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GIAI TOAN BAT PANG THUC BANG CACH
DUNG PAO HAM KHU DAN SO BIEN
V3 Qubc B4 Can'?

1 Kién thitc chuan bi

2 Cac vi du minh hoa
Vidu 1. Cho a va b la hai s6 duong théa méan a + b = 2. Chiing minh ring
at+ vt >2

Chitng minh. Tit gia thiét, ta suy ra b = 2 — a. Do d6, bat dang thiic can ching minh c6 thé
duge viét lai thanh
at+(2-a)t>2.

Do b > 0nén taco2—a >0, tic a < 2. Két hop vé6i gia thiét a > 0, ta duge 0 < a < 2. Nhu
vay, ta chi phai chiitng minh bat ding thiic trén véi 0 < a < 2 13 di.

Xét ham s6 f(a) = a* + (2 — a)? véi a € (0, 2). Ta c6
fl(a)=4a® — 42 —a)’ =4[a® — (2—a)*].

Phuong trinh f/(a) = 0 tuong duong véi a® = (2 — a)?, tiic a = 2 — a. Gidi ra, ta dugc a = 1.
T d6 ta c¢6 bang bién thien cta f(a) trén (0, 2) nhu sau

a |0 1 2
fllo =0 +

16 16
o) SN2

V6i két qua thu duge tir bang bién thién, ta dé thay

fla) > f(1) =2, Vae(0,2).

Vay bat ding thitc da cho da dugc chitng minh xong. Dé& thay dang thitc x4y ra khi va chi khi
a="b=1 (xem lai bang bién thién). O

Nickname can_hang2007 § Dién dan Cung nhau vugt Dai duong http://onluyentoan.vn.
2Bai viét dugc trinh bay bing chuong trinh soan thdo LaTeX bdi can_hang2007. D& nghi cic ban ghi o
ngudn clia http://onluyentoan.vn khi ding tai trén cic trang web khéc.
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Vi du 2. Xét cic s6 thuc z, y théa man 2z —y = 2. Tim gid tri nhé nhat cia biéu thite

P=+ya2+(y+1)24 a2+ (y—3)2
Loi gidi. Tit gia thiét, ta c6 y = 2z — 2. Thay vao, ta viét duge biéu thitc P du6i dang

P = \/x2 (22 —2 +\/x2 (22 —2) — 3]

= /124 (22 — 1)2 +\/x2 2x—5)2:\/5x2—4x+1+\/5x2—20x+25.

Xét ham s6 f(r) = V522 —4x + 1 + /522 — 202 + 25 trén R. Tinh dao ham cia f(z), ta c6

S5r — 2 5z — 10

"(z) = + .
/(@) Vha? —4x +1 /5?2 — 202 + 25

Ta sé tim nghiém cta f/(x) = 0. Phuong trinh nay tuong duong vdi

(52 — 2)(5z — 10) < 0
5z —2)*  (5z—10)
522 —4x+1 5r2—20x + 25

hay
g<x<2
5
(5z — 2)? _ = (bz = 10)*
5a2 —4x + 1 © bhr2 —20x + 25

Phuong trinh thi hai ctia hé sau khi bién doi c6 thé viét lai thanh

-1 -5
a2 —4x +1 a2 —4x+5’

tuong duong véi
22 —4x +5 = 2522 — 200 + 5.

Tiép tuc thu gon, ta dugc 242 — 16z = 0, hay z = 0V x = 2. So sanh vdi diéu kien 2 < z < 2,
ta tim dugc nghiém cia hé la z = % Do d6, phuong trinh f'(x) = 0 chi ¢6 mot nghiém thuec
duy nhat la « = 2. Tu day, ta lap duge bang bién thién ctia f(z) nhu sau

+00 +00
f@| > /

Duia vao bang bién thién, ta c6

P=f(z)> f(2) =2V5, VzeR.

Mit khéac, dé& dang kiém tra duge ding thiic xay ra khi o = % va y = —%. Vi vay, ta c6 thé di

dén két luan cho bai toan 1a min P = 24/5. O
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Vi du 3. Cho cdc s6 duong a, b, ¢ théa méan a + b+ c = 6 va a® + b? + 2 = 14. Tim gid trj
I6n nhat va gid tri nhé nhat cia biéu thic
4a +b

P= .
C

Loi gidi. Tit gid thiét, tacoa+b=6 —c, a®> +b*> = 14 — ¢* va

b2_ 2 b2 o \2 14_2
PERCEY) 2(a—|— ) _(6—0¢) 2( ) 2 Getil

V6i két qua vita thu duge nay, ta thay a, b 1a hai nghiém ctia phuong trinh
X?—(6—c)X +c*—6c+11=0. (1)
Ngoai ra, theo dé bai thi a, b chic chan ton tai nén ta phai c6

A=(6—c)—4(c* —6c+11) = =3c* +12c — 8 > 0,

tife 1a =23 L ¢ < %g. Lic nay, ta tim dugc cac nghiém ctia phuong trinh (1) 1a

6—c++vV-32+12¢c—8 6 —c—+vV—3c2+12c—8
X, = . X, = . .

Va nhu thé, sé c6 hai truong hop c6 thé xay ra la a = X1, b= X, va a = X,, b = X;. Them
nﬁ.’a, ta 1&1 théy ring 4X2 + Xl < 4X1 + X2 (Vi X1 = XQ) nén:

e Trong truong hop tim max P, ta chi can xét @ = X; va b = X, 1a du.
e Con trong truong hop tim min P thi ta chi can xét ngudc lai a = X, va b = X.

(a) Twm max P. Luc nay, theo lap luan 6 trén, ta c6 a = X, b = X, nén

P _ 4 . 6—C+\/—~?§CQ+126—8 + 6—c—+/ —2624‘126—8 _ 30 _ 5C + 3\/_302 + 12C _ 8

bat ¢t = % thi ta c6 %g <t < 3+4\/§ (do 6—:2))\/5 <e< 6+2\/§) v

3 5
=15t + =/ —812 + 12t — 3 — =.
c 2 2

Xét ham s6 f(t) = 15t + 3¢/=82 + 12f — 3 — 3 vi 222 <t < 38, Ta c6

3(3 — 4t) 3—4t
=35+ )
V—8t2 4+ 12t — 3 V—8t2 4+ 12t — 3

Phuong trinh f’(t) = 0 tuong duong véi

F(6) =15+

3—4t <0
. 2
o5 — (3 —4t)
—8t2+ 12t — 3
hay
1§>3
~ 4

25(—8t* + 12t — 3) = 16t* — 24t + 9
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Sau khi thu gon, hé nay c6 thé viét lai thanh

>3
~ 4
12(18t2 =27t +7) =0
hay tuong duong

t=
12(3t —1)(6t —7) =0
Tu day, ta dé dang tim dugc nghiém ctia phuong trinh f(t) = 0 1a ¢ = . Va nhu thé, ta c6
bang bién thién ctia f(t) trén [%‘5’, %] nhu sau

A~ w

w
+
S

3—V/3 7
t 4 6

f'(t) + 0 -

31
F() 35—15\/§/ 2 \ 354153
4 4

Duta vao bang bién thien, ta c6

2

P:f(t)gf(g) By [3—4\/57 3+4\/§

Ding thiic x4y ra khi vi chi khia = X1, b= X, vat = % =T tica=2 b= 1—77, c= g. Va vi
déng thic c6 thé dat dugc nén ta di dén két luan max P = 2L
(b) Tim min P. Béng cach xét tuong tu nhu (a), ta dé dang tim duge min P = 2 dat dugc khi
a=1,b=2vac=3. (Loi gii chi tiét xin dugc danh lai cho ban doc.) O
Vi du 4 (Dé thi Dai hoc khéi A, nam 2006). Xét cac cip so thuc khdc khong x, y théa man
diéu kien xy(x +1vy) = 2% — 2y + y*. Hay tim gid tri lon nhat cia biéu thic

1 1

A_

R
Loi gidi. Dat S = o +y v P = xy thi tit gid thiét ta c6 SP = S% — 3P, hay
P(S+3) =5

Néu S = —3 thi tit phuong trinh nay, ta c6 9 = S? = P(S +3) = 0, vo ly. Do d6 S # —3.
Tuong ti, ta cling thay ring khong thé xay ra trusng hgp S = 0. Vay ta phai c6 S # —3 va
S # 0. Khi d6, phuong trinh trén c6 thé viét lai thanh

52
T S5+3
Do S? > 4P nén ta c6 S? > ;%23, tiic S < —3V S > 1 (chu y ring S # 0). Bay gio, ta bién doi
biéu thiic A nhu sau

P

Py (+y) @t —ay+y?)  (+y) - aylz+y)

A= w3ys 233 - 2343
_ ey 8 (543 (.3 ?
o a%y2 P2 (5_2)2 52 S)
513
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Datt = ¢ thitacot € (—3, 1] \ {0} (do S < -3V S >1)va
A= (1+3t)>%

Xét ham s6 f(t) = (14 3t)? trén mién (—3, 1] . Ro rang f(¢) lien tuc va kha vi trén mién nay.
Ngoai ra, ta cling ¢

Ft)=2(1+3t)>0, Vte (—% 11 .

Do d6 f(t) 1a ham dong bién trén (—%, 1} . Suy ra

F) < f1) =16, Vie (—% 1} |

Tit day ta suy ra ngay A = f(t) < 16, va dang thitc xay ra khi va chi khi t = % =1, P=2
tic x =y = % Két hgp céc lap luan lai, ta di dén két luan max P = 16. O

Vi du 5. Cho hai so thuc x, y théa man dicu kien x +y = 1. Tim gid tri [6n nhat cia
Q="+ 1)@y +1).
va

Loi gias. D.i?)utS::L"%—y:1véLP:xythitacéPé}1

Q=2"y’ + (2* +y°) + 1 =P+ (z +y)(2° — 2y +°)
=P+ 5(S*-3P)+1=P*-3P+2.

Xét ham s6 f(P) = P* - 3P +2v6i P < 1. Taco
f/(P)=3P>-3.

Dé thay tréen (—oo, }l] , phuong trinh f'(P) = 0 chi ¢c6 mot nghiem duy nhat 1a P = —1. Tu
day, ta c6 bang bién thien ctia f(P) nhu sau

P |— -1
f'(P) + 0 =

4
f(P)oo”

=

Duta vao két qua thu dudge tit bang bién thién, ta dé dang suy ra

e

Q=f(P)< f(-1) =4, VP<

S

va dang thitc x4y ra khi va chi khi S =1, P = —1, tiic (x, y) = (HE‘/E ﬂ) . Cudi cling, ta

di dén két luan cho bai toan 14 max Q = 4. O

Vi du 6. Cho a, b la hai s6 thuc khdc khong va luon thay doi. Tim gid tri nhé nhat cia
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e e ms o . b N P
Loi gids. Dat S = ¢ + 7 thi ta c6

2 2 2
S (5t g b
v a* bt a2 b2\? a’? b
E—FE:([)—Q-F?) _Q'b_Q.?:(S2_2)2_2.
Do dé

Q=1[(8"-272-2] - (S*-2)+5=5"-55"+5 +4.

Mit khéc, vi $? = & + 5 12> 2,/% . 2 19— 4 nen ta ¢6 |S| > 2. Nhu vay, ta cin phai xét
ham f(S) = 5% — 552+ S + 4 trén mién [ = (—oo, —2] U [2, +0). Ta c6

f'(S) =48%—105 +1

va

f"(S) =125% —10 > 0 (do S* > 4).

Tu day suy ra f/(S) 1a ham lién tuc va dong bién trén ting khoang con (—oo, —2], [2, +00).
Cu thé hon,

e Néu S € [2, +00) thi ta c6 f/(S) = f/(2) = 13 > 0 nén f(S) 1a ham lien tuc va dong
bién trén [2, +00). Suy ra

f(S) = f(2) =2, VS €2 +0).

e Néu S € (—oo, —2] thi ta c6 f/(S) < f'(—2) = —11 < 0. Suy ra f(S) 1a ham lién tuc va
nghich bién trén (—oo, —2]. Diéu nay dan dén

Tt két qua ctia hai truong hop vira xét, ta thay ngay
Q>-2 VSel

va dang thitc xay ra khi va chi khi S = —2, titc a = —b. Vay min Q = —2. m

3 Bai tap dé nghi

Bai tap 1. Tim gi4 tri 16n nhat va gid tri nhd nhat (néu ¢6) ciia cdc ham s6 sau trén mién
xéac dinh cta ching:

1
v +x+1
(b) y=va?+3x—4;
4x
)y =3

(d) y=vr—2++v4—=z.
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Bai tap 2. Tim gia tri 16n nhat va gia tri nhé nhat (néu co) ctia

(a) y = 2% — 30> — 122 + 1 tren [-2, 3] ;

(b) y = vz —2+ /17— x tréen [3, §];

(c) y = 2%Inx tren [1, el;

— en [1. e3]:
(@) y= - tron [1, €]

(e) y=mxe ™ trén [0, +00);

(f) y =sinxsin2z trén R;

242 3

() y =" e (1, 3]
1+ 2* R

(h) Yy = m trén R,

(i) y =22+ 4z — 22 — /3 + 22 — 22 trén mién xac dinh clia no;
(j) y =z + V4 — 2?2 trén mién x4c dinh ciia no.
Bai tap 3. Tim gia tri 16n nhat va gid tri nhé nhat (néu c6) cia

(a) y = |22 — 32 + 2| + 3z + 4 trén R;

(b) y = |2® + 3z% — T2z + 90| v6i |x| < 5;
20 — 1
(C)y:|$|+‘;+3 voi x # —3;
24 3
d) y=|z|+ roArs véi x # —3.
+3
x

Bai tap 4. Tim gi4 tri 16n nhat va gia tri nhd nhat (néu c6) ciia cdc ham s6 sau trén mién
xéac dinh cta ching

(a) y = sinx + 3sin? x;
JR— 1 .
Vsinx + \/Cosyc7

(c) y = 2sin?8x + cos* 2;

(b) y

x
(d) y= 20035 + V6 sinz.
Bai tap 5. Tim gia tri 16n nhat va gia tri nhé nhat ctia ham s6

fla) = (1993 + m)

trén tap xac dinh cta no.
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Bai tap 6. Chitng minh ring véi moi 0 < x < 5, ta déu c6
(a) sinz < x;
(b) tanz > x;
(¢) 2sinz + tanz > 3ux;

I?’

d) si ~
(d) sinx >z &

sinz '\ ®
(e) ( ) > COS .
x

Bai tap 7. Chitng minh rang v6i moi a € R, ta c6

V17 < Veos2a + 4cosa + 6 + Veos2a — 2cosa + 3 < V2 + V11.
Bai tap 8. Chitng minh ring

sinx + 2cosZ

V)

- 2 >1
cosx + 2sinZ = +

8

[

, V:):E[O,g].

[\

Bai tap 9 (Dé thi Dai hoc khéi B, nam 2005). Chiing minh rang v6i moi x € R, ta c6

12\"  (15\"  [20\"
— — =] =3" 4"+ 5m
(5) +(5) +(5) 2ee

Bai tap 10. Ching minh réing véi moi 0 < z < 1, bat dang thic sau ding
z (9\/1 T2 413V = x2) < 16.

Bai tap 11. Cho céac s6 khong am z, y théa man 2x + 3y = 5. Tim gi4 tri 16n nhat va gia tri
nhé nhat ctia biéu thic
P =a% 42

Bai tap 12. Cho z, y 1a hai s6 duong thoa man z +y = 2. Tim gid tri nhé nhat ctia biéu thiic

4 1
(a) SZE—'—@’

4z + 2r —
_ Zl/+ y'

(b) P - 1

Bai tap 13 (Dé thi Cao dang khéi A, nam 2010). Cho hai s6 thuc duong thay doi x, y thoa
man 3z +y < 1. Tim gia tri nhé nhat ctia bidu thiic
1 1
A== —
T /Ty
Bai tap 14. Gia st phuong trinh 1222 — 6max +m? — 4 + % =0, m # 0 ¢6 hai nghiém z, z,.
Tim gia tri 16n nhat va gia tri nhé nhat ciia biéu thic

_ .3 3
T = 2y + 5.
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Bai tap 15. Gia sit phuong trinh 22 — 2kx + 2k + ];12 —5 =0, an x, c6 hai nghiém thic z1, x».
Tim gia tri 16n nhat va gia tri nhé nhat ciia biéu thic
P = (21 + xa)(af + 23).
Bai tap 16. Cho cac s6 duong z, y théa man = +y = 1. Tim gi4 tri nhd nhat ciia biéu thiic
1
P=xy+—.
Y
Bai tap 17. Cho hai s6 duong a, b thoéa man a?® + b* = 1. Tim gia tri 16n nhat ctia biéu thic

B ab
S a+b+1

Bai tap 18 (Dé thi Cao déng khdi A, nam 2008). Cho hai s6 thyc z, y thay do6i v thda man
22+ y? = 2. Tim gia tri 16n nhat va gia tri nhé nhat ctia biéu thic

P =2(z* +y*) — 3zy.
Bai tap 19. Cho hai s6 thyc x, y thda man 2(z% + y?) = 2y + 1. Tim gia tri nho nhat cta

B x4+y4
S 2y + 1

Bai tap 20. Cho hai s6 thuc «, y thay doi va théa man diéu kien 2% — zy + y?> = 1. Tim gia
tri 16n nhéat va gia tri nho nhat ctia biéu thic
(22 =1+ (2 = 1)° + 2ay(xy — 1) + 3

22492 -3 '

Bai tap 21. Cho hai s6 thyc z, y théa man x — 3v/z + 1 = 3/y + 2 — y. Tim gia tri 16n nhat
va gia tri nhé nhat ctia biéu thic

P =

A=x+y.
Bai tap 22. Cho hai s6 duong a, b théa man 2(a® + b*) + ab = (a + b)(ab + 2). Tim gia tri

nho nhat cia bicu thiic 3 2 2
a a

Bai tap 23. Cho ham s6 f : (0, +00) — R théa man diéu kien

1
f(tan2x) = tan*z + p—m— Vo € (O, %) )

Ching minh réng gia tri nhé nhat ctia ham s6 g(z) = f(sinz) + f(cosz) trén (0, T) 1a 196.
Bai tap 24. Cho ba s6 duong a, b, ¢ thda man dong thoi hai dieu kien a+b-+c = 4 va abe = 2.
Tim gia tri 16n nhat va gia tri nhé nhat ctia biéu thic
P=a"+b+ch

Bai tap 25 (Dé thi Dai hoc khéi B, nam 2008). Cho cac s6 thuc z, y thay doi va thoa méan
22+ y? = 1. Tim gia tri nhd nhét ctia biéu thic

_ 2(z® + 6ay)

14 2zy + 22
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Hét phan 1 ctia bai viét. .. Mai cac ban don doc cac phan tiép theo
§ cac lan quay video tiép. Have fun!



