





BBeagenne

C 1974 roma B MockoBckOM (pU3UKO-TEXHUIECKOM WHCTUTYTE
PeryasapHO TPOBOJUIACH OJUMITHAIA CTYIEHTOB MO MATEMATHKE.
lens osmMmuapl OYEBUIHA — MAKCHUMAJBHO CHOCOOCTBOBATH
Pa3BUTHUIO Yy CTYAEHTOB HWHTEPECa K MUIYHYCHUIO MATEMATUKH,
BBISBJIATh HaubOJIEe OJIAPEHHBIX CTYIACHTOB, CTUMYJIUPOBATH HUX
TBOPYECKYIO aKTUBHOCTD.

[IpaBuia tpoBejieHus oJMMIUAJ, 33 3TU 34 roja PaKTUIECKH
He u3MeHuIuCh. OQIUMIIMAA IIPOBOJAUTCI PA3IeJbHO Jjijid 1-ro u
nis 2 — 6 kypcos. lIpoxomuTr ona B koHIE deBpasis — HaUAJe
mapta. Ha permenne 6-tm 33,129 OTBOAUTCA 4 ACTPOHOMUIECKUX
Jaca.

Ilna  mpoBemenus oamMOuaRl  Ha  Kadedape  BBICIIEH
MATEMATHKHU €KETOIHO CO3JAeTCd OPTKOMHUTET W YKIOPHU, KOTOPOE
[0 TPAJIAIIAK BO3TJIABJILAET 3aBedyormuit kadeapoit. OpPrkOMUTET,
MOMHMO TIOATOTOBKK 33149, MPOBOAAT BCIO HEOOXOIUMYIO
OPTraHU3aMMOHHYID paboTy, BKJIIOYAMIIYI, B  YaCTHOCTH,
O3HAKOMJIEHHE CTYAEHTOB C 33/[a9aMU, TIPEJIaraBIIuMucd Ha
MPOTILIBIX OJIMMITHAJIAX.

KosmgecTtBo yuacTHUKOB onmmMmna bl KojaebieTcs B mpeessax
or 80 mo 150 uesoBek. J[lns npoeepku pabor Boigesnserca 10
npenoasareseit. Jlydmme paboTbl HE3ABUCUMO TIEPETPOBEPIIOTCH
¥ CPABHUBAIOTCH YieHaMu Kopu. OKOHYATESBHO XKIOpu oTbupaer
7—10 mobeauresneit Ha 1-M u 2—6 Kypcax.

C 1974 roma mo 1990 rox BxiounTessHO oymvmuana MOTU
MPOBOJIMIIACH B PAMKaX BCecor3HOi MaTeMaTHIECKON OJIMMITHA, BT
CTYIEHTOB, B KadecTBe ee MmepBoro Typa. 1lo pesymbraTam
mepBoro Typa ¢opmupoBagack komanga MPTU maa ygactus B
MoCKOBCKOM TOPOJICKOM Type OJuMmuaabl. Hamwm CTymaeHTBl BO
II-m Type HeusMeHHO OOUBAJINCH BBICOKMX PE3YJIHLTATOB, KaK B
KOMAHIHOM TI€PBEHCTBE, TJ/ie OOBIYHO BHICTYIAJIO 35—45 KOoMamHs
By30B MOCKBBI, Tak W B JIMYHOM cOpeBHOBaHuu. KomaHja
MO®TU, kak npasusio, 3anumatia nodernoe 11 mecto, mpoiyckas
BIIEPEJ TOJBKO CHJIBHYIO KOMAHJIy MEXaHUKO-MATEMATUIECKOI'O



dakysprera MI'Y. B smdHOM 1epBeHCTBE WJIEHBI KOMAHIbI
MOTN perysnspHO 3aHUMAJM TPU3OBBIE MECTA. DTO JAABAJO UM
TPaBO BBICTYTIATH B TPETHEM 3aKJIIOYUTECIILHOM TypE€ OJIMMIINAIbL
B coctaBe kKomana Mocksel m Poccum. Yxe B TepBOi
Bceecorozmoit onmuMmuane CTyIEHTOB, TPOXOSIIEH HA MEXaHUKO-
maremarndeckoM dakyabrere MIY B okrabpe 1974 roma,
KIOPH 3aKJTIOIATEILHOTO Typa, BO3IaBisemoe akaaemukom 11.C.
AJTeRCaHIPOBLIM, TPHUCY/IMIO 3-€ TPU30BOE MECTO CTYICHTY 2-TO
kypca MOTU B.B. Cosory6osy. Eme 6onpirero ycmexa m00uIuChH
HAIM CTYIeHTHI B HOsiOpe 1985 roga B OMCKOM MOJTUTEXHUYIECKOM
HHCTUTYTE. Torma komanga MOCKBBI, YKOMILUIEKTOBAHHAS B
ocaoBHOM ctyaeHTamu M®PTU, 3ansgma I mecro. Ilepsble aBa
MeCTa B WHIUBHJIYAJTHLHOM TEPBEHCTBE TAK¥KE JIOCTAJIIUCH HAIUM
CTYAEHTAM.

K coxanenuto, nauwnas ¢ 1991 roma I u III Typsr osummma,met
IO MaTEMAaTUKE HE ITPOBOAATCH. COCT&BI/ITB BII€Y9AQTJIECHUE 06 ITUX
OJIUMITAAJIAX TUTATETh MOXKeT 1o Kauram [1], [2].

B ommmume oT pa3Basa  CTYNEHYECKOTO  OJMMITHAIHOTO
neuxkenus B Poccum B mHavasie 90-x T1070B, 3a pybexoMm B
9TO 2K€ BpeMd HHTEpeC K MAaTEeMAaTHYCCKUM OJIMMIIUAJaM
crymeaToB Bozpoc. C 1994 roma Bosmukia ogummuaga IMC
[3] (International Mathematical Competition for university
students), opraHr3aTOPOM KOTOPOH CTaJI AHTJIMACKII MATEMATHK
John Jayne. Crygenrst MOTU snuzomuuecku (Korga OGbLIO
bunancuposanme) yuacrsoBasm B copesnoBanmsx IMC u Bcerya
JTOOMBAJIUCH XOPOIINX PE3YJIHTATOB, BXOJsT OOBIYHO B KOMAHITHOM
IEPBEHCTBE B MEPBYIO maTepky u3d bosee vem 40 yHUBEPCHTETOB
yuacTHUKOB.  OcobeHHO yjadnbiM okazajca 1995 ron, korma
komanga M®PTU zamana nepBoe mecTo, a — Toraa CTyAeHT 1-1o
kypca — P.H. Kapacep ycTtaHoBmI abCOMIOTHBIR peKOpd: HabpaJ
199 6aswtoB w3 200 BO3MOXKHBIX ¥ [TOJIY UMW TPAH-TIPH.

Becema umnaTEpecHo, uro opranmzaTopbl IMC wuuorma Gpasu
sagaun oyumnuay, MOTU, manpumep 3agaua 5 (a) BTOpOrO
aog IMC-2 — »r1o 3zamaua 1993.4.2. B cBoto ouepenp



opranmzaTopbl omumvnuasx MOTU g aydmeidt 1moAroToBKU
KOMAHJIBI MCIIOJIB30BAJIM HEKOTOphIe 3ajaun u3 apcenaja [IMC.
IIpu 3TOM HEKOTOpPBIE 33,/1a9N TOCHLIAJNCH HAMHA CIEIHUAJIBHO I
IMC, nmanpumep 3amada 3 2-ro jgug IMC-10. Takum obpaszowm,
B3aumoyieiicteue ¢ IMC umeer naBHIOIO MCTOpHIo. K COXAJIEHUIO,
[IOCTOsIHHBIE (DUHAHCOBBIE TPYIHOCTH HE TIO3BOJISIOT TAJAHTIIMBBIM
cryaeratam MOTU perynapro yuacTBoBaTh B MeponpusaTusx IMC
¥ JIOCTOWHO TPEJICTABJIATE TaM Poccuio.

OrMeTrM, 9TO MOMUMO CIIOPTUBHOTNO MHTEPECA, MHOTHE 331091
omammnay, MOTU gBiagioTcd TPOCTHIMA YACTHBIMH CJIydasiMU
rybokux mMareMaruvieckux (HakToB m Teopuit. Perenwe Takmx
3aJ1a9  MOXKET CJYXKUTh NIEPBLIMH CTYIEHbKAMHM HA, IIyTU K
CEepbe3HBIM MATEMATHIECKUM Pe3yabTaTaM. B pelmeHusx Mbl
MOCTAPAJIUCH, YKa3aTh HA TakKWe 3aJa9W W JATh CCHUIKM HA
JIMTEPATYPY, B KOTOPOil MOXKHO HAUTH Pa3BUTUE W3JIOXKEHHBIX B
3ajiade uaei.

B 3akisiodeHwe Mbl BCIIOMHUM AaBTOPOB 33Jad Pa3HBIX JIET:
A.A. Boaubpyx, B.B. ®enocor, 5.U. T'onybor, C.I1. Korosasios,
E.C. llososunkun, I'"H. fkosies, B.M. ¥Ypoes, M.B. Banamios,
P.H. Kapaces, .. Bormanos, 11.A. KoxepHukop u mHOrmE

Jpyrue.

Ampesns, 2007 Mockea — JloaronpyaHbrii
C.11. Konosanos, M.B. Basauios



YcaoBugdg 3aaa4

Howmep zagaam 1993.1.1 o3navaert, 9To oHa dana B 1993 romy,
vMeeT HOMED | W TpeIokeHa nepBoKypcHukaMm. Howmep 3anaqan
1993.1.2 oszmavaet, uTo oHa mana B 1993 romy, mmeer HOMep 1
¥ TpenjoxkeHa cryaeHTam 2—6 kypcos. Howmep 3amaum 1993.2
03HaYaeT, 9To OHA jJaHa B 1993 romy, nMmeer HOMED 2 w1 TpejI0sKEeHA,
CTYIEHTAM BCEX KYPCOB.

OJIMMITAJTA — 1993

1993.1.1. Haiitu nanbosibiiee 3nauenue GyHKIUU
f= |l‘1$3 + X124 + T2x3 — x2w4|

Ha equEEaHOM Kybe {z € R* | |z <1, 1 < k < 4}.

1993.1.2. Haiitu perenne marpudnoro auddepeHmasLHoro
ypaBHEHUSI % = AX + XB, rne A, B — moCcTosgHHLIE MATPUIILI

nopsijika n, yaosnersopstomee yeaosuio X (0) = E.

1993.2. B ksagparHoii Marpuie A mopgiaka 2n Ha INIABHOM
JAATOHAJA CTOAT HYJH, & OCTAJbHBIE 3JIEMEHTHI pPaBHLI +1.
Hoxkaszars, uro det A # 0.

1993.3. Yacruna apuxerca w3 touku A B Touky B mo
OpAMOM, HEe MeHAsl HAIPABJICHUS JIBUMKEHUI. Paccrognue
AB = 1, BpeMa IBMKCHHAA PABHO 1, B HAYAJLHBIA WM KOHCYHLIA
MOMEHTBI BPEMEHU JIBUXKEHHA CKOPOCTL paBHa Hymio. Jlokasars,
9TO0 B HEKOTODPBIE MOMEHT BpeMeHW abCONIOTHAS BEJTWIHHA,
YCKOPEHHS YaCTHUILI PABHA, 4.

1993.4.1. Cymecrsyer ju HenpepbiHas ¢yakmusa f : R — R,
MPUHAMAIONIAS PANMUOHAJBHBIE 3HAYEHUST B HWPPAIUOHATHHBIX



TOYKaX U UPPATUOHAJbHBIC SHAYCHHUA B PAITHOHAJIbHBIX TOYKAX?!

1993.4.2. Jloka3aTh, 9YTO (pyHKITASI

ao

oo
5 +cosx+2akcoska:,

k=2

T(z)

e |ap] < 1, npuHEMaeT KakK IIOJOXKUTEJNbHBIE, TaK U
OTPpUIATEJIbHBIC 3HAYMCHUA.

1993.5.1. Ilycts A u B — 3aMKHYTBIE BBINYKJIBIE MHOKECTBA
ma maockoctu. Cremyer sim OTCIOA, 9TO WX CyMMAa,
A+B={rcR?|z=a+b, ac A bc B}

TOXKE 3aMKHYTOE MHOXKECTBO?

1993.5.2. UzBecTHO, 9TO BCE KOPHU TOJTUHOMA
P)=2"+c12" '+ +cp

€ KOMILJIEKCHbIME KO3d durnmenraMmu — 9ucTo Maumbe. /lokasars,
9TO TIpHU JII0OOM BEIECTBEHHOM T BBITIOJIHEHO HEPABEHCTRO
2P (x)

—n‘gn.

P(x)

1993.6.1. MoKHO Jin YUCJIO T TPEJCTABUTH KAK
lim (\/kn — «/mn> ,
n—oo

rje {kn,} u {my} — mocnesoBaTenbHOCTH HATYPAJIBHBIX YHCEI?



1993.6.2. Jloka3aTh, IYTO OpH @ > 1 cpaBemjIuBO PABEHCTBO
/2
/ cos azx (cos £)* 2 dx = 0.
0

OJIUMIINAJTA — 1994

1994.1. 1994 okpyKHOCTH Pa3zdUBAIOT MIIOCKOCTH HA 00JIACTH,
IPAHUIAMEA KOTOPBIX SBJISIIOTCH JAyTH OKpy»kHOCTeH. CKOJJIBKO
[IBETOB HEOOXOAUMO, 9TOOBI PACKPACHTDL TAKYIO reorpapuIecKyio
KapTy?

1994.2. Bcerma i Oyaer CBA3HBIM MHOXKECTBO, Oy IEHHOE
U3 OTKPBITOTO €IUHAYIHOTO KBaJApaTa yAAJEHHEM CYETHOIO
MHOKECTBO TOYEK?

1994.3. Haiitu Bce mempepbiBabie ¢dyarmuu f : R — R,
YJIOBJIETBOPAIOININAE Y PABHEHUIO

3f(2x+1) = f(x) + bx.

1994.4. Ha muockoctm namer toukm Aj, As, Az, Ay,
HUKAKWE TPH U3 KOTOPLIX He JexkarT Ha OJHOW IPIMOH.
IIposemem jBe KOHIEHTPUUECKWE OKPYXKHOCTH: OJIHY depe3
roukn Ai, Az, As, a apyryoo depes Touky Ay, OGosHaunM
uepes k(Aj, Ao, A3, A4) upoussejenue mwiomaaeil TpeyroJbHUKA
A1As A3 m mosmydmMBIIEroCa KPYroBOrO KOJbIA. JlOKa3aTb, 9TO
pesimunHa k He 3aBucuT oT HyMeparnuu Touek: k(Aq, Ag, As, Ay) =

— k(A27A37A47A1) - k(A37A47A17A2) = k(A47A17A27A3>'



1994.5.1. Iycrs C(a) — xodddurmment mpu z'9%* s

paszynoxenun 1o dopmyse Makaopena dynkmun (1 + )@
Beranconts

1
1 1
Cley-D (- v v Y Ny,
/ (- )<y+1+ +y+1994> Y
0

1994.5.2. Tlycre ¢i1(x), ..., @n(x) — opromopmupoBaHHAS
ua orpeske [0,1] cucrema menpepbiBubIX ynkuumit. Jokazars,
9T0 x0T OBl jytst OyHON dyukrIME @; (i = 1,...,n) cupaBeymBo
HEPABEHCTBO

2

k
Zn: /gol(x) de | < l
n

=1\,

n

1994.6.1. Ha muockoctm paHa mapadosa. Kak ¢ MoMoIsio
IUPKYJIS U JINHEHKU TOCTPOUTH €€ OCh?!

1994.6.2. Jlokazars, uyro mudpepeHnmaabHoe ypaBHEHNE

" (k)
chxk-i-l (xk—1y> -0
k=0

cBouTC K JuHedHOMY AudhepeHInaIbHOMY YPABHEHUIO C

IIOMOIMBIO 3aMCHDBI t= I‘_l " BBIMIUCATH 3TO ypaBHEHUE.



OJIMMITAJTA — 1995

1995.1.1. Moxker au rpadwmk wHenpepbiBHON QGyHKIMH
f + R — R mepecekarTh KaxXkIyi0 HEBEPTHUKAILHYIO TPIMYIO
beckoHEeTHOE TUCIO pa3?

1995.1.2. Cymecryer Jiv HellpepbiBHAs ipu T > 1 dyHKIUSA
f, ynoBnerBopsrOmas ypaBHeHUIO

(a? = 2)(f(2®) + f(x)) = 17

1995.2. CymecrByer Ju HenpepbiBHO juddepeHnupyemMast
dyurrua f: R — R, yrosiersopsitomasa yCcJI0BHO

|f(z)| <2, f(x)f'(x) >sinz, VreR?

1995.3. Ilycrs f1, ..., fn — JuHeRHO He3aBUCHMAS CHCTEMA
nenpepbBHO muddepenmupyembrx Ha, orpeske [0, 1] dyHuximii.
Jokazarh, 9T0 Cpemu MpOU3BOMHBIX f1, ..., fr Haimyrcs n — 1
JIMHEIHO HE3aBUCHUMBIX (DYHKIIHIA.

1995.4. Haiitu nipenent

1995.5. JokasaTs, uro npu 22 + y* + 2? = 1 crmpaseuBo
HEepPaBEHCTBO

1 1 1
Tz Yy <1
22 2 22



1995.6.1. OupenesuM CyMMY JIByX MHOXKECTB HA €BKJIUJIOBOM
ILIOCKOCTH:

A+B={zcR?|z=a+b, ac A, be B}.

Ilyers A = B,(a) N By(—a), tne Br(a) = {z € R? | |z —a]| < 7}
— kpyr pajgumyca r > 0 ¢ nearpom B TOouke a, ||al| < r. Hokazars,
9TO HAWAYTCd TaKHe TOUKH by U bo, 4TO

A+ (Br(b1) N Br(b2)) = Br(0). (%)

1995.6.2. Jliiss MHOXKECTB HA KOMIUIEKCHON IIJIOCKOCTH
ONIpEJIESIAM OIEePAINY CJIOKEHUT U YMHOKEHNT

A+B={z€Cl|z=a+b, a€ A, be B},
A-B={z€C|z=ab, ac A bec B}.

Iycts A = {z | |2| = 1g5}. Haiitu xora 6B ofHO permenue
ypasuenus A + X = A - X, ynossersopsioriee ycaosuio 0 ¢ X.

OJIMMITAJIA — 1996

1996.1. Ilycts a, b, ¢ — paccTosiHUsT MEXKY TPEMSI TOUKAMHE
MEeJIOUUCIEHHON peIeTKN, JeXKAIINMA Ha OKPYKHOCTH PaJIAyCa
R. Jlokazats, uto abc > 2R.

1996.2. JlokazaThb, 9TO g JiI0O0OTO HATYPAJBLHOTO YHCIA N
CTIIPABE,IJTUBO HEPABEHCTBO

(2}

11



rpe {x} — mpobHag gacTh ducaa .

1996.3.1. TTycrs f € C"TY(R) un

(T PO+ 00
fla)+ (@) + -+ f™(a) ’

rie a < b. JIokazars, uro Haiigercs ¢ € (a,b) Takoe, 4ToO

£ (e) = f(o).

1996.3.2. Haiiru lim /a,, ecm a; = a > 0, ay = a?,

n—oo
n—1
ap = Y. Gjap_; ipu n > 3.
i=1

1996.4.1. Jlokazarh, 9TO mpHU N > 2 BCE TOJIOKUATEIHHBIE
KOPHW MHOTOYJIEHA

JIeXKaT Ha WHTEepBaJIe (2 — 271/%17 9 _ 2%)

1996.4.2. Ilycrs z, @1,...,0n — 3JIEMEHTBHI €BKJINJIOBA
IIPOCTPAHCTBA, C1, .. ., Cp, — IPOU3BOJIbHBIE BeIIeCTBEHHBIE YHUCIIA.
Hokazars HEPABEHCTBO

<20i(x,<ﬁi)> < (ZC?) (2,2) | max D [(ei5)]

i=1 i=1 j=1

12



1996.5.1. Ilycte A = (aij) — HEBLIPOXKEHHAS MATPUIA
nopgaaka n, a;; > 0 Vi, j. JlokazaTe, 910 2, < n?
YUCIIO HYJIEBHIX 31eMeHTOR B Marpune AL,

—2n, TAe zp —

1996.5.2. IlycTb cueKTp MATPHILI TOPSIKa, 7

C
orpaamuen Ha uaTepBane r € (0,1), marpuna C' — nocrosHHAs,

a 2JeMeHTbl Marpunbl B(x) orpamudenst ma otpeske [0, 1].

Jlokazark, aro marpuna C' — wmabnorenrnas (re. Jk € N:
ck =0).

1996.6. Ilycte a, b, ¢ — HeoTpuIATEJLHBIE IEILIE TUCTA,
npuaem ab > 2. Jokazars, 9TO CYIIECTBYET HATYPAJIBHOE HYHCIIO
N U MeJble YUCHA L1, « .., Tpn, Y1, - - -, Yn TAKHE, ITO

n n n
doai=a, Y yi=b Y wmyi=c
i=1 i=1 i=1

OJIMMIINAJIA — 1997

1997.1.1. Ilycts aj,..., Gn — TOJOKWUTEIbHBIE YTHUCIA.

JloKa3aTh, 9T0 MHOTOUJIEH
" 7a1$n—1 — e —ay

umMeeT poOBHO OOUH TOJIOXKUTEJTHHBIN KOPCHDb.

1997.1.2. JlokazaTth, 9TO



1997.2. Haiitu 06beM cederuns 4eThIPEXMEPHOTO Kyba
{x€R4|0§xk§1, kel 4}

THNEPILIOCKOCTBIO 1 + Tg + X3 + 24 = 2.

1997.3.1. Jokazars, uro Ve > (0 HalimyTca HaATypabHOE
YUCJIO N U YUCHR A1, ..., Oy TAKHAE, YTO

n

max |r — apa2k Tt
k=1

z€[0,1]

<e.

1997.3.2. Bcerma s Oymer wmsMmepuMbiM 1o 2Kopaamy
OTPaHUYIEHHOE OTKPBITOE CBA3HOE MHOXKECTBO HA, TIJIOCKOCTH !

1997.4. Kacarensusile xk mapabose y?> = 2pr B TOYKAX
A, B u C obpasyor tpeyrombuuk KLM. [lokazarb, 9TO

1
SkrLm = 55aBcC-

1997.5. Ilycts f € C*([0,1]). Joka3aTh HEpaBEHCTBO

1 1

1(3)|= [ir@raes [ireia.

0 0

1997.6. ITycts A(z) — xBampaTHag Marpuna mopsaaka 2n+ 1,
onpenenennad na uarepsasie (0,1). Vspecrno, aro det A(z) = 1

14



JUIsl BCeX X W JiIst JIIOOOR IIOCTOAHHOW MaTpuilbl B cyriecTByer
npenest limo A(z)BA™Y(z). [loKazaTb, 9TO CyMECTBYIOT IPEIeIbI
T—+

. . —1
lm,Aw) w4

OJIMMITIAJTA — 1998

1998.1. Jamo B3amMHO OTHO3HAYHOE OTOOpaKeHne
f + N — N. Jlorazars, 9T0 Ha¥yTcs HATYpaJbHBIE YHCJIA
a, bu c rakme, uto a < b < cwu f(a)+ f(c) = 2f(b).

1998.2. [Iycrs xommiekcHble 4uciaa a, b m ¢ Takwme,
9TO BCE€ KOPHH YPaBHEHUA 22 4+ az’> + bz + ¢ = 0 ngexar Ha
okpyxuoctu |z| = 1. JlokazaTh, 9TO BCE KODHH ypaBHEHUS

23 + |a|2? + |b|z + |c| = 0 raksxe sexar na okpyxnocru |z| = 1.

1998.3.1. CymecTByeT Ju OPTOTOHAJBHOE MPEODPA30BAHUE
maockocTn R? u OTPAHUYEHHOE MHOXKECTBO S C R? TaKHe, 9TO

F(S) C S, mo £(S) # 87

1998.3.2. llycts A — HeBLIPOXKIEHHAs BEIECTBEHHAd 2 X 2
MaTPpHIA, Y KOTOPO# COOCTBEHHBIE 3HAUYEHUST A1 = Ay = .
Jlokazats, aro g moboro € > 0 maiiaerca 2 X 2 marpumna S
u uucio 0 € [0, ] Takue, aTo

e (A6
SAS(O)\.

15



1998.4. (i) Jokasarp, 4to cymecrsyer muorowien P(z)
TaKOM, 9TO JIa JHOOOTO HATYPAJLHOTO YUCIIA, 7

/ P(z)dx = n*.
n—1

n
(i) Haitru cymmy Y k2.
k=1

1998.5. TIlocnenosarenbnocts {2} 3ajaHa DPEKypPPEHTHO:
x1 — Hekoropoe uucio u3 narepsasia (0,1), a zpy1 = In(1 + x,).
Haiitz mpenen lim nx,.
n—oo

1998.6. Ilycts e, ..., e, — OPTOHOPMHPOBAHHLINA Ha3uC B
R"™ a aj, ..., @y — BEKTOPHI eAWHUYIHON uwHBI. JoKa3aTh, 910
eciu

(a1,e1) + -+ + (an,en) > v/n(n—1),
TO BEKTODPHI A1, ..., Gn JUHEHHO HE3ABUCUMBI.

OJIMMITIAJTA — 1999

1999.1. JlokazaTb, 9TO BCAKOE HEIPEPBHIBHOE OTOOPAKEHHE
OKDYKHOCTH B  TPAMYI0  TEpPeBOAUT  HEKOTOPYI  Tapy
JAUAMETPAJILHO TPOTUBOIIOJIOZKHBIX TOYEK B OHY TOYKY.

1999.2.1. Ilycrs

™

M =< feC(0,n]) /f(x)sinxdx:/f(w)cosazdm:1
0

0

o : 2
Haittn ]EI%I]\I/][ Jo 2 () da.

16



1999.2.2. Ilycrs pmano ypasmenme y = xzy + f(x), rue
f : R - R — menpepniBHag orpannmdyenHas (yHKius. HaiTu
HEOOXOIMMOE W JIOCTATOYHOE YCJIOBUE, KOTOPOMY JOJIXKHA,
yAOBIETBOPATH byHKIMs f(2) A1 TOrO, 9TOOBI yPABHEHHAE UMEIIO
pemenne y(x) — 0 mpu x — o0.

1999.3. Ilycts ay,...,a, — TOJOXUTENbHBIE YHCIA U
BBITIOJIHEHO HEPABEHCTBO a1 + - -+ + ap < 1. Jlokazars, uro

(al—l—---—i—an)(l—al)(l—ag)...(l—an)
aray...ap(l—a; —---—ap)

1999.4. Jlokazath, 49TO mpu JOOOM HATYPAJILHOM 7N
cymectByeT cedenue n-mepuoro kyba {x € R" | |zx| < 1, k =
1,...,n} JABYMEpHO#l IJIOCKOCTBIO, ABJISIONIEECT MTPABUJIHHBIM
2n-yTrOJIBHAKOM.

1999.5. Cymecrsyer qu dyuxmus f(r), HEIpepbiBHAA HA
nostyocu (1,400) u Takag, 9To

/f(t) dt =1, Vo € (1,+00)?

1999.6. HaiiTu MaTpUIly TPETHETO MOPSIKA,
1 1
T@)=To+-Ti+--+ Ty
T x

(T}, — TOCTOSIHHBIE MATPHIIBI) TAKYIO, ITO TpH = 7 0 BBIIOJIHEHO
pasencrso det T'(z) = 1, a marpuiy

sinz 62:13 sinz

T | 2
A(l‘) — T(.I') . 3 H(l;riv) CZSQI
0 0 e”
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MOZKHO JOOIIPEJEJIUTh B HyJIe TaK, 4TO IIOCJIC 3TOI'0 OHA CTAaHET
HEBBIPOXKJIEHHON 1 HENPEPBIBHON B HEKOTOPON OKPECTHOCTH HYJI.

OJIMMIIAJIA — 2000

2000.1. [Tano cemeiicreo F' = {A C N | |A] < oo} Takoe, aTo
ANB # () gna mobuix A, B € F. Bepno jm, uro Beerja Haiigercs
Takoe KoHedHoe MHOXKecTBo X C N, wto AN BN X # 0 gua
mobex A, B € F'?

2000.2. TIlycrs f € C([0,1]) u pus mobeix x,y € [0,1]
Boinosnsierca nepasencTso zf(y) + yf(z) < 1. Hokasarb, uro

NI

1
0/ o) da <

2000.3. Cymecrsyer jin Takas ouekius 7 : N — N, aro

— (n)

E 5 < 4o0?
n

n=1

2000.4. Ilycts meBwipoxgenuas marpuna M mopsaka 2n u
obparnasg marpuna M ! pa3buTsl Ha KBaApaTHBIE GIOKH

(A B L, (E F
M‘(c D)’ M _<G H)

Hoxkazars, uro det M - det H = det A.
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2000.5. Ilycts L — BemecTBeHHOE JIMHEHHOE IIPOCTPAHCTBO,
dimIL = 10, Ly u Ly — momnpocrparctea L, L; C Lo,
dimlL; = 3, dimLy = 6. Ilycte E — mpocrpancTBo Tex
JIMHERHBIX TpeobpazoBanuit L, njaa kotopeix Ly u Lo gaBasioTcsa
WHBAPUAHTHBIME  TIOAIPOCTPAHCTBAMHU. Haiitu paszmeprOCTB
npocrpancTsa E.

2000.6. Ilycte P(x) — MHOrOWIeH CTEeHH N1 C
BEIIECTBEHHBIMHA ko3ddunmentamu, AMEIOTIH A TOJTBKO
BENIECTBEHHbIe KOpHH. J[0Ka3aTh, aTo

(n—1) (P'())” > nP(z)P"(x)

s gmoboro x € R.

OJIMMIINAJA — 2001

2001.1. [Jama Bospacraomasa dbymkmua f : [0,1] — [0,1].
JokaszaTs, uro Haiinerca takag Touka = € [0, 1], aro f(z) = .

n
2001.2. Ilycrs {x;}]' | — KoHeuHast yOBIBAOIIAS OCIIEIOBA-
TEJIBHOCTH MMOJIO2KUTEJIBbHBIX YUCEJI. ILOKaBaTL, qToO

(Z) LU

i=1

2001.3. Ilycrs f € C(R) u nu va ogaOoM uHTEpBaJe (HOYHKIH
f He aBaserca monoToHHOU. JlokazaTsk, 9YTO Ha JOOM WHTEPBAJE
UMEIOTCI TOYKH MUHUMyMa (PyHKIHAR f.
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2001.4. Haiitu Bce dynkmuu f : Ry — Ry (3gecs Ry =
(0, +00)), YIOBIETBOPAIONIAE YPABHEHUIO

f@) fyf(x)) = flx+y), Vae,yeR,.

2001.5. Ilycts P(x) m Q(x) — MHOrOWIEHBI CTENEHU
n ou Glz,y) = Sp_o PR (@)QW(y). JokazaTh, 9TO
G(z,y) = G(y, ).

2001.6. JloKazaTh, 49YTO €JUHAYHBIA KBaJIpaT MOXKHO
paspe3aTb Ha /N KBaJIpaTOB MEHLINEro pasmepa, ecam N
JOCTATOYHO BEJUKO.

OJINMMIINAJIA — 2002
2002.1. BeraucanTs OnpesesuTens MaTpUIpBL (@) HOpsSAKa

n, e a;; = 0;; + x;y; (6;; — cumsos Kponekepa).

1
In(1 2
2002.2. 3nag, dYTO de = I, BBIYHACJIATH
’ x 12>
0

1
In(1—2?)
| =" d=.
0
2002.3. IlocsenoBaTelbHOCTL {Ty} 3a7aHa PEKYpPPEHTHO:
2

zo=1, Tpy1 =2 — %. Jokazats, 9T0 Tagg2 < %

2002.4. Ilyct A m B — KBagpaTHLIE MATPHUILI TOPSIIKA
n. Jlokasarh, uro pasencrso P(A + B) = P(A) + P/(A)B
BBLINIOJIHSIETCH i Jiio6oro Muorowiena P(z) Torma u TOJIBKO
torna, korna AB — BA = B2

20



2002.5. Ilycts {€,} — HOCIEAOBATENBHOCTD, COCTOAIAL U3

+1. MoxeT a1 4ucIio
oo

>
nl
= n!

OBITH PAIMOHAIBHBIM?
2002.6. Ilycrs A C R” — xoMmakT u

B=SzeR" |VxeB3lacA: ||x—al| =supl|z—yl
yeA

HoxkazaTh, 9T0 3aMbIKaHHEe MHOXKecTBa B cosmagaer ¢ R”,

OJIMMIINNAJTA — 2003

2003.1. Ilycrs a, b, ¢, d — komIIeKcHBIE umCaa, |a| < 1,
|b] <1, |c| <1, |d| < 1. Haiitn nanbosbinee 3HAYIEHUE BHIPAYKEHUSI
lac 4+ ad + bc — bd|.

2003.2. [loxasaTb, 9TO AJjIs0 JIOOBIX BEKTOPOB a1,..., Op W3

n
R3 Brimosmeno mepasenctso > el®%) > p?2,
1,j=1

2003.3. JlokazaTh, 9TO MHOTOWIEH BUIA arz® + agzh? +

4+ -+ agoo3xt2908 mveer me Gostee 2002 MONOKATETHHBIX KOpHeH
(¢ ygeTom KpaTHOCTH).

2003.4. [Iycrs  f(z) — wempepbiBHAS TEPUOIAIECKAST
dbyukima.  Jlokazars, uro mia Joboro a € R ypapmenwe
f(z 4+ a) = f(z) umeer mo Kpaitueil Mepe JBa KOPHS Ha KAaXkKJIOM
OTpe3Ke, UTNHA KOTOPOTO PABHA TEPHOY.
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2003.5. Tpu mpameie » = 7; + a;t (i = 1,2,3) nomapuo He
[IEPECEKAIOTCI U He MapaJuIeJLHLI OMHON ILIOCKOCTH. BLIpasuTh
obheM TapaJsIesenuesa, Tpu pedbpa KOTOPOTO JIEKAT Ha JAHHBIX
OPSIMEIX, Yepe3 BEKTOPLI 7; U ;.

2003.6. /Ioka3aTh HepaBEHCTBO

1 1 .. 1 P
I xI9 e Tn 2 2 2 2 4
{L’?il ngl xz—l
OJIMMIINAJTA — 2004
2004.1. DjemenTtel MaTpuipl nopagka 10 — menbie ducia,

nmpudeM 1o KpaitHeit Mmepe 92 u3 Hux — HedeTHsle. JloKa3aTh, 9TO
OTIPEJIEJTUTEITb ITON MATPUILI — YETHOE UUCHO.

2004.2. [Iycrs  f(z) — wempepbiBHAS TEPUOJUIECKAS

T y
dbyukuus ¢ nepuogom T, [ f(x) dz = 0. Tokazars, 4o Hajigercs
TaKOe YHUCJIO @, YTO IIPH JI060M b BBIIOIHACTCS HEPABEHCTBO

b

/f(x) dz > 0.

a

2004.3. Ilycte P — mepuMeTp TpeyroJbHHKA C
MEJIOTUCIEHHBIMA  KOOPAMHATAMEI BepimivH Ha, miockoctu Oxy,
R — pajauyc ONUCAHHON OKOJIO TPEYTrOJIbHUKA OKPYKHOCTH.
Joxazars nepasencTso P2 > 54R.
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2004.4. Haiitu mmorownen P(xr) HamMeHbIIEH CcTeneHd,
KOTODBIN MMEeT HyJIb JIECATOrO Mopsaaka npu & = 0 U Takoii, 910
P(z) — 1 numeer Hyab nsgToro nopsijika npu r = 1.

2004.5. Ha mrockocTH JIaHBI TPH TMOMAPHO MEPECEKAIOIINECS
OKPY2KHOCTH. Yepes ToOUYKH TepecedeHUsT KaXKIbIX JIBYX
OKPYZKHOCTEH NpOBeIeHa IpaMasd. Jokazarh, 9r0 3TH TpH
MIPSAMBIE TIEPeceKaIoTcsd B OJHON TOYKE WJIH MapaJiebHBL

2004.6.1. Tlosepxnocts z = f(x,y), rae f(z,y) — MHOTOUNEH
CTENeHN He HUXKe BTOPOM, 00JaJaeT CBOMCTBOM: uepes a106y10 ee
MOYKY MONCHO NPOBECTNU O0BE NPAMbIE, UECAUKOM NEHCAULUE HA
noseprrocmu. JloKa3aTh, 9TO MOBEPXHOCTh — THHEPOOJIAICCKAN
mapaboaowT.

2004.6.2. Ilycrs

B C
=(er )

rae B, C, D — gefictBuTeIbHBIE MATPHUILI OJHOTO MOPIAKa, B —
HeBBIpOXKAeHHAs, B u D — cummerpudeckue. O603HATUM 1Uepe3
N1, N2, N3 IUCIO TOJOKRUTEITHHBIX COOCTBEHHBIX 3HAMEHUIT MATPWIL
A, B, D—CTB~1C coorsercreenno. JIoka3arh, 9T0 n = ng+ng.

OJIMMIINAJIA — 2005
2005.1. [IycTh moOMOXHUTENbHBIE YHCTA T1, T2, Y1, Y2
YAOBJIETBOPAIOT COOTHOIMEHUAM T1 + X2 = Y1 + Y2 = 1, x% + x% <

< y? + y3. JlokazaTh, 9TO

r1Ilnxy +xolnzy <yilny +y2 Inys.
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2005.2. Ilycte  d, — KOJIHMYECTBO IIEPECTAHOBOK

o : {1,2,...,n} — {1,2,...,n} TaRUX, UTO BBLIIOJIHEHO
nepasencteo (o(i) — o(i — 1))(o(i) — o(i + 1)) > 0 upm
giobom 1 = 2,3,...,n — 1. Hokazarh, 9T0 2d2004 < d2005-

2005.3. a) lana muddepennupyemas dyuknua f : [0,1] —
R. Ussecrno, uro wsin f(z)+2 = f(z)sinz +2f(x)? npu mobom
x € [0,1]. Haitnure |f, (0)| (3mecs f}(0) — mpoussomnas cipasa
B Touke 0).

6) lana menpepbiBuas dyukuua f : [0,1] — R. Ussectno,
uro xsin f(r) + 22 = f(z)sinz + 2f(z)? upu mobom = € [0,1].
JHoxaxkute, uro cymecrsyer [’ (0).

2005.4. Ha mrockocTu 3amaHa 3aMKHYTasd KyCOUHO-TIIA-
Kag KpuBasg [, OrpaHWYMBAIONMIAS BBIIYKJIYI I[EHTPAJIBHO-
cuMmMmerpuuny0 obnactb. Jlokazarh, uTo B KpuByo ' mMoxkHO
prucath addUHHO NPABUIBHBIA IMECTHYTOMBHUK (T.e.  0obOpa3
MPABUJIBHOTO TIECTUYTOJbHUKA TIPU HEKOTOPOM ahduHHOM Impe-
00pa30BaHUH).

2005.5. Jlagp nesounciennbie MaTpunsl A u B nopaaka 10.
WssecTno, uro marpunnt A, A+ B, A+ 2B, ..., A+ 258 umMeror
IeJIOINCICHELIC oOpaTabie. Jlokazarh, aro marpuna A + 20058
TaK)Ke UMeeT IEJJOTUCIEHHYI0 00paTHYIO.

2005.6. Ilycto dyokmug f : R — R menpepniBHa B TOYKe
T = xo, T.€.
Ve > 030 >0 Ve € Us(zg) = (xo — 0,20 +90) | f(z) — fzo)| < e.
(%)
Jlokazark, uTo B ycaosuu (%) juisg Kaxaoro € > 0 MOXKHO Tak
nono6parh § = 0(g), uro dbyurnus d(¢) GyjerT HenPepBIBHON Tpu
e > 0.
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OJIMMIIIAJIA — 2006

2006.1. Ilycts f € C2([0,1]). okasaTh, 4To ByHKIHIO
f MO2KHO TIpeACTaBUTh B BUAE PA3HOCTU [ABYX BBIIMTYKJIBIX BHU3

GyHKIHH.

3 3 3
2006.2.1. Ilycts x, = \/6 + A6+ + V/6. Haiitu npenen

n pas

lim 6"(2 — xy,).

n—oo

o0
2006.2.2. TIIycts o € (0,1), psg > 7% cxomurca u

k=1
o0 1
T > Tpp1 > 0 s Beex k. Jlokasars, 9To Py p . &, O TaKKe
k=1

CXOJITUTCS.

2006.3.1. JJan mHorousen P(x) He4eTHO# cTeleHu n Takoi,
gro lim P(x) = +4oo. MWssecrno, uro mmorowitensl P(x) m
xr——+00

P(P(z)) uMeloT POBHO 1O T BeIIECTBEHHBIX KopHeil. JlokaszaTs,
aro Muorowien P(P(P(x))) Tak:e uMeeT POBHO N BEMIECTBEHHBIX

KOpHEH.
2006.3.2. Jlokazarb, wuro g goboro pemenus y(x)
ypasuennd y” + siny = 0 cymecTsyer lim @
r——+400

2006.4. Yerbipe kBajpaTH4HLIX ypasuenus fi(z,y) = 0,
f2(x7y) = 0, f3($7y) = 0, f4(x7y) = 0 sanaror werwipe
OKPYKHOCTH HAa IUIOCKOCTH, IIPH STOM HH y KaKUX Tpex
OKPYZKHOCTEHA IEHTPBI HE JIE2KAT HA OJHOU IPAMON, OKPYXKHOCTH
HE T[IEPECEKAIOTC M HE COJepKaTcd BHYTPH Jpyr Jpyra.
Jokaxwure, aro pyakumuu fi1, fo, f3, f4 muBeiino 3aBUCUMBL TOTIA
¥ TOJIPKO TOTJIA, KOTJIA CYIIECTBYET OKPY>KHOCTb, ME€PECEKAIOIIAs
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4 WCXOJIHBIX OKPY2KHOCTHU IO/l IPSAMBIMHU YTJIAMHU.

2006.5.1. Ilyctb A C R? — BhIOyK/IOE KOMIAKTHOE
MHOXKECTBO M A. — E-OKPEeCTHOCTH 3TOrO MHOMKECTBA, T.€.
muoxkecrso Ugea{r € R? | |z — a| < e}. Jlokasars, uro
wiomae S(A.) muoxectBa A. ectb S(A:) = a + be +ce? n

HalTH Koa(pdumumentol a, b, c. Cuurarh, uTo rpanuna A ecrtb
CrpdaMiideMad KpuBad.

2006.5.2. Broinykiblii KOMIAKT A B €BKJIKIOBOM ILIOCKOCTH
R? pMeer mIOMALD 7.

/exp (—o(z, A)) dx = b,
R2

rie ¢yuxmus o(z, A) = mingea ||z — al| Vo € R?. Haiirn amuny
rpamanel 0A kommnakTa, A.

2006.6. llycrr B, C — BemecTBeHHble 12 X 1 MATPHIL, A =
= B+ iC — koMIuiekcHasa n X n marpuna, i = v/ —1. Jlokazars,

9TO
B —-C\ 9
det(c B >—|detA|.
OJIMMIINAJIA — 2007
2007.1. Ilycte C C R™ — orpaHuveHHOE MHOXKECTBO H

dbyukuua f: C — R ynosnersopsier ycmosuio |f(x1) — f(xa)| <

< |lw1 — x2|| ana Bcex Touek w1,x2 € C. Jlokasarp, uro

dbynkmua g(x) = ing (lx — y|| + f(y)) ynoBaersopsier yciaoBuio
ye

l9(z1) — g(z2)| < [|z1 — 22| mnst Beex z1,20 € R" m g(z) = f(x)
g Beex x € C.
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2007.2.1. Ilyctb xg = a, x1 = b, ax, = (1 — %) xn,1+%mn,2,

n=2,3,.... Haiitu lim z,.
n—oo

2007.2.2. Ilycrs mocnemoBaresbHOCTH {a,} TakoBa, 9TO
n

[IOCJIe JOBATEIHHOCTD {}L > ak} cxomuared.  JokaszaTh, 9TO JJId

k=1

e @]
moboro € > 0 psj Y 9%z CXOAUTCS.
n=1

2007.3.1. Ilycte B — 1eHTPAJBbHO CHMMETPUYHOE BBIILYKJIOE
KOMIIAKTHOe Tego B RZ. Joka3zaTh, d4YTO HaljeTcd TaKOn
mapaJjiiesiorpaMM, — cojiepKaruii B, YTo cepeiuHbl CTOPOH
MapaJsyIeIOrpaMMa, IBJIFIOTCI TOYKAMA MHOXKeCTBa B.

2007.3.2. Jlokazarh, uto 3ajada Komm #(t) = z(t/2) + €,
xz(0) = 1, umeer ejuHcTBeHHOE pemienue Ha ocu. (Pemenue
ecrb  HenpepeiBHO  jmddepenumpyemasn  byukmua (),
y0BJIeTBOpsitoNas 3aj1a4e Komrm).

2007.4. IIycrs f(xz) — MHOrOWIEH C JEHCTBUTENbHBIMA
KO3 dumeHTaMu  CTEIIEHH N, HWMEIMWA N pa3IdndHbIX
JEeACTBUTEJNBHBIX KOPHEHd X1, I9, ..., In. Hokazarh, [TO

k
xh
Jyisl J060r0 HATYPaJbHOrO k < 1 — 2 BBIIOJHEHO Y. 4 7y = 0
1

2007.5. Ilycrs sagannt T € R™*"™ — marpuna panra m,
b€ R™ u muoxecrBo A ={x € R" | Tax =b; x> 0,1 <k <n}.
JlokazaTh, 9TO ecJm TO9Ka, & € A ABIAETCT BEPITUHON MHOMKECTRA,
A, TO CyIeCTByeT TaKas HyMeparus {ij}}_,; KOMIOHEHT TOUKH Z,
aro x;, = 0 muast Bcex k € m + 1,n, a cronbupr {715, } | anHeiiHO
HE3aBUCHAMBI.

2007.6. Ilyctb A w B — BBIOyK/Ible KOMIAKTH H3 R2
¢ HEIyCTOW BHYTPEHHOCTBHIO, TPAHUIA KOTOPBIX HE COJIECPKUT
orpeskoB. Ilycth C = A+ B = {a+0b | a € Ab € B}.
Jlokazarhb, 9To CymecTBYOT HenpepbiBabe dynkmuu a : [0,1] — A
ub:[0,1] — B rakwe, aTo

{a(t) +b(t) | t€[0,1]} = C.
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Pertenns 3ama4u
OJIMMIIMAJIA — 1993
1993.1.1.
[ =lr103+ 2104 + 2073 — w224 | < 1|+ |23+ 14|+ |22| - [23 — 24| <

< |3 + x4| + |x3 — x4|. Bes orpanmvenusr 06MHOCTH MOXKHO
CYHTATDL, 9TO X3 > T4 > 0, mosromy f < 2x3 = 2. D10 3HAUEHKE
JOCTHTAETCs, HATpuMep, B Touke 2 = 1, 1 < k < 4.

3ameqarue. 3aMeTuM, UTO OTHOCHTEJIBHO KaXKJIOU
KOODJMHATBHI Tf, (npu (DUKCHPOBAHHBIX OCTAJBHBIX) (DyHKIUSA
umeer Bup, |axy + b, mosroMmy mamGosbmee 3Hadenue GyHKIUA
npuauMaer upu rp = —1 wm xp = 1.  CuemoBaresibHO,
MaKCUMAJIbHOE 3HAYEHWE JOCTUTAETCS B KAKUX-TO BEPITHHAX
Kyba, kKoTopeix 16. Curyarusa 37ech aHAJIOTHIHA TOMY (hakTy,
YTO BBIMMYKJIad HEIIPEPhIBHAA (i)yHKH‘I/IH JOCTUTACT MAKCUMYMa Ha
KOMIIAKTE B HEKOTOPOUN KpalHell TOYKe 3TOr0 KOMIIAKTA.

1993.1.2. Cuenaem B ypasnennn 3ameny X = e 'Y (t):
X = Ae™Y + MY = AeMY + MY B,

OTKYIA Y = YB, Y = CePt, rne C — nocrosnuas mMaTpura.

O6mee perenne X = e*CePt, pemenne zamaun Komun X =
— At Bt

1993.2. Paccmorpum marpuny B = A2 B meit by —
HEYeTHbIC 4YHCIa (CyMMa HyJIs W HEYeTHOro wmcsa +1), a by,

i # j — dYeTHBbIe YUCIa (CyMMa JIByX HYJIed U 4eTHOrO ducia +1).
2
Cuatesiosarensno, det A2 = (det A)* — neuernoe uucio.

1993.3. Tlycrs v(t) — CKOPOCTH YACTHUIHI B MOMEHT BPEMEHU
t,t € [0,1]. Torma v(0) = v(1) =0, fol v(t) dt = 1. B KoopuHaTax
(t,v) paccmorpum tpeyromsauk OMN, rme O(0,0), M (%, 2),
N(1,0). I'paduk dyuknuu v(t) nepecekaercs mo Kpaiineii Mepe ¢
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OJIHOI 13 BOKOBBHIX CTOPOH Tpeyroabuuka OM N, T.xk. Souyn = 1.
Caenosaresnbio, na rpadure Gynknun v = v(t) HaligeTCs TOUKA
(to,v(t0)), B KOTOPO# KacaTejsbHAs TTAPAIIIEIbHA GBOKOBOW CTOPOHE
TpeyroNbHuKa, T.e. |V (tg)] = 4.

1993.4.1. llpeamosoxumM, 9TO TaKas (DYHKIUS CYIIECTBYET.
Toryma muoxkectso f(Q) — obpas cuernoro MHOXKecTBa — He HoJiee
gem cuetno, kak u f(R\Q), T.x. mo ycmosmo f(R\Q) C Q.
CrenoBaresibHO, MHOXKECTBO 3HaueHui (GyHKIWH He OoJiee dyem
CUYETHO U COJEPKHUT 10 KpailHell Mepe JiBe pa3Hble TOYKH. IJTO
nporuBopednT Teopeme bosbmano—Komm 0 TpoMeRyTOIHBIX
3HAYEHUAX HENPEPHIBHOW (DYHKIIHUH.

1993.4.2. PaccMoTpuM JIBa MHTETrpaJa;

27 27
I, = /T(w)(l +cosx)dr = / (% + cos? a:) dx = m(ag £ 1).
0 0

Tak xak |ag] < 1, To I1 > 0, I_ < 0. Ho ecam mpeamnosoxnTh,
aro T > 0 (< 0), mo o6a wmaTerpama O6ymyr > 0 (< 0),
Tk. 1+cosxz > 0. Cnenosarenspuo, dpyurnusa 1'(x) npuaEMaeT
3HAYEHUS PA3HBIX 3HAKOB.

1993.5.1. Her. Hampumep, eciu A = {(z,y) | y = 0}, a
B={(z,y) |z>0,y>0, 2y > 1}, 10 A+ B ={(z,y) | y > 0}.

1993.5.2. Tlycrs P(x) = (z—a1)* ... (x—am)", roe Reas =
m
Ou ) ks =n. Torma

s=1

2z P’
Pl

ks
2 — k
ZER N T
x4+ ag o B
<3k — =S h=n
1993.6.1. IIpw KaxJIOM HATYPaJHLHOM N UHCJIIA,
p(Vn+ _\/ﬁ):\/p2(n+1)_\/p2n7 p:1>27
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06pa3yior  apum(METHIEeCKyI0  IPOTPEcCCHI0 ¢  PA3HOCTHIO
dp, =vn+1—+/n. CremoBaTesIbHO, € TOYHOCTHIO d,, WMH
MOXKHO pubm3uTh J1060e uncyo u3 (0, +oo). Tak kak d, — 0
npu n — 00, TO JM0HO0E IUCII0 — B TOM THCIIE W T — MOXKHO

MTPeICTaBUTh B BUIIE nh_)rrgo (\/kzn — w/mn).

1993.6.2. 'Tpebyemblii pe3y/abTaT IMOJYUIAETCS Cpa3y, €CIIH
WUCXOMHBI WHTErpaJi cieayonmM obpa3oM pa3buTh Ha B
WHTETPAJA, & 3aTEM BO BTOPOM MPOWHTETPUPOBATEH TIO YaCTAM:

w/2

[ cosaz (cosz)*? dx =

0
w/2

= [ (cos(a — 1)z cosz — sin(a — 1)z sinz) (cosz)* > dr =
0

w/2 /2 )
P et oy s e g onyt =
0
in(a— w/2
= Sl e (cos )™ J=

OJINMMIINAJTA — 1994

1994.1. Kaxmag TOYKa JIEXKUT JTUOO BHYTPU UETHOTO TUCIIA
OKpy:KHOCTeH, b0 BHyTpum HedeTHoro. IlosTomy mocTaTodmo
JBYX I[BETOB — Y€PHOTO W HEYEPHOTO.

1994.2. Beerpa. Ilycte A 1 B — TOYKM JAHHOTO MHOXKECTBA.
Cymecrryer Takoe aucyio Ry, aro mua groboro R > Ry mamas
Iyra OKPY2KHOCTH paguyca R, mpoxomgmieil yepes Touku A u B,
JIC2ZKUT B €IJUHUYIHOM KBa/JpaTe. MHO}KGCTBO TAKUX JyT' HCCICTHO,
[IO3TOMY XOTd OBbI Ha OJIHOW M3 HUX HET TOYEK YIAJIEHHOI'O
MHOKECTBA.

1994.3. Meromonm  mHeompeeneHHbIX  KOIDDUIMEHTOR
HAXOJIUM DellleHre B KJacce JuHednbix dyuknuit: fi(r) = v — %
TTokaxem, aTo fi — €IWHCTBEHHOE PEITEHUE.
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IIycrs g(x) = f(z) — fi(x), Torna g € C(R) u ynosserBopser
ypasuenuio 3¢g(2z + 1) = g(z). 3aMenum B 3TOM ypaBHEHUW T HA
%‘1: g(z) = % g mT) B nosydennom ypasHeHWM ONATH 3aMEHUM

T Ha %: g (%‘1) %g (xT_?’) u T.ja. [Tomyanm

1 x—2"+1
g(:n):g<2n>, n=12....

B cunty menpepsiBHOCTH ¢ 171 1H060TO ©

-2+ 1
lim g (‘"”*) — g(-1),

n—00 on

noaromy g(z) = 0.

1994.4. Ilycrs (x;,Yy;) — KOOpAUHATHI TOYEK A; B HEKOTOPOUH
OpAMOYTOJIBHON — cucreme KoopgamaarT Oxy. Paccvorpum
OIIPEIEJINTE

1 1 oy 23498

|1 oz oy 23+ yd
A= 2,095
1 x3 y3 23+ y3

1 zy ys 25 +y3

3aMmeTuB, 4TO LpHU IEepeHoce HadaJsa KOOpAMHAT A He MeHaercs,
mepeHeceM HAYAJI0 KOOPAUHAT B TOYKY, ABJAIONIYIOCH HEHTPOM
KOHIIEHTPUIECKUX OKPYKHOCTEH nyis pasbuenns (Aj, Ag, Az, Ay).
Torma B HOBOI CHCTEME KOODJAHHAT

1 Y1 r

1

1 2 2 I 1 »n
A= 2 92 5 | = (R2 — 7“2) 1 =2 w2 |,

I x5 ys r 1 25 y

1 x4 wys R? 3 3

OTKY/1a

2
Al = |R? — 12| - 284, 4,4, = —k( A1, Az, Az, Ag).
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1994.5.1.

1 /1994 !
10041 / < (y + k) ) dy = 1994.
0 _

1994.5.2. [IpumenuMm HepaBeHCTBO Beccens g XapakKTepuc-

rudeckux GyHKUui s (x) orpeskos [%, %], rje »(r) =1 upu
ve [55h 3] woa() = 0mpu o ¢ [554, 2]
n
2 1
> Ga i) < Gaoa) = . k=1....n.
i=1
CarenoBaresbHO,

ZZ(%,%)Q =

k=1 1=1 i=1

NE
—
NE
¥
S
~
IA
\.H

n
a moToMy Haiinercs i Y. (5, ;)% < L.
k=1

1994.6.1. Kak H3BECTHO, CEpPEJIUHBI MAPAJICTHHBIX XOPJ
mapabosIbl JIeKaT HA JAUAMETPE, MOITOMY BO3MOXKEH TAKOW IJIaH
MTOCTPOEHNST:

1) npoBosmM JBe TapajuUlebHBIE XOPJbI, TOTJAA T[PAMAas,
MIPOXOAAITAA depe3 UX CepesInHbl, — JIHaMeTp,

2) CcTPOMM XOpJy, NEPIEHIUKYJIAPHYIO STOMY JUAMETPY, a 3aTeM
qepes ee cepeuHy TIPOBOJIAM IPAMYIO, TAPAJUIETbHYIO JTUAMETDY.

1994.6.2. Ilycts D = % — oneparop audPepeHITMPOBAHASI.
CupaBejIuBO TOXK IECTBO

"t D = (22D)". (%)
Jlokaxkem () mo waaykmun. [Ipu n = 1 paBeHCTBO CIpaBeIUEBO.
IIpu mepexone or n K n + 1 umeem
xn—f—QDn-i-lxny —
— xn+2Dn+1(x . xn71y> — xn+2((n + 1)ann71y + an+1$nfly)’
(Z,QD)TL—Fly — $2D($2D)ny — $2D(l‘n+1Dnl‘n_1y) —
2 ((n + 1)annxn—ly + xn—&-an-I-lxn—ly) ,
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OTKyJa caemyer ().
Temepb MOXKHO TTPe0OPA30BATH UCXOTHOE YDABHEHUE:

n n
Z cpxF DR Ry = Z ck(x2D)ky =0,
k=0 k=0
ecim t = 271, 10 22D = —D; W ypaBHeHUe TIPUMET BHT
n
dky
k _
> a(=1) aF ="
k=0

OJINMMIINAJTA — 1995

1995.1.1. Jda. Hanpumep, f(z) = 22 sin z.
1995.1.2. Jla. Ilpu = > 1 umeem

1 i 1
22—z xk’
k=2

Pl cXOAUTCA abCOMIOTHO M PABHOMEDHO Ha JIFOOOM KOMIIAKTE
w3 {x > 1}. Yrober noayuawnrs f(r), AOCTATOYHO TOCTPOUTH
pazbueHue

{neN|n=2} = {m)p2, (J{2m)is.
Asuag dpopwmyita:

f(.%') _ i x—22"+1 + i i x—22"(2k+1).

n=0 n=0 k=1

1995.2. He cymectsyer. Nmeem

x T

A(z) — f2(0) = /Qf(t)f’(t) dt > 2/sintdt =2(1 — cosx),

0 0
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cresoBaTensuo, f2(m) > 4.

1995.3. Ilycts f{, ..., [, AWHEHHO 3aBUCUMBI (B IPOTUBHOM
carydae Bee CHO) u, Harpumep, ¢ fi + -+ cp—1f,_1 = f},. Toraa
cifi + -+ cn-1fn1+c¢ = fu, toe ¢ # 0 B cuny JuHednoi
wesapucumoctu cucrembl {fr}p_;.  Ilokaxem, uro ¢yukuuu
{fi Z;ll auHeHo He3aucumbl. BEemm aif] + -+ an—1f,_1 =0,
0 aifit + -+ ap_1fn1 + A = 0, A = const. Orcona
(Aci—car)fi+- -+ (Acp—1—can—1) fn—1 = Afn. Crenosarennuo,
A=0,aTormauar=0mpu 1 <k<n-—1.

n
1995.4. Ilycrb a, = Y ﬁ Torma nmpu mocTaTOYHO HOIBITHX
k=1 "

3HAYCHUIX N

> = + ! + ! 14 2
a —t——+ == —
oy ot n’
S PRI il IS P
a —t =+ — -+ —.
" cl o C? c3 n  n?
CremoBarensuo, lim a? = e2.

n—oo
1995.5. O6o03nauum onpejenurens depe3 W. Iocrarouno
nokazarh, uro W2 < 1. Mmeem

B (y—2)®+ (z—2)® + (2 — )\’
W2 = (o)) < . )

3(z2 412 422)\ 3
< (W) = 1, mpuyeM nepBoe HEPABEHCTO TMPEBPAINACTCS

B PAaBEHCTBO TOJILKO IPHU T = y = 2, a Torma W = 0.

1995.6.1. Ilycts b u —b — Toukwm mepecevueHust OKPYKHOCTEH
|x+al| = r. Torma paBencTso (*) BLIIOJHEHO J1d by = b, by = —b.
Jlerko Bugers, uro eciu p € R? — euuuanbii BEKTOP, TO

max{(p,z) | z € A} +max{(p,z) | x € B,(b)NB,(—=b)} = 1. (%)

Caenosaresnsho, max{(p,z) | z € C} = max{(p,z) | = € B-(0)},
rme C = A+ B.(b) N B.(=b). Ilockoabky C €CTh BBITYKJIbIA
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kommakT, To C = B.(0). JleficTBUTENbHO, JOMYCTUM, HUTO
cymectsyer touka rg € C\B,(0). Ilycts by — merpuueckas
npoekus xg Ha B, (0), po = % Ecmm ponyctuth, wTo pgis
HekoTopoit rouku b € By (0) (po,b—bp) > 0, T0 B crity BILYKIOCTH
B,-(0) myist mo6oro A € (0,1) Ab+ (1 — A)bp € B,(0) u

20— (Ab+(1=N)bo)||? = ||wo—bo||>—2A(x0—bg, b—bo)+A2||b—bo ||*> <

< ||xo — bo||* mpu mambx A > 0. Takmm obpaszom, (po, b — bg) < 0
Vb € B.(0), a (po,xo) > (po,bo). Dro mporusopednt dopmy.ie

Awnayornano nokasweiBaercst, uro pasencrso B (0)\C' # ()
neso3moxkuo. Crenosarensuo, C' = B,(0).

[Tpoepry dopmyasl (x%) g BCEX P OPEIOCTABISAEM
qUTaTEIIIO.

Sameuanue. IJTa 3amada npegmoxena E. C. [loJoBUHKHHBIM.
Amnajiornanoe CBOWCTBO IMapa WMEET MeCTO B TIHIbOEePTOBOM W
HEKOTOPBIX JIDYTUX OPOCTpaHCTBaxX.  VcciemoBaHue CBOWCTBA
(*) NOBJEKJIO CO3/AHME TEOPUHM CHJILHO BBIIYKJIOTO AHAJIN3A,
YACTUYIHO U3JIOKEHHOi B [14].

1995.6.2. Hanpuvep, X = {2 | |2| > ).

OJIMMITAJIA — 1996

1996.1. [lycre S — muiormaib TPEYyTOABHUKA, ¢ BEPIIUHAMU B
y3JIaX pPemeTKH, Torma S > % (rk. S= %’%1@/2 —xou1|, vae (x4, v;)
~—— KOODJMHATHI JIBYX BEDIIMH OTHOCHTEJHHO TpeTbeii). B To xe

_ abc
BpeMd S = 5.

1996.2. Nmeem k = [n 2| < nﬂ, CJIe10BATEIHLHO
1<2n?—k*= (n\f— k) (n\/§+k) < {n\/i} - 2nV/2.

1996.3.1. Ilycrs g(x) = f®)(z), Torma g(b) = g(a)eb=2.
k=0

[Ipumenum x dbyuknuu h(z) = e~ *g(x) Teopemy Posng ma orpeske
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[a,b]: Je € (a,b) Takoe, uro h'(c) = —e “g(c) + e “¢'(c) = 0.
Crenosarensho, ¢'(c) = g(c).

1996.3.2. Paccmorpum dopmanbubiii crenennoii pag f(z) =

(o]
= > apz". Torma
=1

Z <Z ;G Z) 2" = a1z + f2(2).

n=1
Orcioma ¢ yuerom ycaosus f(0) = 0 maxomum f(z) = =¥ i=dez ”12_4‘”.
Pamuyc cxomumocTu pama Teinopa dyaknuu f(z) B myse pasen
1 .
03TO lim a, = 4a.
mosromy  lim vay,

4a°?
1996.4.1. Ilpu = # 1 P(x) = % Paccmorpum
vuorowter Q(z) = 2" — 22" + 1 mpm x > 0. Tak xax

QUO) =Q(2) =1, Q1) =0u Q) = 2" (n+ 1)z —2n],
TO BTOPOM MOJIOXKUTEJIbHBLIA KOPEHb MHOIOYJICHA Q(:U) JIEKUT Ha

2n
+2’2

(2 - Qn—l, 2 - 27), IIOCKOJIBKY

1 1\"
s = — —_ — — —_ — < =
Q<2 2n1> 2(1 2n> +1 < 2(1 on )+1 22+1

=0,aQ(2—5)=—(1-52)"+1>0.
1996.4.2. NmeeM OTIEHKY

I/IHTepBaJIe < ) TOque, 9TOT KOPEHb JICKUT HA UHTEPBAJIC

<i ci(, ‘Pi))Q = (5‘37 i Cipi : < (z,z)- (i Ci%’]§ cj90j> =

i=1 =1

= (@) Seies(oi03) < 30,0 T (¢ + ) Nl o)) <

7] 2¥)

< (iwv)( 16’?) (fgf}nZ I(wz,%ﬂ)

I

)
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1996.5.1. Ilycrs A~ = (b;,). Torma

n
> bigar; =0 mpm i #j,
k=1

a TaK Kak Qk; > 0, TO cpesy 3JIEMEHTOB -l CTPOKW MATPHUIIHI A1
€CTh TI0 KpaliHeii mepe nBa HeHyJeBbix. (JleoBaTesIbHO, BCETO
HEHYJIEBBIX 3JEMEHTOB He MeHee, deM 21 U OTCINA 2, < n’ — 2n.

1996.5.2. U3 ycmoBus caemyer, uro kodddunmentsr g;(x)
XapaKTEPUCTUIECKOTO MHOTOWICHA

P(\) =det (AE — A(2)) = A" + q(z)\"1 + -+ + gu(2)

orpanuuenbl Ha unarepsate (0,1). U3 reopembr I'amusbrona—
Kamm cnenyer, aro

C"  Di(x

P(A@) = - + 228

xrn xn— 1

+---+ Dy(x) =0,

npuYeM 3JeMeHThl Beex marputy, D;(Z) orpaHuYeHbl Ha MHTEPBAJIe
(0,1). ITosromy

C" = lim (—xDi(z)—---—2"Dyp(z)) =0.
z——+0
1996.6.  okaxkeMm yTBep:KIeHrne HHIAyKIHEH 1o a + b.

Ocuopanue npu a + b = 0 oueBuHO.
[IpenmosoxuM, gro npu a+b < N yTBepKIEHHE CIIPABEIJINBO.

Ilyctre ¢ + b = N + 1 u gna onpenpesennoctu a > b.
Ecm ¢ < b, to Bekropet = (1,...,1,1,...,1,0,...,0) n
—— —— ——
c a—c b—c

y=1(1,...,1,0,...,0,1,...,1) yZOBIETBOPAIOT YCIOBUAM 33, Ia4H.

——— —— ——

c a—c b—c

ITycte Temeps a > ¢ > b (caygait ¢ > a HEBO3MOXKEH).

Yucaa ag = a +b — 2¢, g = b, ¢g = ¢ — b aBusmorca

HEOTPUIIATENbHBIMU, T.K. & + b — 2¢ > 2vVab — 2¢c > 0, u
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aogby > 6(2). IIpu stom ag + by <a+b=N+1, Te. ag+by < N.
B cuny mpeanosioxenuss WHIYKIWH peIieHue {r,y} CymecTByeT
juia Tpoiiku (a + b — 2¢,b,¢ — b). Ho Torma {z + y,y} asaserca
pemenueM g (a, b, c).

OJINMMIINAJA — 1997

1997.1.1. Paccmorpum HyHKIHIO

Ha mnoayocn (0,+00) &yukuusa f(z) crporo ybbiBaer or
+oo go mynsa.  CrenoBaresbHO, CYIIECTBYET €IMHCTBEHHOE
HOJIOXKUTENBHOE T Takoe, uaro f(xg) = 1, Te.

ai a2 Qn
—+ =5+ -+, =1
1997.1.2. U3 0Ka3aTesIbCTBA HMHTErPaJbHOTO IPU3HAKA

CXOJIMMOCTH PAJIOB CJIEIYET, 9YTO

nx xr x
0<L — — s dt < ——.
—nz_:l (n2 + )2 / @+2)2 " = 1T +22)
- 1

TTosromy

00 +o00 +o00
. nx . tx ) x du 1
lim 5y = lm ST g dt= lim - — =5
g—to00 £~ (n?2 + x)?2  a—too | (t?+x) z—+00 2 u 2
n=1 1 1+x
1997.2. Touyku mepecedeHUus CceKyIed IJIOCKOCTH ¢
KOODJIMHATHBIMEA OCAMK 00pa3yioT MTPABWJIBHBIA TETPAdAP C
pebpom 2v/2. ILmockoct: T, = 1 OTCEKAIOT OT HEr0 HeTHIpe
IPABUJILHBIX TeTpadapa ¢ pebpom /2. Tak xak oO0bem
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V2 .3

IPaBUJILHOIO TeTpasjpa ¢ pebpoM a pabeH Y5a’, TO 00beM

cedeHns paBeH

G- B

12

Lol W~

1997.3.1. Pacemorpum dymkmmo f(z) = z(1 — 2?)". Ha
orpeske [0, 1]

e =1 () = v (=)
maw = T+2n) Vi+ton \' 2n+1)°

Tpun — 00 fiae — 0, NO9TOMY B KA9€CTBE HCKOMOI'O MHOTI'OYJICHA,
MoxHO B3ath P(z) = x — (1 — 22)" upu gocrarodso 60/Ib1IoM n.

3amewanue. CorsacHo Teopeme MioHIA, cHUCTEMa CTeleHEH
{LzPe}2e ) {pk}e, € N, mommas 8 C([0,1]) Torma u TonbKO

TOTJIA, KOTJIA é = +4o00.
E>1

1997.3.2. Her. Ilycrs {s,}02; — MHOXECTBO BCEX TOYEK
kBajpata [0, 1%, y KOTOPLIX 06€ KOOPIMHATH PAMOHAIBHEL Jl1s
JAHHOTO € > () MOYKHO OKPYKUTBH KAXKJIYI0 TOUKY Sy, TAKAM MaJTBIM
Kkpyrom By, (sy,), 9T0 cyMMa miomaaeit Kpyros-coceneit By, u By
C IJIOMAJIBIO COEMUHSAIONIET0 WX KOPHIOPa (MOXKHO, HAIPHUMED,
[POBECTH JIBE BHEIIHHE KACATEJbHbIE) Oyjer Menplie, dem /2"
mng seex n € N. Ilycre G — obbenuaenne Beex TaKux TPyOOUeK.

o
Tak kax mmkass Mepa (G < ) 57 = €, a G BCIOLY IJIOTHO B
n=1
ksapare [0,1]2 (u Tem cambiv Bepxuss mepa 1 G = 1), 10 G e
n3MmepuMo 1o 2Kopmamy.

2
1997.4. Kacarennubre k mapabose B TOYKAX (g—;,yi)

2
(i = 1,2,3) 3ama0Tcsa ypaBHEHUAME YY; = P + %’ Kacarennubre

HEPECEKAIOTCA B TOUKAX <y§§’j’, y“;yj ) CremoBaTesIbHO,
vi/2p n 1
Sapc = 5 ¥5/2p y2 1 ||
yi/2p ys 1
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B To ke Bpema

y1y2/2p (1 +y2)/2 1
Skim = z|| veys/2p (y2+w3)/2 1 ||
ysy1/2p (ys+w1)/2 1

Orcrona naxonum Sirym = %SABC-
1997.5. JlocTtaTO9YHO TPOBEPUTD, UTO CIIPABEIJINBO PABEHCTBO
1 1/2 1
f (;) :/f(:r:)dx+ /:Uf’(a:)dﬂc—i— /(a:— 1) f'(z) dz,
0 0 1/2
a JIJisl 3TOr0 BOCIOJIb30BATHCS. WHTEIPUPOBAHUEM 110 YACTHAM.
1997.6. Ilycts C = AFE;;A™', tne E;; — wmatpuia, B

KOTOPO# Ha MepecedeHuu -l CTPOKW W j-TO CTOJIONa crout 1, a
BCe OCTAJIbHBIE 3JIEMEHTHI PABHBLI HYIO. Torma

cri(z) = api(x) Ay (z), (%)

rae A;; — anreGpamdecKoe JIONOJIHCHWe 3JeMeHTa aj; B det A.
3aMeTuM, dUTO BBIPAYKEHUE (Alj(av))%+1 - det A(z) saBasierca
CYMMOH IPOHM3BEICHHI BUAA (*), IOSTOMY OHO HMEET IPEJEs IpH
x — +0. Ho det A(z) = 1, caemoBaTesbHO, CYMECTBYET MPEJIE

Jim Ay (@) (V1,).

OJIMMITIAJTA — 1998

1998.1. Bozbmem a = 1 u obo3nayuMm uepe3 b HaumMmeHbIee
w3 umcen n € N rmakwmx, gro f(n) > f(1). [TycTn

c=f7H2f(b) = f(1)). Tax xax 2f(b) = f(1) > f(b) > f(1), ro

c>Db.

1998.2. Tlycts 21, 22, 23 — KOpPHU yPaBHEHUA 24 az? +bz+
+c = 0. Torma

1 1 1 B
b= 2129+ 2923 + 2321 = 212923 | — + — + — | = —ca.
21 22 Z3
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Taxk xak |c¢| = |z122231 = 1, To |a|] = |b|, m BTOpPOE
ypaBHeHHWe TpuHUMaeT BEA 20 + |alz? 4+ |alz + 1 = 0. Omun
3 KOPHEH 3TOro ypaBHeHWst paBeH —1, a JBa APYTUX ABJIAIOTCS
KOMILIEKCHO COTPSAZKEHHBIME 9UCIAME, HPOM3BEJIEHUE KOTOPBIX
pasuo 1. CulefloBaTesIbHO, OHM TAKXKe JIEKAT HA OKPYKHOCTH
|z| = 1.

1998.3.1. Ilycts f — mOBOPOT MJIOCKOCTH BOKPYT TOYKH
O ma yron V2. Ilycts Ag # O — Hpom3BosIbHAS TOUKA,
Ay, = f(Ap—1) nipu n € N. Torma A, # A, npu n # m, T.x.
ancso ny2 — my/2 me apiserca neasim. Ilyers S = {Ag, Aq,... },
torna f(S) = {A1, As,...} C S, m0 f(S)#S.

1998.3.2. Ecaum marpuria He gBIMIETCS CAUMMETPUIHOHN, TO
6e3 orpaHuveHus OOITHOCTU JOCTATOYHO PACCMOTPETH CIydai
JKOPJAAHOBOM KyeTkm ¢ A # O:

A_<éi>.

Torma B KagecTBe S MOXKHO BHIOPATH

sz<ég>.

1998.4. (i) Bymem wuckaTh MOJMHOM 4YETBEPTOH CTENEHW:
P(z) = ax* + bz + ca® + dr + e. DBulumcius unTerpan u
IpUpaBHAB KOIDDUIMEHTHI TPU CTENEHIX N B JIEBON W TIPABOM
YACTAX, ITOJIY UM JIMHEHHYIO CHCTEMY OTHOCHUTEIHHO IT€PEMEHHBIX
a, b, ¢, d, e ¢ TPEYTOJBHOI MATPHUIIEIL:

1 0 0 00 |1
2 1 0 00 | 0

2 -3 1 00 |0
-1 1 -1 100

1 1 1 1

5 "1 3 2 1[0
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Orciona naxomum P(z) = zt + 223 + 22 — .

(i)

n n

> k= /P(a:) dr = % (6n' + 15n° + 100> — 1) .

1998.5. flcnHo, 9TO X, MOHOTOHHO yOBIBAET M CTPEMHUTCI K
HYJIIO.
1 1 1 1

1
Tnt1  In(l4+z,)  a, (1 — 5+ o(mn)) Tn 2 (1)

1

Tn++1

1 1 1 1 1 +--+
qT0 :—+%+y1+~--+yn,m:—+§+u.

Tn+1 1 nry n
Yyi1t-+yn 1 1
" — 0, mosromy - — 3.

WJH = ﬁ + % +Yn, T11€ Y, — 0 mipu 1 — 00. Orcioza ciesyer,

Tak kak y, — 0, TOo u

1998.6. Ilycrs a; = (a1, @i2,...,Gip). LIpeamoaoxum, 90
BEKTODBI Q1, ..., G JIUHEHHO 3aBucuMbl. Torma B marpuie (a;j)

JIMHEWHO 3aBUCUMBI HE TOJBKO CTPOKH, HO U CTOJIOIBL. [loaromy
n

CYIIECTBYIOT YUCIA O, ..., Oy (MOXKHO CIMTATDH, 9TO Y 04? =1)
i=1

n
Takme, ato y aja;; = 0 npu 1 < i < n. Iosromy afal =
i=1
2
— . .. 2 2 pr— 2 2
(] < (2 (S ) - a-aa-a).

J#i JF J#i

re. aZ + a? < 1. Caeosarenbro, (ai,e1) + -+ + (an, e,) =

n

:Zaiigz,/l—afg Zl- Z(l—a?): n(n —1).

i=1
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OJIMMITAJTA — 1999

1999.1. Ilycrp f : S — R penpepnlBHO Ha eTUHHIHOM
OKPYZKHOCTH KOMILIEKCHOH IJIOCKOCTH. PaccMOTPpHM Ha OTPE3Ke
[0, 1] menpepbiBayo dbyurmmo ¢(t) = f (e”“*“) —f (e™). Torma
p(0) = f(=1) = f(1), (1) = f(1) = f(=1) = =(0) n no reopeme

Komn waiinerca takag touka to € [0,1], aro ¢(tp) = 0, re.
f (e70) = f (—emito),
1999.2.1. Ilycts  fo(z) = Z(sinz + cosz). Bo-

nepBbix, fo € M, BO-BTOpBIX, ajs Joboit Gyukiuun f € M
s
[ (f(z) = fo(z))? dz > 0 n mosToMy

4

0
Payde =2 [ f@)fole)do— [ fRa)de =" -2

™

f3(z) dr. Urak, MumaMy™m pocTuraetca mpu f = fo.

1999.2.2. Nmeem y(z) = e /2 (fjo e PI2f(t) dt + C). Eciu

y(z) — 0 upu £ — 00, TO

400 o
/ e ClREt)dt = —C = — / e 124(1) dt,
zo —00

OTKY/Ia TIOJIy9aeM HeOOXOMMOE YCJIOBHE
o0
t2
/e_zf(t) dt = 0.
—00

JlokazkeMm, 9TO NpU BBINOJHEHUH ITOTO yCJIOBUS pernenue y(xr) =
= ¢2°/2 I . e_t2/2f(t) dt = —e®’/? f:oo e_tQ/Qf(t) dt crpemuTcd K
HyJ10 1ipu £ — o0. Ilpu £ — —o0 umeem 1o npasusy Jlonurass
x —t2/92 .2
e PfOldt e Pif@)| _ |f(@)]

|y(ﬂj‘)’ S e_$2/2 _xe_m2/2 - T - 0
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IIpm x — +00 ucnonb3yeM mpencTaBIIeHNE

+o0o

y() =~ / P24 (1) dt

x
U JICUCTBYEM AHAJIOTMYHO.

1999.3. Ilonoxum ap+1 =1—a; — -+ —an. Torpa apsr > 0,
U HEPABEHCTBO, KOTOPOE HAJO JOKA3aTh, IPUMET CJIe YOl BUI;:

(I1—a1)(l—az)...(1—=ap)(1 —ant1) S
a1ay . . . ap(ap41) - '

Ilpumensst HepaBeHCTBO IJIsl CPEIHHUX, MOJYYIUM JJId KaxKJIOrO
1=1,2,....on+1: 1—aq;=a1+-4+a;—1+ a1+ -+ ant1 >
> n/ay... a;—10;41---Any1.  llepeMHOXHUB 3TH HepaBeHCTBa,
[IOJIy MM, 9TO

(1—a)(1—as)...(1 —ani1) >n"aray ... any1.

1999.4. Tlposenem depes navasio koopauaar B R™ mjockocTs,
MOPOXKJIEHHYI0 BekTopamu a u b.  Owna mnepecekaer kKyb 10
muoxkecTBy {ava + Bb | |aag + Bbg| < 1, k =1,...,n}. Bekropsr
a u b mocraTouno BEIOpATh TaK, ITOOBLI BHIMOJIHIJINCEH CJIELYIONIHE
CBOHCTBA:

1) Jlall = [Io] w (a,b) = 0;
2) Ha JBYMEpHO# IWIOCKOCTH ¢ KoopauHaramu («, (3) HepaBeHCTBA
loag, + Bb| < 1, k= 1,...,n, 330a10T TPABWILHBINA 27-yTOJbLHUK.

O6a cBOMCTBA, BBINOJHAIOTCS, HAIPUMED, IPH g = Sin %’T, by =

n
= cos ET: (a,b) = %kzl sin 26T — ),

n

n
2_n_1 T _ 2_n 1 2 _n
l|lall =5 2k_1COS =5 16| —2+2k_1cos =5

1 — 2k n
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1999.5. 3asada cBOJUTCH K PeHIeHUI0 (DyHKIMOHAJIBHOTO
ypaprenns 2z f (22) = f(z). OmHo n3 ero pemrenwuii ecTh GyHKIMS

_ A _ 1
f(x) = i~ Tlocie nmoxcranosKy B MHTErpas HaxoouM A = 5.

1999.6. Tlomoiimer maTpura

1o -1 100 1o -1
Ta)=(0 1 —%+1 |=(01 1 01 —% | =
00 1 0 0 1 00 1
= T5T1. Tlocnme ymuoxkenus na 1] yHUYTOXKAETCH TJIABHAST
0COGEHHOCTh B KaxkJo# crpoke u Tj.  Marpuna T(x) me
€IMHCTBCHHA.

3ameuanue. DaKTHICCKH, 3TO COCOO JOKA3ATENBCTBA JIEMMEI
Cosaxka u3 kauru [17].

OJIMMIINAJTA — 2000

2000.1. Hesepuo. Ilycts A, = {1,3,...,2n — 3,2n — 1,2n},
B, = {2,4,...,271—2,271,271—{- 1}, F = {Al,Bl,AQ,BQ,...}.
Torma

[ {2k}, ecau m > k,
Ax N B = { {2m + 1}, ecoimm < k.

2000.2. 3amerum, 9TO
w/2 w/2

1
= [ f(x)de= [ f(sinp)cospdp = [ f(cosy)sinypdp.
i | /

0

Orciona ciemyer, 9To

w/2 /2
2]:/(f(singp)cos<p+f(cosgo)singo)dgpg / dsp:g'
0 0

2000.3. He cymeCTByeT mo kpurepuio Kormu. Tlokaxewm,
qT0 Zn Nl ”n? > § npu jgiobom N > 1. Cpemu 2N gwmcen
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m(N +1),...,7(3N), no kpaiineii mepe, N uncen 6osbme, gem N.
CrenoBartesbHO,

3N 3N

m(n) 1 1
n=N+1 n=N-+1

2000.4. Tlycts I — equuuynHas MaTpuUIE mopsagka n. lorna,
[IPUMEHAd OPABWIA YMHOMXKEHUs OJIOYHBIX MATPHIL, IIOJIyIaeM
det M -det H =

e (A B Y (T F Y g (A BT F_
— Ve p)No )T e D A

= det < A0 ) = det A.

C I
2000.5. Ilycre {ej,e2,...,e10} — makoit 6asuc B L, uTo
{e1,e2,e3} — Gazuc B L1, a {e1,...,e6} — B La. B sTom Gasuce

Marpuna npeobpaszopanus u3 E umeer Bu

* ok ok ok ok % ok ok ok k
* % Kk Kk Kk ok ok ok ok ok
* k * * * * * * * k
0 0 0 % *x % % % * *
0 0 0 * *x * *x * *x %
0 0 0 * * * x *x *x =
0 00O 0O 0 0 % % % x
0 000 0 0 % % *x =
0 00O 0O 0 0 % % % x
0 000 0 0 % *x % =

Caeposaresnbno, dimE=3-3+3-64+4-10 = 67.

2000.6. /locTraTovHo J0Ka3aTh HEPABEHCTBO TIpK N1 > 1  1ipu

x # x;, TAE X1,...,Ty — KOpHE MHOTOUIeHa P(r). MMmeem
P/(.Z') . En: 1 P”(SC) . Z 2
P(x) — - z;’ P(x) < en (x —a)(x — xj)
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Cuepoarenbmo, (n — 1) (P(az)

2 n
1 2 — n—1
i=1 xl) n 2 (x—zi)(w—z;) Z (z—z)2

- S e T () 20

1<i<j<n 1<i<j<n

—-1) (%

OJIMMIINA JA — 2001

2001.1. Ecau 0 = f(0), To 3ana1a pemena. Eciu 0 < f(0), To
muoxkectso A = {x € [0,1] | f(x) > x} menycro. Ilycts a = sup A,
b= f(a). ITokaxewm, aro a = b.

[Ipeanomoxum nporueHoe: a < b wian a > b.

1) Bam a < b, mo b= f(a) < f (42) < &2 <.

2) Ecu a > b = f(a), o a ¢ A. Ilo onpenenenuio sup A Ve < a
dx. € A: a > x. > c. Baas ¢ = b, noayuaem b = f(a) > f(xp) >
> xp > b. HMrak, B oboux ciaydasx MOJYyUUIU IIPOTHBOPEUHE,
3HaunT @ = b.

Sameuanue.  3ajada TpUMedaTebHA TEM, YTO B ITOM
poCTeHIeM pe3yJibTaTe O HENOJBUKHONW TOYKE OTCYTCTBYET
TpeboBanne HemnpepbiBHOCTH dyHkiuu f. DBojee mompobmo 06
9TOM BOIIPOCE MOXKHO mocMoTpers [20, riasa 5, §1, §2].

2001.2. NmeeM OIEHKY

n 2 n 7
Ti) Li T EZ23
(55 (3 z-> 5% Zf 3

2001.3. BosbMem npousBOJbHBIN uHTEpBaJ (9 — 0, X + ),
0 > 0. Tak kak f He aBIAETCA MOHOTOHHO BO3PACTAIOMICH HA
[z — 0, xo], TO HAliAyTCS TOYRY P, q € [T — 0, To| Takme, UTO p < ¢

47



u f(p) > f(¢q). Amamormuno, maiigyrca Touku 7, S € [xg, o + I]:
r<s, f(r) < f(s) (nk. f He gBIASETCI MOHOTOHHO YOBIBAIOIIEH HA
[0, xo+0]). Tlo Teopeme Beiteprrpacca na orpeske [p, s| bynaknus
f mocruraer cBoeil HUKHEH TpaHd, X 9TOH TOYKOH I106aJILHOTO
MHUHAMYyMa He MOTyT ObiTh Toukm p, s. CremoBaresnmo, Ha
unrepsasie (p,s) C (xg — 0, g + ) uMeeTcs TOYKa MUHAMYMA, f.

3ameuanue.  Ormernm, uro swobas byskimus nz C(R)
He juddepennupyemas HH B OmHON Touke w3 R (dyHKIus
Betiiepmrrpacca) ys0BaeTBOPAET YCJIOBHIO 33/1A9H.

2001.4. 3Bamerum, uro ecom dr € Ry: f(x) > 1, To npm
y= % u3 (DYHKIMOHAJIBLHOTO YpaBHEHUs cyefyer, uro f(x) =
1 — mpoTuBopeune.

Cnenorarensno, f(xr) < 1 ama secex z € Ri.  Orciona
BBITEKACT, YTO BBLIITOJIHECHO HECPABEHCTBO

flz+y)
f(z)

T.e. QyHKIMS f MOHOTOHHO yOLIBAET.
Ecaw 3z € Ry: f(x) =1, 10 f(y) = f(x+y) qoma eex y > 0, m
B CWJIy YCTAHOBJIEHHOW MOHOTOHHOCTH OTCIOJIA cyeayet, aro f = 1

Vo,y € Ry = flyf(z)) <1,

TOXKJIECTBEHHO. DTO TPUBUAJLHOE DEIEHNE.
Ecm f(r) < 1 gna Beex © € Ry, To f crporo ybwiBaromas
dbyukimsa. B srom cuaygae nmeem

f@)fyf(@)) = flz+y) = flyflz) +z+y(1 - f2)) =
= flf@)f((@ + vy — f@)f(yf(2)). B cury

CTPOrol  MOHOTOHHOCTH [ OTCIOA  CJEJyerT, 910

r=(x+y(l—f(x))f(yf(z)). B uacrrocTn, nomaras r = 1,
1-f(1

z = yf(l), momyunm f(z2) = 1—1—%’ re a = f(fl()) > 0.

Orvernm, uro mpm a = 0 TOJy9IaeM TPUBHAJILHOE DPEIIEHHUE.

[Tposepka nokasbiBaet, 9to f(z) = a > 0, ya0BJIETBOPSAET

bYHKITMOHATBLHOMY YPABHEHUIO.

_1
14ax’
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2001.5. /locTaTOYHO IPOBEPUATDH, UTO

0 0
-G(z,y) = 5-G(z,y) = PP (@)QW(y) +--- + PN (2)Q" (y).
ox oy

2001.6.  OueBmgHO, KBaJpAT MOXKHO pa3pesarsh Ha k2

KBaJIPATOB MEHBIIEro pasmepa, k > 2.

D10 wmucs0 MoXKHO yBesmunth 10 k2 + p(m? — 1) + q(n? — 1),
rje m, n, p, ¢ — JOObIE HATYPAJIbHBIE.

Eciw mHarypaasabie uncia a, b — B3aWMHO MPOCTHIE, TO J000e
1eJI0e IUCII0 ¢ MOXKHO TPEJICTABUTD B BUJIE ¢ = ax + by (x,y € Z).
TIpu 9TOM, €camm HATYpaIbHOE ¢ JOCTATOYHO BEJWKO, TO HAWITYTCS
HeoTpunaresbupie pemenus. Jeicreurensuo, {0,a,...,(b— 1)a}
— TOJIHAS CHCTEMa, BRIYETOB 110 MOy o b. ClenoBaresibHO, ar =
= ¢ (mod b) npu mekoropom x € {0,1,...,b—1}. Ecim ¢ > (b—1)a,
TO YHUCJIO Y = 5 ABJIACTCA HEOTPUIATEILHBIM.

Bzas m = 2, n = 3, mosygaeM mapy B3aWMHO IIPOCTBHIX UUCEJT
a=m?>—-1=3ub=n?>—1=8. CymecrsoBanue pazbueHns
suma N = k? + 3p + 8¢ st jocrarouno Gosbmoro N craemyer u3
[IPUBEJIEHHOTO BBIIIE PACCY 2K JICHUS.

OJIMMIINAJTA — 2002
2002.1. Ilycts A; — ompejenuTesb MATPHIBI, HOTYyIeHHON

W3 eIMHNIHON 3aMeHof j-ro croabua ua (T1Yj, . . ., Tny;) .. B cary
JITHEHHOCTH JeTePMUHAHTA, IO CTOJIOILYy IMeeM

n n
det A=det E+ Y Ai=1+) ziyi.
=1 =1

2002.2. Ilycrs

1 1
In(1 — z*) 1 [In(1—y)
Iy= | —"Zde=- | ——Z dy.
g / x ! k/ Yy Y
0 0
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In(1 + z) 1 1 2 2

d =1 =—=1I Isy=-I1=—-]=——.

/ Xz 2 1 217 al3 31 3 18
0

2002.3. Hcuo, uro 0 < z, < 1 mpu Bcex n. llpum cpaBmennnu
MaJIbIX BEJWYWH I[IOJIE3HO OBIBAET 3aMEHATh HX OOpATHBIMH,
IOYTOMY

2
1 1 Ty — Tpy1 x5 /2002 T,

Tn+1 T TnTn+1 LnTn+1 2002z, 41

1 11
= 3000—a, © (2002> 2001) - Orciona

1 1 2002 2002
—A b A —e (14 222 2
72002 2002 e BLE T © ( 3002 F 2001)

CrnenoBaTesbHO, igoé < 002 < 3-

2002.4. VYcjaoeue HEOOXOAWMO: JOCTATOTHO TOACTABUTH
MHorowien P(x) = x2.

JlocTaTouHOCTD YCIOBUS JIOKA3BIBAETCH 110 WHJLYKIUH:
(A+B)""' = (A+ B)"(A+B) = (A" +nA""'B) (A+ B) =
= A" 4 nA" Y (BA+ B?*) 4+ A"B =
= A" 4 nA"1AB + A"B = A"+ (n+1)A"B.

o0
2002.5. He moxer. Eciu jonycrurs, 9ro ) <% = %, p EZ,
=0
[e.e] o0 "
q €N, 10 ¢! (2_ > n,) =k— Y %t rmek € Z. Ilokaxewm,
n=0 n=q+1
&0 |
aro 0 < | Y L5| < 1. [eitcTBHTENBHO,
n=q+1 )

quen ! PSPPI S
L q+1 (q+1)(Q+2) g+1 (qg+1)2
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< 1; m orciofia e cJejayer, ITo

Q=

Eg+1¢!
(¢g+1)!

|
W M| ala+1) Tgt+d

2002.6. Bossmem mpomssospuyio Touky r € R". B cumay
HETIPEPBHIBHOCTA HOPMBI ¥ KOMIAKTHOCTH MHOXKecTBa A Hadijmercs
a€ A: ||lx—al| =sup|lz—yl|. Oycrs I = {z+ XNa —a) | A > 0}.

yeA

O6osznaunm B(z) = {y € R" | |ly — z|| < r}. Torma aua mobGoro
z € | nmeem
A C Bjjg—q)(x) C Bj.—q)|(2),

IpUYeM TepecedeHre TPAHMIL JIBYX MOCJEJHUX IIaPOB  €CTh
oaHOTOYewHOE MHONKecTBO {a}. Ciemosarensuo, | C B. Ho = € 1,
O3TOMY T € B.

3amevarue. DTOoT moYTH TpUBHANBHBIN B R™ pesymbrar
JIOKa3an M. DJiesicreifHOM B PABHOMEDHO BBIILYKJIBIX OAHAXOBBIX
npocrpancrBax (mampumep, B I, 1 < p < o00) B
1968 romy wu mpumenen i 0060DOIIeHUWST Teopembl Kpeitna—
MwibMata O KpaWHUX TOYKAX. Ananorwanbrit  pesysnbrar
JUIsT OIMKAUIAX TOYEK B3aMKHYTHIX MHOXKECTB B PaBHOMEPHO
BBINYKJIBbIX npocrpancrBax jokasan C.B. Creukun [16] B
1963 romy mpwm wuccaemOBaHWU 3339 TeOMETPUUIecKOil Teopuu
npubIMKeHu .

OJIMMIINNAJA — 2003

2003.1. |ac+ ad+bc—bd| < |a|-|c+d| + b - |c—d| <

lc+d| + |c — d| < 2v/2. Bmauenme 2/2 pocTuraercs, HampuMep,
HpHa:bzl,c:%,d:%.

2003.2. Tak kak € > 14+ x gms Bcex x € R, 1o

. e(ai,aj) > - (1+(ai,a~)):n2+ 3 a;, n a; 2712.
> j

i,j=1 ij=1 i=1 =1
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2003.3. Teopema Jlekapra, yTBEPAKIAIONAA, ITO MHOTOWIEH

puma Pu(z) = a1z + -+ apafn (k1 < ke < -0 < k)
vMeer me Gosree N — 1 MOJOKUTENHHBIX KOPHEH, JTOKA3BIBACTCH
wHAyKImeir mo n. Ilpu n = 2 Py(z) = M (a; + aga®2=F),

TMokaxkem, 9TO W3 CHPABEJIMBOCTH  yTBEPKJIECHWUS  JIJIso
CTEIIeHH N CJeJyeT ero CIOpaBeJIuBOCTL Jyia  n + 1.
IMycte Ny — 49HCIO THOJOXKHUTEJbHBIX — HyJe#  IJIaKoi
¢dynkmuu  f(xz).  Torma mo Tteopeme Pomma Np > Ny—1.
Tpomuddepernmporas MHOTOYJIEH Q(z) = Pyy1(x) /2",
noyuum onesky Np, ., = Ng < Ngr +1 < (n—1)+1=n.

2003.4. Paccmorpum dynkumio g(z) = f(x + a) — f(x).
T

Lycrs T > 0 — mepuon dymkuuu f. Torma [ g(z)dx = 0.
0

CaenoBaresbro, mubo g(x) = 0, mmbo g npuammaer wa [0, 7
3HAYEHHs PasHbIX 3HAKOB. Ilycts £ < nm g(§) > 0, a g(n) < 0.
Torga g(§+7) > 0 n mo Teopeme Ko Ha Kaxk10M 13 HHTEPBAJIOB
(&n)u (n,&+T) umerorca wyu GyHKIHAR g.

2003.5. Haiimem mnpsmyio, mapajuiejibHyIO TpeTbeil wu
IEPECEKAIONYI0 IEPBYI0 M BTOPyIO. (OTpe30K, OrpaHmYeHHBIA
TOUKAMHU TIepecedeHns, OyaeT peOpoM mapajenenumnena. Jlirs
9TOrO HY’KHO HAWTH Takoe <y, 9TOOBI JJIA HEKOTOPHIX « W (3
BBINOJIHSJIOCh PABEHCTBO 7| + aay + yag = ro + Bas. Hucaa «,
[ 7 7y ONpPeesIIOTCa OQHO3HAYHO, TIOCKOJIBLKY BEKTODBI 41, G2, (3
HEKOMILTAHAPHBI. Y MHOXKUB PABEHCTBO HA |41, 2], MOAYIUM Y =
(a1,a2,79 —11)/(a1,a2,a3). Takum o6pa3omM, BEKTOP, 3310
onuo u3 pebep, mmeer Bum asg - (ay,az,me — r1)/(a1,a2,as).
JIpyrue BEKTOPBI HAXOJATCA aHAJOrMYHO. Haidiag cMemanHoe
IPOU3BEICHAE 3THX BEKTOPOB, IIOJIYIAM OTBET

(al, az,T2 — 7“1)(&27 asz,r3 — 7“2)(03, ai,r — ?”3)
(a17a27a3)2

V=

2003.6. O6GozHaumumMm onpejeauTesb B jesoil gacru W,. Dto

onpegenurens Banmepmonna u om pasen W, = [[(z; — zj).
1>]
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4 n
-1

Jlocrarouno nokazark, aro W, " " < % >~ 22, JIja omneHkw

i=1

JIEBOI 9aCTH B MOCJIETHEM HEPABEHCTBE IIPUMEHNM HEPABEHCTBO O

CpeJIHAX:
2 2
n(n—1) Z (.%1 — xj)
i>j
.y < .
]i[(xZ IL’]) - n(n—1)
i>j 2
n
Ho Y (z; — x;)* < mY z?, Tk. mocieaHee HEPABEHCTBO
i>j i=1
n 2
9KBUBAJIEHTHO TOMY, UTO T; > 0.
i=1

OJIMMIIAJIA — 2004

2004.1. Haiigyrca xors Obl jiBe CTPOKH, BCE 3IJIEMEHTHI
KOTOPBIX — HeYeTHbIe YucCJa. Bbluurasg OJHy CTPOKY U3 JPYTOM,
MOJIYIUM CTPOKY, COCTOSIIY0 U3 YETHBIX UUCEI.

2004.2. Onpepeum F(z) = [ f(t)dt. @ynkuma F(z)
0

HelpepbIBHAs W Nepuojuydeckas. I1ycTh @ — TOYKa ryiobajbHOro
vunumyma F'(z). Torpa miug mo6oro b € R umeem

b
[ f@ydo =P - F@) 2 0.

2004.3. Ilyctb a, b, ¢ — cTOPOHBI TPEYTOJIHHUKA, TOLJIA,

<a—|—b—|—c

3
3 > > abc = 4SR > 2R,

T.K. IJIOIMAJb TPEYTOJbHUKA C IMEJOYUCJICHHBIMU BEPIIIMHAMU HE
MeHee %
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2004.4. Jlerko Buners, uro P(z) = 1+ (z — 1)°Q(x) u kpome
toro P(z) = O(x1°) npm # — 0. Torma

9
Q)= (1—2)°+0(") =Y CFy(—a)f + O@").
k=0

Scno, aro Q(x) Gymer UMeTh HAMMEHBIITYIO CTETIEHbD, ECITH
9
Qz) =) CFy(—a)".
k=0
Takum obpazom,

9
P(z)=1+(x—1)>) CFs(-a)*.
k=0

2004.5. Kaxmayio okpyKHOCTh ~HaKpbiBaeM’ 11apab0IouI0M
puga 2 = R? — (v — 2;)? — (y — y;)?. Kaxnas mapa mapa6oionion
MEePECeKALTCS TI0 TapaboIIe, MPOEKIUST KOTOPOH Ha TITOCKOCTh Oxy
JaeT COOTBETCTBYIONIyI0 mpaMmyro. Ho rtakas mapaboma smbo
mepecekaeT TPEeTHi mapabosionl B e TUHCTBEHHON TOYKe, JIub0 He
MePECEKALT.

2004.6.1. llpumem 3a magayo Koopauaar O Kakyio-HUOYIDL
TouKy Ha noBepxHocTH. Ock Ox HAIPABUM IO OJHOM 06pa3yoIei,
ocb Oy — mo gpyroit, ock Oz ocraBuM IpexHel. B HOBBIX
KOOD/IMHATAX yPAaBHEHUE IIOBEPXHOCTH UMeeT BuJ, z = ¢(z,y), rae
g — MHOrO4JIeH crenenu He mmke sropoit, ¢(0,y) = g(x,0) = 0,
re. g(z,y) = zyh(z,y). Ocraerca mokazaTh, uro h(z,y) = const.

3amerum, 9TO eciu | — Kakag-nubo obpasytomas, a [ —
ee MpoeKIms Ha ILIoCKocTh Oy, To HyHKIUI ¢ HAa OpaMoil [q
smHeitHa. eiicTBuTenbHO, ycTh [ mMeeT ypaBHeHne T = xg + at,
y = yo + bt, Torma g(xo + at,yo + bt) = zo + ct.

Paccmorpum touky (0, yo,0) ma nosepxuoctu, yo 7 0. Kpome
ocu Oy 4epe3 3Ty TOUYKY LPOXOIUT elle oaHa obpasyiomas [.
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SanuireM ee ypaBHenue B Buje Yy = Yo + ax, z = bx. Torma mmeem
TOXKJIECTBEHHO IO Z:

br = x(yo + ax)h(z, yo + ax). (*)

Ilokaxem, g0 a = 0. Ecmm »T10 He Tak, TO W3
(x) cmenyer, uro h(z,yo + ar) = 0 TOXIECTBEHHO TO I,
T.e.  MHOIOWIEH ¢ OOpamaercda B HOJb HA TPEX IPAMBIX:
z = 0, y = 0, y=1yo+ax. Bosbmem s106y10  TOUKy
(z1,y1) BHyTpPH TPEYrOJbHHMKA, OIPAHAIECHHOTO STUMHK IPAMBIMHE.
PaccmorpuM 0HY HM3 JBYX OOpa3yloOIIUX, NPOXOAAIIHAX UEpe3
rouky (x1,y1,9(x1,y1)). IIpoekmus 3T0i 06pasylomeii nepecekaer
IPAHUIY TPEYTOJAbHUKA B JBYX TOYKAaX, B ITHX TOYKAX ¢
obparmaercs B HOJIb. Tax Kak ¢ JuWHEHA Ha HTPOEKIUK
obpazyromeit, To g(r1,y1) = 0 BHyTpH TpEyroJbHHAKA, a 3HAYNT, U
BE3/IE, T.K. § — MHOTOWIEH. JTO MPOTUBOPEUNT TOMY, 9T0 g 7# 0
TOK JIECTBEHHO.

IIpu a = 0 w3 (%) womyuaem, uro h(z,y0) = a(yo).
Amanormano,  paccmarpuBag  TouKy  (20,0,0),  mosmyumm
h(zo,y) = B(xp).  Torma ams mw0boii Touku (xg,Yp) uMeeMm

h(zo,y0) = a(yo) = B(xo) u h = const.
2004.6.2. Nmeem

A= B C\ E 0 B 0 y
~\¢’ b)) \C'B! E 0 D-C'B™'C
L(E B'C
0 B '
Takum obpazom, marpuna A u MaTpuna
B 0
A= ( 0 D-CTBC >
€CTh MATPHUIA OMHON W TOH K€ KBAAPATUIHON (POPMBI B PA3HBIX

Gazucax. YTBepXKJEHUE 33JIa9¥ BBITEKAECT M3 3aKOHA HHEPIUU
KBa[PATUIHBIX (DOPM.
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OJIMMIIAJIA — 2005

2005.1. Ilycts h(z) = zlnz + (1 — 2)In(1 — 2), g(z) = 22 +
+(1—-2)% ¢ (z) =22z —1). Ecom 0 < 2,y < 1/2, 10 g(7) < g(y)
BJIeYeT T > Yy, oTKyga caenyet h(x) < h(y), mockoasky h'(z) = 1+
+hnr—-1-In(l-2)=In% <0,rkx. % <lopu0 <z <1/2.

11—z

2005.2. Bynem Ha3bIBaTh MMEPECTAHOBKHU, YAOBJIETBOPSIIONIUE
YCJIOBUIO,  MHIIO0OPA3HBIMHA. dcwo, uTo TMIOOGPA3HBIX
nepecTaHoBok ¢ yciosuem o(l) < o(2) poBHO mosOBMHA OT
001ero KoJaudecTsa. IIpu 9TOM TaKHX MEPECTAHOBOK C YCJIOBHEM
0(2006) = 2006 posHO d2005/2, m B OGO TAKO# TEPECTAHOBKE
0(2005) < 2005, umaue o(2004) meompenenena. ConocraBum
nepecranoBke o, 0(2006) = 2006, nepecTanoBKy o’ Takywo, 4TO
o'(i) = o(i) mpm o(i) < 2005, ¢'(2006) = 2005, o'(j) = 2006,
rae o(j) = 2005. Torma ¢’ — Toxke mmaooGpasHad, TpUIEM
pa3HLIM O COOTBETCTBYIOT pasHble o’. Iloaromy dogos > 2d2005.

OcTanoch 3aMeTUTh, 9TO CyIECTBYET XOTs OBl OJIHA MII00OPA3HAS
nepecranoska ¢ 0(2005) < 0(2006) < 2005.

2005.3. a) IIycts a = f/ (0). Toraa f(z) = az+o(x), x — +0,
orkyna r(ax +o(z)) + 2% = (ax + o(z))(z + o(x)) + 2(ax + o(7))?,
wm v2(2a2 — 1) = o(2?), re. a® =1/2, |a| = 1/V/2.

6) 3amerum, uro f(x) = 0 = z = 0, mosromy f(z)
3HAKOMOCTOsIHHA. Bysem cautars f(z) > 0.

ycrs F(x,y) = xsiny + 22 — ysinz — 2y, Tlo dopmyme
Teitnopa, F(x,y) = 22 —2y? +o(2® +y?) npu x,y — 0. lloxcrapus
y = f(z), monyuaem 22 —2f?(x) = o( f?(x)+22), z — +0. Orciona
[OCJIeIOBATEJILHO ToJIydaeM npu & — +0

— 2 —

Plyva® T f@rae? T

? — 2f%() 3z o) +a? 3 fa)
2

VauThIBas TOCTOSHCTBO 3HaKa, moaydaem f(z)/z — 1/v/2.
3ameuanue. Kmaccumaeckas TeopeMa O HesBHOH (GyHKIWH B
9TOM 3aa4e He paboTaeT — CHAcaeT TEHIOPOBCKOE PA3IIOKEHHUE.
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O JokasbHOM ucciepoBanuu ypashenus f(z) = 0 MOXKHO
nocmotpets [20, T, 2, §3].

2005.4. Tlycrs O — nenrp cummerpum, Tourn Ag, By € T
AgBy = diamT’ (*) Torma npsaMbre li0 1 log (Ag € 110, By € 120;
l10,l20 L AgBp) nepecekator I' 8 ogmoit Touke (l19 — B TOuke Ao,
a lop — B TOuRe Bp), T.K. uHaue 1m0 Teopeme [Indaropa mosygaem
nporusopeune ¢ ycaosueMm (*). Tlycrs npamas lol|lip m mpoxommT
gepe3 Touky O, A1 m Ao — toukn nepecedenus ly ¢ I'. Ilycrs
Iy — npsmvas mexguy l1g u lg, mapajuiesibHasi UM U TaKasi, ITO
IiLNT ={B1,Bs} u B1By = %AlAg (cymecTByeT 1o Teopeme o
IPOMEKYTOUHBIX 3HAUCHUSIX HETIPEPBIBHON Ha OTpe3Ke (hyHKITHH).
Mycrs Iy cummverpuana l; orrocurensro ly, lo N T = {Cq,Ca},
Ci1Cy = %AlAg. IIycro adpunnoe npeobpasopanue 1’ mepeBOIUT
mapaJuresiorpaMMm B1BsAsO B pomb B1BsAsO ¢ pebpom 1 m
yriom ZB1OAs = 27/3. Torma T nepesomur BjByAsCoChAq
B NPABUJILHBIA TMECTAYTONLHUK W, 3HaunT, B1BsAsCoC1A; —
VCKOMBIH.

Samevarnue. VI3 310 33891 CIIEIyeT, UTO €CJIU 38, € INHUIHBIH
map Ha IJIOCKOCTH B34Th MHOXKecTBO m3 3adadu 2005.4, To ero
nepumerp Oyzer He menbire 6.

2005.5. Tax kaxk det(A + tB)~! = (det(A + tB))~! —
nenoe [ucao, to moaydaem f(t) = det(A + tB) = =+1 upm
t=0,1,...,25. Toraa f(t)? — 1 — muorowien ue 6osee, gem 20-i
cTeneHn, UMeomuii 26 KOpHeH, MO3TOMY OH — TOXKJIECTBEHHBIH
Hooth. Orcroma det(A + 20058) = £1 u no dhopmyaam Kpamepa
smeMenTsl MaTpuipl (A + 20058) 71 — nensre.

2005.6. Ilycts mpm € > 0
A(e) = sup{d > 0 | Vz € Us(zo) [f(z) — f(zo)| <e}-
Jlerko Buzersb, uro Ve > 0 A(e) € (0, +00], Takxke ecsm 0 < g1 <

< g9, 10 A(e1) < A(e2) (canraem, uro +oo < +00). Ecam nos
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amoboro € > 0 A(e) = +oo, To f(z) = f(xo) u yrBepxjenue
O9IEBY,THO.
[Tycrs Jeg > 0: A(ep) < +o00. Torga dynkuus

€
L[A@)dt, 0 <e<ep,
6(5) = 01 €0

SJA(t) dta €0 S g,

ABJIACTCA HCKOMOM.
3amewarnue.  3ajiada BO3HHMKJIA HA HAYIHOM CEMHHADE TI0
wenwHeHOMy anasm3y ¢akyiabrera BMK MI'Y.

OJIMMIINAJTA — 2006

2006.1. [Iycts  hao(x) = max{ f”(x),0},
g2(z) = max{—f"(x),0}. Iycrs
hi(x) :/ /hQ(T) dr | dt, g(z) :/ g2(T)dr | dt.
0 0 0 0

Tak kax [ (x) = ho(x)— ga2(x), TO HANAYTCA TUCHA a, b TaKEe, ITO
f(z) = hi(x)—g(x)+ax+b. Torna f(x) = h(x)—g(x), rue h(x) =
= h1(z)+az+b, BHIIYKIOCTD h ¥ ¢ CJIEIyeT U3 HEOTPUTIATEHLHOCTH
"X BTOPBIX IMPOU3BOAHDBIX.

3ameuvanue. ITa 337298 CTAHOBUTCI HETPUBHAJILHOW, €CITH
apryment ¢pyurmuu u3 R, n > 1. B takom Buze ona mocrasjieHa
A JI. AnekcangpoBbiM. HemaBHO MOSBHIOCH pEIIEHHEe B CIIyUAe,
korya apryment u3 R? (yermoe coobmienme).

2006.2.1. Umeem 7, > V6 > 1luxz, < V/6+--+ /8 =2

Jig Beex n. Kpome toro, {z,} ¢TpOro MOHOTOHHO BO3PACTAET,
mosToMy 10 Teopeme Beiftepmrpacca cymecrByer limz, = 2.
3ameuas, 9TO

8—3:%“ B 2—x, 2—x,
A4 2app +a2,,  A+2app+ai,, - T

0§2—xn+1:
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nosygaem, aro lim 6" (2 — x,,) = 0.

2006.2.2. Tak kKak {zy} MOHOTOHHO yOGBIBAET K HYJIIO, TO

¥ TOCIIEJ0BATENBHOCTh (1 = & MOHOTOHHO yOBIBAeT K HYJIIO.
2k (o)

[MockoAbKY Y, Qun > Qok - k W psf Y Q CXOAUTCS, B CHILY
m=k+1 k=1

kpurepusa Komm cxomumMocTn psaia moaydaem, 9ro 2k - ag, — 0.
O1ciona B CHITy MOHOTOHHOCTH {0y} mMeeM o = F, e — 0.

11—«
T €k €k = €

L= s = = gl =k
ko k - k

&
sf,

HocJIe/IHee HePaBeHCTBO BEPHO IPH BCEX A0CTATOYHO Gosbimux K.
1
-«
Nrak, psy ) 2, CXOMUTCS 110 IPU3HAKY CPABHEHMSI.

2006.3.1. TIlo Teopemam Tlaycca u Posia muorounen P’
uMeer n — 1 KOpeHb {ej}’;:_ll, IpudeM B KaXKIO#H U3 TOUEK €;
y dyuknun P anbo JjoKaJIbHBIH MHHUMYM, JubO JIOKAJILHBIN
makcumyM. Ilycrs M = max{f(e;) ?:_11, m = min{f(e;) ;L:_ll
IMycrs 21 = max{x | P(x) = M}, 2o = min{x | P(x) = m}. ITycrs
{xr}r_, — xopru P(z) = 0. Eciu mist HeKOTOPOro Ak BBIIOIHEHO
xp € [m, M], 10 cymecrByer He meHee 2-x pemenuii P(y) = xy;
HOCKOJIBKY IS KaxkJI0ro k cymecrByer xors Obl 1 pemennme y
ypaBuenust P(y) = xp, TO nOJy4aeM IPOTHBOPEYHE C yCJIOBUEM
P(P(z)) = 0 umeer n xopueii. Ilosromy juia kaxaoro k x < m
wia x> M.

IMycts P(yg) = xk, 1e. {yr}p_, — pememns P(P(x)) = 0.
Ecnu, nanpumep, mis manaoro k xp > M, To y, > 21 > xp > M,
epBOE HEPABEHCTBO B CHJIy CTPOTO MOHOTOHHOTO BO3PACTAHUS
P una npomexyTke [z1,+00). Amnajoruuno, ecau rp < m, TO
yr < 20 < xp < m. Takwm obpasom, ypasaenme P(x) = y
uveer 1 Kopenb mis Bcex k € 1,n. CiepoBaTesbHO, ypaBHEeHNe
P(P(P(x))) = 0 umeer n KOpHEii.
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2006.3.2. 3amnuiem epBbIi HHTEIPAJT

N2 (O 2
0
)" cosy = [VAO) . cosy(0) = C.
2 2
Orcioma (y')? = 2C + 2cosy. Ecim C < 1, 10 pemenne y(z)
OT'PAHUIEHO U 1i51_1 @ = 0. Iycrs C > 1. Torma perenue
T— 100

Heorpanuyeno. Ilycrs jug onpenenennocta y' = /2C + 2 cosy.
Orciona

dy

Yy
dy
V2T +zeosy T / VAT 7oy~ “W) —2Ww(0)
y(0)

13 sToro monyvaem, 9To mpu Yy — 00

A 2
/ % Ny_y(o)/ dy _y=y0) ,
2C +2cosy 27 2C t 2cosy o )
y(0) 0
A= ?diy Orciona x(y) ~ Y2 %A u lim ¥ = 2
o V2CH2eosy 5 Lm = T

2006.4. MoxHO cuMTaTh, YTO y BCEX UYeThbIpex (QyHKIWH
KBaJ[paTHIHAS 9acTh paHa 2 + y2. B aToM cirydae jyig ToIK: p
BHE OKPY?KHOCTH, 331aHHO# ypasHenuem f(z) = 0, 3nauenne f(p)
PAaBHO KBaJIpaTy JJIUHBI KACATEJHHOM K OKPY2KHOCTH.

Jlokaxkem,  9TO  ecJau  CYIIECTBYET  UEPHEHUKYJIsipHAS
OKPYXHOCTh, TO yPABHEHUS JIMHEHHO 3aBUCUMBI. llycTh IeHTD
9TOR OKPYKHOCTU HAXOIUTCS B Hadase KoopauHat. Torma JUtuHbB
KacaTeJbHBIX W3 HAYaJa KOOPJAMHAT KO BCEM OKPYKHOCTIM
PaBHBI DAJINyCy UEPHEHIUKYJIAPHON OKPYKHOCTH, 3HAUUT, BCE
yPABHEHUS OKPYKHOCTEH UMET BIT

fi(x) :x2+y2+ai$+biy+0

¥ JUHEWHO BBIPAXKAIOTCH 1depe3 Tpu HYyHKIAN z? + y2 +C, z,vy.
Tak KaK ypaBHeHHUI YeTHIpe, TO OHU JIMHEHHO 3aBUCHUMHBI.
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B obparnyto cropony. V3 HOpMUPOBKY KBaIPATUYHBIX dacTeil
cJIelyeT, YTO B 3aBUCUMOCTH

ALfi(z) + Xafa(x) + A3 f3(x) + Aafa(z) =0

cymma A1 + Ag + A3 + Ay = 0. Ilycres ana onpepesieHHOCTH
Ay # 0. Haiinem Touky p, B koropoii fi(p) = f2(p) = f3(p).
Ta.Ka.ﬂ TOYKa Ha.fI,ZLeTCSI, TaK KaK yCJIOBUYA Ha TOYKY P CBOOATCA K
JIMHEHHO¥ CHCTeMe yPABHEHHIA ¢ HEHYJIEBBIM OIpeeauTeseM (Tak
KaK HUKAKWe JBa LEHTPa He JieKaT Ha OJHON HpﬂMoﬁ); uHa4ve
MOXHO CKa3aTbh, YTO P — PAJAAKAJBHBIA IEHTD MEePBBIX Tpex
okpyxxkHocteit. Torma

A1) + A2 falp) + Asf3(p)
A4

KpOMe TOT0, U3 yCJOBUSA CJEJyeT, YTO p JEXKUT BHE BCeX YeThIpex
OKPY KHOCTEN W JUIMHBI KaCATETbHBIX K YeTHIPEM OKPYIKHOCTIM
u3 p paBHbl ojgHOMY uucay [. Torga oKpy»KHOCTH C HEHTPOM P U
paguycoM | TepreH uKy/IsIpHa 9eTHIPEM JAHHBIM.

falp) = = fi(p) = fa(p) = f3(p),

2006.5.1. Ilycrs cHauajga A — BBIIYKJBIA MHOIOYTOJIbHUK
a1ay...ay. Muoxecrso A = Ugea(a + B:(0)) mosyuaercs,
ecJau B KaxkJOW BepmmHe ajp B3aTh map B.(ap) m 3arem B3AThH
BBIYKJIY!0 0605109Ky Uj<p<p(ar + B:(0)) (T.e. HammeHbluee 1o
BKJIIOYEHUIO BBHITYKJIOE MHOXKECTBO, COJEPXKAIEE 00hLeIuHERnE 1
mapos). [lonyuennoe muOXKecTBO A OoTimuaercs or A HaIwmdHeM
N TPAMOYTOJILHUKOB IMUPWHBI £, MOCTPOEHHBIX HA CTOpoHax A
BOBHE, a TAKXKE 1 CEKTOPOB KPYyTa PaJUyca &, IPUIEM CYMMapHAast
paauanHas MepPa BCEX CEKTOPOB PaBHA 27, T.e. "B cymMMme” CEKTOPa
JIAIOT KPYT.

CymmMma, ntomaieit Bcex npaMoyTOJbHUKOB, CEKTOPOB W CAMOTO
muoxecTBa A ects S(A:) = S(A) + 1(0A)e + we?, e 1(0A) —

agmna, rpaannbl A. Vtak, jyis maoroyronbanka A nosyuaem

a=5S(A), b=1OA), c=m. (%)
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ITokaxkeMm, uro (opmyna (%) BepHA W B CJIydae IPOU3BOIBHOIO
BBIIYKJIOTO KOMIIAKTa, A.

Mo ycaosuio 0A = {r(s) | s € [0,1(0A)]}, s — marypaubHas
apaMeTPU3aIKsl IPAHUITBI (HA CAMOM JIeJIe 9TO BEPHO JIst JIF0OOTo
BRINYKJIOTO KOMmmakTa A).  Jlgg HATYPAJBHOTO N ONpPEJenM
ry =71 (%l(@A)), 1 <k <n; T, — nomanag ¢ BepIIMHAMH 7Tk,
k = 0,1,...,n. Tlo nocrpoenunto |I';| — I(0A) upu n — oo.
Badukcnpyem s € [E1(9A), BL1(9A)]. Paccrogmue ot r(s) no Ty,

T,) < — il < ‘(8)] - WA — ¢ 0
ectb 0(r(s), In) < [Ir(s) —ri|l < s I () - =57 =en —

mpu n — o0o. Takum obpazom, ecoum A, — MHOTOYTOJILHUK,
orparuvenusiii 'y, T0o

Anc Ac | (a+ B, (0),
G/EATL

CJIeIOBATEIBHO,

S(A,) < S(A) < S(Ap) + Thlen +7me2 < S(A,) +20(0A)e, + 72

()
upu Beex jocraTouno Gompmux n. Urak, S(A,) — S(A), [Ty —
— 1(0A).

Kak m mpu BBIBOsIE (%) JIETKO TIOKA3aTh, 9TO Ve > ()

(An): A | (a+ B, (0)

ae(An)e
n
S((An):) < S(AL) < S((An)e) + 21(0AL)ey, + me2
JUIS JIOCTATOIHO GOIBIIHX N (3/eCh £, =  MAax | 7 (s)]|- %).

s€[0,1(A.)
Iepexoas B pasencrse S((An):) = S(A,) + [(0A,)e + me?
npeiey npu n — oo, noaydaeMm S(A.) = S(A) +1(0A)e + me2.

2006.5.2. Pa3obneMm mHTErpaj Ha JIBa:

/exp(—g(:p,A)) dx = /eo dx + / exp (—o(z, A)) dx,

R2 A R2\A
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T.e. UHTEI'paJl paBeH

S(A) + / exp (—o(z, A)) dz,

R2\ A
rme S(A) — mnomaaps muOkecTBa A, MHOXKECTBO TOUEK,
paccTogHme OT KOTOPHIX A0 OA ecth € > 0 — 310 Tpanmma

muoxkecTBa A. = Ugea (a + B:(0)), eMm. 3amauay ana 1-ro xkypea.
Ipanuna 0A. ecrh ruajkas kpusag ¢ jumaoi [(0A:) = [(0A) +
+2me. Orcrona,

—+00

/ exp (—o(x, A)) de = / e (I(0A) 4+ 2me) de = 1(0A) + 27 =
R2\ A 0

=51 — S(A) = 4n. Urak, [(0A) = 27 (u Tem caMbIM MHOXKECTBO
A ecrb kpyr pagmyca 1).

3amevanue. JIpe mocjaennue 3309 3aTPATMBAIOT JJIEMEHTHI
TEOPUU CMENIAHHBIX 00HLEMOB — KPACHBOTO PA3Jeia TeOMEeTDHH.
TMonpobHocTn MOXKHO HafiTn B KHuTe [15].

B —-C
C B
muorowiensl or N = 2n’ mepeMeHHBIX bjp m cj. llycte V. —
okpecrHocTh Toukn RY, Takoi, uro bjr = 0 Vj,k, cjr = 0 npu
J F#F k, e = k1 < k < n. CooTBeTCTBYOIIAsT MATPHUIIA
A = diag {i,2i,...,ni}.

Ecmm V. — pocratouno masiasg, TO Kaxkjgad MaTpura A,
COOTBETCTBYIOIIAs TOYKE u3 V', UMeeT n pa3JaudHbIX COOCTBEHHBIX

2006.6. Ilycro A = < ) det A u |det A2 ectp

suauvenwmii. Ilyctb A — Takass marpuna, A — OJHO U3 ee
COOCTBEHHBIX 3HAYEHMH, & 2 — COOTBETCTBYIOMMI COOCTBEHHDIM
BEKTOP.

A(5)=(0 %) (5 )=(20)=(5)
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caenoBaTenbHO, A — cobcrBennoe 3Hadenme A, a Tak kak A

BellleCTBeHHa, TO A — Toxke cobcrpennoe 3mauenue A. Ilycrn

A, ..., Ap — pasymunnie cobcreennble sHadenma A.  Torma

AL, AL, «vvy, An, A — pas’imuHble COOCTBEHHLIE 3HadeHud A u
n _ ~

B okpectaoctr V Bpmoaneno |det A2 = ] A\r - A\ = det A.
k=1

[ockorbky muorowrens: |det A|? u det A coBmagaor Ha OTKpHITOM
MHOXKECTBE V', TO OHH TOXKJIECTBEHHO PABHBIL.

OJIMMIINAJA — 2007

2007.1. IIycre = € C, rorma f(z) < |z —y|| + f(y) mua
soboro y € C, nosromy f(x) < 12(fj(H:L’ —yll+ f(y)) = g(z). Tax
y

Kax g(x) < ||lz —z|| + f(z) = f(2), To g(x) = f(2).

Mycts 1,29 € R™ u g(x1) < g(z2). Jma moboro € > 0
waiiierca y1 € C: g(z1) > ||lz1 — yi|l + f(y1) — e. Orciona m
u3 mepasencTia ¢(r2) < ||x2 — y1|| + f(y1) crenyer, ato

g(x2) — g(w1) < |lz2 —yall — 21 — w1l +e < |lzg — @2f| + .

B cuuty npoussosibHOCcTH € > 0 ostyuaem g(z2)—g(z1) < [|z1—22|.

3amevarnue. Bompoc o JMIIIHIEBOM IPOIOJKEHUK (byHKITHH
BEChbMa BaXKEH. B JMaHHOHN 3ajiade 1perbsBiieHA sIBHAS (HOPMYJIa,
Igs Takoro npogoskenns. O Gosiee ob6IIelt cuTyanmuy MOMKHO
HaiiT; B [13, § 8.

2007.2.1. Tak kak

1 To — T1
Tn —Tn-1 =~ (Tn-1—Tp2) == T(—l)”,
TO
I _ _ (="
Mz, =20+ > (3 — Tn-1) = 20 + (20 — 21) Y =
n>1 n>1

=a+(a—>b)(e ! —-1).
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2007.2.2. 3adwukcupyem € > 0. Ilycrs w = a+ &y,
a€R, e, — 0.

Hamomuamm  mpuswak  Abess: nycrs  on uo On
mocjaenosareapuocty, B, = (1 + -+ + [, U LycTh
HOCJIEOBATENBHOCTE { vy, By} cxommresa. Torpa paapt Y apf, n
> (an — Qpy1) By, cXOngTCa WM PACXOAATCA OJHOBPEMEHHO.

[Mpumenum npusnak AbGensa K o, = ﬁ, Bn = an. Torma

aten

B, = na + nen, anB, = ==t — 0. llostomy psam m3 ycaopus

3aJa91 UMEeET TOT 2K€ THUIl CXOAUMOCTH, YTO U PAL

2 <n11+8 " (n +11)1+s> (a+en)n,

KOTODBIA CXOJUTCS 110 TIPU3HAKY CPABHEHUsT (Nn-f WieH acHMIITO-

THYCCKH PABEH éffg (a+ep)).

2007.3.1. Jlemma. Ilycte BekTOpBI a, b He mapaJuiesbHBIL.
Torma Je > 0: Vo € B.(a), Yy € B:(b) BekTOpHl T U Y HE
apaJuie/ibHbI.

Hoxazarenscrso. Jlomycrmm mporusnoe: Vk Jxy € Byji(a)
u Jyr € Bl/k(b): T M Y TapassespHbl. Tak Kak a,b # 0, To
Tk, Yk 7 0 (mrst mocrarouno Gonbmmx HOMEPOB k) u ATk + Y 7
0 mma N\, = =£|lygll/||lzkll (mna ommoro wz smakos). B cuiy
CXOIUMOCTH T — Q, Y — b mosyuaem B mipenese Aa + b = 0,
riae A = lim A\, = £||b||/||a||. [IpoTusopeune.

[Iycts P, — mocsieA0BaTeIbHOCTD MAPAJLISIOTPAMMOB C BEp-
mwmamvu {z}} | Takux, wro B C Py nna Beex k u

lim S(P;) = S = inf{S(P) | P — napasuesorpamm, B C P}. (%)
Hockonmbky {Pg;} orpanmvena, To MoxeM cuutarh limz) = z°,
1 <i < 4. B cuny memmer Toukn {zf ;1:1 SABJIATOTCA BEPITAHAMU
napajesorpaMma P, Ha KOTOPOM B CHJIy HENPEPLIBHOCTH
nyomam nocruraercs 3nadenune S B (*). Tlokaxkem, 9To cepegmHb
cropor P gpastorca Toukamu u3 B.

Jomycrum nporusnoe. Ilycrs O — nenrp cumverpun B (u P),
y = 1(z'+2?). lycrs (2!, 22N B = [a,b] (B cuty Bemyk0CTH B)
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uy ¢ [a,b]. Torma 3¢ > 0: [a,b]NB:(y) = ¢. Ilycrs [a,b] C [2,y],

Ye = Yy + %ﬁ W3-33 BHITYKJIOCTH B BEHIIONHEHO [ye, 2] N

B = ¢, nosromy (B Cmily KOMIAKTHOCTH MHOXKECTB B ITOCJIEIHEM

pasercrse) 39 > 0: 6-oKpecTHOCTD [y, 2%] He mepecekaer B.
§ aB—a?
2 [lz3—22]|"

Mycrs w — nepecedenue upsvoit aff {y., 2} ¢ upamoit aff {x!, 24}.

Ilycts 2z = x? + ITo mocrpoennso [y.,z] N B = .
Iycts w' u 2/ — Touku, cuMMeTpUYHbIE TOYKAM W U 2 OTHOCH-
teqpro Touk . Tak Kak IUIOMAAb TPEyTOIbLHUKA W'y,
CTPOTO MeHbBIIe TIOMAAN TPEyTOdbHEKS, ZT2Ys, TO TAPAIIIEIIOr-
pamMm wzw'z' conepxkur B (B CWIy NEHTPAJbHON CHMMETDHH) U
VMeeT IUIOIIAIh MEHBIYIO0, TeM P.

3ameuarue. VI3 310 3ama9u ciIeLyeT, 9TO €CIN 33 € THHIIHBIH
AP HA IUIOCKOCTH B3dATh MHOXKECTBO B, TO ero mepumerp byaer
He boJstee 8.

2007.3.2. OueBuHO pelrenue (ecau CyImecTByeT) 6ECKOHETHO
nuddepentmpyemo wa R u
1
k k—
2 ®)(t) = 2k:z:( D(t/2) + ¢,

B 9aCTHOCTH )
2 (0) = Q—kx(k_l)(()) +1
n o mHyKipn 0 < :L’(k)(O) < 2 a9 BCEX HATYPAJBHBIX k.
Bacpuxcupyem M > 0 u orpesok [—M, M]. Ilycts C = eM.
Tak kak z(-) € C*°([-M, M]), To naiinerca Ly > 0:

28 (1) — 2 W ()| < Ly - [t1 —ta|, V1,2 € [-M, M].

29 (t2) — 20 (82)] < 25D (02/2) — 2l (b2/2)] + | — €2 <
< Bt —to] + Oty — tal,

Li
T.e. MOxHO cumTarh L < == 4 C. Ilpomomxas cmyck 1o F,

nosyanm Ly < Lo+ 2C. Orcroga n u3 0 < l‘(k)(O) < 2 cyenyer,
aro *) (t) paBromepmo orpanudenst ua orpeske [—M, M]. B cury
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npoussosbHocTr M > 0 dpynrnusa z(t) mpeacraBuMa CBOUM pAJIOM

o0
Teitnopa x(t) = > a,t"™ wa umcaoBoit ocu. MOXKHO TOJACTABATE
n=0
ps B ypaBrenue u Halitu koadbdummentsr ag = 1 = x(0),
1 1

n +

an+1=(n+1).2na CESI

3ameuvanue. Becbma mose3HO OBIBAET WMCKATH PEICHUE B
BUJIe DAMOB. JacTo BBIPYYAET TEOPEMA: eCcAl NPABGA Yacmb
06biKH06EN1020 JUPPEPEHUUAILHOZ20 YPABHEHUSL €CMb OYHKUUA
AHAAUMUYECKAR NO  BCEM NEPEMEHHBIM, MO U DeuweHue —
AHANUMUYECKAA GYHKUUA.

2007.4. 1. Paccmorpum panmoHaibHyl0 GyHKImO 7(T) =

k

x
f(x)
UMETH BHJL

U Pa3JIoKUM ee B CyMMYy dJieMeHTapHbIX. Paznoxenue Oyjer

r(x) = Z :Uiizxz

=1
W3 toro, uro k < n — 2 cuemayer, 910

lim zr(x) =0,

OTKyJIa TostydaeM, 9ro y_ -, ¢; = 0. Ocragoch 3aMeTuTh, ITo

k
¢ = lim (v — z;)r(x) = i

Tz f(xi)

2. Dro pemieHve JjIs TEX, KTO 3HAKOM C 3JIEMEHTAMA TEOPHH
bynakmun KoMmIuIeKcHoit epemennoit. Dymkmms g(z) = 2F/f(2)
upu k < n—2 uMeeT PaBHBIA HYJIIO BBIYET B GECKOHEUHO YIAICHHOI
Touke, T.K. ¢(z) ~ z"%k npu z — 0o. OcCTanoch 3aMeTuTh, 9TO

k
X’
res,—z,g(2) = F7(5)» @ CYMMa BCEX BBIUCTOB DaBHA HYJIIO.

2007.5. llycte © — Bepmmna A. Ecmm z = 0, To B3g9B M
JIMHEHO HE3aBUCUMBIX CTOJaOMOB Marpunpt 1 (panr T pasen m)
B Kagectee 11,...,1,, noaydaeMm TpebyemMoe yCIOBHE.
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[Tycts x € A\{0} — Bepmmua. ZcHO, 9TO MOXKHO Tak 3amy-
MepOBaTh KOMIOHEHTHI Z, 4To 1 > 0,...,2, > 0, a xx = 0 npm
r+1<k<n.

ITokazkeM, 9TO B cyMMe

IS n
Tr = Z Trxr + Z Thxy
k=1 k=r+1

cronbust {7} })_, JUHEHHO HE3aBUCHMEL DTO 3aBEPIIUT JOKA3a-
TeJILCTBO.
Honycrnm, {1}, }},_, JUHeHHO 3aBUCHMBI, TOTa HANIETCS BEK-
op a € R a = (a1,...,04,0,...,0) # 0, Takoii, uro
T
> Trpap =0. Boibepem € > 0 tak, arobel jyis Jjoboro k or 1

k=1
JO T BBIIOJHSJIUCH HEPABEHCTBA, X + ca > 0. VMmeem

r n
T(SL‘ + 5a) = Z Tk(ack + 5ak) + Z Trxy =
k=1 k=r+1

r r
= ZTkJUki5ZTkOék:b,
k=1 k=1

CJIeJIOBATENBHO, [ — £a,x + ca] C A u, 3HAYUT, T HE ABJIAETCI
Beprmuaoii. [TpoTuBopeuwne.

3amenanue. Dror dakKT OYEHb BaXKEH B JIMHEHHOM
uporpaMmuposanun, cm. [14, Tu. 2].

2007.6. 1. IlockombKYy BHYTPEHHOCTH BCEX TPEX MHOXKECTB
Hemycra, To cuntaem, 9ro 0 € intA, 0 € intB, 0 € intC' (ecau 310
HE TaK, CIBUHEM MHOXKECTBA Ha COOTBETCTBYIOITUEC BeKTOpLI).

Jlns equHIIHOrO BeKTOpa p € R? ompepenmv Touxy a:g‘ — Ta
(emuacTBEHHAs!) TOYKA MHOXKECTBA A, B KOTOPOW JOCTHTaeTcs

MAKCUMYM CKAJIIPHOTO Tpoussejienus (p,x) 1o BeceM = € A.
C

Anajoruygnsrii cMmbrca 6 T mectn &2 s muoxkectsa B w oz
yay ! »

g muaoxkectsa C.
[Mycre S — epmHUYHAS OKPYXKHOCTH C MeHTpoM B HyJe. llo-

A
KaxeM, 9ro orobpaxenue S 3 p — T, HempepbisHO. JlomycTum
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uporuBHoe: 3¢ > 0 U pp — Py — €JUHUYHBIE BEKTODPLI, IPUIEM
a:Ak ¢ Be(z, A ,)- Torma B cmiy KOMIAKTHOCTH MOKeM CYUHTATE,
9TO xﬁk — x0 € 0A\B:(z po)'
CKAJAPHOTO Tpomseeennst (po, ) Mo £ € A, mO3TOMY OTPE30K
[xo,xﬁo] C OA, 4TO IPOTHBOPEYHT TOMY, UTO rpaHuna A He co-
JIEPKUT OTPE3KOB.

IIycts (A(t), o(t)) — xommonenTsl Kpupoii Ileano, oTo6pa-
xaroreii (HenpepsisHO) [0, 1] B mpamoyroasauk [0, 1]y x [0, 27],.
ITycts p(t) = (cos cp(t),sin ().

Touku g u :c;‘O JAI0T MaKCUMyM

Mockonbky Az + Azl = Az ana seex p €S, Ae0,1] u
C= {)\xg | Ae0,1],pe S}, TO a( ) = At)z? Tt b(t) = (t)xf
2. Jloka3aTeabCTBO MOXKHO HECKOJBKO YIPOCTHTH, €CIIH

HUCIIOJb30BATH TOT (1)a.KT7 Y9TO BCE BBIIYKJIbBIC KOMIIAKTBI O,Z[‘HOI;‘I
pasmeproctu romeomopdusl, eM. [12] T. 1, npemmoxenne 11.3.1.

Oycrs K = [0,1)2, ¢ : K — A — romeomopdusm,
nepepogamuit K B A, v : K — B — romeomopdmusm,
nepesofgamuit K B B. Ilycrs (2(7),y(7)) — KOMOOHEHTHI

cTaHIAPTHON HenpepbiBHOM KpuBoil Ileano. Torma oweBmmno

{o(z(r),y(7)) + ¥(x(n),y(w) | (,p) € K} = C.

Boibepem Tenepr T = xz(t), u = y(t), Torma
alt) = (@ (@), y(y(1), b{t) = B(=((?), y(y(D))).

3ameuwarue. Dra 3amaqua coobmena mHam I1.B. CemenoBniM.
Bor 6um3kuit Bompoc, orBeT Ha KOTOPBIH B OOIIEM Cirydae HAM
nmoka He n3secTren. [lycrs A, B, C' — mpOn3BOJIBHBIE BHITTYKJIBIE
koMmakTel u3 R” u A + B = C. Bepno Jm, 4T0 CyLIECTBYIOT
nenpepbisabe Gyakmmn ¢ : C — A, b: C — B takme, aro Ve € C
BoimosiHeno a(c) + b(c) = ¢? Hnsa P-muoxkects [14, §1.8] orBer
yTBEpAUTEJICH.
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[TosicHeHWe K CHHCKY JIATEPATYPBL.
IIpuBe/ICHHBIA HUKE CHMCOK He MPETEHIyeT Ha IIOJHOTY.
Kuanry [4] MBI pekoMeHjyeM il 1epBOrO 3HAKOMCTBA C
IpeIMETOM MATEMATHIECKOTO aHAIN3a, a KHUTH [5] 1 [6] 1y1s Gostee
HCKYIICHHOrO 4MTaTessA. B kHure [7] 3amedaresbHas moabopka
33/l [0 AHAJIU3Y.
B kmure [§] paccMOTpEHBI MHOrHE KJIACCHYECKHE TEOPEMBI O

MHOTOWIEHAX.

Kuura [9] — kuiaccuueckuii m oveHb NOJHBI yueGHUK 110
AHAJIMTUIECKON TeOMeTpHH U JIHHEHHO# asrebpe, a [10] — mo
reopun Marpuy.  Kawmra [11] — xuaccudeckuit y4eOHUK 1O
asarebpe.

Jpyxromuuk [12] mamumcan kak 3cce. Ilopermaiite 3amaun,
KOTOPBIMHA 3aKAHYINBACTCA Ka.}KﬂbII';I‘ pa3agesa m ImmoCMOTPETH OYECHDb
nomubiii (Ha 1984 TOM) CHHCOK JIATEPATYPHI MO TEOMETPUU BO
BTOPOM TOME.

O6zop [13] moceamen 3HAMeHHWTOH Teopeme XeJIHn O
BBIMYKJIBIX TeJlaX C O6H_H/IMI/I TOYKaAMHU MW €€ NIPUIIOKEHUIX B
PA3IUIHBIX 33/1a7aX reoMeTpur U anaau3a. Cofep:Kutr 6oJibInoe
KOJIMYECTBO 33/1a4, MHOTUE U3 KOTOPBIX HE PEIIeHbI JI0 CHUX I10D.

B knuure [14] comep:KUTCS W3I0MKEHHE BBIMYKJIOTO AHAIU33
W PAcCCMaATPHUBAETCS €ro IMPUMEHEeHWe B Pa3HbIX 00acTax
MATEeMATHKHA.  JHAYATeJbHAs YacTb KHHUTH [15] mocBsmena
M30MEPUMETPUICCKAM HEPABEHCTBAM W TEODHM  CMEINAHHBIX
obbemoB. B knurax [17], [18] uznoxkenn puddepernnanbube
ypaBHeHus; [19] — yueOHUK 1O GYHKIMOHATIBHOMY AHAJH3Y
jgas  HaumHatommx; [20] — ksaccmueckas MoHOrpadwus 10
HEJIMHCHHOMY aHAJIU3Y.
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