TRUGNG PAI HOC PA LAT

CIAO TRINH

NHAP MON HAM PHUC

TA LE LQI - 2004




Nhiap mén ham phic

Ta Lé Lgi

Muc luc

Chuong 1. S6 phic - Ham phite

L1 SO PRTC vttt e e 1
LI Binh nghia. ... e e 1
1.1.2 CAc phép tOAn . . ..o e 1
1.1.3 Bi€u difn s6 PhUC .. ..ottt e 2
114 Tinh ChAT ... o e 3
115 CaAn DAC Moo 3
11,6 Bi€U difn CAU. ...t 4

L2 SU ROT U ottt e 5
1.2.1 Khodng CACh ... i e 5
L.2.2 DAY NOT T« vt ettt ettt e e et e e e 5
1.23 CactAp cobAn trong C ..ottt e e 6
1.2.4 Cdc dinh 1y co bdn: Cantor, Heine-Borel. ............................. 7

1.3 Ham phtic - Tinh H&n tuc ...t e e 7
1.3.1 Binh nghia. ... e 7
1.3.2 Ham phitc xem nhu phép bi€n ddi trén Ra2 ........................... 8
133 GiGi han ham . ......o 9
1.3.4 HAam &N tUC. . ..ot e 9
1.3.5 Cdc dinh 1y co bdn ctia ham lién tuc: Cauchy, Cantor, Weiersrtass. ... .. 9
1.3.6 Pinh 1y c0 badn clia dai 86 ..........ccoviiniiniiiieie i, 10

Chuong II. Chudi lily thira - Ham gidi tich

2.1 Chudi liiy thita hinh thifc ....... ... ... i 11
2.1.1 Chudi liiy thita hinh thifc . ... ... . .0 i 11
2.1.2 Pai s6 C[[Z]] cdc chudi hinh thiic .............ocoviiiiiiiiian... 11
213 Phép chia ... e e 11
2.1 4Paoham hinh thlic ... ... ... . . i 12
2.1.5 Thay biEn ..o 13
2.1.6 ChUOT NEUGC ...ttt et e e e e e e e 14
2.1.7 Quan hé ddéng du modulo Z¥ va ky hieu O(ZN) ..................... 15
2. 1.8 Ham sinh ... 16

D2HOU U ABU oo 17
2.2.1 ChUBT S8 . oottt e e 17
2.2.2 DAy ham - ST T tu d8U. ..\ oe oo 17
223 Chudi ham .. ... 18

2.3 Chudi Iy thita hOi tU ..o e 19
23.1 PBinh 1y Abel. Bankinh hditu.......... .. ... i 19

2.3.2 T8ng, tich chudi liy thita hdi tu .......... ..., 21



2.3.3 Thay bié&n trong chudi lily thita hdi tu...................coviiiin.... 21

2.3.4 Nghich ddo ctia chudi lily thita hoi tu................oooiiiiiin.., 22
2.3.5 Pao ham chudi iy thira hoi tu........ooiuiiii e 22
2.3.6 ChUOT NEUGC ...ttt ittt et e e e e e 23
2.4 MOt SO hAM SO CAP ..ottt et et e 24
2.4.1 Ham tuy€n tinh .. ... 24
242 HAam 0y thita ... e e e e e e 24
243 HAM ME ..ottt et e 24
244 Cac ham Iugng IAcC. ... it i e e 24
2.4.5 Logarithm phtc - Nhanh don tri cia ham logarithm ................... 26
2.4.6 Ham lily thita t6ng QUAL ........ooiirnee e 26
2.5 Ham gidi tich ..o 27
25.1 Binh nghia. ... e 27
2.5.2 Chudi liiy thira hoi tu 1a ham giditich................................ 28
2.5.3 Khong di€m ctia ham giditich..................ooiiiiiiiii ... 29
2.5.4 Nguyén ly thdc tri€n giditich. ....... ... ... ... ... ... ..., 29
2.5.5 Cyc di€m - Him phan hinh.......... ... ... ... ... .o i,
Chuong III. Ham chinh hinh - Tich phian Cauchy
3.0 Anh xa tuyé&n tinh trén R2 va trén C.........oooii i, 31
3.0.1 Biéu dién s6 phitc bdi ma tran thuc............cooviiiiiiiineeaeiiii., 31
3.3.2 Anh xa tuy&n tinh b0 GIAC .......ooiie 31
3.1 Tinh kha vi phitc - Ham chinh hinh ....... ... ... ... ... ... ... ... 32
3.1.1 Pao ham . ... o 32
3.1.2 Piéu kién Cauchy-Riemann .................ccooiiiiiiiiiinaiinnaanin. 32
3.1.3 Cong thitc tinh dao ham....... ... . ... i, 33
3.1 4Hamchinh hinh. ... ... e 34
315 Tinh BAO IAC . ..ot e e e e 34
B LUGI t0a A0 ..ottt 35
3.2 Tich phan QUONE ...t 35
3.2.1 Budng cong trong C .. ... .o 35
322 Tich phan QUONE . .. ..o e 37
3.2.3 Tinh chat clia tich phdn QUONE ..ot 37
3.2.4 Nguyén ham - Cong thitc Newton-Leibniz- Pinh 1§ Morera ........... 38
33 Pinh 1y Cauchy . ... 40
3.3.1 Pinh ly Cauchy cho mién don lién................cooiieiiiaeiinn... 40
3.3.2 Pinh ly Cauchy cho mién ¢ bién dinh huwéng ........................ 43
3.3.3 Cong thitc tich phdn Cauchy........... ... i 44
3.3.4 Khai tri€n Taylor ............oiouiiiie i 45
3.3.5 Cong thic tich phan cho dao hAm cAp cao ...............cooevnnn... 46
3.3.5 Sy ddng nhat ctia 2 khdi niém gidi tich va chinh hinh ................. 46
3.4 Cdc tinh chdt co bdn clia ham chinh hinh .................................. 47
3.4.1 BAt ding thitc Cauchy. Dinh 1y Louville. Dinh 1y c¢d ban cta dai s6 .. 47
3.4.2 Pinh ly gia tri trung binh. Nguyén 1y maxima. B& dé Schwarz ........ 47

343 Dinh 1§ duy DhAT <. ooe et 48



344 Pinh 1y d4nh xa M0 ... .. e 48
3.4.5 Dinh 1y Weierstrass v& hdi tu............coooiiiiiiiiiiiaiian... 49

Chuong IV. Ky di - Thing du

4.1 Chudi LAUMENT ...ttt e e e e e e e 50
4.1.1 Chudi LAUTENT . ..ottt et et et e e e e et 50
4.1.2 Khai tri€n Laurent .. .........oouueeeee e i 50

A2 PIEMKY di €O TAD ..ottt 51
421 Dinh nghia. .. .. 52
4.2.2 Phan loai ky di ¢o 1ap theo chudi Laurent .....................c..o.... 52
423 Ky ditai VO CUNE ..ttt ettt e e e 54

43 Thang du . ..o e 55
431 Dinhnghia. ... ..o e 55
432 Pinh Iy cd bdn cla thang du ...t 56
433 Tinh thang du ... e 57

4.4 Thang du logarithm - Nguyén ly argument ................. ..., 58
4.4.1 Thing du logarithm .......... .. . i 58
4.4.2 Pinh 1y co bdn cta thing du logarithm................................ 58
443 Nguy€n 1y argument ... .......ouinnttn et 59
444 Pinh 1y Rouché ... ... 59

4.5 Ung dung thiang du LR LR R RREERELERREEE 60

vy
4.5.1 Tich phan dang / R(cost,SInt)dt .....oooveiiiiiiiiiiiiii ., 60
0, o
4.5.2 Tich phan dang / fla)dr. oo 61
oo |
4.5.3 Tich phan dang / fl@)e™do . oo 62
—0o0
4.5.4 Tinh t6ng chudi.........coooiiii e 63
Bl CAP ..o 66

Tai liéu tham khdo

[1] Ahlfors L., Complex Analysis , 2 ed., McGraw Hill, NewYork 1966.

[2] Cartan H., Théorie Elémentaire des Fonctions Analytiques d’une ou Plusieurs Vari-
ables Complexes , Hermann, Paris 1961.

[3] Lang S.., Complex Analysis, Springer-Verlag,, 1990.

[4] Sabat B.V., Nhdp mén gidi tich phitc , NXB. PH& THCN, Ha ndi 1974.

[5] Spiegel M.R., Theory and Problems of Complex Variables , McGraw Hill, NewY ork
1981.

[6] Volkovuski L.I. & al., Bai tdp 1y thuyét ham bién phitc , NXB. PH& THCN, Ha noi
1979.



I. S6 phitc - Hiam phiic

1. SO PHUC

Trén trudng s6 thuc, khi xét phuong trinh bac hai azx? + bz 4+ ¢ = 0 trudng hop
b? — 4ac < 0 phuong trinh vd nghiém vi ta khong thé 14y cin bic hai s§ Am. Vio thé
ky XVI cdc nha todn hoc di bi€t cdch gidi phuong trinh trong trudng hgp nay bing
cach “lam day” tip cdc sO thuc bsi cin bac hai s6 4m. Pi c6 nhiéu tranh cii x4y
ra, mot s& nha todn hoc phd nhin sy ton tai cin s6 Am, mot s& nha todn hoc khéic
lai st dung ching cling véi s6 thuc véi nhitng 1ap ludn khdng chit ché. Maii dén
th€ ky XIX, nha todn hoc Na uy Wessel dua ra cich bi€u dién hinh hoc sd phifc, roi
Hamilton dua ra cich bi€u dién dai s, 1am cd s& cho viéc tién dé hé thong sd nay.
Viéc dua vao hé thong s phifc dd dong gép nhiéu trong viéc phat trién todn hoc va
khoa hoc ty nhién.

Ta s€ x4y dung tip cdc sd phitc C nhu 1a md rong tip sd thuc R sao cho moi
phuong trinh bac hai, ching han 22 + 1 = 0, c6 nghiém; déng thdi dinh nghia cédc
phép todn cdng, trir, nhin, chia sao cho C 1a mot trudng so.

1.1 Pinh nghia. Ky hiéu 4, goi 12 ¢d s6 a0, d€ chi nghiém phuong trinh 22 + 1 = 0,
i.e. i2 = —1. TAp sO phiic 1a tip c6 dang:
C={z=a+ib: a,be R}
z = a+ ib goi 1a s6 phic, a = Rez goi 1a phan thyc con b = Imz goi 1a phan 4o.
21,29 € C, 21 = 29 néuu! Rez; = Rezs, Imz; = Imzs.
Ta xem R 1a tp con clia C khi dong nhdt R = {z € C: Imz = 0}.
Tl “s6 40” sinh ra tif viéc ngudi ta khong hi€u ching khi mdi phat hién ra s& phic.
Thyc ra s& phic rat “thuc” nhu s§ thuc vay.

Vi du.
a) SO phitc z = —6 4 i1/2 c6 phan thyc Rez = —6, phdn 40 Imz = /2.

2 0. N 2. 1 3 ~
b) P€ gidi phuong trinh 22 + 2 +1 =0, ta bi€n d6i 22 + 2z + 1= (2 + 5)2 + T Vay

1 3
phuong trinh tuong duong (z + 5)2 =7 Mot cdch hinh thdc, ta suy ra nghiém
~14iv3
2= ——.
2

Sau day la dinh nghia cdc phép todn vira thyc hién.

1.2 Céc phép toan. V& mit dai s6 C 1a trudng s6 vdéi cdc phép todn dugc dinh
nghia nhu sau:

Phép cong. (a+ib) + (c+id) = (a+c¢) +i(b+d)

'Trong gido trinh ndy: n€uu = néu va chi néu.
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T day c6 phép trat (a +ib) — (c+id) = (a —¢) +i(b—d)

Phép nhan. Vi chi y 12 i2 = —1 phép nhian dugc dinh nghia
(a+1ib)(c + id) = (ac — bd) + i(ad + bc)

“j: ! ~. V6i ¢ +id # 0+ i0, duge dinh nghfa mOt cdch tf nhién khi
1

gidi phuong trinh @ +ib = (c +id)(x + iy).
Hay la

Con phép chia

cx—dy = a
de+cy = b
a+ib_ac+bd+,bcfad
c+id 2+ d? 102+d2

A

Vay

(c+1id # 0 = 0+10).
Tinh chat. Vdi cdc phép todn trén C la truong sé.

Nhic lai trudng s6 c6 nghia la:

Phép cdng va nhan vira dinh nghia & trén c6 tinh giao hodn, k&t hgp va phan phdi.
Phép cong c¢6 phan tif khong 1a 0 = 0440, phan ti¥ d6i clia 2 = a+ibla —2 = —a—ib.
Phép nhan c6 phan t& don vi 1a 1 = 1 + 40, nghich ddo clia z = a +ib # 0 la
1 a b

2 a2+ a2t b2

Phép lién hgp. Z = a — ib goi 1a s& phdc lién hgp cla z = a + ib.

Tinh chat. Z=2, 21 F2y=2+ 22, ZiZ2 = Z1 7.

Vi du.
a) N&u z = a + ib, thi 2z = a® + b%. Tl d6 c6 thé chia 2 s6 phiic bing cdch nhin s&
lién hiép, ching han

2-5i  (2—5i)(3—4i) 6—23i+20i2  —14— 23i

344i  (3+4i)(3—4d)  32—422 25
b) Tu dinh nghia suy ra: z+ 2 =2Rez, zZ—2=2ilmz,va z2€R &z =2z
c) Néu « 1a nghiém cida da thic véi hé s8 thuc P(z) = ag + a1z + -+ + ap2™, thi &
ciing 12 nghiém. Thyc vay, vi P(a) = 0 nén ag + aja + - - + a,a@™ = 0. LAy lién
hgp ta ¢6 ap + aja + - - - + a,a™ = 0. VGi chi y 1a ap = ay, ta suy ra P(@) = 0.

Modul s phite. |z| = Va2 + b2 goi 12 modul cda sd phic z = a + ib.
Tinh chat. |z|? =22, |Rez| <|z|, |Imz|< |2|.
|z122] = |21zl
|21 + 20| < |21| + |22| (bAt ding thic tam gidc) .
Chitng minh: Céc bat ding thiic & hing ddu 12 hién nhién. Ta ching minh cic két
ludn § cdc hang sau.
Tréce hé,t, ta cé ’2’122’2 = 21292122 = 212922122 = 2121722722 = |Zl|2’2’2|2.

Suy ra |z129| = |21]|22|.
D€ chitng minh bat ding thitc tam gidc, dwa vao dinh nghia va cédc tinh chit néu &
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phin trén ta ¢

214+ 221 = (21 +2) (2 F 22) = (21 + 22) (21 + 22)
= 2121 + 2222 + 2Rez1 22

Dung bdt ding thic |Rez 2| < |z122] = |21]|22], thay vao |21 +22]? < (|21]+]22])%

Suy ra |Zl+22’§ |Zl|+’2’2|. ]
Vi du. N&u 2o # 0, thi tir ﬂzQ =z tacod Gl |zo| = |21|. Vay ’ﬂ = @
2 2 22| |zl
Quinap ta cd |z1 + 22+ -+ + 2| < |21 + |22 + -+ + |2nl|-
1.3 Biéu dién s& phic.
y A
b z
i r
A
\d :
(0 a Tz

Dang dais6. z2=a+ib, a,beR, i?=—1.

Dang hinh hoe. z = (a,b), a,b€R.

Trong mit phing da vao hé toa truc Descartes v6i 1 = (1,0),7 = (0,1) 1a 2 vector cd
sd. Khi d6 mdi s6 phitc z = a + ib dugc bi€u dién bdi vector (a,b), con C dugc xem
12 toan bd mit phing, goi 12 mit phing phitc. Trong phép bi€u dién nay phép cong
s6 phitc dugc bi€u thi bdi phép cong vector hinh hoc.

Dang lugng gidc. 2z = r(cosp + isinyp),
12 bi€u dién s6 phitc z = a + ib trong toa dd cuc (r, ), trong d6 ta c6 cdc quan hé:

{ r = |z|=va?+b? 12 modul cia z

a = Tcosy Vi
¢ = Argz, goilaargument cia z

b = rsing

¢ 12 géc dinh huéng tao bdi 1 = (1,0) va z trong mit phing phic. Vay néu z # 0,
a b
a? + b? ) Va? + b? ’
2km, k € Z. Néu qui udc lay gid tri —m < ¢ < 7, thi gid tri duy nhat d6 goi la gia tri
chinh va ky hiéu la argz. Vay c6 thé viét

thi cos p = va sinp = . Ta thdy ¢ c6 vd s6 gid tri sai khdc nhau

Argz = argz + 2km, ke Z.

Vidu. 2z = /3 —i cé modul |z| = 1/(v/3)2+ (—1)2 = 2, cOn argument argz = —

suy tir Rez > 0 va tgp = \_/—% Vay V3 —i=2(cos(—%) +isin(—%)).

coln
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Dang Euler. z = re'?.
Trong gidi tich thyc ta bi€t bi€u dién chudi e® = 14z + % + % +---. Thay mot
céch hinh thic x = i, va sip x€p cdc ti, ta c6

. 2 ;3 4 ;5
e = 1+w2—%4—%+%—%+--- .. ,
(1_%4_%_'_...(_1)"%?4_...)4_1'(80_%4_%_...(_1)”4‘1%4_...
= cosp—+ising  (do khai trién Taylor ciia ham cos va sin ).

Tir d6 c¢6 bi€u di€n Euler cho s& phitc z = r(cos ¢ + i sin @).
Viéc chitng minh tinh hgp 1y clia bi€n ddi trén s& dudc trinh bay & chuong sau.
Euler di tim ra hé thifc quan hé tuyét dep gifta cdc s6 1,0,e,7 va i: €™ +1=0.

Mbi cdch biéu dién s6 phitc c6 thudn tién riéng. Sau diy 12 mot s6 Gng dung.

1.4 Tinh chat. |2122| = |21H22’ va Arg(zlzg) = Argz) + Argzs
Suy ra cong thitc de Moivre

(r(cosp +ising))" =r"*(cosny +isinng), n € N

Chitng minh: Bi€u dién z; = ri(cos 1 +isinp), 2z = ro(cos s + isin ).
Ta co6

2122 = 117r2(Cos 1 COS g — sin py sin @g) + i(sin 1 cos w2 + cos 1 sin p3)
= 1ir(cos(p1 + p2) +isin(pr + ¢2))

Suy ra |z129| = rire = |21]|22|, va Arg(z122) = @1 + @2 + 2km = Argz; + Argze. O

Nhdn xét. V& mit hinh hoc phép nhan s& phitc 7(cosy + ising) véi s phic z
la phép co din vector z ti s6 r va quay géc ¢. (xem hinh V&)

A r(cosy + isinp)z

Y

(0]

1.5 Cin bac n cua s6 phic. Dinh nghia cin bac n (n € N) clia s6 phic z la
s6 phtic w thod w" = 2.
P& xédc dinh w, bi€u dién z = re’? = re!¥+2h7) va w = pe®.

Tix cong thitc de Moivre pei™? = rei(#t2hm)
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Suy ra
p = /r  (cdn bic n theo nghia thyc)
2k
) = u7 keZ
n

Viy phuong trinh ¢6 ding n nghiém phan biét véi mdi z # 0:

2T

, 7r 2
wy = {VF@“%JF’“%) = {L/F(cos(% + k%) +isin(% +k—)), k=0,---,n—1.

n

Nhdn xét. Ta thdy mdi s6 phitc z # 0 c6 ding n cin bac n khdc nhau. V& mit hinh
hoc chiing 1a cdc dinh clia mot da gidc déu n canh, ndi ti€p dudng tron tim 0 ban
kinh /r.

w2
i S
Wg |, w1
4 *
[ ® Wo
L ’
i g
wt=1,véin=
Vi du.
a) Cian bac n cia don vi 13 n s6 phic: 1,w, -+ ,w" !, vé6i
2kmr . 2w 2kr
Wk =cos == +isin—=¢"n, k=0,---,n—1.
n n

b) BE tim cdc gia tri cia /14 i, ta bi€u dién 1+ i = v2(cos T +isinJ).
Suyra V1+i= 2%(005(% + 21) 4 jsin( 5 + 2T)), k€ Z.
Vay cé 3 gid tri phan biét la:

1 I,
k=0, wy= 2t13(cos(%) + isin({5))
k=1, w1 = 25(005(%”) + isin(‘s—”))
k=2, wy = 28 (cos(LTT) + isin(17T))

1.6 Bi€u dién cdu. Trong nhiéu bai toin d€ thuin tién ngudi ta dua vao khai niém
di€m & vo cing. Khi d6 ta xét d&€n mit phing phitc mé rong : C = C U {00}, v6i oo
goi 12 di€m vé cing (12 mot diém 1y tuéng khong thude C).

C dugc md t3 bdi mit cAu Riemann, qua phép chi€u ndi nhu sau:
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Trong R? véi hé toa do (z,y,u), ta ddng nha't C véi mit phing {u = 0}.
Mit cdu S : 2?2 + y? + u? = 1, dugc goi 12 mat cAu Riemann . Goi P = (0,0,1) 1a
diém cuc bic.
Xét phép chi€u ngi: S\ {P} > M — 2z € C = {u = 0}, v6i 2 12 di€ém nim trén tia
PM. Biéu thitc cu thé: M = (z,y,u) — 2z = gi—Hy.

—u
Phép chi€u ndi tir P xdc dinh mdt ddng phdi (i.e. song dnh lién tuc hai chiéu) tir
S\ {P} 1én C. N€u cho tuong tng P vdi oo, ta c6 thé md t& C nhu 12 mit cdu S.
Nhdn xét. Tuong tu, néu thyc hién phép chi€u ndi tir diém cuc nam P’ = (0,0, —1)

1én mit phing {u = 0}, ta c6 M(z,y,u) o 2’ = ﬁ;”’ Khi d6 22/ = 1. Nhu viy
u
khi xét tai 1an cin oo, ding bi€n d6i 2z’ = -, ta da vé& xét tai 1an cin 0.

z

2. SU HOI TU TRONG C

Ngoai cau tric dai s6 trén C con cé cau triic hinh hoc. Khdi niém xuit phét la
khodng cdch, né da dé&n khdi niém hoi tu va vi viy c6 thé “lam” gidi tich trén C.
Ciing cin lvu y ring n€u xem C nhu R?, thi moi k&t qda néu & phan nay déu khong
c6 gi dic biét so vdi trudng hgp thuc.

2.1 Khoang cich. Khoang ciach gilta 21, 20 € C, dinh nghia:
d(Zl, 22) = |Zl - 22|

T tinh chat clia modul suy ra 2 tinh chit co bdn clia khodng cich.
Tinh Chﬁ’t. d(21, ZQ) > 0 va d(zl, 22) < d(Zl, 23) + d(ZQ, 23).

2.2 Day hoi tu. Mot didy s6 phic 1a dnh xa 2: N — C, n— z(n) = 2,
Thudng ta ky hiéu (z,)nenN, hay liét ké: z1, 29, 23, - - -
Day (2,) goi 1a hdi tu vé z; € C, n€uu

Ve>0,AN >0:n> N = d(zn,20) = |2n — 20| < €

Khi d6, ky hiéu lim z, = zp hay z, — 29 (khi n — o0).
n—oo
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T viéc xem C nhu 13 R?, dinh nghia trén thuc chit khong khic dinh nghia hoi
tu trong R2, va vi vdy ta ¢6 ménh dé sau:

Ménh dé.

(1) z, — zg khi va chi khi Rez, — Rezg va Imz, — Imz.

(2) Day (zp) hoi tu khi va chi khi né la day Cauchy, i.e.
Ve>0,IN >0:n,m> N = |z, — z2p| <€

Bai tdp: Tuong ty nhu diy s6 thuc, hiy phit bi€u va chifng minh cdc tinh chat
hdi tu clia tdng, hiéu, tich, thuong cdc diy s6 phifc.

Vi du. 2
a) Cho z € C Ta mudn xét sy hoi tu cda diy (27) = z,22,23,---.
Véi = [z|" — 0, vy lim 2" =0.
n—oo
V6i |z| > 1 thi \z”\ = |z|" — oo, vay Jim 2" = 0.

Vé6i |z| =1 thi lim 2" =1 néu z = 1 va lim 2" khong tOn tai néu 2 # 1.

n—oo n—oo

Thuc vdy, gia st phin chitng ton tai z # 1 ma nhngoz = z9. Khi d6 |z| = |2"] =1,
nén zg # 0. Mit khdc, do z"T! — 2" = 2"(z — 1), nén nén khi n — oo, ta c6
0=2z0(z —1). VAy z = 1, trdi gia thiét.

b) T cong thiic (1 —2)(1+ 2+ 2%+ -+ +2") =1 — 2""1 vi du trén suy ra:

1— ! 1

Zz Jim (I+z+22+---+2") = lim SER .zl < 1.
—Z

nmoo 1—z 1

¢) lim (5" 4 6i) =
n—oo
Bai tdp: Vi du a) va ¢) ta c6 gidi han vé6 cung , lim 2, = oo, ma dinh nghia khai
n—oo
niém nay mot cdch chinh x4c chic khong khé ddi véi ngudi doc (nhé 1a C chi c6 mot
di€ém vo cling oo, khong c¢6 oo nhu R).

2.3 Mot sé tap cd ban. Trong C mot sd 16p tap c6 vai trd quan trong, hay dudc
dé cap d&n thudng xuyén. Cac khdi niém ndy ta di quen biét khi xét R?2, tuy nhién
dé thudn tién, it ra vé mit thudt ngit va ky hiéu, cic dinh nghia dugc liét ké sau day.
e-lan can. Tap D(zp,¢) = {z € C: |z — 20| < €} goi 12 e- 1an cén cuia zy, hay dia mé
tidm zy ban kinh e.

e-1an cén thing. Tip {z € C:0 < |z — 20| < €} 2oi 1 e- 14n c4n thing cia 2.
Pi€m trong. 2z, € C goi 13 di€m trong cia tip X C C néuu ton tai mot e-1an cin
clia zp hoan toan chita trong X.

Pi€m gi6i han. 2z, € C goi l1a di€m gidi han clia tip X C C néuu moi e-lan cin
thing clia zy déu chita cic diém clia X.

Piém bién. z; € C goi I diém bién cda tip X n€uu moi e-1an cin cia zy déu chita
cic di€ém cla X va cdc di€m khong thuoc X.

Tap mé&. Tap con clia C goi 1A mé néuu moi diém cia né déu la diém trong. Ky

Mot s6 van dé trong 1y thuyét dd hoa lién quan d&€n diy s& phtc, cu thé 1a Hinh hoc Fractal. Cé
thé xem: H.Q.Deitgen & P.H. Richter, The Beauty of Fractals , Spriger-Verlag, Berlin-Heidelberg 1986.
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hiéu X hay intX thudng dudc ding d& chi phin trong cia tip X, i.e. tip moi di€m
trong ctia X.

Tap déng. Tap con ciia C goi 12 déng néuu né chita moi di€ém gidi han cda né.
Thudng dung ky hiéu X hay clX dé€ chi bao déng cta tip X, i.e. tip XU tip moi
di€ém gidi han cda X.

Bién. Bién ctia tip X, ky hiéu 0X hay bdX, 1a tip moi di€m bién cla X.

Téap compact. compact = déng + gidi ndi.

Pinh nghia trén vé tap compact cho phép xdc dinh mot cdch dé dang mot tap c6 com-
pact hay khong. Téap compact con c6 dinh nghia tuong duong (Pinh 1y Heine-Borel
2.4), nhu vay c6 thé xem tinh compact nhu tinh hitu han, cho phép chuyén cic tinh
chat, cic két qia tir dia phudng 1én toan cuc. Ching han, tinh lién tuc déu trong dinh
Iy Cantor 3.5.

Tap lién thong. Tap lién thong 1a tdp chi c6 mdt madnh. Pinh nghia mot cdch chinh
xdc thi mot tip C' C C goi 12 lién théng né&uu né khong thé bi tich bdi cic tip md,
i.e. khong tdn tai 2 tip m§ U,V Cc Csaocho: CNU # D ACNV,CNUNV =0
vaCcunvV.

Bai tip: Chiing minh khing dinh sau, thudng ding dé€ 1ap luan moi di€ém cla mot tip
lién thong théa tinh chit nao do:

Cho C lién théng va X C C. Néu X vita déng vica mé trong C , thi X = C.

Mién. Mién = tip md + lién thong.
Bai tip: Chitng minh tiéu chudn sau truc quan diing d€ nhin biét tip D la mién:

Cho D C C la tdp mé. Khi dé D la mién khi va chi khi moi cdp diém a,b € D déu
tén tai duong gdp khiic trong D ndi a,b.

Vi du. Tap S goi la hinh sao néuu ton tai zg € S sao cho vdi moi z € S doan thing
ndi 2,20 : [2,20] = {20 + (2 — 20) : 0 <t < 1} hoan toan chita trong S. D& thdy moi
tap hinh sao 1a lién thong. Ching han, dia, hinh chif nhit, tam gidc 1a cdc tip lién
thong.

2.4 Cac dinh ly. Cdc dinh 1y cd ban sau dugc chiing minh trong gido trinh gidi
tich thuc:

Pinh ly (Cantor). Cho Fy, D Fy, D --- D F, D --- la mét ddy cdc tdp compact
long nhau. Khi dé giao NienEFy # 0.

Pinh ly (Heine-Borel) K la tdp compact khi va chi khi moi phii mé phii K déu ton tai
phii con hitu han, i.e. vdi moi ho (Uy)rer gom cdc tdp mé Uy sao cho K C UyerUy,
tén tai hitu han chi s6' ky,- -+ ,k, € I, sao cho K C Uy, U---U Uy, .

3. HAM PHUC - TINH LIEN TUC

3.1 Pinh nghia. M6t anh xa f : D — C, D C C, dudc goi la mdt ham phdec.
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D goi 1a mién xdc dinh, con f(D) goi 1a mién anh.’

Thudng ta vi€t w = f(z2),z € D, v6i qui u6c z = z + iy 1a bi€n, cOn w = u + iv 1a
anh.

Chii y:

a) Nhu trong trudng hop thuc, khi cho w = f(z) bdi bi€u thifc gidi tich ta xem mién
xdc dinh 12 mién trong C sao cho biéu thic f(z) c6 nghia (phitc). Ching han, hAm
f(z) = leﬂ c6 mién xdc dinh 1a C\ {£i}.

b) Tir ham don diép trong 1y thuyé&t ham phitc ding d€ chi ham don 4nh, (diéu nay do
lich st d& lai). Ching han, ham f(z) = Z +b
z€C,cz+d#0.

c¢) Trong 1y thuy&t ham phic con gip thuit ngit ham da tri, ching han biéu thic
f(2) = ¥z xdc dinh n gid tri ¢ng v6i mdi 2z # 0. Ta sé& dung khdi niém ham thong
thudng (ham don tri), con hién tugng da tri c6 nhitng cdch khic phuc dé dua vé xét
ham don tri s& dugc dé cip sau.

(ad — be # 0), 1a don diép trén mién

3.2 Ham phitc xem nhu phép bi€n ddi trén R2. Dai v6i ham thyc viéc nghién citu
dd thi c6 vai trd dic biét quan trong vi tinh truc quan. Do thi ham phic 12 tip con
trong khong gian 4 chiéu, that khé hinh dung. P& mé td ham phitc mot cach hinh hoc
c6 mdt phuong phip kha tryc quan 13 xem ham d6 nhu 13 phép bi€n ddi tir R? vao
R2.

Cho ham w = f(z),z € D. Néu z = z + iy, w = u + iv, thi f(z +iy) =
u(x,y) + iv(z,y). Nhu vdy ham f ddng nhit véi cp ham thyc 2 bién thuc (z,y) —
(u(z, y),v(z,y))

Ta néi: z chay trong mit phing z = (z,y), con w = f(z) chay trong mit phing dnh
w = (u,v).

Dé xét tinh chdt ham f thudng ta “quét” mién D bdi ho dudng cong trong mit phing
z va xem ho d6 bi€n ddi th€ ndo qua f trong mit phing w.

Vi du. Xét ham w = 22 = 22 + y?> + 22yi. Ta c6 ham xdc dinh trén toin bo C
va u =% —y?, v=2uxy.

Cdch mé té 1: Anh clia ho dudng thing z = z¢ 12 ho Parabol v = 4x2(x% — u), 4nh
clia ho y = yo 1a ho Parabol v? = 4y3(y3 + u). (xem hinh)

Cdch mé td 2: Trong mit phing z dua vao toa dd cuc (r,p); trong mit phing w cé
toa do cuc (p,0). Khi d6 z = re’?, w = pe'® = r2ei?%,

Viay anh cla tia ¢ = @ la tia § = 2¢, dnh cia dudng tron r = rg 1la dudng tron
p=rd.

V& mit hinh hoc haim w = 2? dugc mo ta nh viéc m gidp ddi cdc géc trong mit
phéng.

3Theo théi quen, ngudi ta thudng néi “ham f(z)”, dit riing khong chinh xdc.
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3.3 Gi6i han ham. Cho ham w = f(2),2 € D va z € D.
f dudc goi 1a c6 gidi han wo € C khi z ti€n vé zg, va ky hiéu lim f(2) = wo,
—20

néuu

Ve>0,30>0: 2€ D,0< |z— 2| < = |f(z) —wo| <e.
V& mit hinh hoc: f(z) thudc vao dia tAm wp bén kinh € khi z nim trong dia thing
tAm zp ban kinh 6.
V& mit hinh thic: dinh nghia trén hoan toan giéng dinh nghia hoi tu trong trudng hdp
ham thyc. Do vay cdc két qia sau ddy 1a ty nhién ma chitng minh ching chi 1a viéc
phién dich.

Ménh dé.
(1) lim f(2) = wo khi va chi khi lim Ref(z) = Rewp, lim Imf(z) = Imwy.
2—20 Z—20 Z—20

(2) Néutontai lim f(z) = wyva lim g(z) = wy, thi cdc ham f+g, fg, S (wg #0),
z—20 z2—20 g

\f|, arg f la c6 gidi han khi z tién vé zy va cdc gidi han dé lan ligct la wy £ wy,

wfwg, %, wf R argwf.
g

3.4 Ham lién tuc. Ham w = f(2), z € D, goi la lién tuc tai zo € D né€uu
lim f(z) = f(z0)-

Z—20

Tir dinh nghia va nhin xét & phin trén, cdc tinh chat: t(?;ng, hiéu, tich, thuong, modul,
argument, hgp,... cdc ham lién tuc dugc dé dang phat bi€u va chiing minh.

3.5 Céc dinh 1y vé ham lién tuc. Sau diy 1a cdc dinh ly cd ban cda ham lién
tuc, ching dudc chitng minh & gido trinh gidi tich thyc.

DPinh Iy(Cauchy). Ham f lién tuc trén tdp lién thong D thi dnh f(D) la lién thong.

Pinh ly(Weierstrass). Ham f lién tuc trén tdp compact K thi dnh f(K) la tdp compact.
Bdc biét, ton tai 21,22 € K sao cho f(z) = mz})({]f(z)\ va f(z2) = mlII{l|f(Z)’
ze ze
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Pinh Iy(Cantor) Ham lién tuc trén tdp compact thi lién tuc déu.

Khédi niém lién tuc déu hoan todn nhu trudng hgp thye: ham w = f(2),z € D
goi 1a lién tuc déu trén D né€uu
Ve>0,30 >0:Vz,2/ € D,z — 2| <d = |f(z) — f(&)]| <e.

D& két thiic chuong ndy, ta néu mot ching minh (c6 thé xem 1a so cAp nhdt) vé
tinh déng dai sé clia trudng s6 phic.

3.6 Pinh 1y co ban cua dai sé.
Moi da thitc hé s6 phitc, khdc hdng déu cé nghiém (phitc).

Moi da thitc P(z) bdc n trén C, déu c6 thé phan tich thanh thita s6" bdc nhdt:

Pz)=A(z—2z1) (2 —2zpn), Vdi A z1,-++ ,2, €C

Chiing minh: Cho P(z) la da thic bac n trén C. Xét ham
f:C =R, [f(z) =|P(2)|

Vi f lién tyc va lim), . f(2) = +oo, nén tdn tai zg : f(20) = inf f.
Gia st phdn chiing 1a P v6 nghiém. Khi d6 f(zg) # 0. Chia da thic ta c6

P(2) = ag + ar(z — 20)* + (2 — 20)"Q(2), v6i ag = P(z) #0,a #0

. a Zy* 7z . ~ A ~ ~ 2 a . z
Goi hF = —6—0, vGi € > 0 bé, i.e. h 12 mOt cdn bac k cua —¢2% Khi d6
ag ag

a
f(zo+h) =[P(20+h)| < |GO*EGOI+!h€a*ZQ(ZO+h))|
< |agl — €lag| + O(e¥/e) <lag| khi e dd bé .

Piéu nay mau thuin véi dinh nghia clia 2. O



II. Chudi liiy thira - Ham gidi tich

1. CHUOI LUY THUA HINH THUC

1.1 Pinh nghia. Chudi liiy thita hinh thdc ciia mét bién Z 1a tdng hinh thic vo
han

o0
Zaka = ap+amZ+aZ?+--- |
k=0

ar € C goi 1a hé s thi k clia chudi, Z 1a bi&n, thda: ZPZ1 = ZP T4,
Hai chudi liiy thira goi 12 bing nhau n€uu cdc hé s6 tuong ng clia chiing biing nhau.
Nhu vay cho mot chudi liy thira hinh thifc tuong duong cho diy:

(a07 at, -+, Qp, *-- )
Ky hiéu C[[Z]] 1a tdp moi chudi liiy thira hinh thic cda mot bi€n Z.
Cap cla chudi S(Z) = i arZ¥ 12 s6: w(S) = inf{k : a;, # 0}, w(0) = +oo.
Khi d6 S(Z) = awZW+kc:éOc s6 hang lily thira > w.
Vi du. Mot da thiic dugc xem 13 chudi v6i ddng nhit sau:

a0+a1Z+"'+anZn:a0+alz+“'—|—anzn—|—0Z”+1-|-()Z”+2_|_...

1.2 Pai s6 cdc chudi hinh thic. Trén C[[Z]] dinh nghia 2 phép todn

phép cong: (Zaka) + (Zkak) = Z(ak—l-bk)Zk.
k=0 k=0 k=0

o0 (o] o (o]
phép nhan: (>~ @, Z%) (> 0, Z%) = > e Z" , v6i e = agbp + -+ + anbo.
k=0 k=0 k=0

Khi d6 (C[[Z]],+,-) 12 mot dai s6 véidon vila 1=1+0Z + 022 +---.
Hon nita, né 12 mién nguyén (i.e. vanh théa: S # 0,7 # 0 = ST # 0) do
w(ST) = w(S) + w(T).

1.3 Phép chia. Cho S(Z) = ()_ apZ%) va T(Z) = (D _ by Z").
k=0 k=0

o0
Bai todn: Khi ndo ton tai chudi Q(Z) = Z e ZF, sao cho S(Z) = T(Z)Q(Z). Khi
k=0

S(Z x
TEZ;’ va goi 12 chudi thuong cia S(Z) va T(Z).

Ménh dé. Gia sit S(0) = ag # 0. Diéu kién cdn va dii dé ton tai Q(Z) € C[[Z]] sao

d6, ta ky hidu Q(Z) =
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5(4) _ s 1a AT .
cho T7) Q(Z), la hé s6'T(0) = by # 0. Khi dé

o
Swzt
k=0 ko e
= :chZ,vm co =
Suzt
k=0

ag 1
— C, = —
b " b

Chitng minh: Su ton tai Q(Z) sao cho S(Z) = T(Z)Q(Z), suy ra ag = byco

thiét ago 7& 0, vay bo 75 0.
Nguoc lai, gid st ag # 0,by # 0. Ta can xdc dinh cdc hé s6 ¢ sao cho

Yoawzb = (> Z") (Y ez
k=0 k=0 k=0

Theo phép nhin, ddng nhit hé s6, ta ¢ hé phudng trinh v6i 4n co,cq, - -

an = bocy, + b1cp_1+ - +bpcg n=0,1,2,---
aq 1

Vi ag # 0, hé ¢6 duy nhdt nghiém: co = —, ¢ = —(an — bpcg — -+ — bicp—1).

bo’ bo

5(%)
) T(2)
w(S) = w(T). (HUGNG DAN. Xem nhén xét sau cdc vi du déi day).

Bai tdp: Chiing minh, n€u bd gia thi€t ag # 0, thi

(an —bpcg — - — blcn—1>

12

. Theo gia

O

€ C[[Z]] khi va chi khi

Vi du.
) 2 ]- 2
a) Cho da thic T'(Z) =1 — Z. D€ tim thudng T2 c6 thé dung cdng thitc § ménh
dé trén hay nhin xét sau.
[e.9]
Xét chudi hinhhoe Q(Z)=1+2Z2+ 2%+ = X:ZI§ .
k=0
Ta c6 ZQZ)= Z+Z*+---.Vay (1 - 2)Q(Z) = 1.
1 o0
N6i cdch khd e =14 Z+ 224 =N ZF
61 cdc ac 11— 7 + 4+ 247+ kz:%)

Vi du ndy ciing cho thdy nghich ddo mot da thic khong 1a mot da thic.

b) Phuong phiap & vi du trén c6 thé s& dung d€ tim nghich ddo chudi liiy thira
o0

T(Z) =" bZ" v6i by # 0, nh sau.
k=0

Vigt T(Z) = bo(1 — ®(Z)), trong 46 ®(Z) = 12 + 322+ - -+, i.e. ®(0) = 0.
1

1 1
Suy ra 7 2020(1_@(2)) = %(1+¢(Z)+<I>(Z)2+~-).

. S(Z)
Cho S(Z) = Z%. Khi d6
c)o()kz::oa;C 1d6 —
trong d6 s, = ap+ - + an.

=ao+(a+a))Z+ -+ s, 2"+ -,
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Nhén xét. Cho S(Z),T(Z) € CI[Z]],T(Z) # 0. Khi d6 c6 biéu dién chudi liiy
thira hinh thic véi hitu han s& hang lily thita Am:

S(Z) C_m C—m+1 Cc_1 2
— R 1 7 724 ...
T(Z) Zm Zm—1 + + 7 +cgt+c1sd + el H+

That vay, goi p va ¢ 1a cip ctia S va T. Khi d6
S(Z) = ZP(ap+ap1Z+---) = ZPS1(Z) va T(Z) = ZUbg+bg1Z+---) = ZT1(2)

Do T3(0) = b, # 0, nén le 7= U(Z) € C[[Z]]. Vay c6 thé biéu dién
S(2)  zrS1(Z)  S((2)U(Z) B
T(Z) ZqTi(Z) == Zm (m=q¢—p)

N z R X A A
Tu d6 suy ra bi€éu dién néu trén.

o0
1.4 Pao ham hinh thie. Cho S(Z) = Y a;Z*. Pao ham ciia S(2), Ia chudi
k=0

ds
dugc ky hiéu bdi S’(Z) hay 7 va dugc dinh nghia
oo
SN(Z) =" kapZF'.
k=1

Dung phuong phdp déng nhit hé s6 ta c6 cdc cong thic tinh dao ham quen biét:
VS, T € C[[Z]], va Vo, 8 € C,

S

! "T — ST’
(aS + BT = aS' + BT, (ST) = S'T + ST’ , va (f) _ ST -5T

T2
Pao ham c¢4p n duge dinh nghia qui nap: S (Z) = (S™1(2))", n e N.

(T(0) # 0) .

Tacé S (Z)=nla, + s6 hangbic >1. Vay SM(0) = nla,.
Suy ra cong thitc Taylor hinh thifc:

> g(k)
S5(z) = Z i k|(O)Zk
k=0 :

1.5 Thay bién. Cho S(Z) =Y apZ*, T(Z)=>_bZ", by =T(0) = 0.
k=0 k=0

Thay Z bdi T(Z) vao S, goi la chudi hgp S o T, dinh nghia bdi
SoT(2) = S(T(2) = 3 ax(T(Z))F.
k=0

Nhén xét. Viéc thay bi€n nhu trén cho ta mot chudi lily thira hinh thic, i.e. dinh nghia
[ee]

1a hdp cdch. That vay, goi ¢, 1a hé s& clia Z™ trong Z ar(T(Z))*. Khi d6 theo phép
k=0

Cn:Zak( Z bpy +++ bpy.)
k=1

p1te+pE=n

nhin, ta co:
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Vi€t mot cach ngén gon:

¢, = hésdctiaZ" trong ag+ a1 T(Z)+ -+ a,T(Z)"
= aib, + Pn(CIQ, RN I SPREE ,bnfl) (Pn la da thic )

Vay ¢, chi phu thudc vao n hé s6 dau ctia S va T.

Vi du.
_ 2,2 . 3,3 .
a) l—cZ_1+CZ+CZ +c’Z .
[ee)
b) Cho S(Z) = Z arZ¥. Ta c6 thé tich chudi c6 mi chin va 1&:
k=0
1
5(8(2) + 8(=2)) = ap + asZ? + agzt 4 - -
1
5(S(Z) —S(=2))=a1Z +a3Z> 4+ asZ° + - --

R 2 N - . 2 Rz X 2 N ~ . 3
Tong qudt, dung cidn ctia don vi ¢6 thé tdch chudi c¢6 s6 mi mod m: goi w = e2mi/m,

ta cé )

= —Jjr 7\ — k <

- Z w S (W Z) Z arZ” (0 <r <m).
1<j<m k( mod m)=r

Chezlng han, m = 3,r = 1,ta ¢c6 w = cos 1209 4 48in 1209, va

1
aZ+asZt v azZ" 4 = g(S(Z) +w lS(WwZ) + w25 (wW?2)).

1.6 Chudi nguge. Pit I(Z) = Z. Tacé Sol =108 =S, véi moi S € C[[Z]],
i.e. I 1a phan tif don vi cia phép hgp thanh.
Bai todn: Khi nao mdt chudi S ¢6 chudi nguge ddi v6i phép hgp thanh.

Ménh dé. Dé t6n tai chubi lity thita hinh thitc T sao cho T(0) =0 va SoT = I, diéu
kién cdn va dii la S(0) = 0 va S'(0) # 0.
Khidé SoT =ToS=1vaT goila chudi nguge ciia S.

o [o.¢]
Chitng minh: Cho S(Z) =Y apZ", T(Z) =Y bpZ*, by = 0.
k=0 k=0
Néu SoT(Z) = Z, so sénh hé s6 ta c6: ag = 0,a1b; = 1, i.e. S(0) = 0,5(0) =
a1 # 0.
Ngudgc lai, gid st ag = 0,a1 # 0. Ta tim T sao cho SoT(Z) = Z.
T nhin xét & 1.4, ta cAn xdc dinh by, bs,--- tir hé phuong trinh

aby = 1
aib, + Pn(ag,"- S, Gp, by, - ,bnfl) =0, n>1.

1 1
Suy ra bl == _7bn == _Pn(a'Qa"' 7an>b17' o 7bn—1)-
ai 1

T T(0) = 0,7(0) # 0, 4p dung chi'ng minh vira r6i cho S := T, ta ¢c6 Sy sao cho
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S51(0) =0,ToS; =1. Suyra S; =105 =(SoT)0S; =S0(ToS)=25,ie.
ToS=1 O

Nhén xét. Vi T(S(Z)) = Z va S(T(W)) = W, c6 thé néi cdc bién ddi hinh thic
W =S(Z) va Z=T(W), la ngugc ddo clia nhau. Ménh dé trén con goi 1a Pinh
Iy ham ngugc hinh thic.

1.7 Quan hé ddéng du modulo ZV va ky hi¢u O(Z"). Trong tinh todn vdi chudi
liy thira thu’(‘jng ta “chét cut” § mot do dai N € N nao d6, va x 1y nhu da thirc.

(o)
Hai chudi S(Z Zaka va T(Z) = Zkak goi 12 déng du modulo ZV né&uu

k=0 k=0
ak:bk,véi k:zO,l,--.,N—l.

Khi d6 ky hiéu S(Z) =T(Z) mod ZN hay S(Z)=T(Z)+ O(ZN).

Nhdn xét. V&i moi n € N, ton tai duy nhit da thic bac < n,
=Y k‘Sk , sao cho S(Z)=5,(2)+0(Z"1)
k<n

Cic phép todn thyc hién & cdc phan trudc c6 thé dic két nhu sau.

Ménh dé. Néu S(Z) = Sn(Z) + O(Z™ Y)Y va T(Z) = T,(Z) + O(Z™ ), thi
(1) S(Z)+T(Z) = Su(Z)+T,(Z)+O0(Z"T)

2 S2)T(Z) = SuZ2)Tu(Z) +0(2"H)

3) S(T(2) Su(Tn(Z)) + O(2™ )

n

Vi du.
x 1 1
a) ChO Chuﬁi COSZ: 1—522—1—124—1—4-(—1) szk}
bé xdc dinh dén bac 4, ta ti€n hanh nhu sau.
cos
1 B 1
3 o 1 1
cosZ %, — =7+ 0(2°%)
1 1 X
— 12'22 —14—|Z4 + ?(26» (2'22 — EZ‘* +0(Z%)* +0(2%
= 14 2%— 4'Z4+(—'Z2)2+O(Z6)
1
= 1 722 - z4 7).
+2 + ( 24+4) +0(Z°)

x z 7 1
b) Cho chudi exp(Z) =1+ — T + o 4ot k‘Zkz
DPé€ xdc dinh chudi hgp exp(Zcos Z) dén bac 3, ta ti€n hanh nhu sau.

1 1 1 1
exp(ZeosZ) = 1+(Z—52°+0(2°) + 5i(Z - 5Zi” +0(2%)% + 52+ O(Z3)* + 0(Z")
! L2 - !
5Z JlriZ +0(Z2%)
3')Z3+O(Z4)

_ 73
= 14+ (Z-52°)+

1
_ Lo L
= 14+ Z+52%+ (-5 +
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1.8 Ham sinh. Theo mot thuat ngit khac chudi
o
G(Z) = Z aka y
k=0

con dugc goi 1a ham sinh clia diy s6 (ap)neN = a0, a1, az, -
Nhu vdy ham sinh G(Z) 1a dai lugng duy nhat xdc dinh toan bd thong tin cla tit cd
cdc s§ hang ctia day (a,).!

Vi du.
a) Chudi Z™G(Z) = Z ak—m 2", 12 ham sinh cta day: (ak—m) =0,-+-,0,a0,a1,--.
k>m
[o¢]
b) Chudi Z™(G(Z) —ap — a1 Z — -+ — am—1Z™"1) = 3 ag4,mZ¥, 12 ham sinh cda
k=0

day: (agrm) = am, Gmi1,

c¢) Day Fibonacci dinh nghia: ap = 0,a1 = 1, va a, = ap—1 + an—2 (n > 2).

Ta c6 thé xdc dinh bi€u thiic hién cho cdc s6 hang a,, nhd ham sinh nh sau.

Goi G(Z) la ham sinh cla ddy (a,). Khi d6 ZG(Z), Z2G(Z) 1a ham sinh clia
(an-1), (an—2) tuong Gng. TV a, — ap—1 — ap—2 =0, ta c6

(1-Z-2%G(Z)=Z.

B Z _1( 1 1 )
1-zZ-22 \B1-¢Z 1-¢z"

~ 1
trong déqﬁvﬁqﬁ:aléanhiémphu’dng trinh Z2 —Z —1=0.
T vidu 1.3 a) ta cé

Suy ra G(Z)

G(Z):—((1+¢Z+¢2Z2+-~-)—(1+<;3Z+<5222+-.-)).

S

1 n n
*5(925 —¢").

Tdng quat, n€u diy (a,) cho bdi cong thiic d¢ qui tuyén tinh:

Suy ra a, =

S

Up = Clan—1 + -+ + CmGn_m, N > m, v6i cic hé so cj € C.

Khidé (1—-c1Z— -+ —¢nZ™)G(Z) la da thitc. Dung phudng phédp tuong ty nhu vi
du trén (tim nghiém da thic, phan tich thanh thira s hitu ti, khai trién chudi ngudc,
... ) c6 thé xdc dinh bi€u thdc hién cda a,,.

d) N&éu G(Z) 1a ham sinh ctia ddy (a,), thi theo vi du 1.3 a)

. ZG(Z) la ham sinh

cia diy tdng s, = ag + - - - + ap.

'Ly thuy&t ham sinh c¢6 nhiéu 4p dung trong phin tich thut todn. C6 thé tham khio: Donald E.
Knuth, The Art of Computer Programming, Vol.1, Addison-Wesley, 1973.
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2. HOI TU PEU

2.1 Chubdi s6. Chudi s phiic 12 mot tdng hinh thifc cdc s& phic zy,

o
dak=z0+zn+ o tamt
k=0

n
Xét téng riéng thd n S, = Z 2k, n € N, cla chudi. N&u diy (S,) hoitu vé S € C,
k=0
o0
thi ta n6i chudi da cho hoi tu v& S va ky hiéu S = Z Zk-
k=0
Céc két qua sau dugc chitng minh nhu trudng hgp chudi sd thuc.

Ménh dé.
(o]
(1) N&u " 2, hoi ty, thi z, — 0 khi k — +o0.
k=0
o0
(2) Chudi Z 21, hoi tu khi va chi khi n6 thod diéu kién Cauchy:
k=0
Ve>0,IN:n>N = |z, + -+ 2p4p| <€, (p=0,1,--+)
o
Céc dau hiéu hoi tu. Chudi Z 2 hoi tu néu mot thod mot trong cdc ddu hiéu sau:
k=0

oo
Hoi tu tuyét doi: Y [2| hoi tu .

k=0
oo
So sanh: |zk| < ag, khik di lon, va Z ay, hoi tu.
k=0
D’Alembert: lim sup 21| <1
Cauchy: limsup {/|2x| < 1.
k—o0

2.2 Day ham. Cho diay ham f,: D — C, n € N.

Mién hdi tu cda day 1a tip D' = {2z € D : ddy $0 (fn(2))nen hoi tu }. Khi d6 ta c6
ham f(z) = nh_}rgo fn(2), 2 € D', va (f,) goi 12 hoi tu diém hay hdi tu don gidn vé f
trén D'

Vi du. Dy ham f,,(2) = |2|", n € N, cé mién hditu D = {2 € C: |z|] < 1}. Trén D
day hoi tu (diém) vé ham

néu |z| =1

f(z):{ (1) néu |z] < 1

Trong vi du nay f, lién tuc, nhung ham gidi han f khong lién tuc.
Khdi niém hoi tu déu sau didy bdo ddm mot sO tinh chit gidi tich cia diy ham dugc
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bdo toan khi qua gigi han.
Day ham (f,,)nen dugc goi la hoi tu déu vé f trén D, n€uu

Ve >0,IN :n >N = sup|fu(z) — f(2)| <e
zeD

Vi€t mot cdc khdc  sup | fn(2) — f(2)] — 0, khin — occ.
zeD

Ménh dé. Néu day ham (f,) hdi tu déu vé ham f trén D va mdi f, la lién tuc
trén D, thi f lién tuc trén D.

N6i cdch khdc lim lim f,(z) = lim lim f,(2), 20 € D, i.e. ¢6 thé hodn vi cdc phép
2Z—20 N—00 n—o00 z— 20

ldy gidi han.
Chitng minh: Cho zy € D. V&i moi € > 0, do tinh hdi tu déu ta c6
dng @ |fno(2) — f(2)] < €/3,Vz € D.
Mit khéc, do tinh lién tuc cla f,,, ta c6
36> 0: |z — 20| <0 =|fno(2) — fro(20)] < €/3.
Suy ra Ve > 0,36 > 0: khi |z — 29| < 9, ta c6

£ (2) = f(20)| < 1F(2) = fno(2) + [fro (2) = Fino (20)[ + [ fno (20) — F(20)[ <€

Vay f lién tuc tai zg. O

o

2.3 Chudi ham. Tdng hinh thic Y fi, , trong d6 mdi fi 1a ham phiic xdc dinh
k=0

trén mién D C C, goi 12 mot chudi ham trén D.

n
Dit Su(2) = Y fu(2),2 € D, goi la téng riéng thit n chia chudi ham. Céc khdi niém
k=0

o0
mién héi ty, hoi tu va hoi tu déu cha chudi ham )~ f, ddng nhit véi cdc khdi ni¢m
k=0
tuong Gng clia day tong riéng (S,).
Tir cdc két qua cud day ham hdi tu ta c6:
o
Tiéu chuin Cauchy. Chudi ham » fi, hoi tu déu trén D néu va chi néu
k=0
n-+p
Ve >0,dN:n >N = sup|ka(z)| <e, (p=1,2,--).
z€D k=n

oo [oe)
Weierstrass’ M-test. Néu |fi.(2)| < ag,Vz € D va Z ay hdi tu, thi chudi Z fi hoi
X k=0 k=0
tu déu trén D.
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[o¢]
Ménh dé. Néu chudi ham ka héi tu déu trén D vé ham S va mdi fi, la lién
k=0
tuc trén D, thi S lién tuc trén D.
(o] o0
N6i cdch khdc lim Z fr(z) = Z lim f1.(2),20 € D, i.e. ¢6 thé chuyén ddu lim vao
Z—20 Z—20
’ k=0 k=0
trong ddu .

3. CHUOI LUY THUA HOI TU

Cho S(Z Z arZ"® € C[[Z]]. Khi thay ky hiéu Z bdi gia tri z € C ta c6 chudi s&
k=0
oo
S(z), n6 la mot gia tri phitc khi chudi Z arz" hoi tu. Phin nay s& nghién cdu sy
k=0
hoi tu cia chudi liiy thira va mdi quan hé giita cdc phép todn hinh thitc v6i cdc phép
todn trén ham.

3.1 Pinh 1y Abel. Vi moi chudi liy thita S(Z Z arZ®, ton tai R = R(S),0

k=0
R < 400, sao cho néu R > 0 thi:

(1) S(z) hoi tu khi |z| < R, va S(z) phdn ky khi |z| > R.
(2) S(2) hoi tu déu trén dia |z| < r, véi moi r < R.

Trén hinh tron |z| = R dinh 1y khong c6 khing dinh gi.
R = R(S) goi Ia ban kinh hgi tu cia chudi S va tinh bdi cong thitc Hadamard:

1
— = limsup {/|az
R ~ limsu |ax]

Chiing minh: V6i ]z] < R, t6n tai p : |2| < p < R. Theo dinh nghia limsup, ton tai
ko sao cho: |ak|k < ; Vk > ko. Suy ra |agp2¥| < (‘ ‘) Vay i |akzk| hoi tu theo
d&u hiéu so sdnh. Do d6 S(z) hoi tu. =

Xét trén dia [2| <r < R. V6ip:r < p <R, |apz*| < (%)k Theo M-test S(z) hoi

tu déu trén dia di cho.

. . N ¢ 1o X 1 1o
Néu |z| > R, chon p: R < p < |z|. Khi d6 ton tai v6 so chi s6 k: |ak|i > —. Vay
p
oo
k | | 2t A ~ 2 A k A N

lagz"| > v6i vO s0 chi sO k. Suy ra E az"” phan ky theo 2.2 (1). O
k=0

Nhdén xét. Cho S(Z E apZ*. Khi @6

k=0

R(S)>0 < 3C,r>0: \ak\<c Vk e N

Nhdn xét. Trong nhiéu trudng hop cé thé diing cong thitc D’Alembert d€ tinh ban kinh
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hoi tu:

R = lim |k
2% Tag ]

néu gi6i han trén ton tai. Piéu nay suy tir k€t qda sau

lim ‘akJrl‘

=¢ = lim { =
dm S 4 dm Vi =g

|k 1]
|a]
< (q+6)p p= 1727"'

Chiing minh: Theo gia thi€t, Ve > 0, AN: k> N = qg—€ <

<qg-+te.

lanyillanta| - lanip|
lan|lant1] - [antp-1]

1 1
Suy ra \aN\N_ﬂ?(q—e)NL’fP < "lanp| < ]aN]N_ﬂ’(q+e)NL+P p=1,2---
Khi p — 0o, q— € <liminf {/|ax| < limsup {/]ax| < g +e.
k—o0 k—o00

Suyra (g—eP <

Tir d6 suy ra két qua. O
Bai tap: Ching minh chiéu < ciia phét bifu trén khong ding. Hiy xét aj, = ¢F+VE,

Vi du.

o
a) Chudi » _ k!2" c6 bdn kinh hoi ty 1a 0, do k! > 3kFe~*.

kO
k:

b) Chudi Z — ¢6 ban kinh hoi tu 1a oo.
k= 0

¢) Céc chudi Z z Z Z — 2% d&u c6 ban kinh hdi tu 12 1, nhng tinh hoi tu

trén dlrdng tron ]z] = 1 khac nhau

Chudi Z 2" phan ky khi |z| = 1, theo diéu kién cin.
k= 0

Chudi Z —z hoi tu khi |z| = 1, theo tiéu chuin so sdnh.
k= 1

Chudi Z g phian ky khi z = 1, nhung hoi tu tai moi di€m khdc trén dudng tron

sk
. _ 1 .
don vi. That vay, v6i z = €' (¢ # 2kn), chudi c6 dang Z Eekw. Ta dung phuong
k=1
phédp tdng titng phan clia Abel d€ chitng minh chudi hdi tu.
"1 .. n .
Pit S, =3 € va A, =3 €. Khids
k=1 k=0
Ss—fjl(AA)— + LAt 1A
n m — i A k k—1) — m A +1 k n n
=m++1
(n+D)ip _ 4 -, si 1)p/2 1

Mit khic A, = &~ =1 _ ugsin((nt1)g/ ). Vay [Ap| <

e —1 sin(p/2) | sin(p/2)|
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1 1 (| 1 1 2
Suyra |S,—Sm + )+ ] < — .
uyra | 'S ento/2) <m+1 gﬂ(k Y n> = Isin(p/2)|(n + 1)
Vay (S,) la day Cauchy, nén hdi tu.

3.2 Tong & Tich cac chudi liiy thira hoi tu.

Ménh dé. Gid sit A(Z), B(Z) la cdc chudi liy thita cé bdn kinh hoi tu > R.
pat S(Z) = A(Z)+ B(Z), P(Z) = A(Z)B(Z). Khi d6

(1) S(Z) va P(Z) c6 bdn kinh hoi tu > R.

(2) Véi |z| < R, S(z2)= A(z)+ B(z) va P(z) = A(z)B(z).

Chitng minh: Dit
(o] (o] [o¢] o
=Y aZF,B(Z) =Y 02", 8(2)=> 2", P(Z) =Y dy 2"
k=0 k=0 k=0 k=0

Ta ¢6 |cx| < |ag| + [bx| == Yo [dil < Y lap|[bp—p| := 0.

0<p<k
oo oo oo
Néu r < R, thi ZW‘? = Z |ag|r* + Z |bg | < 400,
k=0 k=0 k=0
oo o o
Z(Skrk =0 |ak|7“k)(z |bg|r*) < +o0.
k=0 k=0

k=
Tu d6 suy ra (1).
Ping thic diu cua (2) la rd rang, ding thic sau suy tir bd dé sau

Bé dé. Gid sir Z U, Z v hoi tu tuyét doi. Pdt wy, = Z UpVk—p. Khi do Z W

k=0 k=0 0<p<k -
(o] e.)

hoi tu tuyét doi va cé téng la (Z uk)(z Vk)- O
k=0 k=0

3.3 Thay bié€n trong chu01 lily thira hoi tu.
Ménh dé. Cho S(Z Z a,Z*, T Z bpZ", T(0) =0, c6 cdc bdn kinh héi tu
R(S), R(T') duong. Khi do ban kinh hoi tu ciia chudi hop S o T ciing dwong.

o
Chinh xdc hon, téon tai v > 0 sao cho Z |7 < R(S) va
k=0

IT(2)| < R(S), SoT(z)=S5(T(z)) vdi|z|<r.

o0
Chitng minh: Do R(T) >0 nén »_ |b|r* < R(S) véi r di bé.

Khi d6 Z \ak\(z |by|rP)F = Z’ykrk < +00.
k=0 p>1 k=0

Pit U(Z)=S80T(Z)=>_ cxZ", thi |cg| < vk Suy ra R(U) >r
k=0
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D& chitng minh ding thic dit S,(2) = > a,Z", S, oT = Uy,.
k<n
Véi |z| < r, tacod Uy(z) = Sp(T(2)) va Jim Sp(T(2)) = S(T(2)).

Mit khdc tri tuyét d6i hé s6 chudi U — U, = (S — S,)oT < hé s6 chudi

> Jarl (3 bplr?)E — 0, khi k — .
k>n p>1

Do vay T}LH;O(U(Z) —Un(2)) =0,ie. SoT(z)=S(T(2)). O
3.4 Nghich ddo cta chudi liiy thira hoi tu.
Ménh dé. Gid sit S(Z) € C[[Z]],S(0) # 0, ¢ bdn kinh hji tu duong. Khi dé

ciing co bdn kinh hoi tu duong.

1
5(2)

Chiing minh: Ta ¢6 S(Z) = ap(1 — ®(Z)) v6i R(P) > 0.

1 1 1 &

. 1
Ngoai ra S(Z) =l 5(2) = ;Okz:%)(q)(Z))k'

1

o
Ma chubdi Z Y* ¢6 ban kinh hoi tu = 1 > 0, theo Ménh dé 3.3 R( 5

k=0
3.5 Pao ham chubi liiy thira hoi tu.
Ménh dé. Véi moi S(Z) € C[[Z]], R(S) = R(S'). Hon nita, néu R(S) > 0, thi vdi
|z| < R(S) ta c6

) > 0. O

§(z) = }LIL% S(z+h})L — S(z)

Chitng minh: Vi lim vk = 1, nén limsup {/k|az| = limsup {/|ag].
k—o0 k—o0 k—o0
Vay R(S') = R(S).
Goi R = R(S). V6i |z| < R,chonr:|z| <r<Rva0<|h|<r—]z]. Tacé

S(z+ h}z BLIC TR < N

k>1

VOi ug(z,h) = ap((z + h)k—l +2(2 + h)’f—Q 4R k‘zk_l),
Do |z],|z+h| <7, nén |ug(z, h)| < 2k|ag|rF—L.

oo

Vi Z klag|r*~! < 400, nén Ve > 0, 3Ing : Z 2k|ag|r* 1 < €/2.
k=0 n>ng
Ngoai ra Z uk(z, h) 1a da thic theo h va bing 0 khi h = 0, nén tdn tai 1 sao cho:
k<no

€
Bl <, i |3 (= b)) < 5.

k<ng

Suy ra v6i moi € > 0, ton tai 7 > 0, sao cho khi |h| < 7, ta c6

—S'(2)| <Y ez b))+ > 2kfag|rt T < e

k<ng k>no

‘S(z—i—h) —S(2)
h
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g

Nhén xét. Theo ménh dé€ trén ham S c¢6 dao ham (theo nghia phirc) 12 S’ trén mién
hdi tu ctia né. Cdc tinh chdt clia dao ham phic s& dugc xét cu thé & chuong IIL.
Qui nap ta ¢6 R(S™) = R(S) va khi R = R(S) > 0, thi v6i |z| < R:

5™ (2) = nlay, + Ty(2), v6i T, € C[[Z]], T,(0) = 0.

S (0)
n!
mét chudi lily thira hinh thic S(Z) sao cho f(z) = S(z) v6i 2 di bé.

Viy a, = . Suy ra néu f(z) 12 ham theo z € C dd bé, thi ton tai khong qua

3.6 Chubi lily thira nguge ctia chudi liiy thira hoi tu.
Ménh dé. Cho S € C[[Z]],S(0) = 0,5’(0) # 0. Gid st T € C|[[Z]] la chudi ngugc:
SoT=ToS=1T(0)=0. Nu R(S) >0, thi R(T) > 0.

Chiing minh: Ta s& chitng minh bing phuong phap chudi trdi nh sau.
o0 oo

pat S(2) =Y apZ¥, T(Z2) = b, 2"

k=0 y k=0
Thay vi S(Z), xét chuodi troi

S(Z) = A7 — ZAka, thod: A1 = aq, ]ak] < A (k > 1)

k>1
— 0 — —
Khi d6 ton tai T(Z) = Z B Z* sao cho S(T(Y)) =Y va B, thod
k=0

A1By, — Py(Ag, -+, Ap,B1,-++ ,Bp_1) =0, véi P, la da thic .

Bing qui nap ta ¢6 |b| < By. Suy ra R(T) > R(T).
Vay néu ¢6 R(T) > 0, ménh dé dugc chiing minh.

(o]

Pé xay dung cu thé S, chon 0 < r < R(S). Do Z lag|r® < +oo, ta tim dugc
k=0

M >0:|ag|r* < M, Vk € N.

Piat Ay =ay, Ay = M/r* (k> 1). Khi d6 véi |z| < r,

~ 22
S(z)—Alszl_Z/r.

Cin tim ham T'(y) sao cho T(0) = 0 va S(T(y)) = y, véi y di bé. Ham T c6 thé xdc
dinh tr phuong trinh

(Ay/r+ M/r*)T? — (Ay +y/r)T +y = 0.

Nghiém phuong trinh thda T(0) = 0 1a

o Avty/r = JAR - 2y /r — AMy/r2 + g2/
y) = 2(Ay/r+ M/r?) ’
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Khi y di bé nghiém trén c6 dang 1+ u, |uf < 1. )
Vay T'(y) c6 khai trién thanh chudi lily thira theo g, hoi tu khi y bé. Suy ra R(T) > 0.
Il

4. MOT SO HAM SO CAP

4.1 Ham tuyén tinh. w = f(z) =az+b, a # 0.

Pit a = re’?. Khi @6 w dugc md ta hinh hoc nhu 13 hdp clia 3 bi€n ddi sau
Phép quay moit géc ¢ : z = €z.

Phép co dan ti s6'r : 29 = rz1.

Phép tinh tién vector b : w = z9 + b.

Dic biét tinh song song va d6 16n clia géc dude bdo toan qua ham tuyé&n tinh.

4.2 Ham lily thwa. w = f(z) = 2", n € N.

Khi chuyén qua toa dd cuc z = re?, thi w = r"e¥. Ta c6 mo ta hinh hoc nhu sau:
(D Anh clia céc tia Argz = g 1a cdc tia Argw = ngg. (3Amd rong n 1an”)

(2) Anh ciia cdc dudng tron |z| = ro 12 cdc dudng tron |w| = 7.

Nhu vy ham w = 2™ chi don diép trén cac mién D khong chita 21 # 2o ma |z1| = |22

2
va argz] = argzs + Tk (keZ).
n

Vi dyg. Him w = 2" Ia don diép t¢ géc D = {0 < argz < 27/n} 1én mién
{0 < argw < 27}

[e o]

1 1 1
4.3 Ham mil. w:ezzl+z+—z2+~--+—z"+...:Z—zk.
2! n! i k!

Chudi trén cé ban kinh hdi tu 12 oo nén him mil x4c dinh trén tdan bo C.

Tinh chat.

() (e*) = e~

(2) e*t¥ =e%e?. Pic biét: e* £ 0,Vz, Vi e%e? = 1.

(3) e =cosy+isiny, ycR. Suyra e*=1 & z=2%kni,kcZ

Chiing minh: (1) suy tr 3.5. D6&i v6i (2), dung cdng thic tich chudi

, e’ 1 o) 1 o) n an/n—k
et = > gt = Z<Zk!(nk)!>

|
k=0 p=o P n—=0

= Z ) Z Cﬁzkzm_ = Z E(z + 2"
n=0"'" k=0 n=0'"
— ez—l—z’

(3) dugc chiing minh dua vio khai trién Taylor him cos va sin thyc (xem dang Euler
1.1.3). O

3 . . eiz 4 e—iz ) 6iz . 6—iz
4.4 Cac ham lugng giac. cosz = — sinz = —
2

Tir biéu dién chudi liiy thira hAm exp ta c6 vdi moi z € C:
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2 4 2n
B 2%z n 2
COSZ—I—E—FZ—F---—F(—l) (2n)!+”
3 5 2n+1
mz—z— g (—)
sinz =z - gttt ) g oy

Tinh chat.

(1) sin?z+cos?z =1

(2) (cosz)' = —sinz, (sinz) = cosz.

(3) sin,cos la cdc ham tudn hoan, chu ky 2.

4) sinz=0 < z=kr va cosz=0 & z:(2k‘+l)g (ke Z).

Bai tdp: Chitng minh cédc tinh chat trén.

Nhdn xét. Hau hét cic cong thifc clia ham sin vd cos trong trudng hdp thuc vin
con ddng cho trudng hgp phitc (xem I1.5.4). Ching han, cong thiic cong cos(a + b) =
cosacosb — sinasinb, sin(a + b) = sina cos b + sin b cos a.

Tuy nhién, trong trudng hgp phiic ham cos va sin khdng gidi ndi:

~Y 1 oY
cos iy = % — 400, khi R 3 y — +00.
sin z ez — g2 1
Ham tang dinh nghia: tgz = = — — .z k+-)m ke Z.
& G ng 857 osz i(e* + e7i?) 7 (k+ 2)
COS L1z iz
Ham cotang dinh nghia: cotgz = — °F Z(.e + < ), z# km, k € Z.
sin 2 e — e t®

Céac ham hyperbolic cling dinh nghia tuong ty trudng hgp thuc:

eF 4+ e ? ) e —e ? sinhz coshz
coshz = ———, sinhz = ————, tanhz = ——, cothz =
2 2 coshz

Ta ciing ¢6: cosh?z— sinh?z = 1, (coshz)’ = sinhz, (sinhz)’ = coshz.

Céc ham lugng gidc nguge dudc dinh nghia qua chudi lily thira nhd khai trién Taylor
ham thuc:

) +1z3+1.3z5+1.3.5z7+ 2l <1 s )
rcsin z = - —_— —_— . I = — — arcsinz.
arcsinz = 2+ 5= + oo = oo , |z arccos z = o — arcsin z
arct a +Z5 Z7+29 |z| <1 arccot T arct

Z=z——t— —— == |z : z = — — arctgz.

¢ 375 79 ’ 8T £

Chii y: Thuc ra, cdc ham lugng gidc ngugc duge dinh nghia & trén chi 1a mot “nhdnh”
(nhdnh chinh) trong cdc nhdnh lién tuc clia cdc ham “da tri” tuong ng. Ching han,
né€u dinh nghia w = arcsin z 1a gid tri thod sin(arcsin z) = z. Khi d6 néi chung s& c6
nhiu gia tri w thda ding thic (tinh da tri). PE xét cdc ham da tri ta c6 khai niém
tach nhanh don tri nhu sé dugc trinh bay sau day d6i v6i ham logarithm.
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4.5 Logarithm phitc. w € C dugc goi 1a mot logarithm cta z # 0, n€uu
e’ =z
Tap nghiém phuong trinh trén ky hiéu 1a Lnz. C6 vo sd logarithm clia 2:
wg =Inl|z| +i Argz = In|z| +iargz + 2kmi (k € Z),

trong d6 In |z| 14 logarithm Neper thuc. (Bai tip)

Vay w = Lnz 1a ham da tri.

Nhanh ciia ham log. Cho D € C\ 0 1a mién. Ham lién tuc f : D — C goi 1a mot
nhénh ctia ham log néuu e/?) = 2, Vz € D.

Khi d6 ta ky hiéu f(z) = Inz. Ching han, nhénh chinh ctia ham log 12 ham xdc dinh
gia tri In1 = 0 (&ng v6i k = 0), cu thé

f(z) =In|z|+iargz, z€ D=C\{z=te ™, t>0}.

Khong phdi mién nao cling ton tai nhdnh cda ham log, ching han mién C\ {0}. Tuy
nhién, n€u mién no ton tai mot nhdnh, thi cdc nhdnh khédc sai khac mot hiing s§. Cu
thé

Ménh dé. Gid sit trén mién D ton tai nhdanh f ciia ham log. Khi dé g : D — C
la nhdnh ciia ham log khi va chi khi g = f + 2kwi vdi k € Z.

1 .
Chitng minh: Xét ham h(z) = 2—(f(z) —g(2)). Ta c6 h lién tuc va e?™h(z) =
i

ef()e=9(2) = 1, nén h nhan gid tri nguyén. Suy ra h =const. O

Ménh dé. Nhdnh chinh ciia ham In(1 + 2),|2| < 1, i.e. thod In1 = 0, c¢6 biéu
dién chudi liy thita la

o (_1>k+1 k
In(l+2) = ZTZ , 2| < 1.
k=1
, — 1 o~ (=DM
Chitng minh: Pt S(Z) = Z EZ vaT(Z) = Z TZ .
k=0 k=1
o0
(T'(2) = ’;)(—1)’“2’? =157 e T(Z) nguyén ham hinh thitc cla )

Véiz € R,|z| < 1,tacédIn(l+x) =T(x),ie. S(T(x)) =1+z. Do tinh duy nhdt ciia
hé s6 chudi lily thira hinh thic ta ¢6 SoT(Z) =1+ Z. Ngodira, S(z) =e*,2z € C
va T ¢6 ban kinh hoi tu 1. Theo dinh nghia nhdnh chinh cia ham log suy ra khi
|z| <1, In(1+ 2) =T(2). O

4.6 Ham liiy thira téng quat. Vi mdi z # 0, € C, dinh nghia 2® = e*n %,
Nh vay sé& c6 vo sd gia tri 2.

Tuong ty nh ham log ta ¢6 thé dinh nghia nhdnh cia ham z®. MJi nhdnh ctia Ln z
xdc dinh mot nhdnh cda z¢.
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Cong thic nhi thdc.Nhdnh chinh cia ham (1 + z)®, i.e. théa 1% = 1, ¢ biéu dién
chudi lity thira la
ala—1) , ala—=1)---(a—k+1) 4

I+2)*=1dazt ——Fr—2"+ -+ x 24 2 < L

Chiing minh: Ta dung phuong phédp gidi phuong trinh vi phan chudi liiy thira hinh thic
dé xdc dinh céc hé sd cia chudi.

pit S(Z Zaka (1+ 2)* = e*0(+2),
Ta ¢6 S'(Z) = HiLZ e*n(1+2) " (Bai tap)

Suy ra (1+ Z)S'(Z) = aS(Z). Pong nhdt hé s6 ta c6
ap =1, (k+ 1Dags1 + kar, = aag.
a—k ala—1)---(a—k+1)

k1T T (k+1)!
Theo cong thitc D’ Alembert, bdn kinh hdi tu ctia chudi 1a

Vﬁy ag = 1, Ap41 = ag.

1
R= tim 1%y B

- -1
vt Jage] ks ja— K]

O
Chii ¥. Nhanh don tri cda cdc ham lugng gidc ngudc ciing c6 thé 1ap ludn tuong

tv. Ching han dinh nghia w = arccosz < cosz = i(eiz + e %) = w. Suy ra

e =w++vw? — 1. Vay
z = arccosw = i Ln(w + vVw? — 1) = +i Ln(w + vVw? — 1).

Vay tuy theo nhdnh don tri cda ham log va ham cdn bac 2 ta ¢6 nhdnh don tri cla
ham arccos.

5. HAM GIAI TiCH

5.1 Pinh nghia. Haim f : D — C goi 1a giai tich tai zp € D né’uu f c6 thé biéu

dién nhu 1a chudi lily thira tai 1an cin zg, cu thé 1a tdn tai S(Z Z arZ* € C[[Z]]

k=0
va r > 0, sao cho

f(z) =5S(z = z) Zak z—zo , v6imoi z € D(zp,7).

Khi d6 chudi S xdc dinh duy nhit (nhan xét 3.5).

Ham f goi I giai tich trén D néuu f gidi tich tai moi z € D.
Ky hiéu A(D) tdp moi ham gidi tich trén D.

Theo cic két qlia & §3, ta co:
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Ménh dé.

(1) A(D) la vanh vdi phép cong va nhdn ham thong thuong.

(2) Hop hai ham gidi tich la gidi tich.

(3) Néu f gidi tich tai zo va f'(z0) # 0, thi f khd nghich dia phwong tai z, i.e. ton
tai lan cdn U ciia zo va V cia f(zp), sao cho f : U — V la song dnh va cé dnh xa
ngugc gidi tich. (Pinh Iy ham ngugc dia phuong).

(4) Néu f gidi tich trén D, thi f cé dao ham moi cdp.

Chu y: 0 chuong sau ta s& ching minh: néu f c6 dao ham cip 1 trén D, thi f
gidi tich trén D. Piéu nay hoan toan khic vdi tinh kha vi thuc, vi du dién hinh la
ham thyc kha vi v6 han f(z) = e_x%,f(O) =0, c6 dao ham moi cAp triét tiéu tai 0,
nén chudi Taylor 1a 0 - né khong hoi tu vé f(z).

Vi du.

a) Vi ham Iy thira 1a gidi tich, nén da thic P(z) = ag+ a1z + - - + a, 2" 12 gidi tich

trén C.

b) Cdc ham hitu 6 L),
Q(2)

mién C\ {z: Q(z) = 0}.

¢) Cdc ham cho & §4 1a cdc ham gidi tich. Piéu nay suy tir két qia tong quat sau.

trong d6 P va @ la cdc da thic (Q # 0),la gidi tich trén

5.2 Ménh dé. Gid sit S(Z) € CJ[[Z]] ¢6 bdn kinh héi tu R > 0. Khi dé S xdc
dinh mét ham gidi tich trén dia D(0, R).
Cu thé, vdi moi zo € D(0, R), ta c6 khai trién

Zk:' 20)(z — 20)* |2 — 20| < R — |z0].

Chitng minh: Pat S(z Z arz®, |z| < R. Cho zy € D(0, R).

Tacé 2¥ = (20 + (2 — 20))F == Z C’;fzg*p(z — zp)P.

pi
V6i |z0| + |2 — 20| < R, do S(z) hoi tu tuyét ddi, nén
Z|ak| |ZO|+|Z_20’ Z’%’ZCHZOW Plz — zo|P.

Tir tinh hoi tu tuyét d6i ta c6 thé hoan vi cdc ddu tdng, nh sau

0o 00 k
z) = Zakzk = Zak(z C]’;zg_ (z — 20)? Z Zakazo )(z — 20)P.
k=0 k=0 p=0

p=0 k=p

o
Dé ki€m tra Z akC,’;zg_p = =50 (2. O
b
k=p
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Chii ¥: Bdn kinh hoi tu cda chudi cho & ménh dé trén c6 thé > R — |zo|. Ching han
[ee]

1
v6i S(Z) = (iZ)F, ta c6 S(z) = ——, |2| < 1. Gid sk 2 € R, khi d6
— 1z

k=0 1
1 1 (1 Z— 20 -1 i ik ( )i
= -1 = — (2 —20)".
1—iz  1—iz 1— iz 2 (1 —izg)F i1 0

Chudi sau cung hoi ty khi |2 — 20| < /1 + 23. Rd rang /T + 20 > 1 — |20].

o0

Chii y: Né&u dit M(r) = Z lag|r®, 7 < R, thi vé6i |z| < 7o <7 < R ta c6:
k=0
ig(n)(z) < M
n! (r—mro)"

5.3 Khong di€m cta ham gidi tich. z; dugc goi 12 khéng di€ém clia ham f néuu

f(20) = 0.
o0
Né&u f # 0 va c6 biéu dién f(z) = Zak(z — 20)*, tai 1an cin z, thi tdn tai

k=0
m = min{k : a; # 0} sao cho:

f(2) = (2= 20)"g(2),

trong d6 ¢(z) = am + amy1(z — 2z0) + - -+ 12 gidi tich tai zp va g(zg) # 0.
Khi d6 m goi 12 cdp ctia khong diém 2.
Cap ctia khong diém con dudc dic trung bdi:

F®(20) =0 v6i k <m, fT(z) #0.

Khi cdp m = 1, zp goi 12 khong di€m don; khi m > 1, goi 12 boi.
P& y 1a do g lién tuc nén f(z) # 0,0 < |z — 29| < €, v6i € > 0 dd bé. N6i mot cach
khac ta cé:

Ménh @é. Néu f # 0 la ham gidi tich trén mién D, thi tdp Zy cdc khong diém cud f
la tdp roi rac, i.e. moi diém zy € Zy ton tai lan cdn U ciia zo, sao cho UnZzy = {20}
Bc biét, khi K la tdp compact trong D, thi tdp Z; N K = {z € K : f(2) = 0} la hitu
han.

5.4 Dinh 1y duy nhat.

Pinh Iy. Cho f la ham gidi tich trén mién D. Khi dé cdc diéu sau tuong duong:
(D f(k‘)(zo) = 0 vdi moi k € N, tai mot diém zo € D.

(2) f =0 trén mét tdp cé diém gidi han thuéc D (= tdp khong roi rac trong D).
3) f=01weén D.

Chitng minh: (3) = (1) la ré6 rang. (1) = (2) do khai trién Taylor.
Dé chitng minh (2) = (3) goi 2o la diém giéi han ciia tdp khong diém Zs. Do f lién
tuc f(z9) = 0. Vi 29 khéng la khong diém cé ldp, tic ménh dé & 5.3 suy ra f =0 & mot
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lan cdn ciia zo. Pat X = {z € D: f =06 ldn cdn 2} = {z € D : f®)(2) = 0,Vk}.
Ta c6 X # 0 vi chita zp, X la mé do dinh nghia, X la déng trong D vi la giao ciia
cdc tdp dong. Do D lién thong, X = D. [l

Hé qua. Cho f,g € A(D), D la mién. Néu f = g trén mét tdp cé diém gidi
han thuéc D, thi f = g.

Vi du.
a) Hai ham gidi tich trén C bédng nhau trén R thi dong nhdt vdi nhau. Chdng han, vi
cong thitc cos 2z = 2cos? z — 1 diing cho z € R, nén ciing diing cho = € C.

\ 1 1 1

b) Khong ton tai f € A(C) théa f(—) = f(——) = — (n = 1,2,3,--+). Thuc vay,
n n n
néu ton tai f nh vay, thi f(2) = z trén {= : n € N}. Theo nguyén ly thdc trién ta cé
n

f(z) =2,Vz€ C. V6 Iy.
Bai todn thac trién gidi tich: Cho f € A(D), D la mién. Gid sit D' O D la mién. Ton
tai hay khong ham h € A(D') sao cho h|p = f?
Pay la mét bai todn co bdn ciia 1y thuyét ham phitc. Hé qud trén cho ta tinh duy nhdt
ciia ham thdc trién h (néu ton tai).



II1. Him chinh hinh

0. ANH XA TUYEN TINH TREN R? VA TREN C

Moi dnh xa C-tuyén tinh w : C — C, ¢6 dang w(z) = (a +1i3)z.
Viy 4nh xa C-tuyén tinh dugc xem 1a phép nhian véi s6 phitc w(1) = a +i8 € C.

Mit khdc, nhu da bi€t, trong R? khi st dung co s& chinh tic (1,0),(0,1), thi moi
dnh xa R-tuyén tinh A : R? — R? dugc ddng nhit véi ma trin

a c
A_<b d) a,b,c,d e R,

theo phép nhin ma trdn A(z,y) = (ax + cy, bx + dy).
Nhén xét. Moi 4nh xa C-tuyén tinh 1a R-tuyén tinh. Ngudc lai, ta c6:

0.1 Bi€u di&n s& phitc du6i dang ma tran. Khi ddng nhit C = R? bdi
z=x+1iy = (z,y), thi Az = A(x + iy) = ax + cy + i(bx + dy).

Ménh dé. A la C-tuyén tinh khi va chi khi d = a va ¢ = —b.
Chitng minh: A 1a C-tuyén tinh khi va chi khi tdn tai o + i3 € C:
Alx +1iy) = (e +1i08)(z + iy) = (ax — By) +i(Bx + ay),Vz,y € R.
biéu trén tuong duong vdi
ax + cy + i(bx + dy) = (ax — Py) +i(Bzx + ay),Vz,y € R.
Hayla a=a,c=—-06,b=03,d = —a. O

a —b

b a

Bai tip: Chiing minh phép nhin s& phifc tudng ng v4i phép nhan ma tran bi€u dién
chiing.

Nhdn xét. Ta c6 biéu dién dang ma trin s8 phic a + ib = <

0.2 Anh xa tuy&n tinh bdo gidgc. Anh xa tuyén tinh A : R2 — R? dugc goi 1a
bao gidc néuu né bio toan géc (vé do 16n ciing nhu vé huéng). N6i mot cdch khic
A =T, trong d6 r > 0 con T la phép quay.

T tinh chat hinh hoc clia phép nhan s& phic, ta ¢6

Ménh @é. A la dnh xa tuyén tinh bdo gidc khi va chi khi det A > 0 va d = a,c = —b.
Khi dé A biéu dién s6 phitc a+ib = re'¥ = r(cos p+isin ), con det A = r? = a®+b°.
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1. TINH KHA VI PHUC - HAM CHINH HINH
1.1 Pao ham. Cho f : D — C, D la tdip méG trong C. Ham f goi 1a kha vi
tai zp € D néuu ton tai

lim f(z) = f(=0) _ lim f(z0+h) — f(20)

Z—20 zZ— 2 h—0 h

d
Ky hiéu gi6i han trén 1a f’(z9) hay d—f(zo), va goi l1a dao ham cua f tai z .
2

N6i mot cach khac f kha vi tai 2o néuu f c6 thé xap xi bdi ham bac nhat w(h) =
f(20) + (a+ib)h & 1an cln 2y, theo nghia sau:

flzo+ h) = w(h)+o(h),

h
trong d6 o(h) ky hiéu cdc ham v (h) thda Ilzir% # =0.

D€ tim mdi quan hé giita tinh kh3 vi phiic va tinh kha vi thuc, cAn nhic lai 4nh xa
R? — R2, (z,y) — (u(x,y),v(x,y)) khd vi tai (zo, yo) n€uu né c6 thé xap xi bdi mot
dnh xa affin & 1an can (z0, o), theo nghia sau: ton tai 4nh xa R-tuyén tinh

. a cC . 2 2
TR

sao cho
u(zo + h1,yo + h2) (o0, Yo) ha [12 | 72
= A h h3).
( v(zo + h1,yo + h2) v(wo,0) ) hy )" olyhi+ho)

Hon ntra, khi d6

ou ou

a = uy(zo,y0) = 5 Zo:b0),  c = g (20, Y0) = 8—y($07y0)
v v

b = vp(zo,y0) = %(:C(]vyl))v d = vy(zo,y0) = @(xo,yo)

T Ménh dé 0.1 suy ra

1.2 Diéu ki¢n Cauchy-Riemann. Cho f(z) = f(z + iy) = u(z,y) + iv(z,y) va
20 = xo + 1yo. Khi do f khd vi tai zg khi va chi khi

(1) w,v khd vi (theo nghia thuc) tai (xg, yo).

% = @ @ = 7@ tai (x )

Khi dé f' = ul, + v}, = v, — iv], tai zo = (2o, yo).

(2) u,v théa diéu kién Cauchy-Riemann:

Nhdn xét. D3i bi€n

{z = xz+1iy hay {x = (2+2)/2

Z = x—1y y = (z2—2)/2
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Né&u u,v khd vi, thi df = afd + g 8fd + id—‘

ay 0z 0z
Theo cdng thitc dao ham hgp 2 = 1(8— 9 o _L29 ;9 ).

9. 39r ‘ay) a2 3'ax tiay,

Viy

L of__or o

- oy T ez

fkhd vi < wu,v thod diéu kién C-R
Khi @6 df (z0) = f'(20)dz.

Vi du.

a) Rat d& tim vi du w,v khd vi mad f = u + iv khong kha vi. Ching han ham
f(2) = + 2iy c6 u,v khd vi tai moi di€m (z,y) € R?, nhng v/, = 1 # v, = 2: diéu
kién Cauchy-Riemann khong thod, i.e. f khong kha vi.

b) Néu f c6 dao ham tai moi diém trén mién D va cé modul |f| = const, thi
f = const. That vay, tr |f|?> = u® +v% = const, suy ra

2uul, + 20}, = 0, 2uufy + 2vv; =0.

K&t hgp véi diéu kién Cauchy-Riemann, n€u u?+v* # 0, ta ¢6 ul, = uj, = v}, = vj, = 0
trén D. TU tinh lién thong suy ra u = const ,v = const, i.e. f = const. Né&u
u? 4+ v% = 0, thi 16 rAng f = const.

¢) Tuong ty, ta cling ¢c6 f = const khi f/ =0 hay f chi nhdn gid tri thyc, hay f chi
nhin gid tri thudn do.

Téng quit, né€u f kha vi trén tip m& D ma f(D) khong md, thi f = const . D6 1a
ndi dung dinh ly 4.4.

Vi dinh nghia dao ham 1.1 vé mit hinh thifc hoan toan giéng dinh nghia d&i véi
trudng hop thuc, nén ta c6 cic két qua sau

1.3 Ménh dé. (1) Gid sit f,g khd vi tai zo. Khi dé f £ g, fg,

khd vi tai zg, va ta co

(9(20) # 0)

Q [~

cong thic tdng:  (f = g)'(20) = f'(20) £ g'(20)-
cong thite tich:  (fg)'(20) = f'(20)9(20) + f(20)g’(20)-

cong thi'c thuong: (§>/ (20) _ f/(ZO)Q(ZogL(—Z;;(ZO)g/(ZO)‘

(2) Gid st f khd vi tai zo, ¢ khd vi tai wo = f(z0). Khi dé ham hop h = ¢ o f
kha vi tai zg, va ta co

cong thifc dao ham hgp:  h/(z0) = ¢'(f(20))f (20).

(3) Gid sit f khd vi tai moi diém ciia mét lan cdn zo va f'(z0) # 0. Gid sit f la khd
nghich trén mét ldn cdn ciia zo va ham ngugc =1 la khd vi tai wo = f(z0). Khi dé ta cé



1111 Tinh khd vi phiic - Ham chinh hinh 34

cong thitc dao ham ham nguge: (f~1) (wg) = 7 wo = f(20).

Chitng minh: Viéc chitng minh (1) va (2) hoan toan lap lai chitng minh trong truSng
hop ham thyc. Céng thic (3) suy tir (2) hay tir

lim fﬁl(w) — fﬁl(wo) = lim S 1

i ) F) ©

Chi y. Gia thi€t & (3) 1a thira, xem Dinh 1y ham ngugc.

Vi du. D& thdy (2)’ = 1, nén tif cong thic tich suy ra (z")" = nz""1
oo

Tdng quit, moi chudi liy thira hoi tu S(z) = Z arz" 12 khd vi trong mién hoi tu ctia
- k=0
né va dao ham S'(z) = Y kapz"~! (xem I1.3.5).
k=1
1.4 Ham chinh hinh. Ham f goi 12 chinh hinh tai zo n€uu f kha vi tai moi di€m cta
mdt 1an cin clia zp. HAm f goi 1a chinh hinh trén mién D né&u né chinh hinh tai moi
di€m ctia D. Ky hiéu H(D) 1a tip moi ham chinh hinh trén D.
Do6i khi dé thuin tién ta n6i f chinh hinh trén tdp X bat ky néu f chinh hinh trén
mot tdip mG chita X. Khi d6 cling ky hiéu f € H(X).

Vi dg. Him f(z) = 2Z ¢6 % = z. Nén f khd vi tai 0, nhng khéng chinh hinh
tai do.

Chd y: MOt ham gidi tich ro rang 1a chinh hinh. Ta s€ chitng minh khédi niém chinh
hinh tring véi khdi niém gidi tich xét § chuong 11, i.e. H(D) = A(D).

1.5 Tinh bao gidc. Gid st f khd vi tai zg va f’(2¢) # 0.
Theo dinh nghia dao ham, sau khi tinh ti€n Z = 2z — zg vdA W = w — wg c6 thé xem
f tai lan can zy dugc x4p xi bdi ham tuyén tinh

W = f'(20)Z = |f'(20)]e' ™8/ (0) 2,

i.e. W thyc hién phép co din t s |f'(z0)| va phép quay mot géc arg(f'(29)) trong
mit phing phic C = R%.
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Nhu viy néu 2 dudng cong trong mit phing z = (x,y) cit nhau tai zo theo mot
géc v ndo dé (géc gilta 2 dudng cong dudce dinh nghia 12 géc gifta 2 vector ti€p xic),
thi 4nh clia ching qua f trong mit phing w = (u,v) ciing cit nhau tai wo = f(20)
mot géc ding bing o (vé dd 16n ciing nhu vé huéng). Tinh chit dé goi 1 tinh bio
gidc tai zp .

Ngudc lai ta c6

Ménh dé. Cho 2 ham thiuc u = u(z,y),v = v(z,y). Gid sit (u,v) khd vi tai (zo,yo)
va dao ham

D(Uﬂf)(m vo) = uy (%0,50) (w0, Yo)
D(z,y) " vz (20, 90) vy (20, Yo)

la dnh xa tuyén tinh bdo gidc trong R2. Khi dé ham f(z) = f(z+iy) = u(z,y)+iv(z,y)
la khd vi tai zo = xo + iy va f'(z0) # 0.

Chitng minh: Suy tryc ti€p tir ménh dé 0.2 O

1.6 Luéi toa do. Nhu lap ludn & trén, n€u w = f(z) 1a chinh hinh trén mién D
va f'(z) # 0,Vz € D, thi 4nh cla hai ho dudng cong truc giao trong mit phing z qua
f s& 12 hai ho dudng cong truc giao trong mit phing w.

Vi du. Xem vi du 1.3.2 cdch md t& 1, d6i v6i ham f(z) = 22. Tai cdc diém z # 0 4nh
ctia hai ho dudng toa do x = const va y = const qua f 1a hai ho parabol truc giao
nhau. Tai z = 0, tinh bdo gidc bi phd v&.

2. TICH PHAN PUONG

2.1 Puong cong. Cho D C C. Dudng cong (theo nghia Jordan) trong D la dnh
xa lién tuc, 1-1 7 : [a,b] — D, ~v(t) = z(t) + iy(t). Cdc diém ~(a) va y(b) goi la
diém diau va di€ém cudi cia dudng cong.

Pudng cong (Jordan) kin trong D la dnh xa lién tuc v : [a,b] — D, va y(t1) = v(t2)
khi va chi khi t1 = to hay t1,to € {CL, b}

DPudng cong v goi la tron néu dao ham +' = 2’ + 4y’ tOn tai va lién tuc trén [a,b]. v
goi 12 tron tirng khiic néu ton tai phan hoach a = ag < a; < --- < a,, = b sao cho
han ch€ v|(4, 4., (K =0,---,n — 1) 1 cdc dudng cong tron.

Ta hi€u hwéng ctia dudng cong + 1a huéng ting cla tham s&, i.e. y(t1) 1a ding trudc
v(t2) n€uu t; < ts. Pudng cong dinh huéng nguge cia v, ky hiéu v~, dugc dinh
nghia: 7~ (t) =v(a+b—1),t € [a,b].

Vi du. Sau day 1a mot s6 dudng cong hay gip:

a) Poan thing [29,21] (20,21 € C): ~(t) = 20 + t(21 — 20),t € [0,1]. RS rang tham
s6 héa dinh huéng tr zg dén 2.

b) PBudng tron |z —a| = 1 ~(t) = a + re't,t € [0,2n]. § day dudng tron duge dinh
huéng “ngudc chiéu kim déng hd”.
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¢) budng tam gidc A(zp,z1,22) ¢6 cdc dinh zp, 21,22 € C, dugc dinh nghia nh la
hop cdc doan thidng (29, 21], [21, 22], [22, 20] (theo thi ty d6). Ta con ding ky hiéu:
A(z0,21,22) = [20,21] + [21, 22] + [29, 20). Ky hiéu tdng hi€u 1a ndi cdc doan thing
nhu vi du a) (hdy viét bi€u thifc tudng minh). 0 day tam gidc dugc dinh huéng tu 2o
dé’n Z1, 21 dé’n Z9, I’6i z9 dé’n 20

Tuong tu, ta dinh nghia dudng gip khic qua cdc di€m =z, z1,---2, nh la hgp
L(zo,- -+ ,2n) = [20,21] + [21,22) + -+ + [2n—1, 2n]-

Zn

20 Z1
Chu y:
a) Theo dinh nghia dudng cong 1a 4nh xa (phép tham s& héa) chit khong phdi 1a tap
con ctia C. Ta dung ky hiéu ~*, hay chinh ~ khi ndi dung da ré, dé chi tip 4nh
v([a,b]) cha dudng cong v(t),t € [a,b]. RS rang l1a c¢6 nhi€u phép tham s& héa cho
cung mot tp trong C (hdy tim vi du).
b) Khdi niém dudng cong c6 thé md rong nhu sau: cho cdc dudng cong 71 : [a,b] — C
va ¥ : [c,d] — C. Ta néi 71 va 72 12 tuong dueng né€uu ton tai song dnh lién tuc
7 [a,b] — [c,d], y1 = 72 o 7. Khi d6 +{ = ~;. Hon nita,
néu 7(a) = ¢, 7(b) = d, thi 71 va v, xdc dinh cing mot huéng.
néu 7(a) = d,7(b) = ¢, thi 41 vd 92 ngudc huéng nhau.
¢) V& mit tric quan, d6i khi trong gido trinh ta néi dé€n dudng cong nhu 13 tap con
cia C. Khi d6 ta hi€u d6 1a mot tham s& héa cu thé hay mot 16p tham s6 héa tuong
duong cia cluing tip d6. Ching han, khi néi d€n dudng tron, tam gidc hay dudng gip
khiic ta hi€u d6 1a cdc tham s6 héa cho & vi du trén.

Pd dai duong cong. Cho v : [a,b] — C. Goi P la mot phép phin hoach [a,d]:

a =1 <t < --- <t, =b Khidé d0 dai dudng gip khiic ndi cic di€m
Y(to), Y(tr), -+, ¥(tn):

L P) =3 rt) — (tis)
k=1

P§ dai dudng cong -y, dinh nghia

L(vy) =supL(y,P), (sup ldy theo moi phan hoach P).
P

Né&u L(7) < oo, thi y goi 1a dudng cong kha trudng. K&t qia sau dugc chitng minh &
gido trinh gidi tich thuyc:

Ménh dé. Néu ~(t) = x(t) + y(t),t € [a,b], la duong cong tron ting khiic, thi v
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kha truong va
b b
= [T = [ Ve e

2.2 Tich phan dudng.
Cho f: D — Cva ~v: [a,b] — D. Tich phan f doc theo dudng cong 7 dugc dinh
nghia thong qua gidi han cla tdng

Z F(v(&)) (v (tiv1) — ()

khi dd bé ctia phan hoach a = tg < t; < --- < t, = b, ti€n vé& 0. Gioi han trén ton
tai khong phu thudéc phép phan hoach va cach chon £ = (§;), khi f lién tuc va ~y tron
tirng khic. 0 phan nay ta néu dinh nghia tinh todn dva trén cdch xdy dung tich phan
vira néu, ma khong di vao chi tiét vé su tdn tai.

Véi f(t) = P(t) +iQ(t),t € [a,b], 1a ham lién tyc ctia 1 bi€n thyc, ta dinh nghia

[= [ roes [ o

Cho v : [a,b] — C, y(t) = 2(t) = x(t) +
1a ham lién tuc trén v*. Khi dé f(2(t))z’
iy (t)) = P(t) +iQ(t), t € [a,b], 1a ham

doc theo dudng cong 7 13 s6

/Wf(z)dz _ /abf(z(t))z’ £)dt

Cho ~ 1a dudng cong tron tiing khic, hay tdng quat hon + 1a hgp hitu han dudng cong
tron vy, -+ ,Vn. NEu f 12 ham lién tyc trén v* = vf U --- U7, thi tich phan cha f
trén v dugc ky hi€u va dinh nghia 1a

/Wf(z)dzz/wl f(Z)dz+--~+/nf(z)dz.

Tich phan trén dudng cong kin dudng con dugc ky hi¢u j{ f.
gl

), 1a dudng cong tron. Gia st f = u+iv

( (x(t), y(t) + iv(x(t), y(£)) (' (t) +

iy(t
0 ,
lién tuc ctia 1 bién thyc. Tich phan ham f

Nhdn xét. Cho 7i(t),t € [a,b], va v(7),T € [c,d], 1a 2 dudng cong tron. Gid st
7 : [a,b] — [c,d] kh vi lién tuc sao cho y; = 2 o 7, thi theo cong thitc ddi bién ta c6

7(d) b
[ teammdr = [ @i
7(c) a

Nhu viy tich phin trén 2 dudng cong tudng dudng ciing huéng 1a bing nhau, tich phan
trén 2 dudng tuong duong ngugc huéng 1a d6i nhau.

2.3 Tinh chat. Cho v la duong cong tron ting khiic va f,g la cdc ham phiic lién
tuc trén v*. Khi do
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Tinh tuyé&n tinh: /(af+ﬁg)= a/ f +ﬁ/g (a,8€C)
v gl ¥
Tinh phu thugc huéng: f =- / -
v ¥
Tinh lién tuc: | [ fI < max|f|L(v)
v

Chitng minh: Tinh tuyén tinh 1a r6 rang. Tinh phu thudc hudng suy tir cong thic ddi
bi€n nh phan nhin xét § 2.2.

D€ chitng minh bat ding thic cudi, dit I = / f=1I]e®. Suy ra
v

, b
1= Re(f ) = </ e‘“’f(z(t))z’(t)dt>
< [ 1N @ < maxi] [ 1201t = max 112G,

0

Vi du. Trén dudng tron tAim @ ban kinh 7 véi tham s6 cho & vi du 2.2.b, va n € Z, ta
ch:

2w . . 2w
f (z—a)"dz = / e"ie dt = z/ (cos(n + 1)t + isin(n + 1)t)dt
|z—al=r 0 0

_ 2mr neu n=—1
N 0 neu n# -1

Hé qua. Cho v la duong cong tron. Néu day ham lién tuc (f,) hoi tu déu vé f trén

~*, thi f lién tuc trén v* va
tim [ fo= [ 1,

i.e. ¢6 thé chuyén ddu gidi han qua ddu tich phan.

Chitng minh: Tu tinh hodi tu déu suy ra tinh lién tuc clia f trén v*. Theo Tinh
chat (3) ta c6

[ g [ 11 < maxlfa = £120)
¥ ¥ v
Theo gid thi€t lim max|f, — f| =0 va L(v) < oo, suy ra giéi han trén. O
n—oo ~*
2.4 Nguyén ham. Ham F goi 12 nguyén ham cda ham f trén mién D néu
F'(z) = f(z),2€ D .

Vay néu F va G 1a 2 nguyén ham cda f trén mién D, thi tif tinh lién thong suy ra
G = F + const . Hon nita, cling nhu ham sd thyc ta cé:
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Cong thiic Newton-Leibniz. Néu f lién tuc va cé nguyén ham F trén mién D, thi véi
moi duong cong v trong D néi zy, z1, ta c6

[ = F) - Feao).
.
Chitng minh: Suy tir cong thitc Newton-Leibniz (dinh 1y ¢ ban cta giai tich) trudng

hop thyc: , ,
[ = [ sampma= [ Fomr o
= [[Forytat = Fo®) - FG@). D

Nhdn xét. Nhu vay, néu f c6 nguyén ham trén mién D, thi tich phan /f chi phu
thudc cic di€m mut 20, 21, khong phu thudc dang dudng cong. Trudng hgp nay ta con

dung ky hiéu f dé chi tich phan ctia f trén dudng cong cé diém diu zg, diém
20
cudi z;. Pic biét, ta ¢

Hé qua. Néu f cé nguyén ham trén mién D, thi véi moi duong cong kin ~y trong

Dtaco’ffzo.
¥

Pinh 1y sau khing dinh chiéu ngugc lai cda phdt bi€u trén ciing ding.

Pinh Iy Morera. Gid sit ham f lién tuc trén mién D va /f = 0, vdi moi duong

cong kin ~y trong D. Khi dé f c¢6 nguyén ham trén D.

Chitng minh: Trudc hét chd y 12 néu D 132 mot mién, thi véi moi cip diém zg,z € D
ton tai dudng gap khic L(zo, 2) = [20,21] + -+ + [2n, 2] trong D ndi 2o, z.
C6 dinh 29 € D. Pinh nghia F(z) = f, z € D.

L(z0,2)
Do gia thiét, tich phan v€& phdi chi phu thudc z ma khong phu thudc dudng cong ndi
29 V6i z, i.e. dinh nghia 13 ding din. V6i z € D va h dd bé, ta c6

| 0Q - s <
[z,2+h]

Tir tinh lién tuc cda f, bi€u thic cudi sé ti€n v& 0 khi h — 0. Vay F'(z) = f(2), i.e.
f c6 nguyén ham trén D. O

1
]

F(z+h) — F(z)
h

—f(2)| =

sup | f(C) — f(2)] -

CElz,2+h]

Vi du.
a) C6 thé dung cdc phuong phip tim nguyén ham nhu trudng hgp thyc dé tinh tich
phan. Ching han, ding nguyén ham truc ti€p

21 21 1
/ cos zdz = sin z; — sin zp, / Ay = —— (T = 20T, (n#£ 1)
20 20 n + 1
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hay tich phan tirng phan

a a
/ zezdz:zez|8—/ e“dz = ae® — e + 1.
0 0

o
b) Néu f(z) = Zak(z — 20)*, trén dia D = {|z — z| < R}, thi v6i z € D ta c6
k=0

N — O k+1
/ f= Z (z—20)""".
20 =0 k+1

1
¢) Ham f(z) = — 1a khong c6 nguyén ham trén C\ {0}, vi tich phan trén dudng cong
z

1 N
kin f —dz = 2mi # 0. Tuy nhién, f lai c6 nguyén ham trén mién D = C\ {z =
lz]=1 2

te™™™ ¢ > 0}, ching han nhdnh chinh cda him log. Vay tinh chit hinh hoc ctia mién
c6 vai trd quan trong trong bai todn ton tai nguyén ham.

3. PINH LY CAUCHY
Trudc hét ta chdp nhan dinh 1y dé thdy, khé chitng minh sau
Pinh Iy Jordan. Moi duong cong kin v chia C thanh ding hai mién, i.e. C\ 7*

la hop cia hai mién D., va Dif cé cung bién v*, mién D., gidi ndi goi la mién trong
con D!, khong gidi ni goi la mién ngoai.

D,

/
oA D’y
mi€n trong

mi€n ngoai

2

Mién D C C goi 12 mién don lién néuu véi moi dudng cong kin + trong D mién trong
D, gi6i han bdi « chita trong D. Mién khong don lién goi 1a mién da lién.

Mot cdch tryc quan mién don lién khdng c6 “16 thiing”. Cdc vi du sau minh hoa cho
khai niém nay.

Vi du. Cdc mién 16i hay mién hinh sao 1a don lién. Ching han: mit phing C, dia m&
D(zp,7) ={z € C: |z — 29| < r}, hinh tam gidc, hinh chit nhit, - - -.

bia thing D(zo,7) \ {20}, vanh A={z € C:r < |z — 2| < R} (0<r < R), la cdc
mién da lién.

Dinh 1y sau dugc xem 12 quan trong nhit cda 1y thuyé&t ham phic:
3.1 Pinh Iy Cauchy cho mién don lién. Gid siz f € H(D), D la mién don lién.

Khi do
]{ f(2)dz =0, vdi moi duong cong kin ~y trong D.
,y
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Chitng minh: Sau diy 1a ching minh ctia Goursat. Chia ra 3 budc.
Budc 1: « 1a bién tam gidc A C D. Pat I(A) = % f(z)dz.
0A

Chia A bing cdc dudng trung binh, v6i dinh huéng nhu hinh vé&, ta c¢6 4 tam gidc con
Al A2 A3 A* C D. Do tinh phy thudc huéng I(A) = I(AY)+IT(A2)+T(A3)+I(AY).

. 1
Viy ton tai A; = AF sao cho |I(AF)| > ZyI(A)y.

Ti€p tuc chia Ay, ... , ta ¢6 mdt ddy cdc tam gidec {A, },eN, thda:

e ADAI DDA, D+

1
o [[(An)] 2 FII(A)].

1
o 04, = 5;10A]

Theo dinh 1y Cantor 1.3.5, tdn tai duy nhit zg € A,,, Vn.
Tu tinh kha vi tai zg ta c6:

f(2) = f(20)

Ve>0,30>0: |z—2 <= — f'(20)| < e (a)
Z— 20
Vi § d6, ton tai ng sao cho: n>ng= A, C{z€ C:|z— 2| <d}. (b)

Vay khi n > ng, z € 0A,, thi

[f(2) = f(20) — f(20)(z — 20)| < €|z — 20| < €|0A,| < 6|026|. (c)

Mit khdc, do A dz = 7{9A zdz = 0, ta co
§UE =T~ e — )z = §  f)ds = 1(A). (@)
0An 0An
T (a)(b)(c)(d) suy ra

B eloA|?
|0A,] = T

A _ yop s < €10Al
< <
<l <

Suy ra I(A) = 0.
Budc 2: + la bién clia da gidc. Phan hoach da gidc d6 thanh hitu han tam gidc (c6
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thé€ c6 chung canh): Ay, - A,.

Khi d6 bién dinh huéng cho bgi: T' = 0A; + - -+ + 0A,.

(chid y 13 canh 2 tam gidc ké nhau 1a d6i huéng). Tir d6 suy ra két qua.

Buéc 3: ~y tron tiing khic. Do tinh lién tuc déu clia f trén mién déng gidi han béi v,
khi 21, 2o trong mién d6, ta c6

Ve>0,30>0: |21 — 22| <d=|f(z1) — f(z2)| <e.

Phan hoach 7 bdi cdc diém zg, 21, - - , 2, sao cho: cdc cung con vy, ndi 2y, Zk+1 O dd
dai || < &' < 4, va dudng gap khiic T' nSi cdc diém chia d6 chia trong D.

~

Khi d6 <eL(v),

Lf_zk:f(zk)(zk+1_zk Zk:/%f f(z))
Z/ (f = £(z)

|/Ffzf(zk)(zk+1zk
k [20s200t]
Lf_Af‘<2eL7.V@y L=l f=o0. -

< eL(T") < eL(7).

Suy ra
Tu dinh 1y trén va dinh Iy Morera, ta c6

Hé qia. Gid sit D la mién don lién. Khi dé néu f chinh hinh trén D, thi f cé
nguyén ham trén D. Pdc biét, moi ham chinh hinh trén mét tdp mé déu cé nguyén ham
tai lan cdn mdi diém.

Chii §: Dinh Iy trén khong ding cho mién da lién. Ching han, ham f(z) = 1/z
d
chinh hinh trén C* = C \ {0}, nhung E —omi 0.
2l=1 2
Vi du trén ciing khing dinh khong ton tai nhdnh gidi tich ctia ham log trén C*, vi néu
ton tai thi n6 12 nguyén ham cta f(z) = 1/z trén C* nén tich phin trén phdi bing 0.
Tuy nhién, n€u D 12 mién don lién khong chita 0 (ching han mit phing cit nita dudng
2 : d
thing thue D = C\ {z = te', ¢ > 0}), thi f ¢6 nguyén ham F(z) = f = véi
L(207 ) z
L(20,2) l1a dudng cong trong D ndi 29,z € D (khi d6 tich phan khong phu thudc dang
dudng cong ma chi phu thudc 2 ddu mit). F chinh 12 mdt nhanh gidi tich clia ham
log trén D thda Inzg = 0.

Tuong ty d6i v6i mién ton tai nhanh gidi tich ctia ham 2z = e 11 2,
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C6 thé téng quét dinh ly trén cho mdt 16p cdc mién da lién c6 dang sau.

Ta hi€u mién c6é bién dinh huéng 12 mién D c6 bién 9D 1a hitu han cdc dudng cong kin
tron tirng khic rdi nhau vg, v, - - -, Yn, dUOng cong g goi la bién ngoai con vy, , v,
14 cdc bién trong, thda diéu cic kién:

(1) D chita trong mién gidi han bdi v va chita trong mién ngoai cda i, -+ , V.

(2) V6ii,j € {1,--- ,n}, vd i # j, 7; thudc mi€n ngoai clia ;.

Mot céch truc quan, D dudc dinh huéng thuin nhu sau: néu “di doc theo huéng” clia
mdi dudng cong d6, thi mién D & phia “trdi”. N6i mot cach khdc, bién ngoai dinh
huéng “ngudc chiéu kim dong hd”, cdc bién trong dinh huéng “thuin chiéu kim ddng
ho”.

Chu y: 6] day khong néu dinh nghia chdt ché khdi niém: hudng, dinh hudng,...

—

0

N

3.2 Pinh Iy Cauchy cho mién cé bién dinh huéng. Cho f la ham chinh hinh trén
mién chita bao dong ciia mién cé bién dinh huéng D. Khi dé

f(z)dz=0, trong dé6 0D dinh hudng thudn .
oD

Chitng minh: D€ chiing minh chi cAn b6 sung vao D cdc cip dudng ndi cdc dudng
bién trong vdi bién ngoai, c6 huéng ngugc nhau (e.g. hdy b3 sung vao hinh trén).
Khi d6 tich phin trén 0D dugc bi€u dién thanh tich phin trén dudng cong kin trong
mién don lién. Pinh 1y suy tif dinh 1y 3.1 . O

Vi du. Tinh I(y) = j{ : , v6i v la dudng cong kin, dinh hudng thuin, khong
~zZ—a
qua a.

Truong hop 1: ~ khong bao quanh a, i.e. mién D., gi6i han bdi v khong chia a. Khi
dé 12 chinh hinh trén D,, nén I(y) = 0.
” —

a
Truong hgp 2: v bao quanh a. Goi U la dia tdim a bdn kinh 7 dd bé sao cho U C D,,.
Ap dung dinh 1y 3.2 cho mién D := D, \ U, ta ¢6 9D = v+ dU~. Tt I(dD) = 0,
suy ra

= 2mi.

1 =10v)=§ =

oU = — a
Dé€ y 1a tich phan trén khong phu thudc dang dudng cong kin, ma chi phu thudc vi tri
clia dudng cong d6i v6i diém “ky di” ctia ham dudi ddu tich phan.
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U

bao quanh a khong bao quanh a

3.3 Cong thiic tich phan Cauchy. Cho f la ham chinh hinh trén mién chita bao
déng ciia mién cé bién dinh huéng D. Khi dé

A Q) f(z) néu z€D . ) .
5l /8D C—zdc =10 A (0D dinh hudng thudn )

Chitng minh: Cho zp € D. Goi U = {|z — 20| < r} ¢ D, K = D\ U. Khi d6

0K = 90D UOU~. Vi ) chinh hinh trén mién chita K, nén theo dinh 1y 3.2 ta
z — 2

7

CO

f(z) dy — Mdz = i/% f(zo +re't)dt
0

0D 2 — 20 6U27~7r5 — 20
— i [ (ot ret) = flzo))dt + 2rif(z0)
0
Chitng minh tich phan trong biéu thifc cudi — 0, khi 7 — 0: Do f lién tuc trén U,

nén vdi € > 0, ton tai § > 0 sao cho |z — 29| < J = |f(2) — f(20)] < e
Vay khi r < 6, |20+ ret — 29| =7 < 8. Suy ra |f(z0 +ret) — f(z0)| < e. Vay

27 .
[ o+ re) = fleo))it] < e2m
0
T d6 dé dang suy ra ding thic cAn chiing minh. O
Nhdn xét. Qua dinh 1y trén ta thdy gid tri cia mot ham chinh hinh trong mot mién

hoan toan dugc xdc dinh bdi gid tri ciia n6 trén bién mién d6. Ching han, néu
0D = {|z — zo| = r}, thi

1 2 +
f(z0) = o Jo f(zo +re')dt.
Vi du.
. efdz . .
a) Xét I(y) = / Ae—3) Ta tinh I(~y) trong 3 trudng hgp sau:
Truong hop 1: ~ := 7 1a dudng tron tim 3 bdn kinh 3/4.
z 3

Lic nay 7; chi bao quanh 3, nén I(v;) = 6—]2:3 = %.
z
Truong hop 2: v := 2 1a dudng tron tim 0 bdn kinh 1/4.
e® 1

2_3’,220 Y

Vi 72 chi bao quanh 0, nén I(y3) =
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Truong hgp 3: ~ := 73 1a dudng tron tim 1/2 bédn kinh 5.
° 1
Vi 73 bao quanh cd 2 diém 0 va 3, nén I(y3) = I(y1) + I(72) = 5(63 —1).

Béng 1ap luan nh trong vi du & 3.2, dé dang suy ra gid tri I(y), v6i moi dudng cong
kin « khéng di qua 0, 3.
b) Cho D = {|2| < 2,Imz > 0}. Khi d6

1 / ZZdZ ezz 6_1
27i Joap 22 + 1 z+z|z iy

3.4 Khai trién Taylor. Néu f la ham chinh hinh trén tdp mé D, thi f gidi tich trén
D. Cu thé, véi moi zy € D, tén tai chudi lity thita S(Z) € C|[Z]] ¢é bdn kinh héi tu
R > d(29,0D), sao cho ta c6 khai trién Taylor cda f tai 2

o0

f(z) =5(z— 2) Z (z—20)*, |2 — 20| < d(20,0D) ,

(k)

Chitng minh: Goi 0 < r < R. Khi d6 U = {z € D : |z — 29| < r} C D. Theo
cong thic tich phan Cauchy, véi z € U, ta cé

trong do ay =

- = f’Uf(O(C_IZO)“g:Z)dC
- QLMAUJC(C);%M
- 3 (Lo e

trong d6 ding thitc cudi suy ra tir tinh hdi tu déu cda chudi trén.
Cong thic cho ay suy tr tinh duy nh4t clia chudi liiy thira (nhan xét 11.3.4). O

Nhdn xét. Duya vao Pinh ly trén, c6 thé dung phuong phdp hinh hoc dé€ tim bdn
kinh hoi tu clia mot chudi lily thira biéu dién mot ham f. Ching han, ta c6 khai trién
Taylor tai O:

1
z—a (1fz/a Z ak+1 (a #0)-

Vi ham 1/(z — a) khong chinh hinh tai z = a, nén chudi v&€ phdi c6 ban kinh hdi tu
R=d(0,a) =|a
Né&u f chinh hinh trén toan bo C, thi f c¢6 bi€u dién thanh chudi Taylor trén C, i.e.
ban kinh hoi tu ctia chudi 12 co. Mot ham nhu vy goi 1a ham nguyén. Ching han,
€?,sin z, cos z, la cdc ham nguyén.




1I1.4 Cdc tinh chdt co bdn ciia ham chinh hinh. 46

Vi du. Do tinh duy nhét, khong nhat thi€t phai tinh f*)(z5) ma c6 thé tinh hé s
ctia khai trién Taylor biing nhiéu cich.

a) e‘cosz = ¢e*- 5(6” +e )= 5(6(1+2)Z + e(l_z)z)
T (1+i)k+ (1 —4)k
= §Z(+l);( ) & zecC.
k=0 '

2 . .0 N z . N , N 2.
b) b¢€ khai trién Taylor ham 9 tai zg = 1, ta thyc hi€n cdc bi€n doi
z

z 2 2 1 2. (—1)F .
O 2t 2 31+ (z—1)/3 3%%%(2> lz=1]
1 0
c) T i 1— 224 2"~ 204 ... tich phan trén [0, 2] ta c6 khai tri€n Taylor clia
z
nhdnh chinh ham arctang:
2 5 T
tgr=2— o b — g 1.
aretgz =z — + =% + 2| <

Tu chifng minh dinh 1y trén ta cé:

3.5 Cong thidc Cauchy cho dao ham cdp cao. Cho f € H(D). Khi dé f ¢ dao ham
moi cdp f™(z),¥n € N,Vz € D, va

= o ¢ — Z)n-i—l’
trong dé v la duong cong kin bao quanh mién trong D chita z, dinh hudng thudn.

d
Vi du. Cho I(y) = ]{%, trong d6 v la dudng cong kin, dinh huéng thuén,

khong qua . Nh vi du ¢ 3.2 va cong thic trén ta c6

2!
0 néu v khong bao quanh i

211 .
I(y) = { ™ (cos2)"|.—i néu ~ bao quanh i
Nhén xét. Nhu vdy nhd 1y thuyét tich phadn Cauchy ta da thong nhat khdi niém ham
gidi tich (cia Weierstrass) vdi khdai niém ham chinh hinh (cta Cauchy va Riemann),
i.e. A(D)= H(D). Cu thé, ta c6:

Pinh ly. 3 diéu sau la tuwong duong:
(W) Ham f c6 thé khai trién thanh chudi lity thita trong ldn cdn zo.
(R) Ham f khd vi trén mét ldn cdn cia z.

(C) Ham f lién tuc trong mot ldn cdn ciia zg, va 7{ f =0, vdi moi duong cong kin
¥

trong ldn cdn do.
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4. CAC TINH CHAT CG BAN CUA HAM CHINH HINH

4.1 Bat ding thitc Cauchy. Gid sit f chinh hinh trén mién chita dia déng {z :
|z — z0| <r}. Khidé
k'M
90 < B rong a6 M(r) = max |f(2))
T

|z—2z0|=r

Chitng minh: Suy tr bi€u dién tich phin ctia dao ham cAp cao 3.5 va bit ding thic
tich phan. g

Ap dung bit ding thic trén v6i k = 1 rdi cho r — +o0 ta c6
Pinh 1y Louville. Néu f € H(C) va f gidi ndi, thi f la ham hdng.
Duya vao dinh 1y Louville ta ¢c6 mot chitng minh ngédn gon cho dinh 1y sau.

Pinh 1y c¢ ban cua dai s6. Moi da thicc bic n > 0 trén truong sé phitc deu cé
nghiém. Do dé cé diing n nghiém (ké cd boi).

Chitng minh: Cho P(Z) 1a da thdc bdc n > 0. Néu P vd nghiém, thi % chinh
hinh trén C va gi6i ndi vi zli_)rglo P(z) = co. Vdy P = const, i.e. bdc cia P l1a 0, vd
1y.

Khéng dinh cudi suy tir phép chia da thic. O

4.2 Dinh Iy gia tri trung binh. Néu f chinh hinh trén mién chita dia déng {z :

|z — 20| <1}, thi
1 27

f(z0) = 2 Jo fzo+ reit)dt.

D& y 1a biéu thiic v€ phdi chinh 13 gid trj trung binh clia f trén dudng tron |z —zg| = 7.
Chitng minh: xem nhin xét & 3.3 . O
Tu dinh 1y trén suy ra:

Nguyén ly maxima. Néu f chinh hinh trén mién D va f # const, thi modul |f|
khong thé dat cuc dai tai zy € D.

Chiing minh: Gid st |f(z0)| 12 cuc dai dia phuong. VGi moi » > 0 dd bé, theo
dinh ly trén ta c6

1 2T

; 1 2m ) 1 2 .
(8 Go) |1 Gotre e = o [ o+ eyt [T Gotret)lae < o

%0 2

Do |f(20)| — | f(z0 + re®)| > 0, nén né phai bing 0, véi moi ¢ € [0,27] va moi r > 0
dt bé, i.e. |f] 1a hing & lan cin 2.
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Tap {z € D : | f(z)|1a cuc dai dia phuong } khéc trong va theo chitng minh trén né vira
déng vira mG trong D. Do tinh li€n thong tdp d6 phdi tring véi D, i.e. |f| = const .
Suy ra f = const (xem vi du 1.2.b). O

Hé qua. Néu f chinh hinh trén mién gidi ngi D, lién tuc trén D. Khi dé |f| dat
gid tri I6n nhdt & trén bién: max |f| = max | f|. Hon nita, néu ton tai zy € D sao cho
D

|/ (20)| = max | f
D

, thi f = const .

Chi y: Piéu kién D gidi noi 12 can thi€t d€ ton tai max | f|. Khi mién khong gidi ndi,
D

chdng han v6i D = {2z : Rez > 0}, ham e* 1a chinh hinh trén d6 va c6 modul khong
gi6i ndi. Tuy nhién max le*| = 1.

Sau diy 1a mot dp dung cda nguyén 1y trén.

Bé dé Schwarz. Gid sit f chinh hinh trén dia don vi D = {|z| < 1}, f(0) = 0
va |f| < 1. Khi dé

(1) 17()| < |2|.¥z € D.

(2) Néu ton tai zg # 0, sao cho |f(20)| = |20, thi f(z) = Az, vdi |\ = 1.

Chitng minh: Vi f(0) = 0, nén @ chinh hinh trén D. Theo gid thiét ‘@‘ < %,
khi |z| = r < 1. Theo nguyén ly maxima M’ < 1 khi |z]| <.

Do r tuy ¥y nén |f(2)| < |z|,Vz € D. ’ '

Néu ’f(z()) ‘ véi zg # 0, thi theo nguyén 1y maxima @ =\ = const. O

4.3 Pinh 1y duy nhat. Cho f,g la 2 ham chinh hinh trén mién D. Néu f = g
trén mot tdp cé diém gidi han thudc D, thi f = g.

Chitng minh: xem IL.5.3 U

4.4 Dinh 1y anh xa mé&. Moi ham chinh hinh khdc hing la dnh xa md, ie. néu
f € H(D), thi dnh tdp mé trong D qua f la mé. Ddc biét, néu D la mién, thi f(D)
la mién.

Chitng minh: Chi cin ching minh: v6i moi 29 € D, v6i f(z0) = wo, ton tai €,5 > 0
sao cho f({|]z — 20| < €}) D {Jw — wo| < 6}.

V6i z & 1an can zp, ta ¢6  f(2) —wo = (2 — 20)¥g(2), v6i g # 0.

Véi e > 0 dd bé |g(2) — g(20)| < |g(20)], |z — 20| < €. Suy ra tén tai nhanh don tri
h(z) cha {/g(z) trén mién |z — 20| < e.

Vay f(z) —wo = h*(2). Vi h/(z) # 0, theo dinh 1y 4nh xa ngugc dia phuong suy ra
diéu can chitng minh. O

Tu chitng minh trén, ta c6 cdc hé qua sau:
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Ménh dé. Gid sit f chinh hinh tai zo, f(z0) = wo va zy la khong diém cdp k ciia
f(2) —wo. Khi dé vdi moi € > 0 dii bé, ton tai § > 0, sao cho khi |w —wo| < & phuong
trinh f(2) =w, c¢6 ding k nghi¢m trong mién |z — z| < e.

Pinh 1y ham ngugc. Gid sit f chinh hinh tai zg va f'(z0) # 0. Khi dé f la khd
nghich dia phuong va f=1 la chinh hinh tai f(2o).

4.5 Pinh 1y Weierstrass vé hdi tu. Gid sit day ham f, € H(D) hoi tu déu vé
ham f trén méi tdp compact K C D. Khi dé f € H(D) va day f,gn) héi tu déu vé f()
trén méi compact K C D.

Chitng minh: Tir dinh 1y Morera va tinh hoi tu déu ta c6

7§f: lim f, = limj{szo,

trong d6 ~ la dudng cong kin trong D. Lai theo dinh Iy Morera f € H(D).

Theo cdng thic tich phan Cauchy cho dao ham ta cé f]gn) — f(), qéu trén mdi dia
doéng {|z — z0| <7} C D. Su hdi ty déu trén vin ding trén mdi compact K C D, vi
c6 thé phi K bdi hitu han dia trong D. O



IV. Ky di - Thing du

1. CHUOI LAURENT

1.1 Chudi Laurent. Xét chudi hinh thifc v6i s6 mii Am ctia Z dang

a_ a_ a_
Sgzkb=l 2 88, g ec
k<0
N < 1 N .
Chubi trén chinh 1a chudi liy thira cta A nén theo dinh ly Abel ton tai r > 0, sao

cho chudi trén hoi tu khi |z| > r va hoi tu déu trén mién |z| > p > r.
Chudi Laurent 1 chudi dang:

+oo
Z a,ka = Z aka + Z aka .
k=—o00 k<0 k>0

Chudi trén goi 12 hdi tu n€uu phidn mii 4m va phin mii khong 4m hoi tu.
Ton tai cdc ban kinh hoi tu R,r sao cho chudi ¢6 s6 mi duong hoi tu khi |z| < R,
con chudi s& mii A&m hoi ty khi |2| > r. Vay chudi Laurent trén hoi tu khi » < R. Khi
“+o0o
a6 f(z) = Z arz®, xdc dinh mot ham chinh hinh trén vanh r < |z| < R. Ngugc
k=—o00
lai, ta cé:

1.2 Khai trién Laurent. Néu f la ham chinh hinh trén vanh r < |z — z| < R,
thi f c6 thé biéu dién duy nhdt dudi dang chubi Laurent tai z

—+00
f(z)= Z ak(z—zo)k , 7 <|z—20| <R,
k=—o00
1 f(z)dz

trong dé h¢ s6 ap = — (r <p<R).

270 Jz—z0|=p (2 — 20)F+1
Chitng minh: V6i mdi 2,7 < |z — 20| < R, goi r1, Ry sao cho 7 < r; < |z — 20| <
R; < R. Theo cong thitc tich phan Cauchy

_ f(Qd¢ £(Q)d¢

2mi (—=z —zol=r1 (— 2

Hon nita, ciling theo cong thiic tich phan Cauchy, 2 tich phan v& phdi khong phu thudc
1, R1, nén ching bing tich phan 1dy doc | — 20| = p.

Tich phian diu cé khai trién Taylor (phin mii khong 4m) nhu chitng minh dinh ly
111.3.4.

Dé€ khai trién tich phin sau dudi dang chudi, ta cé (chli y vi tri clia ¢ véi z)

¢ — 20

Z— 20

1 1 1 C—z)k
¢ == C— 2 _Z YR vi

—Z Z—Zol Z—Zo

<1

Z — 20
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T tinh hoi tu déu c6 thé 14y tich phan qua diu > ta c6 tich phan thif nhi 13

< O~ k o
[ O3 P of U LGSRt IR

k=0

Tir d6 suy ra khai trién cAn tim. O

Hé qua. Moi ham f chinh hinh trén vanh r < |z — z| < R, ¢dé phdn tich mot
cdach duy nhdt: f = f1 + fo, trong dé

2)=> ap(z - 20)F € H(|z — 20| < R), goi la phan déu ciia f tai 2o
k>0

z) = Z ar(z — 20)* € H(r < |z — 20|), goi la phan chinh ciia f tai 2.
k<0

Nhdn xét. Ciing nhu khai trién Taylor, do tinh duy nhit, nhiéu phuong phdp dugc
ip dung dé€ khai trién Laurent. Ching han, d€ viét khai trién ham f trong vanh
r < |z — 20| < R, tai zo, phan tich f thanh tdng hay tich cic hAm ma khai trién

Laurent da biét:

z—
Vi du.
a) Khai tri€n ham f(z) =

, e@20)" gin(z — zg)*, -
a

1
tai zg. C6 2 trudng hop:
—a
- Khai trién trong dia |z — 20| < R (khi d6 |a — zo| > R):
1 1

_ _ . Z*ZO
f(Z)_(Z—ZO)—(a*ZO)_ a—zol Z—ZO_ Zafzokﬁ‘l

a — 20

- Khai trién phia ngoai dia |z — 29| > R (khi d6 |a — 29| < R)

F(2) = 1 1 1 _i (a — z)"
C(z-z20)—(a—2) z—z0_ %2 & (z— ozt
z— 20
b) Cho f(2) — L Phan tich £(2) = ~(—— + ——). Xét mot s& khai
0 ——————. Phén tich f(z) = = . Xét mot s6 khai
(1-2)(z+2) 3'1—2z  z+2 '
tri€n:
- Khai trién tai 0 trén Vénh1<|z|<2:
1 1
-z zl—l/z Z "7+1”z’>1
1 11 i(—nkzk 2 <2
= — = 7 1 z .
k+1 ’
z42 2(1+z/2) = 2
1 (=1
Vay f(z) = 3 Z 2k+1 Z k+1 , 1<zl <2
k=0
- Khai trién tai 1 trén Vanh1<|z—1|<3:
1 1 1 1 L (—D)F(z—1)F

_ _1! _ ]z —1] < 3.
242 31(2-1) 31+(z-1)/3 ,;) 3h+1 Iz =1l
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(1) (z = 1)P 1
Vay f(Z)ZkX_%( )3,22 )3(2_1),1<|21|<2.

¢) Khai trién Laurent ham f(z) = sin Ll tai zg = 1. Phin tich
P

1
=sin(1 + ——) =sin1cos + cos 1sin

.z
sz—l z—1 z—1 z—1

Tur khai tri€n Taylor him sin va cos suy ra

00 )k
Z z # 1.

— 12k’
k:o (z—1)
1 (-1
i = 1.
- ;m itz — 121 # 7
Tir d6 suy ra khai tri€n Laurent clia f(z), z # 1.

2. PIEM KY DI CO LAP

2.1 Dinh nghia. a goi 12 diém ky di c¢6 1ap clia ham f n€uu f chinh hinh trén mot lin
cin thing 0 < |z — a| < R ctia a. Piém ky di ciia ham f dugc phan loai:
e Ky di kht duge: néu tOn tai lim f(z) € C.
zZ—a
e Cyc di€m : n€u  lim f(z) = cc.
zZ—a

e Ky di c6t yé€u : néu khong tdn tai lim f(z) (trong C).
zZ—a

Bai tdp: Chiing minh cdc ham sau c¢6 ky di khir dudc, cuc di€m va ky di cot y€u tai
) sinz 1 4/,
a = 0 tuong Ung: , —, e/%.
z z

2.2 Phan loai di€m ky di theo khai tri€n Laurent. Gid sit ham f ¢é ky di co
ldp tai a va cé khai trién Laurent

f(z):fl(z)—i—fz(z):Zakz—a Zakz—a 0<|z—a|l <R,
k>0 k<0

Khi do

(1) a la khit dugc khi va chi khi phdn chinh fy = 0.

(2) a la cuc diém khi va chi khi phdn chinh fo # 0 va chi c6 hitu han s6 hang.
(3) a la c6t yéu khi va chi khi phdn chinh fo c6 vé s6 s6” hang.

Chitng minh: (1) Néu f c¢6 ky di khit dudc tai a, thi |f| < M & lan cin a. Véi
k <0,
1 f(2)dz
2mi j{z al=p (z —a)k*!

Viy a;, = 0 néu k < 0, i.e. phan chinh f3 = 0.
Ngudc lai, n€u fo =0, thi lim f(2) = ag. Vay a la k¥ di khi dudc.
zZ—a

lag| = <Mp™* —0 khip—0.
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2 . . o . 1 ’ N . 9 . N .

(2) f c6 cyc diém tai a khi va chi khi ? c6 ky di khu dugc tai a. Theo (1), ton tai

1
m € N: 702 = (2 —a)™g(z), v6i g chinh hinh tai a, g(a) # 0.

z

- . h(z) o L
Viét ciach khdc f(z) = ——=—, v6i h = — la chinh hinh tai a, h(a) # 0.
(z—a)m g
Nghia 13 khai trién Laurent c6 phin chinh khdc 0 va hitu han s& hang:
1

f(z) = m(a_m +a_mi1(z—a)+--F+a_1(z—a)™ 1) + fi(2).

(3) 1a trudng hgp con lai. O

Nhdn xét. Tu ching minh trén, ta c¢6 dic trung cia cdc loai ky di:

(1) a 1a ky di khit dugc cia f khi va chi khi f bi chdn tai 1an cdn a. Hon nia, vi
khai trién thanh chudi Laurent chi c6 phan déu fi, nén f c6 thé thic tri€n thanh f;
12 ham chinh hinh tai a.

Ching han, ta c6 khai trién Laurent:

sinz_l( z3+z5 ) = 22+z4 0< |2
: 2z 31 Bl 31 " 5l ’ e
~ N sinz 2 . .0 N N co L . . c .
Viy ham f(z) = c6 thé thiac trién thanh ham gidi tich tai 0 khi cho gid tri
z
f(0) = 1. \
(2) N&u a 1a cuc diém cia f, thi theo chirng minh trén ton tai m > 0, sao cho
h(z) am, —ma1 a_1 . x
— — hin dé
R T e L e L S Cry R

trong d6 h(a) = a_p, # 0. Khi d6 m goi 12 c4p cia cyc diém a.

Nhu vy tai cdc cuc diém ham c6 tinh chit nhu phan thifc hitu i —. Ciing nhu

c
(2 —a)
tap khong diém ctia mot ham chinh hinh, tip cdc cyc diém clia mdt ham la tap rdi
rac.

(3) Tai lan can di€m ky di cdt y&€u dang diéu ham rat xdu. Trudc hét xét vi du sau.
Ta c6 khai tri€n Laurent tai 0:

1

1
ez =l+-tom+gst- >0

2022 3123

Nén ham e* cé ky di cot y&u tai 0. Hon nifa ta c6 khing dinh sau:

Vé6i moi € >0, f(2) = e, c6 thé nhan moi gid tri w € C\ {0} v6i 0 < |2| < e.

That vay, v6i w = pe? # 0, phuong trinh f(2) = e = w, luon c6 nghiém dang
2z = 1/(lnp+i(0+2km)), k € Z. Hon nita klg{)lo\zk\ = 0. Vay khi k£ @ 16n

fzr) = w,|zk] <e.
Mot céch tong quét, ta c6 cdc dinh ly sau:

Dinh 1y (Cosorati-Weierstrass). Gid sit a la ky di ¢t yéu cia f. Khi dé vdi moi
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w € C, ton tai day z, — a sao cho f(z,) — w, khi n — oo.

Chitng minh: Phan ching, gid st tdn tai w € C, € > 0 sao cho |f(2) — w| > e,

voi moi z thudc lan cin a. Suy ra ham g(z) = f(Z)J c6 cuc diém tai a. Vay ton
z—a
h h
cuc di€ém hay ky di khit dugc ciia f. Vo Iy. O

Nhu & vi du trén, ta néu & diy két qia siu sic hon sau day: !

Pinh Iy (Picard). Tai ldn cdn thiing ciia diém ky di c6t yéu, ham chinh hinh nhdn
moi gid tri thuéc C cé thé loai triv mét diém.

Sau day 1a mot 4p dung clia cdc k&t qia néu trén.

Phan tich ham hitu ti thanh cdc phin thdc hitu ti. Cho 2 da thiic P,Q. Gid
sit oy, -, oy la nghiém ciia Q vdi cdp my, - -+ ,my, tuong ting. Khi dé ta cé

P(z2)

n 1
Q(z) :G(Z)+ch (z—aj> ’

. P
Chiing minh: Trudc hét chia da thidc ta ¢6 Q( ) _ G(z) +
trong d6 R la da thic véi deg R < deg Q.

. N A 2 2 . e R 2 R . N g 9
Goi g; la phin chinh cua khai trién Laurent cua 0 tai ;. Do «; la cuc di€m cua

1
— cip < mj, nén gj(z) = G, (ﬁ)’ véi G; la da thitc véi deg G; < m;. Theo
J

Q
R d
hé qua & 1.2, @ — g; 1a chinh hinh trén C trir tai cic diém o, # ;. Suy ra ham
R n
h = 0 Z g; 1a chinh hinh trén C. Hon nita h gidi ndi, nén theo dinh 1y Louville

j=1
h = const . TUr d6 suy ra phan tich trén.
Cdc hé s clia cdc G; c6 thé xdc dinh bdi phuong phdp hé s§ bt dinh.

2.3 Ky di tai vo6 cung. Nhu di dé cip & chuong I, &€ xét ham f tai 1an cin oo,
N 1

ta da vé xét ham ¢(z) = f(—) tai 0. Khi d6 cdc khdi niém tuong Gng tai oo dugc
z

dinh nghia mot cdch tu nhién, chﬁng han:

Khai tri€n Laurent cda f tai oo 12 f(z) = Z apz" néuu p(z) = Z apz ",
k k

'Mo6t chitng minh don gidn c6 thé tham khdo: E.C.Titchmarsh, The Theory of Functions, 2nd ed.,
Ch.VIII §8, Oxford University Press 1939.
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00 goi 12 khong di€m (t.u. cvc diém, ky di ¢6t y&u) cia f néuu 0 1a khong diém (t.u.
cuc di€m, ky di c6t y&u) clia .

Cap ciia khong diém (cuc di€m) clia f tai oo dugc dinh nghia 13 cip clia khong diém
(cuc diém) cia ¢ tai 0.

Ménh dé. Mot ham nguyén cé cuc diém cdp m tai oo la da thitc bdc m.

. 1
Chitng minh: Do gid thi€t ¢(2) = f(=) = a—mz ™ + a—my12 "+, 2 £0.
z

Hon nita mot ham nguyén cé khai trién Taylor trén toan C, i.e. ¢6 phan chinh bing
0. Vay f(z2) = a_mz™ 4+ a_mi12™ L+ -+ ag. O

. . 1
T két qiia trén, suy ra néu f(z) 1a ham nguyén khong la da thdc, thi f(—) c6
z
z=01a ky di c6t y€u. Ching han, cdc ham: e/ sin(1/z), cos(1/z).

Mot ham phan hinh trén D 12 ham chinh hinh trén D loai trit mdt tdp céc diém
1

sin z

ky di loai cuc diém. Chéng han, ham hitu ti 1a phan hinh trén C, ham f(z) =
phan hinh trén C khong 1a hitu ti. Ta c6 két qlia sau.

Ménh dé. Mot ham phdn hinh trén C ma chi ¢ hitu han cuc diém va oo la cuc
diém la ham hitu ti.

Chitng minh: Goi g va g; la phan chinh clia khai trién Laurent hAm phan hinh f
tai oo va tai cdc cuc diém. Do gid thi€t g 13 da thifc con cic g; 1a cdc ham hitu
ti. Theo hé qia 1.2, ta c6 f — g — > g; 1a ham gidi tich, giéi ndi trén C. Do d6
f=g+> g;+ const O

3. THANG DU

Nhu da xét & chuong III, viéc tinh tich phdn doc theo dudng cong kin cia mot ham
dugc dua vé tinh cédc tich phin theo dudng tron bao quanh cic diém ky di cda ham
d6. Sau day 1a thuat ngit va cdc cong thitc d€ cu thé héa két qlia d6.

3.1 Dinh nghia.
Thiing du cla f € H(0 < |z —a| < R) tai a 12 s&

1

27, |z—al=r

Res f = f(z)dz, 0<r<R.

Thing du tai vé cung cla f € H(|z| > R) 1a s6

Pigrsf:—i/l f(z)dz, r > R.

211

Nhdn xét. Theo dinh ly Cauchy, tich phan trén khéng phu thudc dudng cong kin bao
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quanh a, nén khong phu thudc r.
Tu “thdng du ” (residue) c6 thé gidi thich nhu sau:
Tur khai trién Laurent clia f tai a, ta c6

1 1 =
s f = — dz = — —a))dz =a_;.
Res f = \z_a\:rf(z) Z=g |Z—a|=T(k:Z_ooak(z a)¥)dz = a_y

Res f
Suy ra f(z) — ¢ c6 tich phan trén moi dudng cong kin & 14n cin a triét tiéu, nén
z—a

ham d6 c6 nguyén ham.

3.2 Pinh 1y thiing du. Cho D la mién cé bién dinh héng. Gid sit f la ham chinh
hinh trén D trix tai hitu han diém ky di aq,--- , o, € D. Khi do

f(z)dz = 2m'ZRes f.
i

JOD

Chitng minh: C6 thé 1ap luan nhu & cdc vi du & II1.3, i.e. ‘khoét’ mién D bdi cic dia
tim o, rdi dung dinh ly Cauchy cho mién c6 bién dinh huéng dua tich phan can tinh
vé tich phan trén cdc dudng tron tim ay, k= 1,---n.

Sau didy la mdt chitng minh khéc.
Goi g; 1a phan chinh clia f tai cj. Khi d6 f — ), g; c6 bat thudng khit dugc. Theo

dinh 1y Cauchy / (f — Zgj) = 0. Vdichi y la Res f = Res g, ta c6 cong thifc
oD ; aj o

can chitng minh. U

H¢ qia. Néu f € H(C\ {ay, - ,an}), thi Res f=—> Res f .
(o] ‘771 aj

8 3

N z + z 2z R N 2 - A 9 N A 2 A

Vi du. Ham I c6 9 cuc diém la cdc cidn bdc 9 cua —1 . Tu hé qua trén
z

ta co

8 3 8 3 8 3
22+ z . z2°+z . z2°+z
/| dz=2mi 3 Res S — —omiRes ST 7]

2=2 29 +1 a2

Nh vay, thay vi tinh thing du tai 9 di€m, ta chi cin tinh thing du tai v cling tiét
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kiém nhiéu cong siic.
Bai tAp: Dung cong thiic 3 & phan sau dién vdo 6 trén.

Theo cong thitc thing du ta c6 thé dung thing du d€ tinh tich phin dudng. Sau
day 12 mot s6 cédch tinh thing du mot cach don gidn va hiéu lyc.

3.3 Tinh thang du.

Cong thitc 1: Khai trién Laurent ham f. Khi dé
Néu f(z) = Zak(z —a)k, 0<|z—a| <R, thi Res f=a_1.
a

k
Néu f(z) = Zakzk , |z| > R, thi Res f=—a_;.
X oo

Nhdn xét. Nhu vay néu a 1a ky di khit dudc, thi Res f = 0.
a

Vidu. Ta c6

2 COS N =(z—1)cos

z— z— z—1

(gt ) Y

1
Vay Rles Z COS 1 =a_;=-1/21=-1/2.

Coéng thifc 2: Néu a la cuc diém cdp m ciia f, thi

1
Res f = G =y Sl = @)™ )Y,
bdc bigt, néu f = g p(a) #0, ¥(a) =0, ¥'(a) # 0, thi Res f = ;f,((?)

Chitng minh: Theo gid thi€t
f)=a_m(z—a) ™ +a_mi1(z—a) ™ 4o (a_, #0).

Suyra (z—a)"f(z) =a—m+a—mr1(z—a)+-+a_1(z—a)" .

Tu Res f = a_1, suy ra cong thic trén. O
a
Vi du.
z ea‘

a) Res e _] o3 meu a#b

z:a(Z*a)(Z*b) ed neu a=2>=s

1 1

b) Res = — , trong d6 z, = (k+ 1/2)m.

z=2,C082  —sinzg

Cong thitc 3: Néu oo la khong diém cdp m > 2 ciia f, thi Res f = 0.
o0
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Néu oo la khong diém cdp 1 cia f, thi Res f = — Jim z2f(2).
o0 —
. 1
Chitng minh: Theo gid thiét f(~) = 2" (am+am+12+--+) (am #0). Vay f(z) = Q%Jr
z z
[s6 hang bac < m + 1]. Tir cong thitc 1 cho ta két qua. O

4. THANG DU LOGA - NGUYEN LY ARGUMENT

4.1 Thing du logarithm. Cho ham f gidi tich trén mién 0 < |z — a] < R. Khi
/
d6 thiing du loga cda f tai a dinh nghia 12 Res f?
a
Nhén xét. Gid st a 1a khong diém hay cyc di€ém cdp |m|. Khi d6 & lan cin a,
F(2) = (2 — a)"fi(2) , vi fila) # 0. Suy ra
flz)  m fi(z)

f2) z—a AG)

!/
Viy Res 7= m (= £ cdp clia khong diém hay cuc di€m cla a).
a
Ky hi¢u:
m  néu a 1a khong diém cap m cha f
—m  néu a la cuc diém cip m cia f

W(f, a) = {
Tu nhan xét trén ta co:

4.2 Pinh 1y. Cho D la mién cé bién dinh hudng. Gid sit f la ham phédn hinh trén mién
chita D, f c6 tdp khong diém Z C D va tdp cuc diém P C D déu hitu han. Khi dé vdi

moi g € H(D) ta c6

/BD g(z)f/(z)dz = 27 Z g(a)w(f,a).

f(Z) acZUP

Vi du. Theo ménh dé 111.4.4 néu f—wq c6 khong di€m cap k tai zo, thi v6i |w—wo| < I,
phuong trinh f(z) = w, ¢6 k nghi¢m z1(w),--- , zw) trong dia [z — 20| < €.
a) Ap dung dinh Iy v6i g(z) = 2", ta c6

1 f(z)dz

z?(w)+---+zﬁl(w):2—m . an(z)—w'
J|z—z0|=¢€

b) Khi f kh4 nghich dia phuong (m = 1), ta ¢6 bi€u dién hién ctia ham ngugc

-1 _ L 5 f(2)dz
fow) = 271 /ZZO|:6 f(z)—w’

Ap dung dinh 1y trén véi g = 1, ta c6:
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4.3 Nguyén ly argument. Vdi gid thiét nh dinh ly trén. Néu

® a1, ,ap la cdc khong diém vdi cdp mq, - - - , My fuong ung,
® (1, , 0By la cdc cuc diém vdi cdp ny,--- ,ng tuong ung, thi

q

1 f/zzni;mj:ND(f)PD(f)-

2mi Jop | o

Ky hiéu Np(f) 1a s6 khong di€ém cda f trong mién D ké ca boi.
Pp(f) 1a s8 cuc di€m clia f trong mién D k€ ca boi.

Nhdn xét. Pinh 1y trén goi 12 nguyén 1y argument vi ly do sau:
Cho f chinh hinh trén dia déng D = {|z — a| < R} va ~ la dudng tron |z — a| = R.
Xét tuyén déng I' : W(t) = f(v(t)) , 0 <t < 2w Cho w & I'([0,2]). Khi d6 s6
khong diém (k& cd bodi) clia f — w trong D 1a

1 fl(z)dz 1 2 W'(t)dt 1 aw

270 Jjsmaj=r f(z) —w — 2mi Jo t)—w 2miJrW—w

V& mit hinh hoc tich phan cudi (1a s6 nguyén) biéu thi s& vong tuyén I' quay quanh
di€m w theo chiéu thuian. Ky hiéu
1 dw

I = — .
(w, T) 2 Jr W —w

goi 12 chi s6 cia w doi véi T.

4.4 Pinh 1y Rouché. Cho f,g la cdc ham chinh hinh trén D, la mién cé bién dinh
huong. Gid sit |g(z)| < |f(z)|, z € dD. Khi d6 Np(f + g) = Np(f) .

Chitng minh: Ta 6 f+g = f(1+2) nén Np(f +g) = Np(f) + Np(1 + %).

f
Ta can ching minh Np(1 + %) = 0.
Cdch 1: Theo gid thiét ’(1 + ?) - 1‘ = ’?’ < 1trén 9D, i.e. (1+ ?)(GD) CH{w:
lw—1| < 1}. Suy ra tuyén ' = (1 + ?)(GD) khong quay quanh diém 0. Vay theo

|- 3
S|—= x|~
~. ~.
Qj\

w]
/\’;\
+
YRS
=12

Qj\
o
/~

e =

Il
hgk
T
—_
S~—
bl
3|
S|~
~ ~ +
Q
S NE
T
N
~ =
/_\/—\
e «|u
~—
= B
o

k=0

Giai thich: Do gi4 thi€t | 2| < 1 wén D, ta c6 ding thiic thd nhi. Sau d6 chuyén d&u

tich phan vao diu tong, diéu nay c6 thé dugc do tinh hdi tu déu cta chudi trén OD.
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g\ (9\"
Cic ham <?> (;) , ¢6 nguyén ham la

g k+1
(;) nén tich phan trén dD bing
O

E+1

Sau ddy la mot chitng minh khdc ctia dinh Iy co bdn cla dai s6:
Hé qia. Moi da thitc bdc n > 1 vdi hé s6 phitc luén cé n nghiém (ké cd boi).

Chitng minh: Truéc hét, d€ y 1a néu da thic P c6 bac n > 1, thi lim |P(z)] = oo,
nén moi nghiém clia P chda trong dia |z| < R, khi R @i 16n.

Viét P duéi dang: P(2) = a,2" + g(z), v6i a, # 0 va g 1a da thic bac < n.

R& rang khi R dd 16n |g(z)| < |anz"|, v6i |2| = R. Theo dinh ly Rouché s§ nghiém
(k€ cd boi) cda P(z) va a,z" trong |z| < R 1a bing nhau, viy biing n. O

Vi du. C6 thé dung dinh 1y Rouché d€ xdc dinh s& nghiém phuong trinh trong mot
mién nhu dudc minh hoa trong cdc vi du sau.

a) Xét sy phan bd nghiém da thic p(z) = 28 — 52° + 2z — 2.

Xét trong dia don vi |z| < 1. Ap dung dinh 1y Rouché véi f(z) := 523 va g(z) :=
p(2) — f(2). Khi |z| =1, |g(2)| < |28 + |2] + 2 =4 < |f(2)| = 5. Vay trong dia don
vi [z2| <1, p= f+ g c6 3 nghiém.

Xét trong dia |z| < 2. DBt f(z) := 28 Khi|z| =2, tacé |p(2)—f(2)| < 5|22 +]|z|+2 =
44 < |f(z)| = 256. Vay trong dia |z| < 2, p ¢6 8 nghiém.

Suy ra trong vanh 1 < |z| < 2 da thic ¢6 5 nghiém.

b) Cho f € H(|z| <1). Gid st |f(2)| < 1, khi |z| = 1. Phuong trinh f(z) = 2" (n > 1)
¢6 bao nhiéu nghiém ?

DPé trad 13i, xét f1(z) = 2™ — f(2). Khi @6 v6i |z| = 1 ta c6 |f1(2) — 2"| = |f(2)| < 1.
Vay trong dia |z| < 1, fi ¢6 cling s& nghiém vé6i g(z) = 2", nghia 12 n nghiém.

5. UNG DUNG THANG DU PE TINH TICH PHAN XAC PINH

Thiang du cho ta cong cu dé tinh mot sd tich phin xdc dinh mdt cdch kh4 hitu hiéu.
Sau day la mot vai dang.

2
5.1 Tich phan dang: / R(cost,sint)dt,
0
v6i R(z,y) 1a ham hitu ti, miu khdc 0 khi 22 + 3% = 1.

Phuong phap. Dit z = e, Ta c6

1 1 1 1
St = — —), sint = —(z — —)), dz = izdt.
cos 2(z+ Z), sin 22,(2 Z)), z =1z

Nén tich phan trén c6 dang

REGe D L 1)% Zor 3 Res R (41, 5z 1),

1
- 2 2z 2" iz
l21=1 jal<1 @
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2 dt
Vi du. VGiI:/ ——— (a>1),taco
0o a-+sint
2rdz 21
I =—i — = 27Res ———
Z/Z|—1 22 + 2iaz — 1 T Zoes 22 + 2iaz — 1’
27

trong d6 zp = —ia +iva? — 1. Vay [ = T
a/ —

+oo
5.2 Tich phan dang: / f(x)dzx, trong d6
—0o0

(1) f 1a ham hitu t{ khong c6 cuc diém trén dudng thing thyc R
(2) lim zf(z) =0, i.e. bic mdu > bac tif +1.

Phuong phap. V6i R > 0, goi vg 12 dudng cong trong nia mit phing trén Imz > 0,
va ¢6 cdc ddu mit 1an lugt 1a R va —R, ching han nita dudng tron hay 3 canh hinh
chit nhat.

YR

a2
a1
Jk

—R (0] R

Véi R @i 16n, moi cuc diém trong ni¥a mit phing trén clia f déu chifa trong mién
gi6i han bdi cdc cung [—R, R] va ~yg, khi d6 ta cé

/R f(x)dx + f(z)dz = 2mi Z Res f,
R TR Ima>0 ¢

Né&u tich phan suy rong tdn tai, khi R — oo, thi

/+Oo f(x)dx = 2mi Z Res f+ lim / f(z)dz.
VR

> Ima>0 * R=oo

Bo dé. Néu ‘ |lim 2f(2) =0, thi gidi han cudi & trén la 0 nén ta cé
z|—+o00

/+Oof(a;)d:r = 2mi Z Res f.

> Ima>0 e

Chitng minh: Chi la viéc ddnh gid tich phan. (bai tip) O
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Vidu. Véia € R\ O, ta c6

/+°° x2dx /+°° x2dx
0 (x2 +a2)3 2 2+ a2

= —2 Res ————=
2 mz_cﬁ\ (z +a )3

2 "
33 71'2'l 2 l—1ali-
= 20\ (z+ |afi)3 ) '#ll
dx

14 a6
it 5iT

Ham 156 c6 6 cyc diém don, 3 niim & nlra mit phing trén: e's, e'2, €”'6.
z
z

0 1
Thing du tai cdc di€m d6 1a — = ——.
ing ai cdc diém do 1a 6.5 5

1 [+ dx T, 4T | I | BE
—= — _ = —— 6 2 6 = —
2[@ TG 6(6 +e'2 +¢7'6)

d +m
Vi du. b€ tinh I = /
0

(SE}

5.3 Tich phian dang: / ) cos kzdx hay / ) sin kxdz, v6i k > 0 va

(1) f 1a ham hitu t{ khong c6 cuc diém trén dudng thing thyc R
(2) lim f(z) =0, i.e. badc miu > bac ti.
Z2—00

Phuong phap. Céc tich phan trén 1a phan thuc va phan 4o cla tich phin
+0c0 .
/ f(z)erdz.
—00

Tuong ty nhu 14p ludn & 5.2, tir bd dé sau day, ta c6

/+OO f(x)e*®de = 2mi Z Res f(z)e™.

—o© Ima>0 @

B& d@é (Jordan). Gid sit f chinh hinh trén nita mdt phc%ng Imz > 0 trux tai hitu han cuc
diém khong ndam trén truc thuc. Néu lim f(z) = 0, thi ta c¢6 céng thiic tinh tich

|z|]—+o0
phdn néu trén.

Chitng minh: Goi g 1a nira dudng tron ban kinh R thudc nira mit phing trén. Nhu
1ap ludn & 5.3, ta c6

f(z)eikzdz zt sze ztdt

TR

< max|f|/ e kRSt
F 0

Vé6i chid y la / g(sint)dt = 2/ g(sint)dt va sint > —, khi 0 <t < 7/2, ta ¢6
0 w/2 T
tich phan cudi:

R /2 _“ kRt o _“kRt
/ s Rdt<2/ ™ Rdt§2/ e ™ Rdt=n/k.
0 0
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T gid thi€t suy ra lim / f(2)e**dz = 0. Vay ta c6 ding thic trén. O
R—+o00 YR
+00 1 g +oo 2

Vi du. Ta c6 I:/ 2% g = Tm / L
oo T2+ 1 o T241

Do lim _c 0, theo bd dé Jordan ta c6

|2|—+00 22 +1

, ze? e ! T
I=1Im (27rzZR:esi o 1) = Im(2mi 5 ) = o

Nhdn xét. Khi k < 0 c6 thé d6i bi€n, hay 1ap ludn nhu trén vé tdng cdc thing du &
nira mit phing dudi.

Nhdn xét. Vi coskz va sinkz khong bi chidn trén C, nén tich phin trén yp cla
f(2)coskz hay f(z)sinkz khong triét ti€éu khi R — +o0o. Vay hai tich phdn dang
trén khong bang 2mi Z Res f(2) coskz hay 2mi Z Res f(z)sinkz.

Ima>0 Ima>0

5.4 Tinh téng chudi. Mot 4p dung hitu ich khdc ctia thing du 1a tinh t8ng chudi
oo
> f(k) d6i v6i mot s& dang ham f.

Ménh dé. Gid sit f chinh hinh trén C triv tai hitu han diém aq,--- , o, khdc cdc
56 nguyén va lim zf(z) = 0. Khi dé
Z—00

+oo
(1) Z f(k) Zﬂ cotgwa]Resf

k=—00 J=1
+oo n
— k — —
@ > (-1Ff(k) == ——Res f.
k=—o00 ‘771 ] J
=2k + 1 o
3) Z f( Zw tgﬂajRes I
k=—o00 7j=1
*z":o 2k + 1 Z":
4) (—1)*f
R o cosmay aj
Chiing minh: Pit g(z) = 7 cotgmzf(z). Khi d6 g c6 ky di tai a1, -+ ,a, va cuc

diém don tai cdc k € Z.
Suy ra Res g=Tm cothra]Res fva Res g= hrrllg(z —k)g(z) = f(k).

Goi CN, N € N, 1a bién h1nh vudng véi cdc dinh (N + 3) £i(N + 3).



IV.5 Ung dung thing du dé tinh tich phan xdc dinh. 64

1(N+3)
Qo
(e%1 °
Y
_ _% A N+%
Qo

Cn

—i(N+3)
Khi N di 16n aq, - -, a, déu nim trong hinh vudng Cy. Viy
N k
/ g = 2mi( Z Resg—l—ZReS 9)
On P j=1 %

N n
= 2mi Z f(k)+ Zw cotgma,Res f
k=—N j=1 &

Chi can ching minh khi N — +o0, tich phan v€& trdi ti€n vé 0. Do lim zf(z) = 0,
Z—00

nén diéu nay suy tir bd dé sau.

B& dé. Ton tai M > 0 sao cho | cotgnz| < M, Vz € Cy.

Pé€ chitng minh bat ding thic trén, xét cac trudng hop:

Truong hop 1: z=x + 1y, y > %

B eimz | p—imz B eimTT—TY | p—imatmy |ez7r:c—7ry’ + |e—z7rx+71'y|
| COthrZ| - inz —irz | | pimx—TY —irtr+Ty | — p—imr+Ty imx—T
ez —e e —e e | —le Y|
—TY Y 2y —7
e ™ +e 1+e 1+e
= < = M.

e —e ™ 1—e 2 T 1 —e 7
Truong hop 2: z=x +1y, y < —%. Tuong tu

eT™W4e™ 14eT
| cotgmz| < < = M;.
e™ —e™ T 1—e "

Truong hop 3: z:N—i—%—i—iy, —% <y<

NI

| cotgmz| = | cotg(g +imy)| = | tanhmy| < tanhg = My

Tuong tu, Véiz:—N—%—i—iy, —%gyg

N[

| cotgmz| = | tanhmry| < tanhg = Mo.

Vay ta c6 bat ding thitc cAn chitng minh v6i M = max(My, Ms) .
Viéc chitng minh (ii)(iii)(iv) ti€n hanh tuong tu. (bai tap) ]
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Vi du.
2 > 1 2
a) Tinh tong S = Z o] (a>0). Ham f(z) = P c6 cdc cyc diem don tai
k=1
+a. Theo ménh dé, ta cé
RE | T
Z 55 = —7 cotgmaRes f — 7 cotg(—ma)Res f = —— cothra.
T k*—a a —a a
R | 1 1 T
Vay 5_20:07]{2_@2 +ﬁ = ﬁ — % cothma.

0 =1 1 o e
b) Tinh tong Z = Ham f(z) = — c6 cyc diém cap 2 tai 0 nén khong dp dung
z
k=1

(e A A A A A 2 7T z
truc ti€p ménh dé dugc. Tuy nhién 14p ludn tuong tu, véi g(z) = — cotgmz, ta ¢o
z

1 .
Z = Roes g. Khai trién Laurent

2
iz "
o(2) = ECOSWZ:i(l—g—fZ2+1—?Z4—|—...>
22 sinmz z3(1_%?z2+%?24+...)
1 2 2, 1 2,
2 o0 2
a2 1 11 =
SuyraROesg:—?.Vay Zﬁzﬁzﬁzf'
k=1 k#0



BAI TAP CHUONG I

1. Chting minh R 12 trudng con cia C. Con iR = {iy : y € R} 1a truudng con?

12 —
2. Tim Re vd Im cta: 2% — | i , trong d6 z = = + y.
z z+1
1—1 1 3
1+Z. , (L4+iv3)7, /3 +4V3, (—iiig)ﬂ, (1+0)"+ (1 —i)™
1

3. Chitng minh céc tinh chat & 1.2.

4. Cho z = z + ty. Chitng minh:

arctgg + 2km néu >0
T

Argz = y
arctg= + (2k+ )7 néu <0
T

5. Tim modul va argument: 1+, 2+ 5¢, 4 — 7i.

6. Giai cac phuong trinh theo z:
a)az+bz+c=0 (a,b,ceC).
b) 22+ (20 —3)z+5—i=0.
¢) 22+ (a+iB)z+y+i0=0 (a,8,7,5 €R)
d)z=2z"""1 neN.

7. Cho a,b € R. Tim s6 phic z = z + iy, 22 = a + ib.

8. Lap ludn sau vi sao sai ?

—1=—1y=1=/(-1)(-1)=vV1=1. Vay 2=0.
9. Cong thirc sau ding hay sai:  /z + /z = 21/z.

: 1
10. Cho z = ¢'?. Chiing minh 2" + — = 2cosny,n € N.
z

11. Tinh /1, Vi, ¥/—=1, /1 —1i. V& cdc cin d6 trong mit phing phifc.

12. Biéu dién cos 3z, sin bz qua cosz,sinz.
R z 2 : . z R <R X z .
Téng qudt ching minh cosnx,sinnz (n € N) ¢6 th€ bi€u dién nhu cdc da thic cla
cos x,sin x.

13. Tu cong thitc Euler, chitng minh:

cos" x = cosnx + ncos(n — 2)x +

1
g1 (



Bai tdp.

14.

15.

16.

17.

18.

19.

20.

trong dé

.|

cosx
n!

[(n/2)']?

Tim cOng thdc tudng ty cho sin™ x.

Chiing minh véi n € N, ta c¢6:

cos @ + cos(f + a) + - - - + cos(§ + na) =

sinf + sin(f + ) + - - - + sin(f + na) =

(Huéng dan. St dung 1 + 2+ ---+ 2" =

Chitng minh tdng va tich cdc nghiém da thic agz" + a;z" ' +

va (—1)”a—n. Suy ra
ao

2 T
cos — +cos— + -+ -+ cos
n

. . A4 .
sin — +sin— 4+ -+ sin
n n

n

2

neu

neu

P

n lé

n chin

172n+1
1—2z

sin(1(n + 1))

Sin 50[

sin(3(n +

1a)

S11 §Oé

P

, VOl 2 =

2(n— 7

eia‘)

=0

cos(0 + ga)

sin(0 + ga)

Phan tich thanh thira s6 cdc da thic sau trén trudng phitc va trudng thuc:
P14 41,541,258+ 1.

Chiéng minh 22" + 1 = H (2% — 2 cos

n—1

k=0

2k +1
n

T+ 1).

Cho w 1a mot cin bic n cda don vi (n € N). Tinh 1 +w + -+ + w1,

Goi wg, - -+ ,wp_1 1a cdc cdn bic n cia don vi.

Tinh S=wl+uwl+ - +ub |,

véi a) p 1a bdi cia n. b) p khdng 1a bdi cia n.

Chitng minh, véi cdc s6 phic ta co:
a) |a % b|? = |a|? + |b]? &+ 2 Reab.
b) la +b]* + |a — b|? = 2(|al? + |b]?).

c) a 1‘ < | argal.
a

|al
1
d) la+0b| > §(|a] + 10

a

|al

+ o
oIl

67

ai

cidap =012 — =t

ao
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21.

22.

23.

24.

25.
26.

217.

28.

n

) | abil? = 1 PY P = DD Jawby — ajbel*
j=1 Jj=1

j=1 1<k<j<n
n n
H(n=2)> laj*+ > ajP = > lax+a4*
j=1 j=1 1<k<j<n
n n
nd laillP =[> aP= > |ap—ayl*.
Jj=1 j=1 1<k<j<n

Xdc dinh tinh chat hinh hoc tap cdc z € C:
a) |z—2|4+|z+2|=5. b)|lz—al=|z2—-b. ¢)a< argz<f.

A Im-—%=0. e) Re" Y=0. f) Im"_ % <0
z—>b b

Z —
Trong d6 a,b € C, a,3 € R.

Diing hay sai: Phép chi€u ndi

a) Bi&€n dudng tron trén mit cau Riemann S thanh dudng thing hay dudng tron.
b) Bdo toan do 16n clia géc.

Xét sy hdi tu cua cdc day:
2) 2 = o by 2y = LT c)ZnZ”( H)
n n 2

d) up,=1+acosp+---+a"cosny, v, =asinp + ---+ a” sinne.

N 1 — zntl ,
(Hu6ng dan. 4pdung 1 + 2+ --- 42" = T v6i z = ae'?)
—z
1 1 s ™
e) Zn+1 = i(Zn + ;), *5 < argzp < 5

n
(Hu6ng din. Chirng minh: |z,| > 1, didy ( Rez,) duong va khdng ting, diy ( Imz,)
giam vé 0. Suy ra limz, = 1.)
Dung hay sai: d6i v6i moi day s& (z,)
a) z, — 2o khi va chi khi z,, — 2o
b) z, — 2o khi va chi khi |z,| — |z0].
C) zn — 20,2n # 0 thi — — —,

Zn 20
d) z, € R,Vn, z, — 2z thi zg € R.

Hoan tit cdc chiing minh dgc phit bi€u & 2.2. Cu thé hod ghi nhian & vi du 2.2.
Cho X C C. Khoadng cich tit z € C dé€n X dinh nghia:
d(z,X) = inf{d(z,z) : z € X}

Chiing minh: d(z, X) = 0 khi va chf khi z € X. Suy ra n€u X déng, thi d(z,X) >
0,vVz & X.

2

Xdc dinh 4nh qua 4nh xa w = f(z) = 2% clia ho cdc dudng thing:

a) Rez =const. b) Imz = const.

1
Tim anh qua dnh xa w = f(2) = — , clia cdc tdp z € C:
z
a) |zl =R. b) Rez= Imz. ¢) Rez=1.d) 1 < Rez< 2.
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29.

30.

31.

32.
33.

34.

35.

36.

37.

38.

39.

40.

_ 1+ 2z
1=z

Tim &nh cta tdp {z € C: argz = a}, (o € R), qua dnh xa w = f(2)

b z 2
Chting minh dnh xa f(z) = az—’—i_-d bi€n dudng thang hay dudng tron thanh dudng
cz

thing hay dudng tron.

az+b

Ch = —
o f(2) cz+d
Imz > 0 1&n Imw > 0 hay 1én Imw < 0, thy thudc ad — bc duong hay am.

, V6i a,b,c,d € R. Chitng minh f 13 song 4nh tir nita mit phing

Chitng minh cic két qlia phat bi€u § 3.3.

Xét sy lién tuc ctia ham f v6i f(0) =0 va z # 0:
z z Rez z Rez

D I(E)=3 D))= 0 f() =

Chtrng minh ham f(z) =

1 lién tuc trén dudng tron |z| = 1 ngoai trir 4 diém ma
z

can chi r5.

Cho f: C — C va ky hiéu Z; = {z € C: f(z) = 0}. Ching minh néu f lién tuc
thi Z 1a tdp dong.

C6 ton tai ham lién tuc f trén C sao cho:

a) Zg ={c1,-- ,cu} Vi ci,--- ,cp € Ccho trée. b) Zy =Z. ¢) Zy = D(a,r). d)
Zr = Q. .

Trong trudng hgp ton tai xay dung f.

Ham f: X — C, X C C, goi la hiing dia phuong néuu Vz € X, 3r(z) > 0 sao co f
12 hiing trén X N D(z,7r(z)). Chdng minh: n€u f 1a hing dia phuong va X lién thong,
thi f = constant.
Chitng minh cdc ham sau 13 khong lién tuc déu trén D:
1 1
a) f(z)=—-,z€e D={0<|z| <1}. b) f(2)= 1
z

)
—Z

ze€ D ={]z] <1}.

az+b
Cho f(z) = cz+d
b8i 21 = f(2n).
a) Chitng minh néu (2,,) hoi tu vé zq, thi 2 12 diém bat dong cha f, i.e. f(z0) = z0.
b) Chitng minh f c¢6 di€ém bat dong.

véi ¢ # 0,ad — be # 0. Cho z; € C. Xét ddy dinh nghia qui nap

w — 20

/

. Chitng minh ton tai

¢) Goi 29, 2} 1a cdc di€m bit dong cda f. Xét g(w) =

A € C, sao cho g(f(z)) = Ag(2).
d) Suy ra néu |A| < 1, thi ddy (z,) hoi tu.

Ap dung céc két qiia bai tip trén, tim gidi han diy (z,), véi:

2

W f(2) ==
z+1

b) f(z) = 1=1

, 2
z+1
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70

41. Gid st f 1a ham lién tuc déu trén D = {|z| < 1} va ddy (z,) Vi |2,] < 1, Jim 2, = 2o

V6i | 20| = 1. Chitng minh tdn tai Jim f(zn).

BAI TAP CHUONG II

1. Chiéng minh: khzzmg dinh & vi du 1.4.b), cong thic dao ham hinh thdc § 1.5
2. Cho ag,a,a, € C. Xét diy dinh nghia dé qui:
ap = aag—1 + fag—2,k > 2

Goi 21,29 12 cdc nghiém clia phuong trinh 22 — az — 3. Chitng minh
a = Az + B2§, v6i A, B € C 1a cdc s8 phu thudc ag, a1, o, 3.

(Huéng din. Chirng minh ham sinh G(Z Z arZ®, théa (1 —aZ — Z2)G(Z) 1a da
k=0
thitc bac nhat.)
3. Bai tip nay tdng qudt bai trén. Cho ag,- - ,am, € C va cg, - ,cm_1 € C. Xét diy

cho b3i phuong trinh sai phan:

ak = Coap—1 + C1ag—2 + -+ + Cp—10k—m, (kK >m)

Gia st Z™ — (¢ 1Z2™  +epoZ™ 2+ -4 ¢p) c6 cdc nghiém 21, - - - z,,, khdc nhau.

Chitng minh ton tai Aq,--- A, € C:
ap = A12¥ + -+ A2k

o
4. Xd4c dinh cdc chudi hinh thic S = Z arZ", 1a nghiém phuong trinh vi phan:

k=0
a) S"(Z) = S(Z), thda diéu kién dau S(0) =1,5'(0) =0
b) (1—2%)8"(2) —428'(Z) —25(Z) =0, S(0) = 0,5'(0) =

5. Cu thé hod cdc chitng minh cdc phat bi€u & 2.1 va bd dé & 3.2

6. Xét sy hoi tu cua cac chuSi

i k
>Z“;J2 DY 5 oY () 9X g

7. Chiing minh ddy ham f,(z) =1+ %, z € C, khong hoi tu déu vé f = 1.
n

e.)
8. Xét sy hoi tu déu clia chudi ham Z f trén mién chi ra:
k=0
1 22
a) fk;(Z) = m, Rez >0 b) fk(Z) = m, Rez > Imz
1 2k
o) fr(z) = 11 K2 2| =2 d) fr(z) = K1) 2] <1
e) fr(z) = 1<|z| < 2.

k2 4+ 22’
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9.

10.

11.

12.

13.

14.
15.

16.

17.

18.

Céc phdt biéu sau ding hay sai?

a) N&u cdc ham f, lién tuc déu va day f, hoi tu déu vé f, thi f lién tuc déu.

b) N&u f,,, g, hoi tu déu vé f, g tuong tng, thi f,, + gn, fngn hoi tu déu vé f + g, fg
tuong ng.

Chitng minh

[o¢] (e.)
R N
(Huéng din. Khai tri€n thanh chudi lily thira hAm dudi ddu tdng rdi hodn vi diu tong)

Xdc dinh ban kinh hoi tu cdc chudi liy thira:

>k >k . kl1Lk > k1 i

a)d —(s>0) b > = o© Z—k d) Z((—1) kE—k)z
k=1 ke k=1 k k=1 k

& Y14 Yl gt h) zqk 2% (g < 1)
k=1 k=0

o0 (o]
i) Z kPzE ) Z arz®, véi agkt1 = anH, agr, = b?F (0 < a < b).
k=0

1) k
)Z Zil Egik))zkv (a7becv_b¢N)

k—i—l

Xét sy hoi tu trén dudng tron hdi tu ctia cdc chudi cho & vi du 3.1.c)

Cho S =Y apZF, T=> bZ" U=> dZF V=> apbZ" va

k=0 k=0 k=0 k=0
W= Z —E 7% (v6i gia thi€t by, # 0). Goi R(.) 1a ban kinh hoi tu.
i=o Ok
Chitng minh:

R(U) = R(S)?, R(V) = R(S)R(T), RW) < R(S)/R(T) (néu R(T) #0)
Tim phan thuc va 4o clia him sin z va cos z.
Xdc dinh gid tri: sini, cosi, tg(1+1i), 2¢, it, (—1)%, i".

Cho z = z + iy. Chitng minh cdc cong thic:

1
| cos z|*> = sinh? y + cos? & = cosh? y — sin® z = i(cosh 2y + cos 2x).
1
|sin z|* = sinh®y + sin® = cosh? y — cos® z = §(cosh 2y — cos 2x).
Gidi phuong trinh ¢* = w. Khi w = i, — 4,1 — i, 18,

bung hay sai: Lnab = Lna+ Lnb ;a,b € C
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19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

Ching minh nhdnh chinh ham logarithm In thod: Inab = Ina + Inb + 27di, trong d6

—1 neu w< arga+ argb <27
0= 0 neu —w< arga+ argb<m
1 neu —27 < arga+ argh< —m.

Bi€u dién chudi lily thita ham f(z) = In(3 —iz), v6i f 1a nhdnh théa f(0) = In3. Xac
dinh badn kinh hoi tu.
Tim ham (don tri) ngugc va chi ra mién xdc dinh cdc ham: arccos, arcsin, arccosh .
Chitng minh: arccos z = —iLn(z+ /22 — 1), arcsinz = —iLn(iz + /1 — 22), arccosh
z=1ILn(z+ V22 -1).
Chiing minh nhédnh thod V1 =0, ¢6 biéu dién:

1 154 13 ¢ 135,

—z = ——2z

=1—--z

Vit 20 T24" T 246
Tim 4 s6 hang diu cda khai trién Taylor: a) f(z) =e* ! tai 2 = 2
b) f(z) =23sinz tai z =7/2 ¢) f(2) =

+---, 2] < 1.

—Z—Z

Dung cdc phép todn trén chudi liiy thira, chitng minh:
oo

! k 1 - 2k
a);:kz::o(k—i—l)(z—l—l) ,lz+1 <1 b)m:;(kﬂ)z 2l <1

In(1 1 11
c 71 ++ZZ) =2 (1+5)z"+ (1+5+3)2" =, [s] <1 (In1a nhdnh chinh)
D) {In(1+2)P=2"-1+3)3° +(1+5+5)3" =, |2l <1

i 22 24 25

sinz _ 14,42 2 2

© e R T

. - 2 ]- Py N X ~ ~
Khai trién -, Véin € N, thanh chudi Iy thira.

(1-2)
Tim 4 s6 hang diu cla khai trién thanh chudi liiy thira:

a) e?sin z b) 1—781112 C) e &2,

Tim chudi lily thira ngugc clia cdc chudi sau d€n s6 hang bac 5

AN+
simz =z =g b gt

3 5

z z
b togr =2 — —+ —+---
)arctgz =z — 4 o F

Céc s6 Bernouli B, dugc dinh nghia:

z 0 Bk; k . .

pranE i Z e Chitng minh
k=0

By By By

Bo B o surs
ROl o T ey O ek

Hiy xdc dinh 5 s6 Bernouli diu tién.
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29.

30.

31.

32.

33.

34.

35.
36.

1
Cos z

o0
Céc s6 Euler E), dgc dinh nghia: = Z Ej 2~
k=0
Hiy xdc dinh 5 s& Euler dau tién.

Tim cip khong di€m ctia z = 0 clia ham:
a) z2(e* —1) b) 6sinz3 4+ 23(26 —6) ¢) N7 — '8z,

Xéc dinh cdc khong diém va cip cla ching cda cic ham: a) sin®z b) zsinz c¢)
sinz?  d) (1 —e?)(22 —4)3

Tim ham gidi tich trén C c6 cdc khong diém tai z1,--- , 2, v6i cAp ky,--- , k, tuong
ng. LJi gidi c6 duy nhat?

Cho f € A(D), c¢6 cdc khong di€m tai 21, - - , 2, v6i cAp ki, - - - k,, tuong ng. Ching
minh ton tai g € A(D), g(z) # 0,Vz sao cho

f(2) = (2= 2)" - (2 = z0) g (2).

bit Z¢ 1a tap moi khong di€ém cla ham gidi tich f. Ping hay sai:
a) Zy hitu han, thi f 1a da thdc.
b) Z; vo han, thi f khong thé 1a da thifc.

Chiing minh néu f,g € A(D(0, R)) va f(x) = g(x).Vx € (—R, R). Ching minh f = g.

Ton tai hay khong ham gidi tich trén C thoa:

a) f(%) = nLHaVTLGN

1 1 1
b) f(ﬁ) :f(*ﬁ) = ﬁ,VnEN
0 f(%) _ %,mé 1; con f(1) = 0.

BAI TAP CHUONG III

. Xét tinh khd vi cia ham f(2) v6i z = x +iy: a) f(z) =2z b) f(z) =222

O F(:) = Viogl & Fe) =22+ e f(z) = L

iz
Cédc ham trén ham nao chinh hinh tai 0 ?

Xét tinh chinh hinh tai O cda ham:
a) f(z) =z Rez b) f(2)=|2|" ©) f(z) =e*

. Tim mién trén d6 ham f(2) = |22 — y?| + 2i|zy| chinh hinh.

Cho z = €', f(z) = u(r,¢) + iv(r, ). Viét diéu kién d€ f kha vi trong toa do cuc.

. Chitng minh cdc cong thitc tinh dao ham 1.3.
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6.

10.

11.

12.

13.

14.

Cho f(z) = u(x,y) + iv(z,y) 1a ham chinh hinh trén C. Gid s u chi phu thudc x, v
chi phu thudc y. Chiing minh f(z) =rz+¢, véir € R,c € C.

Chitng minh cidc khing dinh & vi du 1.?.
Chitng minh: Néu f va f déu chinh hinh trén mién D, thi f = const.

Ching minh: N€u f = u + 7v chinh hinh, thi h = v — iu vd g = —v + iu ciling chinh
hinh.

Tim géc quay @ clia dudng thing di qua zo hé s& géc k qua cdc d4nh xa f(2) = 22 va

1
g(z) = 23, v6i: a) zg=1 b) w=—7 Qm=1+id)z=-3+4

Tim mién ma w = f(z) thyc hién phép co (din):
a) f(z) =2 b) f(z) =2*+22 ©) f(2) =

Cho f(z Z ez, 2 € D ={|z| <1}. Gid st f don 4nh. Chting minh dién tich

o0
mién f(D) cho bdi cdng thic: S =7 Z kx|
k=0
Suy ra né€u f’(0) = 1, thi S > dién tich hinh tron D. (Huéng din. Dung toa do cyc)

Ham thyc 2 bi€n thyc u(z,y), (z,y) € D goi 12 ham diéu hdoa néuu v khd vi d€n cip
2 va thdéa phuong trinh Laplace:

Pu  0%u
AU—@Jrain—O, (x,y) € D

a) Ching minh: né€u f chinh hinh trén D, thi phin thuc va phin 4o cla f 1a cdc ham
diéu hoa trén D. (diéu kién kh3 vi d&€n cip 2 dugc ching minh & 3.3)

b) Ki€m tra ham u(z,y) = e *(xsiny — ycosy) 1a ham di€u hoa trén R2. Tir diéu
kién Cauchy-Rieman, bing phuong phdp tich phan hdy tim ham v sao cho f(z) =
flx+iy) = u(x,y) + iv(z,y) 1a chinh hinh trén C.

¢) Tudng ty cau b) ddi véi v(z,y) = 2x(x — y)

Cho f(z) = u(z,y) + iv(x,

), z =2+ 1y.
a) Chitng minh: u(z,y) = =(

Y
1
3 f(2) + f(2)). Suy ra: n&u f chinh hinh trén D, thi

flz )—2u(g 2%)+const

b) Tuong ty khi f chinh hinh ta c6:

flz) = 21’1}(%, 2%) + const
Nhdn xét. Vay néu biét phan thyc (phan 40) ca mdt ham chinh hinh 13 hoan toan
xdc dinh dugc ham d6. Pay ciing 13 phuong phidp d€ xdc dinh phian 4o (phin thyc)
nhu bai tdp b), ¢) § trén.
¢) Tir nhan xét trén, tim ham chinh hinh n&u bi&t phan thuc u = zt — 62%y® + y*.
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15.

16.

17.

18.

19.

20.

Cho 1 : [0,1] — C va 72 : [0,1] — C, 1a 2 dudng cong ndi 2o v4i 21 va z1 v6i 22
tuong ng. Hay néu tinh chit cdc dudng dinh nghia bdi:
() = —t), te0,1], va

_ _ ) m(@t) neu 0<t¢<1/2
(1) = () = { 19(2t—1) neu 1/2<t<1.

Dung dinh nghia, tinh / f(2)dz, trong d6:
0!

a) f(z) = Rez, -~ la dudng thing tir 0 d&n 2.

= Imz, -~ 12 nita dudng tron don vi trén tr 1 dén —1.

2|z, ~ nhu bai b).

d) f(z) =22, ~1a dudng tron |z — 1| = 1, huéng thuan.

e) f(z) =(x—a)” (neN), ~ladudng tron |z — a| = R, héng thuin.

f) f(z) nh bai e), ~ 1a bi€n hinh chir nhit tim a cé cdc canh song song vdi cdc truc

(@]

~

-
AA/&\/—\
— —

I

1
= —— nhdanh /1 =1, ~ nhu baib).

Vz
/ e*dz
gl
Tinh céc tich phan:

a) / 22dz, v6i v 1a dudng gip khic 1an lugt qua: —2, —1 +i,1 +4,2.
gl

Tim mot chin trén cho , trong d6 (t) = t2 +42t,t € [0,2].

b) / zsin zdz.
0

c) /(zez +1)dz , ~la nka trén dudng tron don vi tim 1 t 2 dén 0.
g

Tim diéu kién dé khing dinh: %andz =0, v6i v la dudng cong kin ,
v

la c6 nghia va ding.

Dung cong thtre tich phan Cauchy, tinh / f(2)dz, trong d6:

g
2
z N
a) f(z) = o0 V=M 2| =3 va v:=m:|z| =1.
cosz
b ==, 7v:|z| =2
16 = 1
¢) f(z) = a9 la dudng cong kin khong qua +3i.
z
d) f(z) = 2e+ ., la dudng cong kin bao quanh mién chida dia |z| < a.
2?2+a
z
e) f(z) = e , v la dudng cong kin khong qua a.
(z—a)?
1
f)f(Z)Zm, =yilz—1l=r yi=pilet+l=mn
’y::’yg:]z]:z. (1<r<?2)
g) f(z) = c v 1a dudng cong kin khong qua 0 va 1.

2(z—1)3"°
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h) f(z)=—5 (n€Z), v:l|=1
D f(z)=2"(1-2)" (n,meZ), v:|z|=2

21. Ching minh:

1 / e*tdz .
— ———— =-sint.
271 J)zj=3 22 + 1

1 / e*ldz _
210 Jizj=3 (22 +1)2

2 2

1
22. Cho v : [0, 2] — C I dudng cong c6 &nh Ia Ellip =+ Z—Q — 1. Tinh tich phan ¢ -dz
a z

S~

bing hai céch, suy ra

/% dt 27
0 a2cos?t+b2sin’t  ab
23. Chitng minh cdc ham sau khong c6 nguyén ham, trén mién tuong Gng:
a)%—z—il, 0<|z|<1. b) ﬁ,l<\z\ c)ﬁ,
24. Cho f € H(D), D 1a mién ddn/lién va f(z) # 0,Vz. Ching minh ton ?/i h € H(D)
)

f

0<|z| <1

sao cho f = e". (Hudéng din. f7 € H(D), nén ton tai hy sao cho h| =

25. Cho f(z chz |zl <R, va 0<r<R.
1 2w
a) Chitng minh cong thic Parseval: — / |f(re)|?dt = Z e |22k
27 Jo

(a2 M
b) Suy ra bat dang thitc Cauchy: |ci| < ( ) , v6i M (r) = max |f(2)].
T

|z|=r
¢) Chitng minh néu ton tai k sao cho |cx| = M(r)/r¥, thi f(z) = cp2".

26. Cho f € H(|z| < r) v6i |f| < M. Tim chin trén cho |f()(2)| véi |z| < p < r.

27. Chting minh ham gidi tich f trén C khong thé thda: |f(™)(z)| > nln™, Vn € N, tai
mot di€m z € C .

28. Cho f € H(C). Gia st ton tai n € N sao cho |f(2)| < |2z|™ khi |z| dd 16n. Ching
minh f la da thdc.

29. Cho f € H(C), thod: f(z) = f(#+1) = f(2#+1),Vz. Ching minh f = const. (Huéng
din. Ching minh |f]| gii ndi)

30. Ching minh nguyén Iy minima: Cho f € H(D), D la mién gi6i ndi, f # const. Khi
d6 hodc f c¢6 khong di€m trong D hoic |f| dat minimum trén OD.

31. Cho f € H(D), D la mién gidi noi. Gid st |f(z)| = const trén dD. Ching minh:
hodc f c6 khong di€m trong D, hoic f = const.
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32. Cho f € H(D), f # const. Ching minh | Ref| khong thé dat cuc dai hay cyc ti€u

33.

trong D. (Huéng dan. Xét g = ef)

Suy ra, néu v 12 ham diéu hoa trén tip mé D C R?, thi

min trong D.

u| khong thé dat max hay

Cho f va g 1a 2 ham chinh hinh trén dia don vi déng D, va khong c6 khong diém trén
D. Chiing minh néu |f(2)| = |g(2)|,Vz : |z] = 1, thi f = cg, Vi c 1a hing s, |c| = 1.

BAI TAP CHUONG IV

Ry . < .3 R . . CAx A
1. Khai trién Laurent cdc ham sau tai di€m dudc chi ra, x4c dinh mién hoi tu:

2z
2) f(z) = (ze—71)2 iz=1 b f(z)=(c~3)sin_ !
z
c) f(z)z%,taiz:o d) f(z)=e? =2, tai z = 2.

Khai trién Laurent trén mién tuong tng:

B (z—1)
V1) = =5y
b) f(z) =

(z—1)(2—2)

0<|z—1]<2.

, trén cdc mién: |z| < 1;

trén cdc mién: 2 < |2| < 3; |z| > 5.

Chitng minh cdc cong thifc sau ding trén mién |z| > |b|:

—1
2) L S ke
z—b
k=—0o0
22 0
_ \kp—2k 2k
b 5 g_:oo( 1)%p~F2
1 —2
_ —k—2 _k
c) b Z(k‘+1)b z

k=—00

. Xdc dinh phan chinh tai cuc di€ém ham:

1 1

221

,tal z = —2.
2

1 < |2 < 2

a) —z(z "1 -2) b) cotgmz «¢) 2er = 1)

a)"f(z) =0.

d)

2241

. g ~ . N 1 , A R "~ .
. bing hay sai: f c6 cuc di€ém cap m tai oo, thi — c6 khong di€ém cap m tai 0.

1 < |z—1

. Ching minh: f c¢6 cuc diém tai a khi va chi khi tdn tai m > 2 sao cho lim(z —

Gid st f ¢6 cuc cAp m tai a, P la da thic bic n. Ching minh po f ¢6 cuc cAp m +n

tai a.
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8.

10.

11.

12.

13.

14.

15.

16.

17.

Chting minh f va e/ khong thé c¢6 ciing cuc diém. Ching minh ky di c6 1ap cta f

2 1s g o L _ 1 _ 1
khong thé 1a cuc diém clia ef. Vi du e 2% hay ze =2.

a) Cho f 1a ham nguyén. Gid st ©On tai n € N, K > 0: |f(2)| < K|z|", khi |z| > R.
Chitng minh f 1a da thitc (bac ?).

b) Cho f 13 ham chinh hinh trén C trif ra hitu han cuc di€m. Gii s tén tai n €
N, K >0:]|f(2)| < K|z|",V|z] > R. Chng minh f 1a ham htru ti.

Cho f va g 1a 2 ham c6 khong di€m hay cuc diém tai a. Ky hiéu w(f,a) 1a cap cda

1
a ciia f. Chirng minh: w(fg,a) =w(f,a)+w(g,a), w(?,a) = —w(f,a),
va w(f,a) <w(g,a) = w(fog,a) <w(fa)
. 0 1 ' i -1
Phan loai k¥ di tai 0, im cip cuc diém: , 2+i sinz fcosz— 1)
2(2—1)" 22417 22 z

S N B ) 1

zsin—, e =22, e>=1, ———
z z"(e? — 1)

~ . L2 < gL sin z 1 1 (z+21)

Phén loai cdc di€m ky di ham: a) —— b) - + c) ez
cosz — 1 22 1422

1 .1
d) e = sin— e) cos(z? + ).
z z

Diing hay sai: oo 1a cyc diém bic n clia da thitc P néu va chi n€u P 1a da thic bic
mn.
Tinh thing du tai cic di€m ky di cac ham:
1
1 3
z z ez 2°+5
b d
V@2 Ve OG- Yo eTD

Cho P(z),Q(z) la cac da thic. Gia sit bac Q(z) > bac P(z) va Q(z) ¢ n nghiém

don z=ay (k=1,---,n). Chiing minh khi d6 ta c6
Ple) g Pla)
Qlz) [z Qar)(z —ax)

Xdc dinh cdc s8 Ay, By, pr trong phan tich

22n 4+ 1 _k_:122+pkz+1
Tinh%f(z)dz, véi:
v
1
a)f(z):m, vilzl=3
sin z
b) f(z) = - v:lzl =3

(z—=1)(z2+1)°

tz
c) f(z) = (t >0), -y la bién hinh vudng dinh £1 £ 2:

2(22+1)



Bai tdp.

18.

19.

20.

21.

22.

23.

24.

25.
26.

217.

. e . 1
Khai trién Laurent tinh —— /

21

Tinh: a) e~ Zdz b)

|z|=1 |z|=1

lz|=10 (2 — 1)?

79

d) / zeédz.
|z|=1

Gia st f,g 1a cdc ham chinh hinh, ¢é cic khong diém cip k,k + 1 tai a tuong Gng.

. . f )(a
Chtrng minh Res = = (k + 1) ——.
a g g a

)
5)

A R ~
a) Khong diém cidp m cda f.

Cho g(z) =

n

Tinh Res g, n€u a la:
a

b) Cuc diém cip m cia f.

Cho pp(2) =142+ —|— —. Chitng minh: VR > 0, 3ng, khi n > ngq thi p, khong c6

khong di€m trén dia |z| < R

Tim s6 nghiém da thic:

a) 22 + 622 + 2+ 2, trén cdc mién: |2| <1 ; 1< |2] <3
b) 2% — 1222 + 14, trén cdc mién: 1 < |z| <5/2 ; |z] <2
) 2° + 2z — 167 , trén cdc mién: |2| <1 ;

Chirng minh trong hinh tron don vi phuong trinh:

1
a) 2%eT= =1 ¢6 2 nghi€ém. b)e®*=2z4+1 c6 1 nghiém.
¢) az" =e* (a > e), c6 n nghiém.

Chiing minh phuong trinh: 2"%3 4 ¢* =0 c6 n + 3 nghiém trong dia |z| < e.

Tinh céc tich phan

(a®

27
a
)/ a+bcost+csmt

2 dt

bcost)?
/2’T cos 3tdt 7r
c)

bS. .
5— 4cost 12

27 5
d)/ ps. X
5 — 3511175 32

27
e)/ <Sm 2) dt DS.2mn
Sin

2T ) /2 dt 0
f)/o a+bsint (a > [b]). g)/o a + sint (@>0).

> b2+ c%). Bs.

Cho P va @ 1a 2 da thiic bAc Q > bac P+2, va @ khong c6 khong di€m thuc. Ching

minh:

+o00 P(l‘)
dxr = 2mi
. T i Z Res
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28. Tinh cac thh phan:
™
a —. BbS. —

(o0 zdx T

b . BbS. —.
) / 14 a4 4
0

+oo p2dr
S >
C) /oo 26 + a6 (a

+oo
d bS. ——.
) / 1+x2—|—a:4 2V/3

too  22dx T
e)/_Oo @27 (a>0). BbS. —.

+ a?)?

f)/+oo dx S 3_7'('
o (1+223 16

)/m dz (a,b>0). BS. ————
)y @rad)aire @ © 7 2ab(a + by
29. Tinh:+ Lord L L
©coskade Lo T oo @K L g ok
)/ pr e S. 53¢ (cos\/i—l-sm \/5)
+oo CObk‘l‘d,I —ak
b)/ $2+a2 bS. @6 (ak+1)
+oo cos zdzx T e
b,k . BbS. ——+(—
c)/ $2—|—a2 a:2—|-b2) (a,b,k > 0) a2—b2( b
+oo x sinx T
)/OO cos27m?dw BS. — /3
0 zt+aZ2+1 EVE '
+00 gz sin xdx
f)/ R (aeR).
+° cos ax — cos fx
2 dr (o, >0).
+°° COS J:d:c
h)/ x2+1 .

30. Tinh cdc tich phan:

o
a)/ Smxda:. ds: il
0 T 2

2a

—b

—a

a

80

(Huéng din. Tich phan ham e%*/z doc theo bién mién {e < |z| < R, Imz > 0} biing

0. Sau d6 cho e — 0 va R — +00.)

“+o00 “+o00
b) / cos x2dx va / sin z2dx (Tich phan Fresnel)
0 0

1
bS. -

s

(Huéng din. Tich phan ¢?** doc theo bién mién {|z| < R,0 < argz < m/4}. Cho
R — o0, véichiy [5° e dr = VT/2 vasing > 2p/2,0 < ¢ < /2, suy ra két qua)

+o0 gin? kx
d k > 0).
c)/o tde (k> 0)

31. Chitng minh (2) (3) va (4) ctia ménh dé 5.4.
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32. Tinh céc tdng sau v6i a > 0:

[oe)
1 T
a) kz:% k‘2 n a2 bS. —7“2 + 2_a cothma.
oo
(—1)k 1 7r
b pS,. — — ——.
) 1;1 k2 + a? 2a?2  2a sinhma
oo _1)k
ySo DT g LT
= kl —a2 2a2 = 2a sinhma
33. Ching minh:
s 1 72 =01 4
03 s D
= (2k+1) 8 = k
34. Tinh: a) Z L b > B —
a + bk? W kR4

T > 1 T
0 O

DD kD)

k0

6

945

2l<:+1)
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