
ry'

Lor GrAr oi o+

Cau 1: A ltu
u : 2r3 - 3 (2m + t) 12 * 6m (m + L) x + I

L)m: L

a:2r3-9r2t72r*L
* TXD : D:R
* SU bi6n thi€n:
a. Gi6i hq,n vd, tiQm cQn:

,ligY:,]iH (u:2" -9r2 *L2r * 1) :1*

+ Dd thi hdm s6 kh6ng c6 tiOm c0n.
b. Chi6u bi6n thi6n

'lt':0o[":1" 
L fr:Z

B6,ng bi6n thi€n:
fr. .-€ 7 2 .14'

f ("t +0-A+
f(n)

Hh,m s6 ddng bi6n tr6n (-m;1) vh, (2;+m)
Hh,m s6 nghich bi6n trcn (1;2)
Hd,m s6 dat cgc dai tai r : L l Aco :6
Hhm s5 dat cgc ti6u tai r :2 ) Acr :5
x D6 thi

@Di6n dan to5n hgc - VMF

Thi sinh: vietfrog

{x) = z# - s..f + 12.x +J
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2)

Ta c6:
u' :6r.2 -6(2m+ 1)z *6m(m+L)
a':Oe 12 -^(2m* 1)z -tm(m+ 1) : O I6: (2m+ 1)'- 4m(m+ 1) : 1 > 0Vrn

+ A' - 0 lu6n c6 2 nghi€m phan biQt v6i msi gi6, tri m.
cgc dq,i, cuc ti6u. ok
Ta c6:

'u':0e.l':*d - " l*:m*l
MEt khac: a" (^) < 0 + rcD: m
* Aco : f (*) : 2mz t 3m2 * 1 or
Theo bh,i:

aco ) 7 e 2m3 *3m2 + 1 > 1 e 2m3 I 3m2 > 0 <+ rn €

/ -3 \ 4:) 'rn" 
(?* + 3) >o

vAv rn. (Z'0J u (0;+m) ld nhrlng gi6, tri cdn tim.

Cau II a lt
1)

@Di6n dln to6n hgc - VMF

Nhu vfy hdm s5 d5, cho luon c6

2co"(3*+ 1) : cosr * 2sinr

*, (T,"'6*Tr") : 
""., * 2,;f, as(o-tt) -- cos a cosL -sr"'tsru$

<+ cos3r * r/5sin3r : cos r l2sinr
<+(4cos3z-3cos")+r/i(3sinr-4sin3r) :cosr*2sinr t - -/ 4

<+4cos3r +Ar/isinir-+"o. "-(lr/5+z) sin r:0+tai,o; +funnX ddJi {; LuaSrt

e 4cos3r + 4rl-3sin3r - 4cos r (sir?r+ cos2z) - (r/S + 2) sinr (sin2r * cos2r) : g

* (/5 - 2) sin3z - 4sin2rcosr - (rVS + 2) sin rcos2x :0
D6 th6y cos tr : 0 kh6ng ld nghiQm.
Chia c6 hai v6 phuong trinh cho cos3r .

DEt tanr : t ta c6:

z)t2-+t-
+) V6i t: o

+r:kT (k€Z)
*) v6i (*- z)t2 -+t-

2+J;44) tt,z:
'/5-zz* Js -TS er:arctan (-#) **, (ke z)

(+'') u (o;+oo)

Ok-

-4*-(r/s+z) r:o

(r/s+z) :o

(tt_- z) *
lr:o* 
L (vr-

(r/s+z) t:o

) lasa -
'/5-z

Thrl lai th6y dring.
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(thoaman)

3-J5

@Di6n da,n to6n hgc - VMF

(kez)/e_m\

-l

,fr-z )'fr-z

<+ 16 + zt4 Q -1) + 3r4 - 613 + J* + t3 - Jt2 +3t - 1 : 0

<+ 16 + s* (t -1) + Bf(, - r)' + (, - l)3 : o

e(t'+t-1)3:g
++t2+t-1:0

fr__1 +r/i
f ,_____;_ (thoaman)ol. -l'-'fr
L ,: -; 

<o Qoai.)

y6it:.+fr+r-rz-3-{5
Vfy phuong trinh dd cho c6 nghiQm:

Cau III: 4lA
ln9 lng

lng

oK

r:l,f#ro,:lG%
{ {e,\/G + |

0
h9

ln9

:2. I
0

: I a@') _, T a('tq
I t/".,,re+L-'l {G+1J" \/". I lrG +l

d(tfe' + L)

-

1/ {e* -l t

-tln9

l-t
: Lr,/ ^/or -L 1l^v v" ,-ln
:8-4J2 oF
Cau IV: 0,16 l4
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Gqi M lb, trung di6m BC.

Ta c6: (SBC) . (ABC) : BC LSBC, LABC dcu ASBC , LABC * {W:rE
Tr] d6 suy ra: ffiA: 600 [rl
LSBC,LABCd6u + SM: tO:+

Gsi O ld, td,m dudng trbn ngopi ti6p cria tam gi6c d6u A,ABC.
Xdt: L,SOM ca{ru-d:,600
+ SO: SM.tirr60': io
Ta lai c6i dtLABC : 

f,nU.BC 
:;+ ": ry

- 1 so'dtLABC:!j^ a2\/5 - a3\/5
suY ra: ''Z: a'X"ffi';rlrffi*''*,a;T;+;i,0, o,h ') n^R
Ta thiy :@ASAM c6,n tpi M, c6 SMA:600 suy ra LSAM ddu + SA: AA,l :7
Gsi K Id, trung di6m SA
Ta th6y : L,SAC cdn tai C suy ra CK LSA

@Dien dan to6n hgc - VMF

+CK:\RCz+SK2- s

Suy ra: dtLSAC :f,.CN.S^:;+ +
Ta c6:

Vs.eBc: i.
tr.arnsrc.d@;(sAC))

SVs.tac a.Ef 3t/L3.a+d(B;(sAC)):ffi:ffi:ff oK
16

CAu V:
Bdi to6n phu 1: 0'29 f 4

Cho a, b > 0; ab ) L. Chrlng minh rling:

'/E
4

a2r,/39

,'* (+) :

@www. diendantoanhoc. net Trang 417



@Di6n dnn to6n hgc - VMF

112. \ _/1\
7*a2 7+b2 - 7+ab'''

Chrlng minh
Gii sit BDT (1) dring. Ta c6:

l+a2-
1

1

<+

+ -ab
1

I*ab
1* -:-

L + b2_t-

l+a2 7+ab'. L+b2
(ab - a2) (1 + b2) + (ab -

(1+ 9,r) (1 + b2) (1 + ab)

<+

Suy ra gifr, st dfing.

Ap dung BDT (1) ta c6 :

(o-b)'(ab-1)
> 0 (du'ng) ok

(1+a2)(1+b2)(1+ab) -

o 
1 *o, - 1ib' - 1iF > 7;;*tz],

Bdi to5,n phs 2:

Cho a, b,c > 0. Chrlng minh rllng:

(a3+b3+"') ,I**d,r,
Chrrng minh:

Ap dung BDT AM - GM ta c6:

a3 ^rT o'
o.3 +bB +c + 1 + t >'V 

az +b\ c :

Tuong trl ta c[rng c6:

,>
ab

1

1+ eb
)(1+r

0

>0

112
1-\-,tr' ' 1+1b3 - 1+ @+->1+C L*abc- 1+ Jabe " t)Ao nXrldt d't

11224
-l-\-\_

c e, Z,? k0* *'kill:ii^* !!:,lr,o 
"XAi; 

l,*
-l--r--r- _L-- !+as' l+ba' 1+c' r+gb"= L+r/Fp' t+Jabd= r+obc

1 1 1 3

,-0rr,! ,*
bfti c{,,,tt' '.)

3a

ilF16 a6

"#*+ 
1 + t. oS;7' ;r#lz + 1 +, > uS77

COng3BDTcingchi6utadrrgc: al+U1 t { +6 -._1 ) 3(atbtc)

B6t d8,ng thrlc duqc chring minh.
**Ap dsng vb,o bdi ta c6: v+ B pr ti.1 nffl"A ewt clm
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@Dicn dan toSn hpc - VMF

Theo BDT (2);(3):

1 1 t r/ 1 1 1\3 7/ 3 \3I r- >-l r-r-l \-l-l :
(1 +z)3'(1 +y)3'(1 +")"= o'\t+ i' 1*' 1+r) = s\*yryz)

BDT duOc chrtng minh.
D6u bing x6,y ra khi r : y : z : L.

Cdu VIa. 4.ail L
1. o,?5 l4
Ta c6:
Tqa dO giao di6m 2 dudng trdn ld nghiQm cria hQ:

l*'+y2-Lor:o ^lt+r-2a:20 ^lZ"-70:a
\ r'* y' +4r-2a :20 - 1 r' +a' -10r:0 - I 12 +a2-10r:0
+ 12 + (7" - 1o)'- 1or: o

e 5012 - 150r * 100 : 0

e12-zr*2:o
I r:l1u:4

<+ I oOK- Lr:2+a:-c-.. A(t;Al; B (Zr_S)
Thrt lai th6y dfrng. ,---
Vay grao diSm cril 2 dudng trdn d5, cho ld @l^),, $5
Gsi M ld trung di6m AB + M f:'i)\z',2)
Gqi / Id, t6,m dudng trdn cin tim.
Suy ra .I thuQc trung trgc AB.
Gqi d lh, trung trgc AB.

d qua * (2,;) ", nhan Bf (1;7) h,m vecto ph5,p tuy6n.

+(d),("-;) .r(o-i) :o
<+(d) :r-tTy -5:0

M6t kh5,c 1 e A : r -t 6y- 6 : 0

Suy ra: / (12; -1) oK

Ta c6: R: rA: \/AM2 + rM2: rlTry:btfb
VQy phuong trinh dudng trbn cd,n tim ld: (C) : (r - L2)'+ (y + 7)2 : L25 O f
2. 4 l,t
Gsi (Q) Id mEt ph8,ng qua A;B vh tpo v6i (P) g6c 450.

Vecto ph5,p tuy6n cria (Q) tafi(A; B;C)
Ta c6: OB @,a; -a);rt O; -ziz) ( d fa vecto ph6p tuy6n cira (p) )

A;B e (8) + ,+Btfi+ AE.fi: o <+ 4A+48 -4C:oeA+B:C OL
MEt kh5,c: g6c ((P);(8)) :450 suy ra: g6c (d;All:45o
t )!_]LfgL: cos45o

,/A2+F2+C2.3

<+lA- 28+2(A+$l:W-@

; (;)'::
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I

<+ 13.41 :!-ttrg *Ze *Zm
a 2A2 :2A2 + 282 + 2AB
e82+AB:0

I B:ooLr:-trolr
*)vdi B:o
Suy ra A: C.
Chqn ,4 : C :1 '+ nq{1;0; 1)

* ne (1;0; 1)

+(8):(z*1)+(z-2):0
<+(8):r*z-1-0 otL

*) vdi B: -A
Suy ra C :0.
Chon A : l; B : -1 r ne (L;-1;0)
+(8) :(r* t)-(s-1):0
<+(8);r-a*2:O of-

Vav (Q) ; n - a *2 :0 ve, (Q) : x t z - |
Cau VIIa: 0.6 l4

- 

-rr

:0 ld 2 mdt ph8,ng cAn tim6g

@Di6n dan to6n hgc - VMF

Jr1*12:J
At*gz:-L
frtfrz - UtAz: 4

frtUz*frzUt:-3

(1)
(2)
(3)
(4)

Tr] (1);(2) ta c6:

| (*t-1)+(u2-1):1 ,..
t (r;- ii* ioi - ri - -3 (/)
X6t (3):
frrfrz-AtUz=4
#r1r2-3+l-Aryr-1-1:0
3 r1r2 - fi1 - rz * | - Uflz't Ar + y2 - L : 0

e (r' -1)(r, - 1) - (y, - 1) (yr-r):0 (11) ol4
x6t (a):
rtUz*frzUt:-3
€ frrAz* xzvr * 3 :0
# rraz * rzat - (r. + rz) (u * gz) : 0

€ frtUt I rzAz:0
Q frrUr - fr1 - At -f L I rzyz - fr2 - Uz * L : O

<+ (r, - 1) (y. - 1) + (rz - 1) (u, - L) : 0 (III) aY-

Dat: { "'-!:a;r2-L:bh-L:ciAz-L:d
rt (1)(11) (III) ta c6 hQ:
( a*b:l

I "::::;' (*)

I o" : -bd,
THL: abcd l0
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xN6u: a:0

Suy ra (0; 1; -3;0_xN6ub:09

)cd,:ob:0<+

Suy ra (1;0;0;
*N6u c: 0 +
ab: cd: 0 <+

T6 "2lii ,

C;u 4 ' LIL

cjirt Z: 'llL
cA* 3, 4[4
CA4 , 0fi514

Cfr. 5 ' 0,L{l)

CCi*ba' A/5lL

ciu?o ' oFlt
--a,z{ Uo

@Dien dan to6n hqc - VMF

a5.03 ,2ot2t
Trang 8f 7

1.ti y'i iJl *0u1"t

€;" d'* li^X *
t^r,^!^ rn 

Hr^xt+

ra c6: {22:Yr, - {:t : * 
* {;9::Y,, <+ b : c: o(toai) *-

TH2: abcd:0
DC th6y o vd, b ; c vit" d khOng th6 cing d6ng thdi bXng 0

b:0

b=l 0{ e, q? o {lf6"X f 
f "i do J"--o

[ :: ; (toai)

(loai,)-0
Suy ra (1;0;0; -3) ld, 1 nghiQm

(loai)

Suy ra (0; 1; -3;0) ld 1 nghiQm cfia hc (x)
Tt d6 suy ra he (*) c6 nghiQm (a;b;c;d) ld, : (0; 1; -3;0) vd, (1;0;0; -3) .

Suy ra hQ ban di,u c6 nghi€m : (r;r2;Ui7z) ld, (1; 2; -2;1) vh, (2; 1;1; -2)
Tht lq,i th6y dring.
Vfly hQ da cho c6 nghiQm : (r; 12; Ai Az) lh, (1 ; 2; -2; l) vn (2; l; 1; -2) O lC

HET

, G',!.a 2# ,* o"t; fr'ft +i€i t( 
.,,,, .^^t* o/.lo(-

. B; H?r 1o ";o.^1.ri_rj ! "r.:'"o!!*;'t;r;:;
dd; nW v6a, e,* ,Sn +"!" b\ 

-e-1: ""-;;=;' 
, J *i{* o*

i^I.,taai +ra ^r^^tr _',,fo,,*,irii:" ;:i, *".i'", lt;

. B;; gor 0::^ unnft'n*ri"qt i.(.2',L(o, '-'???)

J /,i€^ bid" c Po'0" 'no'

Nfd: l^1"^'
,t*ltirtn?{-sl!:EMEs

-''llgtftlli'[,'*
ffil?l't'Jii'ii'ti- n' * * ''' un
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