©Dién dan Toan hoc — VMF

Dap an deé thi tha so 2
Ngay 29 thang 12 nam 2011
PHAN CHUNG CHO TAT CA CAC THI SINH (7,0 diém)

Cau I (2 diém) Cho ham s6 y = —2® — 32% +4 (1)
1. Khéo sat sy bién thien va vé do thi ham s6 (1).
Loi giai :
e Tap xac dinh : R
e Su bién thieén :
— Chiéu bién thién :
x y = =322 — 6z
* Ham s6 nghich bién trén ting khodng (—oo; —2), (0; +00).
* Ham s6 dong bién trén (—2;0).
— Cyc tri: ¢ = 0 < 2 = 0 hoiic z = —2. Ham s6 dat cuc tiéu tai (—2;0) va
dat cuc dai tai (0;4).
— Giéi han: lirin y = Foo. Do thi ham s6 khong c6 tiem can.
T—T 00

— Bang bién thieén :

X —oa -2 0 +oo

1NN

e Do thi ham s6 :
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2. V6i gia tri ndo ctia m thi duong thang di qua hai diém cue tri ctia ham s6 (1) tiép
xtc véi duong tron (C) : (x —m)? + (y —m — 1)* = 5.
Loi giai :
e Hai cyc tri ctia ham sb 1a A(—=2 : 0), B(0;4) nén duong thang (D) di qua hai
cuc trila: 20 —y+4=0
e Tam va ban kinh duong tron (C): I(m;m +1), R = /5
e D¢ duong thang (D) tiép xtc v6i (C) thi ta phai co: d(I, D) = R

|2m —m — 1 + 4| B
=V
Vb

Slm+3l=5
N m =2
m = —8

Cau II.1 (1 diém) Giai phuong trinh: 2 cos? <% cos? az) =1+ cos (7sin 2z)

La&i giai : Phuong trinh da cho tuong duong

2cos” <gcoszzv> — 1 = cos (7 sin 2z)

& cos (meos®z) = cos ( sin 2z)
&cos’s = +sin 2z + 2k, (k € Z)

cos2x — 2sin2x = 4k — 1
cos2z + 2sin2x = 4k — 1

Phuong trinh ¢6 nghiém khi

12422 >16k> -8k + 1
s4k? —2k—1<0

1—-+/5 1++5
=

<k<
4 - 4
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VikeZnén k=0.Do doé ta cod

[ cos2x — 2sin2x = —1
I cos2x + 2sin2x = —1

2cos?x — 4sinxzcosz = 0

< | 2cos’z 4 4sinzcosz =0
o [ cosz =0

| cosz +2sinx =0

[ cosz =0
< I tgr = i%

s
rT=—=-4+nmw

& 1 (m,n € Z)
x = *+arctg (—) +mm

2

1
Vay phuong trinh da cho c¢6 cac ho nghiém la x = {g + n7, karctg (—) - mﬁ} , (m,n €2)

2
a
Cau I1.2 (1 diém) Gidi phuong trinh: 2z +4 — 22 — 2 = 28
' pRIHS T V922 + 16

Loi giai : Dieu kien : z € [—2;2] (%)
Vil2e -8 =2[20+4-4(2—2)] = 2|(vV2r +4)" ~ (2v2=2)’| nen phuong trinh
da cho tuong duong vé6i

(m_zm) <2x/m+4\/2—x—\/9x2+16> —0

V2re4+4-2y2—2=0 (1)
< { 2V2r +4+ 42 -2 —922 +16 =0 (2)

2
Tacé:(1)<:>2x+4:8—4x<:>x:§,th6amén (%).

Lai c6 :

(2) < 48 — 8z + 16V/8 — 222 = 92” + 16
& 4(8—-22%) +16V8—22% —2” — 8z =0

Dat t = 2v/8 — 222,t > 0, ta dugc:

t==x

2 2 _
t“+ 8t —«x 8z Oé[t:—x—S

0<z<2 44/2
= — 2 — — . = —
ol =028 2z I<:>{32—8.T2:$2 S 5

o t =—x—8¢& 2y8—222+ 2+ 8 =0, phuong trinh nay vo nghiém do (x).
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2 442
Vay phuong trinh da cho ¢6 nghiém la z = {5, T\/_} a
Cau III (1 diém) Tinh tich phan
T wsinzx
—d
/0 11 cos2a
Loi giai : Dat o = 7 — ¢, khi do
o dx = —dt; sinx = sint; cos?x = cos?t.
e r=0=t=m x=m=1=0.
Ta co:
I:/(W_t)smtdtzw/ sin ¢ dt—/ tsint dt:ﬂ/ sint g T
1+ cos?t 1+ cos?t 1+ cos?t 1+ cos?t
0 0 0 0

Do dé:

™

T sint
I=— | ——dt
2 / 1+ cos?t

0

T
bat: tanu = cost,u € <—§; 5), ta co :

du .
° = —sin tdt
cos“ U
t=0= T t = T
[ ] = u = —7 =TT U = ——
4 4
Khi do:

I_7T/ sint
2 1+coth
0

du
(1 + tan®u) cos? u

s
2

Bl

vl
o VM:\\VM>4 IS
QU
<

e
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Cau IV (1 diém)

Cho hinh chép tia giac SSABCD c¢6 day la hinh binh hanh ABCD vé6i tam O. Goi
P, ¢, u, v 1an lugt 1a céc khodng cach tit O dén cAc mit phing (SAB),(SBC),(SCD),(SDA).
Chting minh rang néu mat phang (SAC) vudng géc v6i mat phang (SBD) thi

1 1 1 1

p2 u? q2 V2 ’

Loi giai :

Mit phang qua O vuong goc véi SO cit (SAC) va (SBD) theo cac giao tuyén 'Oz
va y'Oy. Khi (SAC) L (SBD) thi 2’z Ly'y.

Chon hé truc Oxyz sao cho tia Oz trung véi tia OS. Lic dé S (0;0; k) , A (a;0;¢), B (0;b; d).
C va D d6i xing ctia A va B qua O nén C (—a;0; —c), D (0; —b; —d) .

Ta 6 SA = (a;0;¢— h),SB = (0;0:d — h), mp (SAB) : b(c—h)x +a(d—h)y —

ab(z —h) = 0.
Khoang cach tit O dén (SAB)
|abh| 1 V(c—h)*+d*(d—h)+ a2V
P = - 5T 27,27,2
VERe— R+ a2(d—h) a2t P a*b*h
Cung ¢6
1 e+ h)?+d*(d+ h) + a®b?
W a2b?h?
Do dé
1 1 (a®V? + 022 + a®d?) + h? (a® + b?)
pte=? a2b?h?
Tuong tu
11 (a®0® + V*c + a®d*) + h* (a* + %) 1 1
e 2020 “pte
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Tu d6 suy ra diéu phai chiing minh.

Cau V(1 diém) Cho z,y, z € [1;3]. Chiing minh ring :

z oy x z 26
—i———l———#—;—i—-ﬁ—

s Yy
__|_
y 3

Yy z T

Lai giai : Khong giam tinh tdng quat giast 1 <z <y<z<3

ngfél
2y

Do do :

(1_5)(1_y)20
’y z
s1+2-Y T50 ()
VA
Mat khac :

s1+--2-Y50 (2
oy

Tu (1) va (2) suy ra :

Y

xr z X z x z
Zileled il ca49(242)
y 2z x T =z

Y z

. 1 ~ .
Dat Z ¢ thé thi 1 <t < 3 Khéo sat ham f(t) =t + n ta dé dang thay f(t) tang trén
x

khoang [1;3]. Suy ra maxf(t) = f(3) = 10

3
Vay
T z Tz 10 26
N TR R
Yy oz xr T z Y 3 3
Dau dang thitc xay ra khi v& chi khi (2,3, z) = (1,1,3) v& cac hoan vi. a

PHAN RIENG (3,0 diém)

Cau VI.a (2 diém)

1. Trong mat phing véi hé toa do Oxy cho tam giac ABC vuong tai A, phuong trinh
dusng thing chita canh BC' 1a 3z —y —+/3 = 0, hai diém A va B thuoc truc hoanh.
Biét ban kinh duong tron noi tiép tam giac ABC bang 2, tim toa do trong tam G
cua tam giac ABC.

Loi giai : Tac6 B= BCNOx = B(1;0). Goi A(a;0), (a #1).
AC1AB = AC1Oz = C (a;V3a—+/3) (do C € BC)
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2a +1
rg = 3
Vi G la trong tam tam giac ABC nén V3(a—1)

Ya =

3
Ta c6: AB = |a —1|,AC =+/3|a—1|,BC =2|a — 1

Goi p 1a nita chu vi va r 13 ban kinh duong tron noi tiép tam giac ABC' thi

1
SABC:§AB.AC:?(a—l)zzpr:AB%—BC—i—CA: (\/§+3> la — 1|

Suy ra:

-t =2(Vaer) e [ 222000

Vay toa do trong tam G cua tam giac ABC' la

G<4\/§+7;6+2\/§)

3 3

hoac

—4v/3 -1 —6—-2V3
(5257

2. Trong khong gian véi hé toa do Oxyz, cho mit phang (a) c6 phuong trinh 2z — y +
z+1 =0 va hai diém M (3;1;0), N (=9;4;9). Tim diém I trén mat phang («) sao
cho |[IM — IN| dat gia tri 16n nhat.

Lai giai : Tac6 T =6(—12) < 0 nén M, N nam vé hai phia ctia mp ().
Goi R la diém doi xtng ctia M qua mp («), khi d6 duong thang MR qua M (3;1;0)
vuong géc v6i mp (a) ¢6 phuong trinh:

r—3 y—1

2 -1 1
Goi H=MRNmp (o) = H(3+2t;1 —t;t) € MR.
Vi H € mp () nén H (1;2;-1) = R(—1;3;-2)
Taco: [IM — IN| = |IR — IN| < RN. Déang thitc xay ra khi va chi khi I, N, R thang

hang.
N r=-—1-28t
Laic6: RN = (—8;1;11) do d6 RN ¢6 phuong trinh tham s ¢ y =3+ ¢ (t € R)
z=—2411t

Diém I can tim la giao diém ctia RN v6i mp (o). Do d6 I (=1 — 83 +t;—2 + 11t)
thudc mp () .
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Két luan : I (7;2; —13).

Cau VILa (1 diém) Xac dinh tap hop cdc diém biéu dién s6 phitc z thod man
|z —i|+ |z +i| = 4.
Loi giai : Gid st 2 =2 +yi (2, € R) suy ra M (x;y) biéu dién s6 phitc z. Khi d6

|z —i|+ |z +i| =4
Sle+y—1Di+ e+ (y+1)i|=4

<:>\/x2+(y—1)2+\/x2+(y+1)2:4 (%)

Suy ra tap hOp diém M la ehp (E) c6 hai tieu diém 1a Fy Fy.

Ta viét phuong trinh elip (F):

Luu y ¢ day tieu diém nim trén truc tung. Do d6 phuong trinh chinh tic ctia (E) c6
dang:

2 P 2 32 9
—+b—2=1 (b>a>0; a~=b —c)
Ta co:

{MF1+MF2:2b:4 @{ b= 2 2—3

F1F2:2C:2 c=1

Vay tap hop diém M 1a elip (E) c6 phuong trinh chinh tic 3 + yz = 1.

Cau VLb (2 diém)

1. Trong mit phing véi he toa do Oxy cho hai dudng tron (Cy) : 22 + (y +1)° = 4 va
(Cy) : (z —1)* + 9 = 2. Viét phuong trinh dudng thing A biét A tiép xic véi (C)
va cit (Cy) tai hai diem A, B sao cho AB = 2.

Loi giai : Duong tron (C}) c¢6 tam I; (0; —1), ban kinh Ry = 2, (Cy) ¢6 tam I (1;0),
ban kinh Ry = /2.

Xét duong thang AL Oz, khi d6 phuong trinh clia A c6 dang z = m

Suy ra:

Sm=2&Ax=2

d(h,A0)=2 [ |m|=2
d(I,A) =1 I1—m|=1

Xét duong thang A khong vuong géc véi Ox, phuong trinh ciia A ¢6 dang kz—y+a =
0.
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Tuong tu, ta co he:

|1+ al

Vi + 1 1+al =2vE2+1 (%) ] P

|k + al _ At ]k—l—a|:«/k;2—+1 = [1+a|=2]k+a|l= az_%;l

VEk?+1
V6i a = 1 — 2k, thay vio (%) : (2—2k)* =4(k>+1) < k=0. Do d6 a = 1. Suy ra
A:y=1.

2k + 1 2k + 1\?

Véia—= -t ,thayvéo(*):(l— ; ) A1) e (- kP =9(R2+ 1)
(vo nghiém).
Vay A :x =2 hodc A:y=1. |

2. Trong khong gian véi he truc toa do Oxyz, hay viét phuong trinh duong vuong goc

r=3+1 r=—-2+2t’
chung ctia 2 duong thang d : { y=—1+2t vad' :{ y=2t'
z2=4 z=2+4t’

Lai giai : Dé thay @ = (1;2;0),7 = (1;1; 2)lan lugt la vecto chi phuong ctia d va d'.
Gia stt duong thang vuong goéc chung cit d va d’ lan lugt tai M va N. Khi do:

M (3+t;—1+264) N (=242t 22 + 4t') .

Ta co:

=

M

=

; ; 31
MNLW _fMNw =0 _ fer-si=3 _)¥=3
MNLW =0 12 — 3t =8 i 2

7

. . 2 3
Vay duong thing can tim di qua M (7, — 4) 6 vectd chi phuong 77 = (4; —2; —1)
23
nén c6 phuong trinh: 3 . O
y=—= -2
z=4—1

Cau VILb (1 diém) Cho tap A = {0,1,2,5,7,8}. C6 bao nhiéu s6 ti nhién chia hét
cho 6 ¢c6 5 chit s6 duge chon tit tap A.

Loi giai : Chia tap A thanh 3 tap: Ag = {0}; Ay = {1,7}; Ay = {2,5,8} tuong tng cac
phan t1t chia 3 du 0,1, 2.

Goi © = G1azaza1a; 1a mot s6 thod man yéu cau dé bai, z : 6 < (x : 2) & (x : 3).

Nhu vay a; # 0 ¢6 5 cach chon, con a5 € {0,2,8} ¢6 3 cach chon, trong doé:
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e aja; € {12,18,72,78} thi phai chon azazas sao cho (as + az + ay) =0 (mod 3)
e aa; € {20,50,80} thi phai chon azazas sao cho (ag + az + ag) =1 (mod 3)

e aa; € {10,22,28,52,58,70,82,88} thi phai chon azaza; sao cho (ag + az + ay) = 2
(mod 3)

1. Tinh cac s6 Gzazaz ma (az + az + a4) =0 (mod 3)

/l (ag S Ao)&(a4 S Ao) —1.11=15s6
o a €A — (a3 S Al) & (CL4 € Ag) —1.23= 6sd
(1 cach) N\, (a3 € A) & (ay € A)) = 1.3.2 =656

ya (ag 6140)&(&4 GAQ) —2.1.3=6s0
® (9 C Al — (a3 € AQ) & (a4 € A[)) —23.1=6sb
(2 cach) N\, (az € A)) & (aq € A)) =222 =856

ya (CL3 GA())&(CL4 GAl) —3.1.2=65s6
® (9 C A2 — (CL3 € Al) & (CL4 € Ao) —3.21=6sb
(3 cach) N\, (a3 € Ay) & (ag € Ay) — 3.3.3 =27 s6

Téng cong 6 1+6+6+6+6+8+6+6+27 =72 56
2. Tinh céc s6 azazas; ma (az + az +ay) =1 (mod 3)

/l (CL3 € Ao)&(a4 € Al) —1.1.2=25sb
® (a9 € A(] — (a3 € A1>&(CL4 € A()) —121= 2sd
(1 cach) N\, (az € Ag)& (ag € A3) = 1.3.3 =90

S (a3 € Ag) & (ag € Ag) — 2.1.1 =256
e ayeA — (az€A)&(ag€ Ay) —223=1250
(2 cach) N\ (asz € Ay) & (aq € Ay) —2.3.2=120

S (a3 € Ag) & (ag € Ag) — 3.1.3 =950
® € A2 — (&3 € A1> & (&4 € A1> —3.22=125s0
(3 cach) N\, (a3 € Az) & (as € Ag) —3.3.1 =950

Tong cong c6 2+2+9+2+12+12+9+12+9 =69 s6
3. Tinh céc sb azaza; ma (ag + a3+ ag) =2 (mod 3)

ya (ag S Ao) & ((14 S Ag) —1.1.3=35s6
® (9 C AO — (a3 € Al) & (a4 € Al) —1.22= 456
(1 cach) N\, (a3 € Ag)& (ag € Ag) — 1.3.1 =350

ya (CL3 GA())&(CL4 GAl) —21.2=45s6
o (o €A1 — (CL3 GAl)&(CL4 GA()) —221=4sb
(2 cach) N\, (az € Ag) & (a4 € Ay) — 2.3.3 =18 0
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s (CL3 EAo)&(CL4EAO) —3.1.1=35s6
e <€Ay — ((13 € Al) & (CL4 € AQ) —3.23=18sb
(3 cach) N\, (az € Ay) & (aq € A}) — 3.3.2 =18 0

Tong cong c6 3+4+3+4+4+18+3+ 18+ 18 =75 56
Két luan : s6 cac s6 tu nhién chia hét cho 6 c6 5 chit s6 hinh thanh tit A = {0,1,2,5,7,8}
la S
S =4.72 4+ 3.69 + 8.75 = 1095 s6.
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