¬ w ¨ z ®â­®á¨-
â¥«ì­® â®çª¨ O. � ª ª ª ¯«®é ¤ì âà¥ã£®«ì­¨ª  wx1yε

áâà®£® ¬¥­ìè¥ ¯«®é ¤¨ âà¥ã£®«ì­¨ª  zx2yε, â® ¯ à ««¥«®£-
à ¬¬ wzw′z′ á®¤¥à¦¨â B (¢ á¨«ã æ¥­âà «ì­®© á¨¬¬¥âà¨¨) ¨
¨¬¥¥â ¯«®é ¤ì ¬¥­ìèãî, ç¥¬ P .

� ¬¥ç ­¨¥. �§ íâ®© § ¤ ç¨ á«¥¤ã¥â, çâ® ¥á«¨ §  ¥¤¨­¨ç­ë©
è à ­  ¯«®áª®áâ¨ ¢§ïâì ¬­®¦¥áâ¢® B, â® ¥£® ¯¥à¨¬¥âà ¡ã¤¥â
­¥ ¡®«¥¥ 8.

2007.3.2. �ç¥¢¨¤­® à¥è¥­¨¥ (¥á«¨ áãé¥áâ¢ã¥â) ¡¥áª®­¥ç­®
¤¨ää¥à¥­æ¨àã¥¬® ­  R ¨

x(k)(t) =
1
2k

x(k−1)(t/2) + et,

¢ ç áâ­®áâ¨
x(k)(0) =

1
2k

x(k−1)(0) + 1

¨ ¯® ¨­¤ãªæ¨¨ 0 ≤ x(k)(0) ≤ 2 ¤«ï ¢á¥å ­ âãà «ì­ëå k.
� ä¨ªá¨àã¥¬ M > 0 ¨ ®âà¥§®ª [−M, M ]. �ãáâì C = eM .

� ª ª ª x(·) ∈ C∞([−M,M ]), â® ­ ©¤¥âáï Lk > 0:

|x(k)(t1)− x(k)(t2)| ≤ Lk · |t1 − t2|, ∀t1, t2 ∈ [−M, M ].

|x(k)(t1)− x(k)(t2)| ≤ |x(k−1)(t1/2)− x(k−1)(t2/2)|+ |et1 − et2 | ≤
≤ Lk−1

2 |t1 − t2|+ C|t1 − t2|,
â.¥. ¬®¦­® áç¨â âì Lk ≤ Lk−1

2 + C. �à®¤®«¦ ï á¯ãáª ¯® k,
¯®«ãç¨¬ Lk ≤ L0 + 2C. �âáî¤  ¨ ¨§ 0 ≤ x(k)(0) ≤ 2 á«¥¤ã¥â,
çâ® x(k)(t) à ¢­®¬¥à­® ®£à ­¨ç¥­ë ­  ®âà¥§ª¥ [−M,M ]. � á¨«ã
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¯à®¨§¢®«ì­®áâ¨ M > 0 äã­ªæ¨ï x(t) ¯à¥¤áâ ¢¨¬  á¢®¨¬ àï¤®¬
�¥©«®à  x(t) =

∞∑
n=0

antn ­  ç¨á«®¢®© ®á¨. �®¦­® ¯®¤áâ ¢¨âì
àï¤ ¢ ãà ¢­¥­¨¥ ¨ ­ ©â¨ ª®íää¨æ¨¥­âë a0 = 1 = x(0),

an+1 =
1

(n + 1) · 2n
an +

1
(n + 1)!

.

� ¬¥ç ­¨¥. �¥áì¬  ¯®«¥§­® ¡ë¢ ¥â ¨áª âì à¥è¥­¨¥ ¢
¢¨¤¥ àï¤®¢. � áâ® ¢ëàãç ¥â â¥®à¥¬ : ¥á«¨ ¯à ¢ ï ç áâì
®¡ëª­®¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ¥áâì äã­ªæ¨ï
 ­ «¨â¨ç¥áª ï ¯® ¢á¥¬ ¯¥à¥¬¥­­ë¬, â® ¨ à¥è¥­¨¥ |
 ­ «¨â¨ç¥áª ï äã­ªæ¨ï.

2007.4. 1. � áá¬®âà¨¬ à æ¨®­ «ì­ãî äã­ªæ¨î r(x) =
xk

f(x)
¨ à §«®¦¨¬ ¥¥ ¢ áã¬¬ã í«¥¬¥­â à­ëå. � §«®¦¥­¨¥ ¡ã¤¥â

¨¬¥âì ¢¨¤

r(x) =
n∑

i=1

ci

x− xi
.

�§ â®£®, çâ® k ≤ n− 2 á«¥¤ã¥â, çâ®

lim
x→∞xr(x) = 0,

®âªã¤  ¯®«ãç ¥¬, çâ®
∑n

i=1 ci = 0. �áâ «®áì § ¬¥â¨âì, çâ®

ci = lim
x→xi

(x− xi)r(x) =
xk

i

f ′(xi)
.

2. �â® à¥è¥­¨¥ ¤«ï â¥å, ªâ® §­ ª®¬ á í«¥¬¥­â ¬¨ â¥®à¨¨
äã­ªæ¨¨ ª®¬¯«¥ªá­®© ¯¥à¥¬¥­­®©. �ã­ªæ¨ï g(z) = zk/f(z)
¯à¨ k ≤ n−2 ¨¬¥¥â à ¢­ë© ­ã«î ¢ëç¥â ¢ ¡¥áª®­¥ç­® ã¤ «¥­­®©
â®çª¥, â.ª. g(z) ∼ 1

zn−k ¯à¨ z → ∞. �áâ «®áì § ¬¥â¨âì, çâ®
resz=xig(z) = xk

i
f ′(xi)

,   áã¬¬  ¢á¥å ¢ëç¥â®¢ à ¢­  ­ã«î.
2007.5. �ãáâì x | ¢¥àè¨­  A. �á«¨ x = 0, â® ¢§ï¢ m

«¨­¥©­® ­¥§ ¢¨á¨¬ëå áâ®«¡æ®¢ ¬ âà¨æë T (à ­£ T à ¢¥­ m)
¢ ª ç¥áâ¢¥ T1,. . . ,Tm, ¯®«ãç ¥¬ âà¥¡ã¥¬®¥ ãá«®¢¨¥.
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�ãáâì x ∈ A\{0} | ¢¥àè¨­ . �á­®, çâ® ¬®¦­® â ª § ­ã-
¬¥à®¢ âì ª®¬¯®­¥­âë x, çâ® x1 > 0,. . . ,xr > 0,   xk = 0 ¯à¨
r + 1 ≤ k ≤ n.

�®ª ¦¥¬, çâ® ¢ áã¬¬¥

Tx =
r∑

k=1

Tkxk +
n∑

k=r+1

Tkxk

áâ®«¡æë {Tk}r
k=1 «¨­¥©­® ­¥§ ¢¨á¨¬ë. �â® § ¢¥àè¨â ¤®ª § -

â¥«ìáâ¢®.
�®¯ãáâ¨¬, {Tk}r

k=1 «¨­¥©­® § ¢¨á¨¬ë, â®£¤  ­ ©¤¥âáï ¢¥ª-
â®à a ∈ Rn: a = (α1, . . . , αr, 0, . . . , 0) 6= 0, â ª®©, çâ®

r∑
k=1

Tkαk = 0. �ë¡¥à¥¬ ε > 0 â ª, çâ®¡ë ¤«ï «î¡®£® k ®â 1

¤® r ¢ë¯®«­ï«¨áì ­¥à ¢¥­áâ¢  xk ± εαk ≥ 0. �¬¥¥¬

T (x± εa) =
r∑

k=1

Tk(xk ± εαk) +
n∑

k=r+1

Tkxk =

=
r∑

k=1

Tkxk ± ε
r∑

k=1

Tkαk = b,

á«¥¤®¢ â¥«ì­®, [x − εa, x + εa] ⊂ A ¨, §­ ç¨â, x ­¥ ï¢«ï¥âáï
¢¥àè¨­®©. �à®â¨¢®à¥ç¨¥.

� ¬¥ç ­¨¥. �â®â ä ªâ ®ç¥­ì ¢ ¦¥­ ¢ «¨­¥©­®¬
¯à®£à ¬¬¨à®¢ ­¨¨, á¬. [14, �«. 2].

2007.6. 1. �®áª®«ìªã ¢­ãâà¥­­®áâì ¢á¥å âà¥å ¬­®¦¥áâ¢
­¥¯ãáâ , â® áç¨â ¥¬, çâ® 0 ∈ intA, 0 ∈ intB, 0 ∈ intC (¥á«¨ íâ®
­¥ â ª, á¤¢¨­¥¬ ¬­®¦¥áâ¢  ­  á®®â¢¥âáâ¢ãîé¨¥ ¢¥ªâ®àë).

�«ï ¥¤¨­¨ç­®£® ¢¥ªâ®à  p ∈ R2 ®¯à¥¤¥«¨¬ â®çªã xA
p | â 

(¥¤¨­áâ¢¥­­ ï!) â®çª  ¬­®¦¥áâ¢  A, ¢ ª®â®à®© ¤®áâ¨£ ¥âáï
¬ ªá¨¬ã¬ áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï (p, x) ¯® ¢á¥¬ x ∈ A.
�­ «®£¨ç­ë© á¬ëá« ¡ã¤ãâ ­¥áâ¨ xB

p ¤«ï ¬­®¦¥áâ¢  B ¨ xC
p

¤«ï ¬­®¦¥áâ¢  C.
�ãáâì S | ¥¤¨­¨ç­ ï ®ªàã¦­®áâì á æ¥­âà®¬ ¢ ­ã«¥. �®-

ª ¦¥¬, çâ® ®â®¡à ¦¥­¨¥ S 3 p → xA
p ­¥¯à¥àë¢­®. �®¯ãáâ¨¬
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¯à®â¨¢­®¥: ∃ε > 0 ¨ pk → p0 | ¥¤¨­¨ç­ë¥ ¢¥ªâ®àë, ¯à¨ç¥¬
xA

pk
/∈ Bε(xA

p0
). �®£¤  ¢ á¨«ã ª®¬¯ ªâ­®áâ¨ ¬®¦¥¬ áç¨â âì,

çâ® xA
pk
→ x0 ∈ ∂A\Bε(xA

p0
). �®çª¨ x0 ¨ xA

p0
¤ îâ ¬ ªá¨¬ã¬

áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï (p0, x) ¯® x ∈ A, ¯®íâ®¬ã ®âà¥§®ª
[x0, x

A
p0

] ⊂ ∂A, çâ® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® £à ­¨æ  A ­¥ á®-
¤¥à¦¨â ®âà¥§ª®¢.

�ãáâì (λ(t), ϕ(t)) | ª®¬¯®­¥­âë ªà¨¢®© �¥ ­®, ®â®¡à -
¦ îé¥© (­¥¯à¥àë¢­®) [0, 1] ¢ ¯àï¬®ã£®«ì­¨ª [0, 1]λ × [0, 2π]ϕ.
�ãáâì p(t) = (cos ϕ(t), sinϕ(t)).

�®áª®«ìªã λxA
p + λxB

p = λxC
p ¤«ï ¢á¥å p ∈ S, λ ∈ [0, 1] ¨

C = {λxC
p | λ ∈ [0, 1], p ∈ S}, â® a(t) = λ(t)xA

p(t), b(t) = λ(t)xB
p(t).

2. �®ª § â¥«ìáâ¢® ¬®¦­® ­¥áª®«ìª® ã¯à®áâ¨âì, ¥á«¨
¨á¯®«ì§®¢ âì â®â ä ªâ, çâ® ¢á¥ ¢ë¯ãª«ë¥ ª®¬¯ ªâë ®¤­®©
à §¬¥à­®áâ¨ £®¬¥®¬®àä­ë, á¬. [12] �. 1, ¯à¥¤«®¦¥­¨¥ 11.3.1.

�ãáâì K = [0, 1]2, ϕ : K → A | £®¬¥®¬®àä¨§¬,
¯¥à¥¢®¤ïé¨© K ¢ A, ψ : K → B | £®¬¥®¬®àä¨§¬,
¯¥à¥¢®¤ïé¨© K ¢ B. �ãáâì (x(τ), y(τ)) | ª®¬¯®­¥­âë
áâ ­¤ àâ­®© ­¥¯à¥àë¢­®© ªà¨¢®© �¥ ­®. �®£¤  ®ç¥¢¨¤­®

{ϕ(x(τ), y(τ)) + ψ(x(µ), y(µ)) | (τ, µ) ∈ K} = C.

�ë¡¥à¥¬ â¥¯¥àì τ = x(t), µ = y(t), â®£¤ 
a(t) = ϕ(x(x(t)), y(y(t))), b(t) = ψ(x(x(t)), y(y(t))).

� ¬¥ç ­¨¥. �â  § ¤ ç  á®®¡é¥­  ­ ¬ �.�. �¥¬¥­®¢ë¬.
�®â ¡«¨§ª¨© ¢®¯à®á, ®â¢¥â ­  ª®â®àë© ¢ ®¡é¥¬ á«ãç ¥ ­ ¬
¯®ª  ­¥ ¨§¢¥áâ¢¥­. �ãáâì A, B, C | ¯à®¨§¢®«ì­ë¥ ¢ë¯ãª«ë¥
ª®¬¯ ªâë ¨§ Rn ¨ A + B = C. �¥à­® «¨, çâ® áãé¥áâ¢ãîâ
­¥¯à¥àë¢­ë¥ äã­ªæ¨¨ a : C → A, b : C → B â ª¨¥, çâ® ∀c ∈ C
¢ë¯®«­¥­® a(c) + b(c) = c? �«ï P-¬­®¦¥áâ¢ [14, §1.8] ®â¢¥â
ãâ¢¥à¤¨â¥«¥­.
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�®ïá­¥­¨¥ ª á¯¨áªã «¨â¥à âãàë.
�à¨¢¥¤¥­­ë© ­¨¦¥ á¯¨á®ª ­¥ ¯à¥â¥­¤ã¥â ­  ¯®«­®âã.
�­¨£ã [4] ¬ë à¥ª®¬¥­¤ã¥¬ ¤«ï ¯¥à¢®£® §­ ª®¬áâ¢  á

¯à¥¤¬¥â®¬ ¬ â¥¬ â¨ç¥áª®£®  ­ «¨§ ,   ª­¨£¨ [5] ¨ [6] ¤«ï ¡®«¥¥
¨áªãè¥­­®£® ç¨â â¥«ï. � ª­¨£¥ [7] § ¬¥ç â¥«ì­ ï ¯®¤¡®àª 
§ ¤ ç ¯®  ­ «¨§ã.

� ª­¨£¥ [8] à áá¬®âà¥­ë ¬­®£¨¥ ª« áá¨ç¥áª¨¥ â¥®à¥¬ë ®
¬­®£®ç«¥­ å.

�­¨£  [9] | ª« áá¨ç¥áª¨© ¨ ®ç¥­ì ¯®«­ë© ãç¥¡­¨ª ¯®
 ­ «¨â¨ç¥áª®© £¥®¬¥âà¨¨ ¨ «¨­¥©­®©  «£¥¡à¥,   [10] | ¯®
â¥®à¨¨ ¬ âà¨æ. �­¨£  [11] | ª« áá¨ç¥áª¨© ãç¥¡­¨ª ¯®
 «£¥¡à¥.

�¢ãåâ®¬­¨ª [12] ­ ¯¨á ­ ª ª íáá¥. �®à¥è ©â¥ § ¤ ç¨,
ª®â®àë¬¨ § ª ­ç¨¢ ¥âáï ª ¦¤ë© à §¤¥« ¨ ¯®á¬®âà¥âì ®ç¥­ì
¯®«­ë© (­  1984 £®¤) á¯¨á®ª «¨â¥à âãàë ¯® £¥®¬¥âà¨¨ ¢®
¢â®à®¬ â®¬¥.

�¡§®à [13] ¯®á¢ïé¥­ §­ ¬¥­¨â®© â¥®à¥¬¥ �¥««¨ ®
¢ë¯ãª«ëå â¥« å á ®¡é¨¬¨ â®çª ¬¨ ¨ ¥¥ ¯à¨«®¦¥­¨ïå ¢
à §«¨ç­ëå § ¤ ç å £¥®¬¥âà¨¨ ¨  ­ «¨§ . �®¤¥à¦¨â ¡®«ìè®¥
ª®«¨ç¥áâ¢® § ¤ ç, ¬­®£¨¥ ¨§ ª®â®àëå ­¥ à¥è¥­ë ¤® á¨å ¯®à.

� ª­¨£¥ [14] á®¤¥à¦¨âáï ¨§«®¦¥­¨¥ ¢ë¯ãª«®£®  ­ «¨§ 
¨ à áá¬ âà¨¢ ¥âáï ¥£® ¯à¨¬¥­¥­¨¥ ¢ à §­ëå ®¡« áâïå
¬ â¥¬ â¨ª¨. �­ ç¨â¥«ì­ ï ç áâì ª­¨£¨ [15] ¯®á¢ïé¥­ 
¨§®¯¥à¨¬¥âà¨ç¥áª¨¬ ­¥à ¢¥­áâ¢ ¬ ¨ â¥®à¨¨ á¬¥è ­­ëå
®¡ê¥¬®¢. � ª­¨£ å [17], [18] ¨§«®¦¥­ë ¤¨ää¥à¥­æ¨ «ì­ë¥
ãà ¢­¥­¨ï; [19] | ãç¥¡­¨ª ¯® äã­ªæ¨®­ «ì­®¬ã  ­ «¨§ã
¤«ï ­ ç¨­ îé¨å; [20] | ª« áá¨ç¥áª ï ¬®­®£à ä¨ï ¯®
­¥«¨­¥©­®¬ã  ­ «¨§ã.
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