7. NGHIEM VOI YEU TO GIAI TiCH

7.1. Lién tuc:
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Cho feRIx], degf=n. Néu #6n tai 2 s6 a,b ma f(a).f(b)<0 thi
da thic f(x) c6 it nhdt mot nghiém x = ¢ ndm giltaa va'b.

B dé : Nguyen Ii vé day cdc doan thit :

* Mot déy céc doan (A, )n v6i A = [a,], b"v] c R duoc goi 1a mot day
thit nhimg doém néu A, cA, Vi lx_r,n(b -a,)=0. Néu (4,), 1amot
day that nhimg doan thi t6n tai phin tir duy nhat thudc moi doan A, .
Chli'nlg minh : Vi A, <Anén (a,) 12 day tang va (b,) 1a day giam.
Mit khédc : A
do do chung cé glm han.

Va lim(b, —a,)=0=>lim b, = lima, =c.

Taco: a, <c<b =ceA,hVn

n?

n+t

C A, nén c4 2 day ndy bi chan trong-doan [a, ;b, ],

Giasircé c'efa, ;b,], vn =_> 0<le ~d g\b; -a,.

Cho n .« thi c=¢’ (dpcm).

* Chimg minh dinh If : e

Vi f(a).f(b) <0 neén gia sit f(a)>0 f(b)<0.

Ta thanh 13p day thit nhitng doan bdi cdc dlém chia 1a trung diém.
Néu : f(%—‘i_)=0: _ath,

Néu : f(a—;—b)ato thi goi A, =[%2 b] khi f(azb)w'

Con goi A,=[a;a ]kh f(a+b)<0 Nhu vay, ta c6 A, =[a, ;b,]
2 2

ma f(a,).f(b,) <0. Tié€p tuc nhu vay thi c6.day thit nhimg doan A,
va b, ;a" = a2 b 0. Theo nguyén Ii thi t6n tai duy nhét ce A , Vn.

Suy ra lima_=limb, =c. Ma f lién tuc va f(a,)>0, suyra f(c)20
vavi f(b,)<0, nen f(c)<0. Dodé: f(c)=0.




7.2. Nghiém béi :
~ o 12 nghiém boi k ciia f e R[x] khi : N
‘{f(a)=f'(a)=...=‘f“"”(a)=0 '

f(k)(a)¢0
Chu'ngmmh V‘ltheophantlch f(x)= (x o) g(x) g(a)=0.
* Két qud :

" Néu f(x) c6 nghiém boi k >1 thi f'(x) c6 nghném bm k-1.
7.3. Nghiém cua da thiic bac 3:
f(x)=ax’+bx’+cx+d, a=0.
Tacé: f'(x)=3ax’ +2bx +c = A’ = b® —3ac.
* Néu f'(x) >0, Vx hay f'(x) <0, vx thi f(x)=0 ¢hi cé 1 nghiém.
* Néu f'(x) =0 c6 2 nghiém phan biét thi d6 thi ¢6 2 cuc tri :
V6l yp.Yer >0 thi £(x)=0 chic6 I nghiem. ’
= V6i yopyer =0 thi £(x)=0 c62 nghiem (1 don, 1 kép).
-V6i ypYor <0 thi f(x)=0 ¢6 3 nghiém phan biet.

7.4. S6 nghiém tit bang bién thién :
Dua vao bang bién thién ham s6 f(x) trén 1 mién xéc dinh.
* Néu f giit nguyén mot déu trén khoang (a b) thi v0 nghiém tren
khoang d6, con néu f bién. d01 déu tir (-) sang (+) hay ngugc lai trén
khoang (c d) thi c6 ding mOt nghiém trén dé.
* S6 luong nghlem f (x) 0 la s0 gia tri y= 0 duoc mo ta qua BBT.

» Két qud :

(1) Da thic bac 1é thi c6 it nhét 1 nghlem
(2) : Néu a, >0 thi t6n tai (b +o) dé f'>0 nén f vo nghiém trén do.
(3) : Néu f(x) vo nghiém trén khoang (A B) thi f gitt nguyén mot
d4u trén mién d6.
(4) : Néu da thic vo nghiém trén R thl hoac da thuc la hang s6 khiac 0
hoac da thic bac chin luén luon duong hodc lu6n luon am.
(5) : Da thic lién tuc trén R, néu d6i d4u bao nhléu l4an thl cé 1t nhat
b4y nhiéu nghiém thudc timg khoang dé.
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7.5. Dinh li La-go-ring: . .
Néu ham s6 f (x) llén tuc trén doan [a; b] va c6 dao ham tren khoang
f(b) fla) _ £(c).
~-a

* Dinh If Rolle ."Né'u;f c6 hai nghiém x =a,x =b" va c6 daoﬁ ham trén

(a b) thi tén tai's6 ce(a b) sao cho

[a;b] thi giita hai nghiém cia f(x) c6 mot nghiém ciia dao ham
f'(x) saocho: 3ce(a;b)if'(c)=0.

e Ap dung vao da thic f(x) lien tuc tren R va c6 dao ham £(x),
néu f(a)=f(b) hoic f(a)=f(b)=0 thi t6n tai nghiém c cia f'(x)

nam giira a va b. Néu f ¢6 k nghném thi f' ¢6 k-1 nghiém, f” cé
k -2 nghiém,..

7.6. Quy tic ddu Descarte : f(x)=a,x" +a,x"" +..+a, x+a,, a,#0
Goi D 14 s6 nghiém duong (k€ ca boi).
L 12 56 14n d6i déiu trong day he s6 khac O tir a, dén a, (bd a =0).
Thi D<L va L-D las6chin. Dodé: L=D+2m,meN. '
Bai tdép 75 : Ching minh phuong trinh : =
‘) x*=3x+1=0 c6 nghiém. S
Nb) X’ —5x +4x 1 =0 65 nghlém | |
Giai :
(ga) Xét f(x)= x -3x+l thl fhén tic tren R.
- vif(o)f()< 0 nén phucmg trinh ¢6 nghiém x e(O l)
'b) Giai tuo’ng tr v6i 6 gid tri lien tiép d6i déu ;

f(- 2)_—1 f(--3-)=13- f(0)=-1;
2) 32

o v,f(-l-)=r—'f(l)=‘—l'f(3)=11-9 .

nén phuong trinh ¢6 5 nghiém thuOc 5 khoang rési nhau :

e e

Bai tdp76 : Cho fe ]R[x]. Chlmg mlph c
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a) Néu deg £ =2n va £(1)+£(3)+f(5)=0 thi c6 2 nghiem.

b) Néu f(0)=f(1) thi f(x +—l—)=f(x),m nguyén duong c6 nghiém.
m \,

Giai :
a) Vi da thic f lien tuc trén R va degf=2n nén:
lim f(x)=+c néu a0 >0

x—r.trt

11m f(x)=—0 né’u a, <0.

x—-’:tfx:

Vi f(1)+£(3)+£(5) =0 nén t6n tai hai gid tri trdi ddu trong ba gia tri
£(1), £(3),(5). Do d6 f luon c6 2 khoang (a;b) ma f(a).£(b) <0.
Vay f c6 it.nhat 2 nghiém. ‘ ‘

b) Pat g"(x)=f(x +-1—)—f(x),m nguyén duong.
m/) ‘

Thi téng : g(0)+g(—1—)+'g(2)+ +g(m;l) 0 nén t6n tai 2 gid -
. ' m ' m
tri trdi ddu g(a).g(b) <0, uic 12 g(x) c6 nghiem. .

Vay : f(x +i) =f(x) c6 nghiém.
m . .

| Baitdp 77 + Cho hai da thic f, geR[x] ma f(g(x))-g(f(x))
Chlmg minh ring néu £(x) = g(x) vo nghiém thi f(f(x)) g(g(x))
ciing vo nghiém. , :
, Giai :
Xét h(x)=f(x)-g(x) lién tuc tren R.
Vi h(x) vo nghiém nen h(x) luén luén dwong hogc am.
Do d6 : f(f(x)) g(g(x)) F(£(x)- (f(x))+g(f(x)) g(g(x))
| | —h(f(x))+f(g(x)) g(g(x)) '
-h(f(x))+h(g(x)) luon duonghoac am.
Vay f(f(x)) =g(g(x)) vo nghiem. "

Bai tdp 78 : Tim a, b d€ f(x) =2x" +ax’ +hx’ +ax~b chia h&t cho-(x - 1).z .
Chiimg minh khi d6 thi f(x) khong chia hét cho (x~1)".



~ Giai:

Tac6: f{x):(x~1)° nén f c6 nghiém boi k = 2.

:{f(l)=0 :{2+a+b+a—p=0.:>_{a=—l

f'{1)=0 8+3a+2b+a=0 b=-2.

Dod6: f(x)=2x*~—x'=2x>—-x+2 |

£(x)=8x* —3x —4x 1 ,
f"(x) =24x> _—6X ~4 '

Vi £(1)=14 %0 nén f{x) khong chia hét cho (x-1)". '
Bai tdp 79 : Cho feRI[x], degf =n. Gia sit a<b ma f(a) f(b)<0. Chimg .
minh f(x) c6 mot s6 1é nghiém trong khoang (a;b) ké ca boi. Con néu
f(a).f(b)>0 thi f(x) c6 mot s chan céc nghiém trong khoang (a; b}.

Giai : |

Gia st @, @,,,...,0, 1a c4c nghiém cia f(x) véi céc boi tuong ing 12
Ko kyoook, Khidé: f(x)=(x -0, )" (x—0,)" .(x—a,)" g(x)

Trong d6 g(x) khéng ¢6 nghiém trong {a;b} nén da thic g{x) giit
nguyén dau trong (a;b). Gia st g(x)>0 véi xefa;b]. Ta c6
£(b).g(b)>0 con fla).gla).(=D"™""™ >0." Vi f(a) trdi dau véi f(b)
va g(a) ciing ddu véi' g(b) do d6 f(a) trai ddu véi gla). Vi thé€
k,+k, +..+k_ 126 1¢. Ching minh tuong tu khi £(a)f(b)>0.

Bai tdp 80 : Chimg minh rang v4i moi s6 a hguyéh, da thic :
© £(x)=x*=2001x* +(2000+2) x> - 1999x +a -
khong thé ¢6 hal nghiém nguyén (phén biét hay tring nhau).
Giai ¢

Tru6c hét ta chitng minh rang néu x, 1a mot nghlém nguyen cua. f (x)
~ thi xo phal la so chan.

£(x,)=0
f(l) 2a~- 1999—s6 1é-

Nhung f(xo) f(1) chia hét cho xu-fl nén x, -1 1a mot s 18, do d6
Xo. chén Ta xét 2 trub’ng hop :-

2 That vay { | s_f(xo)—,f(l),'=sdlé..
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a) Gia st f(x) cd 2 nghiém nguyén x,, x, phan biét, thi :

0= f(xx)_f(x:) =‘(

x,’+xfxz+x,x22‘+x2")—'200'"1(x|:'+x,x2 Fx,1)+
X, fxz '
+(2000 +a)(x, +x,)~1999.

Déng thifc khong thé xay ravi x,,x, chin.

b) Gia sir f(x) c6 nghiém kép Xg (chan) Khi d6 x, ciing 1 nghlém
“cia dao ham f'(x): ~ : :
f'(x,)=4x,’ —6003x02 + 2(2000 + a)x(, -1999 = o.
Déng thic nay khong thé x4y ra vi x, chin. '
Bai tdp 81 : Sit dung quy tic ddu Descarte dé chimg minh phuong'trinh :
a) x* —=6x* +8x? +4x~1=0 c6 it nhat 1 nghiém duong.
- b) x*-2x’ =2x+1=0 c6 diing 2 nghiém.
c) x*=2x*—8x’—x2=9x+1=0 cé ding 2 nghiém duong va it nhat
1 nghiém am. - |
Giai: -
a) Ddy cdc ddu chacdche s61a: + — + + — _
Goi L 1a s6 lan d6i dau he s6 va D 12 s6 nghiém duong thi :
~L=3 =3=D+2k.
Do dé D=3 hoac D =1 hay D>1 nén phu'ong trmh co it nhat mot
nghiém dwong. .
~ b)Day cicdduchahg¢ s6la:+ — — +nén: L=2=2=D+2k.
Dod6 D=0 hodc D=2.
- Mit khic £(0)=1,f(1)=-2 nen f(O) £(1) <Odo dé phucmg trinh

" £(x)=0 c6 it nhat mot nghiém trong khoang (0;1).

Vay D >0 ‘do d6 D=2 nén phuong trinh c6 2 nghiém duong.
R5 rang f(x)>0 néu x <0 neén phucmg trinh chi ¢6 2 nghiém duong,
,khOng ¢6 nghiém am. . - :
' c) Daycécdaucuahé s6la:+ ———~=+nén: L 2.
cd4 D=0 hoac D=2. :
Vi f(0)=1 va r\l)<0 nén phu’dng trinh cé ng,hlem du’omg treng
khoang (0;1). Vay D>0 dodé D=2.
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Xét g(x) = f(=x)=—x* = 2x* +8x’ =x? +9x +1. °

Day cic dduhé s6ctia g(x) 1a: — — + — ++. |

Suy ra L =3, do d6 phuong trinh g(x)=0 cé it nhit 1 nghiém duong
nén phuong trinh £(x)=0 ¢6 it nhét 1 nghiém am.

Bai tdp 82 : a) Cho abc #0 va 3+:+§-=

Chitg minh : f(x) =ax* +bx? +c =0 c6 nghiém.

" b) Cho feIR[x] f(x)=a x"+a_x"" +.. +ax+a,.

Chimg minh rang néu : P —i R Lozt +o+— '+—-——0 thlfcé nghiém.
- , " n+l n 2 1
' (Vé dich sinh vién)
- Giai :
' coa 7 b 5 C 3 ~ . ' N
a) Xét F(x)=7x +§x ‘+§x‘ thi F lien tyc, c6 dao ham
F'(x)=x*f(x). Ap dung dinh Ii La-go—rang tren [0;1] thi t6n tai

F(1)-F(0)
ce(0i1): TR -F(Q).

Ma F(0)=0: F(l)-7+5+§—0 nén F'(x) =0.

.V\lCE(O 1) nén ¢’ #0 do dé £(c) =0.

Vay f(x) ¢6 nghiem..

a,_ a,
x ey p By Bey
n 2

b) Xét Q(x)—
n+l

Thn Q(O) Q(l) 0.

Ap dung dinh I Rolle thl Q(x) 6 2 nghlem nen Q'(x)=f(x)
¢6 nghiém. L ‘
Bai tdp 83 : Cho f(x) ax" +ax" +...+an_,x +a
phan biét. Chimg minh : ‘ o

a) f(x)-f"(x)=0 cung c6n nghlem phan biet.

b) (n l)aI > 2na,u,.

a, #0 ¢6 n nghiém

n?



: v Giai : . :

a) bat g(x)=e™f(x). Vi f(x)=0 ¢6 n nghiém o, <o, <..<o,
nén g(a,)=0,(i=12,..,n). Theo dinh 1i Rolle, trong mOny khoang
(o500, ). (i=1,2,....,n~1) c6 tbr tai B, dé g'(B,) =

Mat khéc ta thily : g'(x) =™ [f(x)~f'(x)].

Suy ra : f{x)-f'(x) c6 n-1 nghiérh B, B, B
di n nghiém.

b) Vi f (x) ¢6 n nghiém phan biét nén theo dinh If Rolle thi :

f'(x) ¢c6 n—1 nghiém.
f"(x) c6 n-2 nghiém, .

va do d6 né sé ¢o

n-1

! |
= f"? (x.) = %’-aoxz +(n- D!a;x +(n-2)ta, c6 2 nghiém phan biét.

Dodé A>0 nen ((n-1)'a,) ~2n!a,(n-2)!a, >0.
Vay i (n—1)a,’ >2naga,.

Bai tdp 84 : Chu’ng minh v6i mdi s6 nguyén duong thi phuorig trinh :
X+ x4+ X7 .+ X2 +2007x3™ =1999
c6 nghiém duy nhat.
' ‘ Giai :
Pat f(x)=x+x*+x’+..+x™ +2007x""', D=R.
Xét x<—1 thi: f(x)=x+x>T+x)+.. +*(2“(1+x)+2006x2“+l 0.
Xét -1<x<0 thi:

£(x) = x(1+x)+ x> (1 4+ %) +.o+ 2 (14 x) +2007x*™ <0.
Do d6 f(x) <0, Vx <0 nén khong c6 nghiém x <O0.
Xét x>0 : £'(x) = 142K +3x2+...4+ 20x2" '+2007(2n+1)x2" >0,
nén f d6ng bién. Ta c6 bang bié&n thién :

X 0 ' . 4»
f! +

+e0

fjyoA/ ',
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Dua vao BBT thi phuong trinh f(x) =1999 c6 nghiém duy nhét x > 0.
Vay phuong trinh c6 1 nghiém duy nhat.
Baitdp 85 : Cho 2+2n s6 a,, b, thod: 0<b, <[a|, b, ZM véi i=1,..,n
Chimg minh c4c nghiém néu c6 cla da thic a,x" +a,x"" +...+a, c6 gid tri
tuyét d6i khong vuot qui nghiém duong duy nhét x, cha phuong trinh :

boxll _blxn—l _‘f"__b" = O.” ‘

. | C | (Dy tuyén IMO)
Giai : , :

bat: f(x)=axx"+ax"" +..+a,; g(x)=bx"-bx""—..-b,.
Tacé: g(x)=x" (b(, f—‘——b—g—...——%) =x"h(x).

Coxoxt X
Thi h'(x )=PL EP‘;;;“ ;, 20 do.b >]a]>o

% X'

Nén h(x) tang trén (O +oo) va nhan gid tri (-—oo b, )
Do dé g(x) co 1 nghlém du’o‘ng duy nhat | Xy
Vakhi x >x, suyra g(x)>0.

nl + R i
ctag v

Tacé: Jf(x)= Ia(,x +a,x"

, _ . nl_‘ =
>[a,x"|~]a,x" +...+a|>|a(,x| la x| ...~ [a, |

=|a()“x|n —la,“X'"_I|— ;

2 b, Ix|" - b, Ix"" - =g(Ixl).

Nén véi nghiém x néu c6 cua f(x) thi x <x,

Bdl tdp 86 : Cho ab = 0. Chimg minh phuong trinh :
x*=3ta?+b*)x+2(a* +b*) =0 c6 3 nghlem phén blet

' Giél :

Xéthams6 y =x*=3(a> +b?)x +2(a’+b*), D=R.

Ta chimg minh ham s6 c6 cuc dai, cuc tiéu va yop.Yer < 0

; y' =3x? —-3(a +b2) -
Dod6 y' =0 x,, = 4/al +b7, (S=0,P=a’+b?).
* Vi'y’ bic 2 ¢6 2 nghiém phan biét nén c6 CD va CT.

—ia
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Ldyy chia y' ta c6: y ~=%xy’—2(a2 +b2)x+2(a’+b*)
= Yoo Yo =(=2(a? +b?)x, +2(a* + 7)) (-2(a® + b*)x, +2(2’ +b'))
 =4(a?+0°) —4(a? +b?)’ = —4a%b?(32% + 3b* - 2ab)
- =-4a%?[2a2+2b? +(a-b)’ ] <0.
Vay phuong trinh-da cho cé 3 nghiém phan biét. _
Bai tdp 87 : Cho phuong trinh : ax®+27x” +12x +2001 =0c6 3 nghiém
phén biét. Hdi phwong trinh :

4(ax* +27x +12x +2001)(3ax +27) = (3ax +54x+12)
cd mdy nghlém ? '
' (Olympic 30/4) .
Glal

Xét f{x) =ax’ +27x* +l2x+2001 D= R c03ngh1em o [3 y
' f'(x) =3ax’ +54x +12 '
f"(x) = 6ax +54
" (x)=6a.
Phuong trinh viét lai : 2f(x')f'.'(x)'=.(f'(x))2f
Xét: g(x) =20 (x) = (£ (x))
= g'(x) =2f" (A () +2£ GO £ (x) - 2f" () £ (x)
=2f(x) " (x)=12a" (x - a)( —B)(x~7), a<P<y
) Bang bién thién :
X | —o0 a . B Y ' oo

g - 0 + 0

: *w»‘.\A/_B\;/%m

ViA= g(a)=_—(f’(a)) <0; B= g(B) (f’(B))
Nén phuong trinh d4 cho chi ¢6 2 nghiém. '
Bai tdp 88 : Cho phuong trinh ; 2x* = 17x* +51x? ‘-—(36+k)x'+ k=0 (1)
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a) Chimg minh ring phuong trinh (1) ¢6 nghiem.khOng phu thudc
tham s6 k.

b) Bién luan theo tham s6 k vé s6 nghiém cua phuong trinh (1).
Giai :

a) Rd rang Vk thi x =1 luén thod min phuong trinh.

Vay (1) c6 mot nghiém khong phu thudc vao tham s0 k.

b) Do x =1 12 nghiém ciia (1) nén theo (1) duoc phan tich thanh :

(x=1)(2x* -15x* +36x ~k) =0

ﬁ[ ~1=0 @.[ -
k=2x"-15x2+36x | k=2x>-15x* +36x (¥)
Vay khi k =23 thi (1) c6 nghiém duy nhét x =1.
e x=1 sélénghiémc'ﬁa(*)<:>k=§_2~—15+36<:>k=23.
»Khl dé6 (*) tuong duong :
(*) & 2x* = 15x’ +36x~23= 0<:>(x D(2x% -13x - 23) 0

—l-O
= e x=1.
2x2-13x-23 = 0 (v6 nghiém) )
e k#23:

Khi d6 x =1 khong phai 1a nghiém cua (*) nén s6 nghiém cua (1) s€
lé 1+ s nghiém ctia phuong trinh (*).

Xétham s6 : f(x)=2x>-15x +36x. Tacodaoham cia ham s0 :
£'(x)=6x* -30x +36 = 6(x* —5x +6)
f'(x)—O@x-va 3.

Bang bién thién :
X —0 | 2 ' 3 +00
f'(x) + 0 - 0 +
f(x) ' 2 . - +o0
- —oo/ \ 27 / ‘

Qua béng bién thién, ta thdy :

23 k<27
Suy ra phuong trinh ( 1)c62 nghi¢m phan bnet

k>28 o
« Néu [ > thi (*) ¢6 nghiém duy nhat.
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8. PHAN TICH THEO CAC NGHIEM
SO NGHIEM |

" 8.1. Phan tich nhan tit theo cac nighiéni

Cho feR[x] c6 nghiém x,%,,....x, v6i boi tuo‘ng ing k. k,,... k,,

thi t6n tai g e R[x) sao.'cho; | |
f(x)=(x-x,)" (x=%,)7 o (x=x, )" g(x)

Két qua nay nhan duegc tir dinh 1i Bezout : a la nghxém cha f (x)

thi f(x)=(x-a)h(x).

8.2. Quan hé s6 nghiém va bic cda da thic:

Néu degf =n va k. 1 boi clia nghiém k_,i=1,m.

Thi: k, +k, +...+k, <degf, tic 12 s6 nghiém <n.

Dic biet khi k, +k, +...+k_ =n thi ta c6 phan tich ddy di theo cac
nghiém Xx,,X,,...,Xx, (c6 thé triing nhau) cta f(x) Bac n :

f(x)=a,(x-x,)(x—x;)-.(x—x,).

8.3. D;nh li:
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Cho feRI[x]: f(x) =ax" +ax"" +..+a_x+a,. :

Néu f ¢6 hon n nghiém thi t4t ca cic hé s6 béngO tic la f =0.

* Két qua : : SR ~ L

(1): f(x)=ax’ +bx+c co3ngh1émphanblét X,:X,5X, thi f(x) 0.
(2) : Cho feRIx]va: degf <n. Néu c6 n+1 gid tri o, a,,.. S
ma f(a,)=C thi f(x)=C. . '

Khing dinh nay tir nhan xét : g(x) f (x) C ¢6 qua n nghlém ma
degg<nnéng(x)=0=f(x)=C.

' Ché y : Ta ching minh mot da thu'c bac n khong thé c6 hon n

nghiém khéc nhau ddy di hon nhu sau :

Gia thiét tri lai ring da thic f (x) bac nx1 cé it nhdt n +1 nghlem
khic nhau: a ,a,,...,a ,a ;. ‘

Vi a, la nghiém cua da thitc f(x) nén :
f(x)i(x-a,), tic la: f(x)=(x~a)q,,(x) (1)



v6i q,_, (x) 12 da thic bac n—1.
Trong déng thic (1), dat x =a,, tadugc:
f(a,)=(a, -2,)q,.(2,)=0
Suy ra a, la mot nghiém cta q,_, (x) .
=q,., (x)=(x-a,)q,., (x), Vi q,. 2(x) 2 da thic bac n—2.

= f(x)=(x-a,)(x~a,)q,, (x).
bt x =a, = f(a,) =(a,-12,)(a, -2,)q,,(a;) =0

Suy ra a, la nghiém cia q,_, (x). /

= f(x)=(x-a)(x-a,)(x~a,)q,, (x), q ,(x) 12 da thitc bac n-3.
Tiép tuc 14p luan nhu vay dén budc thi n, ta duqc :

f(x)=(x-a,)(x-a,)..(x~-a,)q,(x)

v6i q,(x) 1a da thic bac 0, tirc 1a g, (x) 1a mot hang s6 C.
,:>f'(x)=C(x—a,)(x—az)...(x‘—g‘n) - (*)
Néu C=0=> f(x)=0, diéu nay trdi v6i gid thiétnen C=0.
aey thitr (*)taco: 4 o )

f(a,, )= C(anﬂ -a,)(a,, —2,)..(a,., -2,). :
Vi a, #3,,a,,.. nérf vé phéf déng thic khac khOng Ma theo éié
thiét a_,, la mot nghlém clia f(x), didu nay vo li. Do dé f(x) bac n -

khong thé c6 hon n nghiém khéc nhau.

Bai tdp 90 : Phan tich ra thira 56 :
a) P(x)=x*+4x? +4x +1. : _
b) Q(x)=x*-(a+b+c)x*+(ab+bc+ca)x—abc. -
¢) H(x)=x*+1. v
d) R(x)=x*+1.

Lay x =a

Gigi:
a) P(x)=x’° Yr1+4(x2+x)
=(x+D)(x?=x+1+4x) = (x+l)(x +3x+1)

=(x+l)(x——%;\/—}(x—-3+\/_)- |

. 2.
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b) Q(x)=x*-(a+b+c)x* +(ab+bc+ca)x —abc
Tacé: degQ =3 va Q(a)=Q(b)=Q(c)=0.
Do d6: Q(x)=(x-a)(x-b)(x=c). '
¢) H(x) =x* +1 tuy v6 nghi¢m nhung vin phan tich dugc nhu sau :
H(x) =x* +2x2 +1-2x? = (x2 +1)" =(V2x)’
=(x2 +v2x +1)(x2 =V2x +1). | ‘
- d) R(x)=(x* +1) ~(2x? )2 =(x* +/2x2 +1’)(x"‘—«/—2-x2 +1)
=(x2+\/2+\/5x +1).(’x2—'\/> 2+\/—2-x+1)* .
| | *‘(xv2+\/2-—\/_27x +1);(X2'—,m+1)

Bai tap 91 : Gia sit da thic : P(x)=x’+x?+1 ¢6 5 nghiém r,,1,,1,,1,,1;.
bat Q(x)=x’-2. Tinh tich : Q(r,).Q(r,)-Q(r).Q(r,).Q(r,).
' . (USA MTS 2001)
. Giai : '
Tacé: P(x)=(x—r)(x ~5)(x-n)(x -1, )(x-5)=x’ +x* +1.
va: Q(r,).Q(r,)-Q(x)-Q(r,)-Q(x) o |
=(r’ —2)(r22 42)(r32 ‘2)‘(1;42 "2)("52‘ "2) ,
( 2~ ~h )(‘/5 rz)( 2~ ra)(\[ii—r;,)«(\/i.—,r *
(V25 ) (V2 -1, ) (V2 -5 )(

=p(v2) P(v2) =((v2) +(v2)"+1).((-v2) +(v2)' +1)
=(4v2 +3)(=av2 +3)=9-32=-23. : -
Bdl tdp 92 : a) Tinh gon :
£(x )_(x a)(x b) (x-b)x-c) (x- c)(x a)

(c-a)(c-b) (a b)(a- c)+(b c)(b-a)
vdi a, b, ¢ phan biét.

b) Chu'ng minh'; :
a-b b-c c-a (a- b)(b c)(c a)
+ + + \
a+b b+c c+a (a+b)(b+c)(c+a)
- vdi a, b, ¢ d6i mot khong d6i nhau.

5) |
i -r)(~E-1)

. a
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: i - Giai v T ' o
a) Ta c6 degf<2. Ma f(a)zf(b) f(c)~1:>f(x) 1=0:¢c6 3

nghiém phan biét nén f(x)=1. Vay f(x)=1.
b) Quy d6ng mau s6 vé tréi, ta dugc tif thuc

f=(a-b)(b+c)c+a)+(b- c)(c+a)(a+b)+
+(cZa)aib)(b+c)+(am b)(b c)(c a)

Ta xem f 12 da thirc theo a cé degt < 2 ‘

Péy: £(0)=f(b)= f(c) O ‘

- Xét b, c d6i mot khéc nhau thi f(a) =0,

- Xét 3 trudg hop cbn lai ‘b=c hay b'=0 hay c'='0 thi ta déu c6
f(a)=0. Vay f=0. ‘ L '
Bai tdp 93 : Cho da thic f(x) c6 bac 6 thoa

f(D=f(-1:f(2)= £(22); t(3)-t(—3)

Ching minh ring Vi le x ta c6 f(x) f(—x)
: L Giai.:. . 0
Dat g(x) f(x) t(—x) la da thuc c6 bac <6 Gla st x, la nghlém
ciia g(x) thi g(—xo) 'f(—x) (xo)- ( ) 0. Suy ra —x, ciing la
nghiém ctia g(x). B P ; '
. Theo gia thiét g(1) = 8(2)= g(3) 0, do d6 g( 1) g(—z) g(—3) 0,
hon nira g(0)=£(0)- £(0) = 0. Khi do da thic g(x) 6 bac <6 c6 it nhat 7
nghiém khéc nhau nén: g(x) 0. Suyra: f(x)=f(-x), Vx. Lo
'Téngqudt Chof(x)bac2nthoa f(-k) = f(k) Vk=1,2,...n
thi:f(~x) =f(x), Vx hay ham da thic 1a ham s6 chdn.. =~ .- . 2!
Bai tdp 94 : Tim t4t ca cic da thitc P(x) thda méan dong’ nha’t thl’rc":-i‘»‘f? CEORNN
a) P(x+1)=P(x) $2x +l. :
b) P((x+l) ) F(x2)+2x+1
N (Dic 1997)
Giai :
a)Déydathucsanphan Ax'=Cx+1) —x¥ =2x +1.
© NeniP(x+1)=P(x)#2x +1 = P(x + )= (x +1)* =P(x) - x?
Xét Q(x)=P(x)-x* thi Q(x+1)=Q(x).
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Dac biet : Q(0)=Q(1)=Q(2) =...Nen Q(x)=C.
Vay : P(x) =x? +C, thir lai diing.

b) Tac6: P((x+1)*) =P(x?)+2x +1

o Pl(x+1)?)- (x+l)2-P(x’) x%.

Giai tuong ty cho Q(x) = P(x)- xthl Q(x)=C.
Vay: P(x)=x+C.

Bai tgp 95 : Cho2s6avab, a#0. Dathuo P(x) théa man :
xP(x a)=(x-b)P(x).

a) Ching minh né’u -~ khong nguyén duong thi P(x) =0,
a

b) Gia sir 2 =n nguyén duong. Tim P(x)

Glan v
a) Néu P(x) =0 thi 15 rang P(x) thoa man hé thic :

xP(x—a)—(xfb)P(x) B ' 1))
Ta c4n chimg minh néu P(x) 12 mot da thic bac n>1, thoa méan he

thifc (1), thi ti s6 2 phai 12 mot s6 nguyén duong. Ta c6 :
(1) bP(x) =x[P(x)-P(x -a)] o . )
Xét: P(x)= =a,x" +ax"" +.. +a Ix+a“,(a0=;=0) o 3
Thi: P(x-a)= =a,(x- a) +a, (x a)' " +..+a_ (x-a)+a,
Do d6: P(x) P(x~a)= ao[x —(x a)’ ]+a [x"'—(x a)’, ]+

Pé ¥ ring : x —(x a)’ =a[x" L exE 2 (x—a) 4o+ (x-2)" ] 12 mot
da thc bac k-1, nén ; ,

P(x)-P(x-a)=a, [x" —(x-—a)"]:@-l;i‘(x)i (da thirc bac n-2)
| =na,ax"" +K(x) (dﬁth(rq bac n-2) = (4)
The (3) va (4) vao (2), ta duge ;. |
a,bx" +abx"" +.. —x[na(,ax“ '+K(x)]

.= naoax " +R{(x) - (da thic béc n-1).
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Vi vay a, b na,a ma a, #0 nén b=na. Suy ra b nguyén duong
a

b) Gla sit b=na (n nguyén duo’ng) He thitc (1) tro thanh

xP(x-a)=(x —na)P(x) S - &)
Cho x =0 thi dugec : 0.P(x—a) =(-na)P(0}=> P(0) = O(doa:tO)
Trong (5) cho x =a, tacé: _ o

aP(0)=-a(n- 1)P(a)=>P(a) =0.
_ Chox 2a,tach:

2aP(a)=-a(n- 2)aP(2a)=>P(2a) 0. :
Gia s v6i moi k nguyén sao cho 0<k <(n=-1) saocho : P(ka) =0.
Trong (5)cho x =(k+1)a, tacé:

“(k+1)aP(ka) = —(n - k+l)aP((k+1)a):>P((k+1)a) 0
.. Phép quy nap theo k (v6i 0<k<n-1)thi:
P(0)=P(a)=P(2a)=...=P((n-1)a) =0
Suyra: P(x)=x(x-a)(x-2a)..[x-(n- l)a]Q(x)
Thé biéu thic trén vao (1), ta duoc :
- Q(x-a)x(x-a)(x-2a)..(x—na) =x(x-a)(x- 2a) Ax - na)Q(x)

Do d6 : Q(x~a) =Q(x)=> Q(x)=C (hing s0).
Vay : P(x)=Cx(x -a).. Ix-(n-Da).

Bai tdp 96 : Cho a,a,,...,a, la n+1 s6 doi mét khac nhau
Giai he phuong trinh sau : , »
(X, +x,8, +x,3,° ot x“ao“ -0
X, +X,2, +X,8, +i.+x 2" =0
X, +x, +X,3 2 +..+x,2," =0
| Gidi:
Xét da thic : f(y)=x,y" +x,_y"" ot XY+ o |
Ta c6 : degf<n. T he tren ta c6 f(a,)=f(a ) .=f(a,)=0,
nén f(y) cé n+1 nghlem phan biet, do d6 f(y)=0.




Tudo Xy T Ky To =X, =0 Thu'lal tathdy x, =x, =..=x, =0 thoa man
hé da cho Vay hé co nghlém duy nhat (Xo,x = ) (0 0,.. O)

Bdl tap 97 : Da thu'c f(x) bac n thoa man dang thu’c
P(k)———— véi. k =0, 2, N
k+1

Tim P(n+1) ? , 4
_ CGiais ‘

Pa thiic P(x) thda man diéu kién trén 12 duy nhat. Vi néu c6 da thic
Q(x) # P(x) ciing thda man thi bac da ftht’n: 'P(x)—Q(x)S n nhung c6 s6
nghiém 2 n'+1." Xétda thic: ‘ :
‘ ' (0- x)(l—x) (n x)

R( )=x :
, ,' e o (e cl T
R(x)
R( 1)=0nén R(x) x+1, dodo S(x)-——:—l— 12’ da thicibac n
‘ X
k "%

v('n lg -0, 1, .»1l nEN S(x) thoa man dléu klén bai todn,

va S(k)=
k+1

ghna 1 P(x) S(x) vadodé: S s
*y P ot N — n"\'l.'
, P(n+'l) R(n+l) n+1+(-1) . |
L A2 o o2

£

Bdl tdp 98 : Cho da thic P(x) ¢6-bac.n>1 cf.n nghné.m thyc; x,,x,,
phan biét. Ching mmh

TR
RN (Ba Lan 1979)

’ ‘o Giéise:;f‘ : ’

bat P(x)=a(x-x, )(x—-x )(x-x,),a=0

=P(x)= P(x)+P (x)+.. +P (x) v6i P(x) l—[(x X;)-

i=]
j#i

Ta thdy P, (x .)=O"‘Vj;#i=>P'( ..) ( ):o Vj=En.
| HXetdathUC Flx ) zp(")

—l cé bac khOng vuort qué n —1



Suy ra F(x) 6 nnghiem phan blet, a6 F()=0,
Ma heé s6 clia F(x) d6i véi x_| bang 0.

. a a g . '-a‘.,.l“ ’»‘,‘:/‘E- " .j,:f‘,«A
Nén: — +— +..+— = 0.,

P'(x,) P'(x,) — PYx;)
Vay : - ! -+ L HLF £ -0 (dpcm)

P(x) Plo)  P(x,)

Bai tdp 99 : Cho céc s6 thuc x,,x‘,,,..., : O<x‘<x, <..<x,<l. Kihiéu

n+l

Xg =k X, =1 Gid sir céc s6 ndy thod :- Z——L—-—-—O =420
i=0 X; xj
- . o o
- Ching minh ring : R vm 1-1 2
L Glal o
Dat P(x) (x X )(x X ) (x X )(x xu“) thi:
el nsl el nel nel
P'(»)= Zn(x X. ) va P"(x) D3 TTx=, )
i=l j=0 k=0./=0 j=0
: ] = j*kl ) .
' : n+l nH ‘ ’ n+| . ’ ‘
o Tudé P" Zn(x X, ) I_[(x X, )Z 1 =0, .
‘ i=l j=0 j#1 k_(') xi _xk ‘
. " J#i #1 D I T Y
Suyra x(x-—l)P"(x) (n+2)(n+1)P(x) (1) .

_ Do d6 chi t6n tai duy nhat mot da thic bac n+2 vé6i he $6 cao nhat
) bang,l thoa(l) Mat khéc, da thite” Q(x) (-1 P(l—x) thod mén phuo‘ng
| tr‘inh(l) Q(x) 1a da thu'c bac n+2 vc'n hé s6 cao nhat bang l | .

- Vay (- 1)" P(1-x) = P(x) vavi O<x <Xy e <X 1 (dpcm)
. Baitdp 100 : Chop R mOt sO nguyen t6. Xét da.thic 1. B IR
P(x)=ax"+a x"'+..+a x+au,kneN a, k(‘e,Z.

Gia sirc6 n+1 s6 nguyén Oty Ugsenes U,y 520 cho s
y
G = ~-,(m.°dp)’ ',¢;J VAP( i)-,;' O(mOdp)’ };(27,'__;",.-" +}1 U
.. Chimgminh: a, =0 (modp), i=12,0%. -~ ..o .o

| ( D}'nh I )La-ié(vj-rdng)
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Giai .
Ta chimg minh quy nap theo n. Khi n=1 thi dinh If dung
Gia st dinh li diing v6i moi da thic c6 bac <n. :
Xét: G(x)=P(x)-a, (x-a,)(x-a,)..(x—a,) thi:
degG(x)<n va G(a,)=0(modp),i=1,2,..,n
= G(x)=0= G(a,,, ) =0(modp)
=a (a,, -, ).(a, -a,)=0(modp)=>a, =0(modp).
Xét tiép H(x) =P(x)—a x" thi degH(x)<n va:
H’(ai)E,O(modp), i=1,2,..,n. ° '
Do d6, theo quy nap thi c‘éc‘jhe s6: a,,a,..a,_, =0(modp) (dpcm).
Bai tdp 101 : Gia sit f(x)=a,x" -i--a,x“" +..+a, X +a, 1a da thic véi cic
he s6 thuc, ¢6 a, = 0 va thod man déng thic sau :
| FOf(2x?) =£(2¢ +x), xeR (%)
Chimg minh f(x) khong c6 nghiém s6 thyc. '
‘ (Viét Nam 1990)
‘ Giai :
Tir (*) ta nhan thdy néu x, 12 nghiém thyc cha f(x) thi tat ca céc s6
. ﬂ-xn_,‘ ;kn =1, 2'....'cﬁng s& 12 nghiém cta f(x). Hon nita dé&
dang nhén thdy x, <0 thi X > Xy > Kpeee > Xy > Ky > va v6i x, >0 thi
| Xo <X, <X, <..<X <X, <.. T d6 suy ra néu f(x) ¢6 1 nghiem thuc

~ khéc 0 thi f(x) s& c6 vO s6 nghlem thuc khéc nhau. Tuy nhién f(x) chi c6 t6i
da n nghiém thyc, do f(x) 12 da thic bac n v6i cdc h¢ sCS thuc Mau thuc’m
ching t6 f(x) khong c6 nghiém thuc khac 0.

* Ta chimg minh f(0)#0<>a_+#0. Gid st a, =O
Goi k 12 s6 16n nhét thoé a, = 0. Dovay :

g(x)=f(x)f(2x?) =, 2" x> +...+2,22"*x st)
h(x) = f(2x* +x) =2,2"x ...+ 2,x"*
Vi n-k>0=>3(n-k)>n-k. Dodé: g(x)=h(x).
~Vay a, =0 (m&u thulin). Nén a, = 0. Vay f(x) khong c6 nghlem sO thuc.

thuc x, =2x
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9. DINH LI vI- ET
9.1. Pinh li thudn : Cho f e R[x], tacé:
| f(x)=a,x"+ax"" +..+a,x+a, degf=n.

Néufcén nghi@m X;» X350 X, (phén biét hay trung nhau)

a— al

X, +X, +..4+X, =——L

aO
CIK X, X X X X =
il T ‘nln'ao

seyp

X XX, =(=1)" 22

\ aO
Taki higu: S, Zx Z XX, ==L
i=l a 1Si<jsn _
Se= X XXX =(—-l)ka—k
1Si; <iy<..<iy Sn P a()

Véi S, 1a t6ng céc tich chap k cia n's6 x,. Goi S, 1a cdc da thic d6i
xing co ban cta cdc nghiém.
. Chiing minh dua vao so sdnh hé s6 cta 2 c4ch khai trién -
, | f(x)=ax" +ax"" +..+a, x +a,
Va f(x)=a,(x-x,)(x-x,)..(x-x,)
Cf(x)=a,x" —ay (X, +X, +.54X, )X +...+(—1)n ayX, X, X,
«Dacbigt: ¢ | |
(1) : Goi x,,x2 laanhnem olia f(x)= ax’ +bx+c a¢0 thi

X, +X, = b XX <
y = —— =,
2° a’ 2 a

(2): Goi x,,x,, X, 12 3.nghx¢mcua flx)=ax’ +bx’ +cx +d,a =0 thi:

~
.

_ e " _c.. _d
X, +X,+X, —"; s XjRy X R XX -—Z C XXXy F =
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9.2.Pijnhlidio: v Wl EH&&M&* °
Néu n s8 x,, X,, X,,...,X, €O C4c téng clia tich chap k tirn s6 d6 1a S,

thi Xps xz, Xy, X, 12 nghlém néu c6 cua phuorng trinh
,wm dniti § e

=§,X"" +5, x""~+ +( 1) s X+(—1) ~
° Bdc biét: : | ‘
(1) : X, +x, =83 xX, ’*-P-9X2 §X +P = 0" A

(2): X, +X, +X; = AKX,y + XXy +X5X, = l%,vx,xzx}__—wC‘_y !

— X'~ AX?+BX-C=0. - | .

Ta c6 thé chimg minh dinh Ii Vi-ét tru’c ti€p cho phuong trmh bac 2va
phuong trinh bac 3 tir dinh nghia vé nghiém. b

1) Phuong trinh bdc hai : ax’ +bx+c=0, a=0 ¢6 2 nghiém Xpy X,
' 'ax2+bx +c=0=a x‘z—x‘,li +b(x, ~x,)=0
Suy ra : ( I -) ( 1 2)
ax,’ +bx,+c=0 2
= [a(x +x2)+b] 0
b+ -b :E

Xét x, =x, thi:

- ' b .
Xét a(x;+x,)+b=0=>x%, 4x, S BT
a

Tacé: ax,2+tl))bcl +c=0& a[x,2+-t-)-x, +_£j]£0
_ ) Rt ke iR |

Thé x +x2‘=—2::> x‘x2 =S -
a a
2) thmg trinh bdc ba : ax’ +bx +cx+d 0,20 06 ‘3’ nghlem
Xy, Xy thizax®+bx?¥ex+d=0" e
| =>a,(x -x; )+b(x.~—x, )+c(vx-x,)=0
vl =S (=X, r:)[a(xz‘+‘x-x,'+xf,2)l+b(x'+fx;')+e]=f0 ~
::(x—- ) [ax2 vax,+b)x+ax-‘,2+bx,+c =0 .

Do dé X,, X; 12 nghlém phuong trinh bac 2 nén :



X, + Xy === =X —— > K F K Xy m——
a a
ax +bx,+c__, b ¢ j ;
X,X; = =X, +—_x| +—
a a a
‘ . . 7T § S A4 g
. 2 -‘z.g 4 C C
=x,7 = (X, +X; FXJ )X, += ==X, X, = XX, +—
ca, s o, a
R ©oee A Ee
= XX, + X, X3 +X3X, =2 A
R T Y O YT b ST N P TE AR TS ST AR
. b c d
Phuong trinh : a-[x,"w——x,2 +=x,+—|=0 P
) , a a a .
. B EEE RO T ST E T v {!‘“ ECO RS S S 5 ] iy EEAAN ‘Ng,‘;@

b - d
Thé —_—— theo nghxem suy T X, xéx B
a a a

Bai tdp 102 : Goi x,, x, 1a2 nghlém cua phuo’ng mnh bac 2 ac + bx +c= 0.
Lap cong thic tinh téng: S, =x,"+X,",ne 7.

Glal:
whEy
S, =x,+x,=—-—.
a
S, =x,"+x, —(‘xl -‘Exz)“—?x,xz *a_«z‘"';'

Tacé {ax,2+b'x,+c=0v {a)‘<,“+bxl,“;‘+cx,"“2 =0
acé: =

ax,” +bx, +c=0 - {ax;" +bx,"" +¢cx,"? =0.

Cong ai ta c6'cong thic truy: hoi a8, + bS“_ +<S, ., =0.

Tir d6 tinh dugc S;.
del tdp 103 : Chiing minh diéu klén can va di dé phuong mnh bac hai :
ax’ +bx+c=0 c6 2’ nghlém ma nghlem nay ga'p k. 14n nghnem kia 1a "
b>=(k+1)c k#-l. e e e L e s ks
': Glal - : ‘
'Thuan 'Gia'sit phirong trinh cé X, —kxl hay X, —k
Q(X'Z_kxl)( ,—kx,)=0 e
= _(xlz +x22)k +(1,'*,'..k2,)x1’f‘,z =0 .
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L}

o (s?-2P)k-(1+K?)P=0 (v6i S=-2,p=S)
a a

o kb? =(k+1) ac.

2

Dio lai : néu kb’ =(k+1) ac=> ac= = k#~1
| ' k+1)
2
A=b’>-4ac=b’- 4kb (k 1) b2 20.
(k+1)" \k+l

Do d6 phuong trinh c6 nghiém nén theo bién a6i tuong du‘ong trén thi
ta cé dpcm.

Bai tdp 104 : Gia sit m 12 mot tham s6 dé phuong trinh : ,
(x-D(x-2)(x-3)(x-4)=m ENG)

cé 4 nghiém khic nhau Tinh gi4 tri cha biéu thic :
| P=-l—+—l-+—l-+-1- theo m.
X, X X3 X, o
Giai :
Taco: (1) (x2 -5x+4)(x* -5x+6)=m
bat y =x*-5x = (y+4)(y+6)=m < y> +10y +24-m =0.
+y, =-10
Goi y,, y, 1 hai nghi¢m. Ta cé {y RL
Yy, =24-m
Gia str x,, x, lAnghlemcuaphumgtﬁnh x?-5x - “Y = =0
X;, X, 12 nghlem clia phuong trinh : x* -5x-y, =0,
Taco: x, +x, =5, XX, ==Yy, X;+X, =5, X;x, =~y,
Vay : peXitXy Xy¥X, 5 + 5 .=--5(y,‘+y2)= 50
XK XX Y Y, Yy, - 24-m
Bai 14p 10S : Cho da thic F(x)=x*+4x° =2x2 - 12x +1.
2%, +1

‘Hay tinh téng S = Z

=X, )

3dénlase nghiém x, cia da thic f(x).

i Giai:
 Tacé: f(x)='0©(x2ﬁ-'2x)z'—6(x2+‘2x)+9=8



x> +2x-3+48=0 (1)
x2+"2x' 3-8 = 0 Q)

Goi X2 Xy 1a nghxém cua phuong trinh (1) va X3 Xy 1a nghiém cua
phuong trinh (2). Khi d6 xl » X5, x3, x, 1a nghlém ctia f(x).

o (x*+2x-3) =8 @l:

2x +1 2x +1

QTR ReE -1)

2x +l 2x +l p 2 Sy
Vi X+1-= x2+l)"=4__J_8-
(4 \/_)(x -1)’ (4 \/_)(x _1) (x,+1)" =( |
_ 1 (2x, +l)(x2‘_1) +(2x2 +1)(X| -—‘1)2 : ‘ e
4-V8 [(x, = 1)(x, - D)} o
Dung dinh If Vi-ét dé fim gié tr clia biéu thifc trong d4u ngodc vuong :

1 80+22V8 ., - ' 9
] , giditwong twtacd S, =>S=8§,+S, =—~.
a3 g S TOIBIRCO 5 =OER TS =3

Bai tdp 106 : Cho X, X,, X, 12 3 nghiém ctia phuong trinh : x* +3px+q=0.
Lap phuong trinh bac 3 ¢6 3 nghiém 1a : .
o =(x;-x,)(x,-x,),B =(x2 -x3)(%,=%,), ¥ =(x3 -xl):(x3 ~X,)
. Gidi:
X, +X, +X;=0.
Ap dung dinh If Vi-ét, tac6 : {X,x, +X,X; +X;X, =3p
. X\ XX3 ==q
Nen: a+B+y=x."+%,7 +x,2 =(X,X, +X,X; +X;X,)
=(x,+x, +x, )" —3(x,x, +kx2x3 +X,X,)==9p.
af+PBy+ya=(x, —x; )(x; =x3)(x;-x,)*
,="|:(x,—x2)+(x2—x3 ' —x,)]
) o
0"37_"[("1 xz)(xz 3)("3 ""xl)]

S,
2
= (x,x,x3 —X,%, =X, %, XX =X, XK+ KX = XXX, )
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= 27(q +4p’ ). ~
Vay o, B,y la 3 nghlem cua phu'ong trmh

L X +9px —27(q +4p*)=0. |
Bat tap 107 Gla suavhblaZtrong 504nghlém ¢la da thie x* +x’ 1.

Chimg minh a.b 12 nghiém cla da thic : x® +x* /+x -x* -1
_ o (Mi 1977)
Giai : ‘
Giaslra,b,c, dlé nghlém cta da thic : x* +x° -1
P(x)=x*+x'-1=(x-a)(x-b)(x - cHx - d):abcd—-—l

Ta c4n chu’ng minh Q(ab) 0 néu:

| SO
Q(x) x® +x X -x —1-; (x3+x+l——x~—-;3—)

ab (ab)’
| =(ab) [(ab) +ab+1+cd+(cd) 1
Dodé: Qlab)=0¢>(ab)' +ab+1+cd+(cd) =0.

Suy ra : Q(ab) = (ab)’ [(ab)’ O P — ] -

That vay : P(a)=0=>a"+a3 =1=2a’ =-—L tuong tir b’ S
a+l b+l
. .
(a+1)(b+1 )
Tuong ty : ¢’d* =-(1+a)(1+b). .
" (ab)’ +ab+1+cd+(cd) =—(1+c)(1+d)+ab+1+cd~(1+a)(1+b)
——lfa—b—c—d =0 (Vi-ét). '
Vay : Q(ab) =0 (dpcm).
Bai tdp 108 : Giai iié phuong trinh sau: .

Neén: a’b’ = (l+c)(l+d)

(x+y+2=6 _ x+y+z+a(x+y)+a x=a’
x*+y? +22 =14 .. b) x+y+z+b(x+y)+b2x=b‘
1,1, 1m0 o x+y+z+c(x+y)+cx ¢’

x yz 6
| : Giai: -
a) Tacé: (x+y+z) =36 =>xy+yz+zx =11
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Va 'ﬂ -'—-'——-———xy.*y?+zx=¢>x)’2='6. " . BERIRREREE
Do d6 x, y, z 1a nghiém caa phuong trinh sau -
S X —6X2#11X-6=0 S (X-1D(X-2)(X-3)=0 °
- <X&1hay X =2 hayX =3.
Vay nghiém ciaheé 12 : {x,y,z} ={1,2,3}. |
" b) Pat A=x+y+z, B=x4+y, C=x! thi a, b, ¢ 1a° 3 nghiém cua
phuong trinh T® = A+ BT +CT? hay T® ~CT? —BT-A =0.
Ap dung dinh.li. Vi-ét, ta dugc :
a+b+c=C= X _
ab+bc+ca=—B——x y
abc A x+y+z.
- x=a+b+¢ ;
Do d6 nghiém ciahé fa: {y=ab+bc+ca—a~b-c = i’
'  |z=ab+bc+ca+abe
Bai tdp 109 : Hay tim tit ca céc gid tri clia 4 dé ba nghiém x;, x,;: x, coa
x’ =6x* +ax +a thoa man (x, ')+(x2 3) +(x,—3) =0.
' et (A0.1983)
L . ) Gial. b e LY 1o
‘ Tathayy X = 3 Khldécécsd y,-—x,~3 yqf-xzw3 Yy =X;=3
lénghlemcuadathuc : e S s oo
(y+3) -6(y+3)’ +a(y+3)+ady +3y? +(a 9)y+4a 27
Theo dinh If Vi-ét, ta c6 : P

Tyi=-3: Yyy;=a-9; Hy, 27-4a

vay,’ +y2 +y3 =0 (theo gia thlét)

My ey ey Sy ey, )

e T30 Y Y YY) 3Ny,
Th‘dé co dléu klén cdn va du chaala:

0=(-3)"-3(a-9)(=3)+3(27-4a) = —27-3a=a=-9.

93



Bai tdp 110 : Cho P(x)=x’+ax? +bx+c c6 he s6 nguyén Chimg minh_
ring néu c6 mot nghiém bang tich 2 nghiém con lai thi :

2P(-1) i P(D+P(=1)-2(1+P(0))
. . (Canada 1982)
C Glai s v
. ut+v+uv=-a v
Goi 3 .nghiém 13 u, v, uv, theo dinh 1f Vi-ét : Juv(l+u+v)=b - -
v =gt -
e Xét a=1 thi O=u+v+uv+1=(u+1)(v+1) nén c6 nghiém bing
-1, do d6 2P(~1) =0 chia hét cho moi s6.
- eXéta=lthi b—c=uv(l+u+v+uv)=uv(l-a).

Nén uv = l;—c hitu ti. Do : u?v? = —C nguyén nén uv nguyén.

Tacé: P(1)+P(-1)- 2(1+P(0)) 2(a-D =-2(u+v+uv+l)
=2(1+u)(1+v) #0.
Va: 2P(=1) =2(=1=u)(=1-v)(~1-nv)
==2(1+w)(1+u)(1+v).
Do d6: 2P(-1) : P(1)+P(=1)-2(1+P(0)).
Bai tdp 111 : Cho phuong trinh bac 3¢ x* +px?+qx+r=0 c6é 3 nghiém
phan biét.-Chiing minh diéu kién c4n va da dé 3 nghiém x,,x,,X, :
Lap thénh cép s6 cong 13 : 2p° —9pq +27r =0. '
_ Giai :
Giad st : x, +x; =2x,. -
Theo dinh H Vi-ét, tacd  x, +x, +X, =—-p=>x, = —%

3 ‘\2 - v - ' A.
Nén: ("“g‘) +P(—-3p-) +q(—-§)+r=0.Dodé : 2p3—9m+;7r=0.

Déo lai néu c6 hé thiic trén thi- x, =-£ 121 nghiém cia phwong trinh :

PY.2,2 2 z)ﬁ “
x4+ +—px+q-—p |=0.
(x 3)(" 3PrraTgP
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Khi d6 X, +X; =—p+-§=——23£=2x2.

Neén x|, X,, X, 1ap thanh cép s6 cong.
Bai tdp 112 : Phuong tiinh : 2’ -22° ~z+m = .0 c6 thé ¢6 3 nghnem s6 hﬁ’u
ti phan biét khong ? Tai sao ? -
" (Viét Nam 1 980)
Giai

Gia sir cdc nghiém s6 ciia phuong trinh bac 3 2° - 272’ -Zz+m 0la:

—ol:

-‘t-,- hitu ti phan biét.

Trong d6 : u, v, w, t 12 nhimg s¢ nguyen va khong phan t4t ca 12 chén.
Theo dinh i Vi-ét,tacé: u+v+w =2t, uv+vw+wu =-2t.

Nentng: v’ +vi+w? =4t(t+1):8.

biéu nay chiing 6 ring u, v, w phai chin. Nhung —2— = —P—V--ﬂ— ke

2.2 2
ciing 12 s6 nguyen Diéu nay mau thudn.
" Vay: 2’ -22" -2z+m =0 khong thé c6 3 nghiém s6 huu i phan biét.
Bai tip II3 'nm a, b nguyén sao cho phuong trinh :

x* +ax’ +bx? +ax+1=0 ' N ¢ )
 ¢6 2 trong s6 cdc nghiém c6 tich bang —I . " '-

Giai :
Gia sir ¢6 2 s6 nguyen a, b ma phuong trinh cho 2 nghném u, v véi

uveZ va uv=1l. Dé ¥ rﬁng ne’u x 121 nghiém thi x=0 va — cung la

nghnem Nhu vay phuong trinh (1) c6 4 nghrem 1a:u,v, 1 -l-

u'v
Theodmh i Vn-ét tacé:
u_'_v+l_'.l__(u+v)(uv+l)=_a 2
v av S
‘ 2 .
va wv+—+ 2 +l+2=-uV+———-—(’"*.") WL S )

uvouv uv
Ta s& chdng minh uv =-1. '
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* Chitng minh phdn chimg : Gia st uv #1. Tu (2) va (3) ta suy ra
u+v hitu i va (u+v)’ €Znen (u+v)eZ va ca hai (u+v), (u+v) +1
déu chia hét cho uv. Nhu'ng [(u+v) (u+v) I]—l nén suy 'fa_hoac
uv'= 1 hédd uy = <1, - Mot B TR MRS S SRR

. Diéu nay mau thuin véi uv = £1. P e
SUAYvE S vadods a=0,b=—(u+v)' =2<-2.
Nguot lai néu a=0,beZ,bs-3"" -
" Phifong trink (1) trd-thdih < x* 38710,

Phuong trinh nay c6 2 nghiém : TR A
u_\/f—b+x/b—4v_\/*b—~/b—4 o

e Y. 2 ’, : “’2.51‘_\‘: it vt
Thoa médn : uv=-1€Z, uv;tl o

_ NhuvaycaCSOnguyéna bcantlmla a= ObeZ b<—2
Bai tap114 + Tim a dé phuong trinh  16x* ~ax +t2a+17)x LaX416=0

cé4ngh1ém phan blet lap thanh mOt cdpsﬁnhan SRR (D R LT
TR PR N AR ORI K S SR (Vlet Namf1985)
G‘a",.u L R AR S

. " Goi 4 nghiém lap thanh cap s6 nhan 1a y, ym, ym ym véi y #0,
m;r:il m¢0 Theodinh li Vi-ét,8a ¢G5 5 0 |, qivinn o 0w

(l+m+m +m3) : A wm;;.@ M

y (m+m +2m +m +m’) 2A+ (2)

edbyoao
R ] : . hodie

P’ (m +m +m +m") A : (3) VGIA—IE

Tacé: m=-1vi néu m —‘-—1 thi phuoﬁg trmh 06 2 nghlérp trur;g
nhau 12 y = ym? (trdi véi gia thle't) S

Ta c6 (1) tuong duong véi : Y(m +D(m +1)=A %0, _

Chia (3) cho (1) v theo v&ita duge :(1)=> ym'=1 )

Suy ra m’ >0,m > 0. THay (4) vao (2), ta'¢6: |

y*(m+m®+m*+m’)= 2A—%>0 @)
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Vim>0,y’>0, dodé A>0. Tir(1) suyra y>0.
1
Tx@)tacd: Iy =—.
106 3fy ==

Dat:\/—-vthiy v B o T
Thayvéo(2)vé(2)du’0c vI(+vi4v +v") A (5)
Ti€p tuc bién ddi (5), ta s& dugc phuong trinh sau : -

(5)= (v 2)(v-——)(2v +3v+2)*
[2v - l+\/—)v+2][2v + —l)v+2]=0

Ta ludn luon c6 : 2v2 +3v +2 > 2v? '—(1+\/_)vv+2>0
2v? +(\/5- l)’V‘+2 >0 do c4c biét s6 déu am nén :

(V—Z)(V—-I-J'=0=>V=2;\/V=l.
, 2 2

“Thay vég(? (5) thi dugc: A =% Suyra:a=170.
Khi a=170 thi phutyrig ‘tri‘nh cla bai todn 12 :
-170x’ +357x ~-170x+6=0 N
c6 4 nghiém phan biét ; > 2 8 lap thanh céps6 nhan cOng boila 4.

Bai tap 115 : Ching minh cos20°, cos100°, cos 140" la 3 nghlém cla
phuong trinh 4x’ —-3x——2-‘—0 Suy ra: ‘ ‘

 [co820° +cos100° +cos140° =0

c0s20° cos 100° + cos T00° cos 140° + cos 140° cos 20" = —-,Z— .

cos 20" cos 100" cos 140° = 2
Giai :

Ta c6 : c0s3.20° = cos60’ = %

c0s3.100° = cos 300° =—;—



cos3.140" = cos 420" =~
va cos3a =4cos’ a-3 cos& nén ta c6 cos20",cos100”,cos140° I ba
nghlém cta phuong trinh 4x -3x = —; hay 4x* -3x —% =0.
Ap dung dgnh li Vi-ét, ta ch: | ‘ "
c0s 20" +¢os 100" + cos 140° = g =0

0820" cos 100" +cos 100° cos 140° + cos 140" cos 20° = —

c0520".cos 100".cos 140" = é— '
. R N T
Baitdp 116 : Tinh: T = + 3 + on”

. 34T .2
sin“~-~  sin"— sin® —
7 7 7

~ Giai :

Tacé —2_-7-75 %T—I %T-t- la nghiém cta phuo*ng trinh: sm * 4x =sin’ 3x.

_Dit t=sinx thi: sin 3x (3t 4t‘)
’ sin’ 4x = (25m2x cos2x) =16t (1-¢° )(l—2t )
_'Tac() phuong trinh : 64t° ~112t* +56¢° -7=0.

Do d6 : sin —27—n, sin? 3% ,sin 97— ia3 nghlém cita phuong trinh :

z —11‘22‘+,56z—7,=0

I 1 X%, +X,X,+X,X
Nen T———-+—+—-= 12 223 173 —
X, X; Xj X X,X;

=8.

ISR

Bai tdgp 117 : Tinh :
-a) A =tan® 20" + tan® 40" + tan® 80".
" b) B=cos5" +cos77° +cos 149" +¢08221° +c0s293".
Giai : ,
a)Tacé: 20" 40", 80 1a nghiém cita phu'ong trinh ; tan3x = /3.
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Hay: 3tlli—-gall—x—\/-_:(3tanx tan’ x) =3(1 3tan x)
, 1-3tan’ x

=>tan x —33tan* x+27t;an x-3=0.
Do d6 : tan® 20°,tan 40° tan>80° 12 3 nghiém clia phuong trmh
-33t* +27t-3=0
t,+t,+t, =33 o
Ap dung dinh If Vi<ét,tacé: Jtt, +t,t,+4,t,=27
iyt =3 .
Dodo A-t +t Y4t

=(t +t, +,) =3t +t, ) (4, FHt + 4 )+ 3t
o =35046 | -
b) T_ancé cos 5= 16 cos® o —20cos’ a+5cosa
Véi chc gid tri a4=5°,a=77°,a=149°,_0.=221°,a=293° thi cos S
déu bang cos25°. -

Do d6 cosS ,co877", cos149 ,c0s221° cos293° 1a nghlém cua da thuc_
P(x)—l6x ~20x* + 5% — cos 25",

Theo dmh li Vi-ét,tacé: S= 1_06_ =0,

Bai tdp 118 Dat u, =cos’ —7—+cos 37'¥cos‘f57n, n nguyén.

a) Tmh ul,uz,us,uﬂ : S
b) Chung minh u, hu’u ti v6i m01 n nguyén

, Glal
a) Ta c6 7 37n %E la nghlem cla phliong trinh : cos3x =:éos4x.
Hay: 4cos’ x—3cosx=—(8<:os4x-'8coszx+l)
‘Hay:: 8cos® x +4cos’ x—8cos’ x —3cosx +1=0
& (cosx +1)(8cos® x —4cos? x —4cosx +1) =0

< 8cos* x —4cos? x~4cosx +1=0.
" ) . R 3 ~ . “'; ~
Dat't =cosx thi cosl;-, cos-—;f, cos57n, 12 3 nghiém ciia phuong trinh :

e 8t* —4t? ~4t+1=0 (*)
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Dod6: u, =t +t, +t, =-% :

. : . '2 )
u, = 62+ 467 = (41, +4) =2t + 4t + )

S W
4 2 4
113
‘Ttr(*)suyra 8t -4t +4t —l::>u3 2 ,uy = 16

by Téng quét : 8u__, =4u_ +4u n2,,123. R

Do d6 theo quy nap, vi u,,u,,u, 1a s6 hitu ti nén u, hiru ti va vi
u,,u,_,4,_, hitu tinén- u,,, ciing hiru ti. ’

Khin n.guyen am thi tir (*) < %-4{2——4%-4'8 =0.

1 1 " . '

Nén — 15' 1a nghi¢m phuong trinh v’ -4u” —4u +8=0.
. COS‘TF‘ bOS“‘ZE COS'_TE . :

77

+ Gidi tvong ty ta c6 u, hifu ti v6i n nguyén am.
Bai tdp 119 : Cho 5 s6 nguyén a, b, ¢, d, e sao cho a+b+c+d+e VA
a’ +b +c? +d? +¢? chiahétchonsslé. |
Ching minh : a° +b° +¢* +d° + ¢’ —5abede i n.
Giagi:
| Xétdathu'c P(x)=x’ +px +gx* +rx? +kx+h céSnghlema b c, d, e.
Theo dinh i Vi-ét thi céc he s6 nguyen va’ p,q ‘nvahz -—Sabcde

Tac6- P(a)+P(b)+P(c)+P(d)+P(e) 0
:>(a +b’+c’ +d5+e’)+p(a +b* +ct +d* +e? )+
+qla’ +b* +¢° +d’+e3)+r(a +b+c?+d2+e? )+

+k(a+b+c+d+e)+5h 0
=a’+b’+c’° +d’+e -5abcde n (dpcm)
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10, CONG THUC NOI SUY LA-GO-RANG

10.1. Cong thiic ndi suy La-go-ring :
Cho féR[x],degf=n v n+1 s6 thuee o, &, ..., cho trudc thi
f duoc x4c dinh nhu sau : .
£(x)=f(o,) (x-o0,)(x~a,)...(x~ “w)
' ( l aZ)(a'l q3)"'(al n+l)

+f(an+,)[(a ("*“t)(*—%)-»:(x-ani }

et T )(an-H -—0.2)...'(0."“ -a, )

Hay: f(x)= Zf_ ﬁ %

|j$la a
Ching minh : ,
-a
Xé g(x)= f(x) Zf(ou)n-—-—-—-—’— thi deggs<n va c6 n+l
. b, g (1.1 .

nghnem g(ai)=f(ai)—- (0,)=0 nen g(x)=0.
Do d6 ta c6 cong thitc La-go-rang. '
10.2. Két qui :
MOt da thirc bac n hoan toan xdc dinh khi biét n+1 gid tri f (ak) v6i
k=12,..,n+1.
10.3. Pinhli: : :
Cho feRI[x],degf=n. Véi n+1 s6 thyc phan Bgt X, Xyew X,

n+l

bat ki. Dat : ¢(x) =H(x5 X,).

n+l n+l X n+i f(X )(P(X)
f - , 7
0 = 2.1 )l,:.[ X —X, 600

i
' ., f(x) & A, S f(x,) I8
* Két qua : —— = i
. o(x) ;x-xi z;tp'(xi) X=X,
Trong 6 deg f <n va @(x)=(x~x )(x-x,)..(x=x,).
bay l1a cong thirc phan tich thanh phén tir don cla cic phan thitc
that su (bac cua tir bé hon bac ciia miu). )
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Bdl tig:{30. wXéc dlnh da &hwc bac %@hﬂm@ guitn bgag 3355 -1 tai X bing
1, 2, 7 tuong Ung.

' Glai’~ o G S
~Tac6: x,=1ix, =2;x,=7 va f(x,)=3;f(x,)=5; f( «)=‘-—1.
. Ap dung cong thifc noi suy La-go-rang v6i n =2, ta dugc +

Cf(x) = Zf(x )]']—_—,—— '

j=|

;f(l)i.’s_ﬂ(_":ﬂ”(z)(x DE=D) ey =D =2)

+1(7)————
(1-2)1=7) @-D2-7 - T(T-1T-2)
. =%(x—-2)(x—7)+l(x—l)(x'-—7)-?—3—6(x—l)(x—2)
8., 8 1
= ——X —_—X — ——
15" 15 15

Bai tdp 121 : Chung minh ring néu da thic bac ha1 nhan gxé tri nguyén tai 3
gid tri nguyén lién tlép cua blen sO X thi da thu‘c nhan giad trl nguyén tai moi
X nguyén :
Giai c :
Gia st f(k 1), f(k), f(k +1) Ia nhimg s6 nguyén véi k nguyén. : .
Ap dung cong thitc noi suy La-go-rang-cho da.thirc bac 2 f(x) véi 3
sO nguyén k—-1;k;k+1, tacé: |

£ = (k- 1)(" k)(’z‘ k-1) f(k)(x k+l)(1x k=1,

+H(k+: (x- k)(’; k+l)

" Pat m=x-k thi:

£(x) =f(k — 1)1“-9'-‘———)-

f(k)(m? - 1)+f(k+1)ﬂ(3‘—+2

Vi tich hai s6 nguyén lién tlép chia hét cho 2 nén f (x) nguyén véi
moi X nguyén. : - :
Bai tdp 122 Phan thh thanh phan thic don glan bang cOng thie La-go—rang
. . x*. : v 1 -
Y G-Dx+DRx+D D D03
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Ta da blét cOng thu'c La go—rang L :

. f(x,).o(x) o .
Néu dat. (x) =X, ). (x—x, .thlwf(x)= — T dodé

fx) Z f(x )_ g6 cong thifc xéc dinh da thic £(x) va c6 gid
(p(x) k=l (x = Xk ). (P (X ) .

tri la £(x, ) tai gid tr x, clia d6i s6 (k —1 2 »h). Ap dung-ké’t qué'tnen thi ;

2) x 1 N 4 .9
(x=D(X+2)(x+3) (x—l).3;4 (x+2).l.(—3) (x +3)4.1
- __ 14 : 9
12x=1) 3(x+2) 4(x+3)
b) Giai tuong tu, ta cé : :
1 1 1 1 1
- =~ + - + .
(X=Ix=2)(x=3)x~-4) 6(x-1) 2(x-2) 2(x-3) 6(x-4)

Bai tgp 123 : Cho a,,a,,...,a, 1 n s6 khdc nhau. Goi A (i=1,2,..,n) 1A
phin du trong phép chia da thuc f(x) cho x—a . Hay tim phan du r(x) trong
phép chia f(x) cho (x~a,)(x~a,)..(x~a,). | |

Gon q(x) 12 thuong va r(x) 1a g:::\ du trong phép chia da thic f(x) cho
(x-a,)(x-2,)..(x-a, »

|  Tacé: f(x)=((x- )(x a,)..(x-a, ))q('x)+r(x),degr(x)<|_1.
. Parx=a (i=12. )vadéyrangA =f(a,).

. Thi: ()A(1_12 n).-

Nhu vay ta biét duoc céc gia tri cua da thic r(x) ¢6 bac nho hon n tain

diém kh4c nhau a,; a,,.,.._a thanh thir trong c()ng thuc ndi suy La- go—mng thi:
r(x)‘=‘A (x a,)(x—a,)...(x—a) fotA, (x a).(x-a,_)
(a, a )(a a) (a -a, ) | (an”—al)...(a,‘,;—a"_,)
1 n_oX — d ' C B ’ ~
=Y A, .
; lj—,[a —a

Ik
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Bai tdp 124 : Cho a,, a,,...,a, 1an s6 khdcnhau. Chimg minh ring néu da thic
f(x) c6bac <n—2 thi: | . SR o
f(a,) e f@) _
(a,—a,)a, —a,)...(a, —a,) (a, fa,)...(a" -a,,)

Giai : . e

Theo cong thic La- go—rang thi moi da thirc f(x) cé bac < n+1 déu
dugc viét dudi dang :

T=

o) = o). X8R =8 g fx"a')‘x‘a3)""*‘a") +
(a,~a,).(a —a ) © (a,—-a,)a,—-a,).(a,—-a )
+.. +f(a)(x a)-(x-a,,)

(a,—a).(a - a"_,)

He s6 cha x"™' & v€ trdi bang 0, con hé s6 cha x"' & v€ phai la :

f(a,) f(a,) f(a,)
= -+ 2 - +..+ .
(a, —u:)...(a, -a,) (4,-aNa,~a)).(a,~a) (a,-a).(a, —a_ )
Vay T=0.

Bai tdp 125 : Gia sl da thiic : ¢, +¢ X +¢,X* +...+¢,x" ¢6 gi tri hiru ti khi x
hitu ti. Chitng minh rng tit ca cdc h¢ s6 ¢, c,, C,,...,c, |2 nhimg s6 hitu ti.

Gidi :
Ap dung cong thiic noi suy La-gd—rang véi a, =k (k=0,1,..,n) thidugc:
f(x; S—-l-)——@( -. )(x——2)...(x—n)+u)—ﬂ-)-x(x——2)...(x-—n)+
n!t - I{n-1! , ,
-1)"*fQ) ~ -
+-—2—!(;—:§-)-!—x(x—l)(x-2)...(x-,—n) (1)

Theo gi4 thiét £(0),f(1),..., f(n) 1a nhimg s6 hiru ti. Vi vay khai
trién v€ phax cta (1) ta thay ring cdc hé s6 cla cdc luy thira cia x déu lé
nhimg s6 hitu ti. Rdt gon céc s6 hang déng dang, ta dugc :

f(x)=c, +¢,X+..+¢ x" V6i c,,C,,....C, 12 nhimg s6 hitu ti.
* C6 thé 4p dung cong thiic noi suy La-go-rang tai n+1 diém a, véi
k=0,1,...,n hitu ti tuy ¥ va khdc nhau thi ciing di dén két qua trén.
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o Két qud : Néu da thic f (x) c6 biac khOng qué n va c6 gné tri huu t
tai n+ 1 diém hiru ti khdc nhau thi :

f(x)=c, +c,x+...+¢,x" Vi Cy,€,,....C, 1& nhimg s6 hiu ti.
Bai tdp 126 : Cho da thiic P(x) bac < 2n thod mén diéu kien :
‘ lP(k)<1,k=-n,~(n~-1),..,0,1,...,n.
Chimg minh ring : [P(x){£2"",Vx e[-n;n]. |
' ’ ' (Hungrari 1979)
Giai : : :
‘Theo cong thuc ndi suy La-go—rang thi :

P(x)= Y P(k)H—-———

Vi [Pk <1 v6i ke.{—n,—(n—l);... ..,N} nén :
< paomrEd o s pplrad
lP(x)lsanlP(k)lgl =i _kZR[ =

Nhan xét rang v6i x €[-n;n] thi xét x 2 i, x < j cho két qua :

H]x—J|S(2n)! ' "

=k

[x=3 __@n)i (2n)!
V‘ ) <
T gp( -j° HIJ k|~ (k+n)!(k—n)!

(2n)!
D
0 do : |P(X)| k_Z_n(k+n)'(n k)!

_ 2n (2“)' -——'-ZZ“Ck =22
Sk+mln-k)! &

Vay : [P(x)|<2*", vxe[-n;n]. \
Bai tdp 127 : » Tim t4t ca céc da thitc P(x) va Q(x) cé bac 3 véi cac hé s6 thuc
-thoa 4 diéu kién :

a)Ca2dathucnhang|atnOhoac 1 tai céc diém x =1,2,3, 4.

b) Néu P(1) =0 hogc P(2)=1 thi Q(1)=Q(3)=1.

c) Néu P(2)=0 hoac P(4)=0 thi Q(2)=Q(4)=0.

d) Néu P(3) =1 hoac P(4)=1 thi Q(1)=0.

(D 1980),
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Giai: :

Gid sit ki hieu o, =P(K), B, =Q(k) véi k=1.2,3.4 con VPO VA
Q(x) la cac da thic thoa mén ddu bai. Khi d6 cic s6 c6 4 chit s6 W "

va B B,B.B, khong thé bang s6 0000 ; 0110 ; 1001 ; 1111. Vi céc da thtr,c:
P(x) va Q(x) c6 bac 3. Mat khéc s6 o,a,a,a, khong thé c6 dang ‘m ;

00,,0,,1; o, 110, hay @, l,], vi néu khong thi tr céic diéu kién b) va d) ta.
c¢6 B, =1va B, =0. Tir d6 theo diéu kién c) ta thdy diéukién cta bai todn
thoa v6i 7 cép s6 (a o,0,0, ; B BZBzB‘,) va chi ¢6 cap s6 dé (0100 ; 1010) ;

(1000 ; 0010) ; (1000 ; 1000) ; (1000 ; 1016)) ; (1010 ; ()010) ; (lOll : 0010) .-
va (1100 ; 1010).

Diing cOng thuc nodi suy La-go-rang ta thay mbi s6 y,y,Y;Y, tuong
ing vao céc da thitc R(x) thod man céc dang thic P(k) Y, V6i
k=1,2,3,4. Khi d6 ta nhan duoc 6 da thuc tuong ing. -

R,(x)=(—l)x- +Zx —-Tx+4
2"

Rz(x)=lx3 _ax+ 4 6

—

R3(x)=(—-—

)x‘ 2By
6)" T2" 73

l\)

R,(x)= ( ) +5x2 —%x+8

—_— |

R, (x)=(——)x'3 +4x2,_1_29_x +7

[ 38

R (x)——x —-—§-x2+§-l-x: 2
3 2 6 - : co
- Nhu vay, capda tht’rc ‘(P(x‘) Q(x’)‘) triing véi.mot trong céc cap :
(Ry(x); Ry (x)); (Rx(x) R, (x)); (Ry(x); Ry(x)); (R;(X) R,(x)); (Ry(x) ;
R,(x)); (R; (X) R, (X)) (Ry(x); Ry(x)): '

Bai tdp 128 : Cho tam thu'c bac hai f (x) =ax? +bx +c thod diéu. kxén :
[f(x)| <1 khi Ixl<1. Chu'ng mmh ring v6i moi M>l sao cho

If (x)] < 2M? -1 khi |x1<M |
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o = A Glal
’Iheoglathlet f(O) el
f()=la+b+cl<1..
f(-1=la- b+cl<1 :
nén [2al =|2a +b- b+c cl+la+b+cl+l2cl<4:>|ai<2
*Néu x e[1; M] thl lf(x)l lax? +bx +¢| L ,
' |(a+b+c)x+ax(x 1)+c(1-—x)|
Suyra: |f(x)|<|a+b+c|lx|+a||x(x 1)|+ch1 x|
CSMI+2M(M-D+1(M-D=2M*-1.. .~
e Néu —1<x <1 thi|f(x)|<1<2M?-1. |
. eNéu-Ms<xs-lth: |
£(x)=l(ca+b+x+ax(x+D+clx+Dl+ldix-1
| <M1+2M(M—l)+lM 2M2-l(dpcm)

£
L

Battdp129 Cho f(x) ax"+ax"" +.. +aMx+a thoalf(x)l<l vé;mox
x €[~1;1]. Chimg minh da thic :

f(x) ax"+a,_x"" +.. +ax+a0c6tmhchat

n-1
<2""' v6imoi x e[-1;1].
Giai : .
Véi x # 0, ta cé mdi lién he sau day giita f(x) va £ (x):

£ (x)= x"f(l).
Vi da thiic f(x) c6 bac khong qud n, nén‘ta c6 thé 4p dung cong thiic noi
suy La-go-rang chof (x) tai (n+1) diém x, (k 0,1,...,n) thi;

f(x) Zf(x) (X X )i (X =X )X =X ) (x x“)

(X = X)X = xkl)(x Xy )ee (xk “?()

'Do vy voi x # 0, ta c6: f‘(x):x“;f(l) .
) ) x;v k

— XX ) (1=xx _V )1 =xx )...(l-xx‘)‘
f f 0 k-1 k+1 /7 n
== Z x k)( e~ X)) (Xk X (X = X)) (X =X )
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He thic nay ding v6i moi x #0, ma hai v& déu I hai da thic cia x,
vay heé thic ding véi moi x. Suy ra v6i moi x € R (nh6 ring x, €[-1;1]
nén theo gié thiét ciia bai todn |f(x, )<1]. "

| (1= x%y)...(1 = %X, )(1 = XX
-Ol(xk "’xu) (xk = Xy I)(xk xm) (xk xn)l
Ubc lugng [f* (x)] vei xe[- L l]
Mu6n vay, tadé § ring: .
a) l=x,>Xx,>..>x, >..>x,,,>X, ==L
b) V6i Ixl <1, ta cé 1-xx, 20, (l_=0,‘l',...,n).
,Suy ravéi x e[-1;1]: o |
'|f (x)| Z( 1) (- xx(,)...(l—xxk_,)(l—xxk+,)...(1‘— XX, )

k=0 (x ‘xo’) 4(xk xkrl)(vxk‘Axl;;l) (X, —X,)

¢

Mat khéc, ap dung cong thic ndi suy La-go-ring cho da thic
Tre-bu-sép T, (x) tai n+1 diém x, (k=0,1,.. ,n) tadugc:
T (x)= ZT( ) (x Xo)ooo(X =X, _ HX~ xm) Ax - x)
k=0 . ( 0) (Xk Xk |)(xk xk+|) (Xk X )

_Z( l) (X X‘O) (X - xkl)(x xlu-l) (x— xn) (2)

Xo)...(xk xk-l)(xk xk+l)"'(xk xn) |

Xem da thic T, (x) x4c dmhbm T (x)=x T(

Tir 46 ta thdy v6i x # 0 thi:
(l XX ) L =xx,_ A =xx,, ) (XX )
(X) ( l)k ] k=t k+1
' kzﬂ; ‘ = X Jooo Ky = Xy WXy — Xy )Xy = X)

Vi2 ve’ 12 hai da thic cha x, nén néu chiing bing nhau khi x =0 thi
ching ciing bdng nhau v6i moi xeR. So sanh v6i (1), ta suy ra

e Gl < T, (o) khi xe[-151]. 3)
Vi da thic Trée-bu-sép T, (x) bac n cé nghlém

= k= 01 i |
X, COS(Zn )( n-1)

) (x#:O)

X
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Vacé6 he sd.cau nhat wng 2V, vaym duge: pmn uch dum dang :
T, (x)=2"" (x =%, )(x =%, ) (X = X,._ D) ’
T d6 suy ra : T (x)=2""(1- xxo)(l—xx,) (1 ";(xn . ) @
Day Xy, X, X, 12 mot ddy “d6i xung” e a: xy ==X, X, =X,
X, ==X__,... nén theo (4) ta ciling ¢6 : o o
(x) =2" ‘(1+xx.0)(l+xx ) (B+xx,_,)-
Cﬁng véi (4) suyra: . ‘ .
[T (x)] =4""(1-xx )(l~xrx, Yo (142 X 2)

'Nen véi |xI<1 : [T,, (x)] 4. C

Theo (3), tacé : Tn'(‘x)‘?.’O khi [x|<1. N

Vay v6i xe[-1:1] : T,"(x) 2™,

Keét hop véi (3), ta dugc : [ (x)] <2 khi Ix|<1.
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1. KHAI TRIEN VA al‘e’u DIEN

11.1. Khai trién A-ben

- 11.2.

Cho feR[x], degf= -n van sO o), Oy, a eR kh1 do tOn tal bo
n+1s6 thyc duy nhat bo,bl, ,b, saocho: ‘

f(x)=b,(x-a,)(x-a,)..(x-a, )+ Aoden i
~+b(x=a,)(x-a,)..(x~a,_ )+..+b,,, (x=a,)+b,.

Pac biet néu f e Z[x] va o, €Z thi bieZ. '

Chitng minh : Quy. nap theon. . :

Khi n=1:f(x)=ax+a =a,(x- a)+(aa+a)th1b =a,,b, -f(a)

Gia sir khing dinh ding dén n=k. 1 .

Xét da thic f(x)-a,(x—a;)(x- az).".‘.(x—a") c6 b’a'c‘ <n-1 nén

ton tai duy nhat bo n s6 thuc b,,b,,....b, thod: e

f(x) a (x a,)(x ~a,). (x a,)=b, (x=a;){x- 0y )orr (X~ a"_,)+

+..+b, (x—a,)+b, (dpcm).
Khai trlén theox-a: |

~ Cho feR[x] va degf=n,VaeR tacékhai trién theo x—a’

f(x)=c,(x-a)" +c,(x—-a‘) "rotc, (x-a)+c,

'Vv6ibo n+1 s6 ¢,,c,,....c, duy nhdt thuoc R.

Chimg minh dya vao quy nap theo bac n.-

11.3. Khai trién ‘Tay-lo:

110

Cho f e R[x] va deg f=n, Vx, € R ta c6 khai trién :

W :
f(x)=f(xo)+%!°),('x7x0)+.;.+—f——£——-°—2(x—x0)k‘_-i-...

k!
. f(n) (xo) ) N
’ TR
¢ Chitng minh dya vao khai trién trén va?i quy nap theo n (xu = a). '

®)
kle, =f%(x,)=¢, = f lf'x")



' Bai tdp 130 Tim diéu kién ciia céc hé s6 dé f. (x) =ax’ + bx +Cx +d nguyén
. vé’: moi X nguyén : :

(Viét Nam 1 977)
| » Giéi‘: z
L4y 4 s6 nguyén liéntiép: —1;0:1;2:
f(0)=deZ ; f(1)=a+b+c+deZ o
f(2)=8a+4b+2c+deZ ; f(-D=-a+b-c+deZ
=deZ, a+b+ceZ v f(l)+f( )= 2b+2deZ:2beZ
Vif(2)= 6a+2(a+b+c)+2b+deZ:>6an
P3o lai, khi 6a, 2b, a+b+c,d e Z thi 4p dung khai trién A-b¢n cuthé:

- f(x),=6ax(x—l;(x+l)+2bX(x2_l)+(a+b+c)x+d

nén f(x) nguyén v6i moi x hguye'n. Sau day la két qua téng quét hon :
* Cho feR[x],degf=n,aeZ sao cho fla+i)eZ, Vi=0,n thi

f(x)eZ, Vxe Z. Nghia la néu f(x) nhan gid tri nguyén tai n+1 s6 nguyén
! lién ti€p thi f(x) nguyén v6i moi x nguyen. .

_ _ Giai :

ApdungkhaitriénA-benvé‘i ai‘=a,+i,i=_l_,;thi:
f(x)=b,(x-a-D(x~a-2)..(x-a~n)+ ,
.v (x -a-— 1)+b

+b, (x~a-1)..(x—a—n+1+.. +b“l
> fasl)= b, eZ |
f(a+2)=b, 1+b,eZ=>b, cZ
f(a+3)=b,_,2%b _.1+b eZ=b ,21€Z
fla+n)eZ=b, (n-1DleZ
f(a)eZ=>b nleZ.
Dods: £(x) = b,nt &2 '(" a-m, R
n!
l)'(x a-1)..(x-a-n~- 1) b,

(n-1)! o
“thudc Z véi Vx eZ (vitichk sO nguyén lien ti€p chia hét cho k!). oz
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Bai tdp 131 : Néu p nguyén t6, msOnguyénsaocho I<r <r, <.<r, <p=1
thoa r," _l(modp) i=l,m thi VxeZ: o
x" —1=(x-1)(x-1)...(x~r, )(modp)

- Giai : |
Dung khai trién A-ben : _ ,

f(x)=x"-1=b,(x~1)..(x~ £ )+ 4, (x- ) b,

Vi f e Z[x] va T, nguyén nén b, nguyén. :
Sosénhhésdthxb =1 f( )—r,'“f—l=b P

f(rz) =n" -1=b (rz —rl)+bm ‘p
V‘10<r2—r,<p:bml p.
Tuongty: f(r, }ip=b, ip=> x’“‘—lsl(()_c—rl }.-.(x~1,)(modp).

- Baitgp 132 : Cho f e R[x] c6 degf =n va f(k)=2"k=0,1,2,...,n

Tinh f(n+1). o
(Viér Nam 1986)
- Giai ¢ '
Xét da thic : . R ¢
' x(x-1) /~x(x—l)(x-2).;.(x—n+l)
T oot -

g(x)= HTX-

Thi degg nva g(k)= ZC' =2"=f(k) v6i n+1 gidtrinén f=g.

is=()

Dodé: f(n+1)=gln+1)= ZCM, =2" -1,

=0 . .
Bai tdp 133 : Chitng minh ring néu phan s6 tGi gian £ 13 nghiem cita da thitc
| q

f(x)=a,x"+a,x"" +..+a,,thip-mq 13 uéc ciia f(m) véi m nguyen. Dac
biét, p—q 12 ubc ciia f(1); p+q la uéc cha £(~1). |
| Gidi : |
Phan tich §(x) theo c4c Tuy thiractia x —m : |
f(x)=a,(x-m)" +c, (x-m)"" +..+c,_ (x-m)+c_=o(x-m)

Ciché s6 c,, c,,...,c,. déu nguyén vi m nguyén.
v Chﬁflréng: ¢, =f(m). Thay =2 taduge:
. ’ q ,

112



(3 olmm)-3)
- \4q q q .
Tac 1a: P~ M4 15 nghiem céia o(x —~m).
q . ‘ _
Vay : p—mgq phai la uéc cia c_, tifc 1a uéc cta f(m), suy ra dpem.
Trudng hop m =2k thi: - .
eKhim=1: P-9 lau‘dccuaf(l)
e Khi m=-1:p+q laudc cua f(-1).
e Khi m = 0:p la udc cha f(0).
Bai uip 134 : Cho da thitc P(x) bacnva2 sOa<bthoa
P(a)<0,-P'(a)<0,P"(a)<0,..,(-1)" P‘"’(a)<0
P(b)>0,P'(b)20,P"(b) 20,..,.P" (b) 20.
€Chimg minh c4c nghiém thuc clia P(x) thudc (a; b). -

. V(Singapore 1 978)
S . _ Giai': .
Khai trién Tay-lo, ta c6 : -
" : (n)
PO0=P(o)+ X0 (). P (b)( S TR
! n!
‘Néu x>b=> P(x)>0:>P(x) khOng c6 nghiém x 2 b.
Tuong tu : :

P(x)=P(a)+P'(a)(x~a)+P"(a)(x—-a)2+... ""a)( )

noa(n)
( (amn)s ( TP SR S TS
n!
Néu x<a3P(x)<O: P(x) khOngco nghiém x < a.
. Vay céc nghiém jphai thude khoang (a;b).

* Ta goi u6c lugng vé nghiém & trén 13 udc lugng Niu-ton.

=P(a) +—

Bai tdp 135 : Biéu dién da thic : f(x)=x*+x*+x”+x+1 duti dang hiéu

binh phuong ctia da thitc : £(x)=[P(x)] ~[Q(x)]' c6 bac khéc nhau va véi
cac he s6 thuc. Chimg mmh ring khOng ton tai da thu'c g(x) voi céac hé 56 thuc
dé £(x)=[gx)].
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Giai : :
Ta thdy ngay rang deg P(x)=2 va degQ(x)< 2 Dodé:

P(x)] =x* +x’ +...==(x2 +%x+a) +...

Neén P(x)=x? +%x+an".‘

Chona=1 thi: f(x)= kx +]x+l) ( \/_x) thpéyédéfiu.

Néu déing thite £(x) = [¢()] thi g(x) phai c6 dang g(x) = x* +ax +b.
So sénh heé s6 : x4 +x +x 4 x+1=(x* +ax+b) thi khong t6n tai a, b.
Viy klung t6n tai g(x)— t(x))

. Baitdp 136 : Gia sir céc da thuc P(x), Q(x), R(x) va S(x) thoa man :

P(x’ )+ xQ(x* )+x R(x¥)=(x*+x"+x +x+l)S(x) (1

Chimg minh ring khi dé ton tai da thite H(x) dé P(x) viét duoc dum dang
P(x)=(x —l)H(x) Tc 12 P(x) chia hét cho (x - 1).

(USA:1976)
Glal :

Gia sir: S(x)=s(,+s,x-+-..;+sllx".
Khi d6 theo (1) thi :
(x—l)P(x5)+x(x—1)Q(x5)+x2(x-—l)R(x5)=
' =(x*+x +x2+x+1)(x=1)S(x)
Hay : P(x )+ (x3-=1)8, (x)=(x*-1)8, (x)+xP(x*)+ v
+(x* =x)Q(x*) +(x* —=x* )R(x*) )
Trong d6 : S(x)—s0+ssx +5,,x'0 +.. +sSm ,m=[—2—}.

S, (x)= S(x) S, (x).

‘ Vi ve trél ctia (2) 12 da thitc mii boi 5 con vé phal cua (2) lada thue khOng
Ia luy thu'a b01 cua 5 nén chiing ddng nhat bang O Tir d6 ta c6 H(x) thoa dé bai.

P(x%) = —(x* -1)S,(x)=>P()=0s P(x)=(x-DH(x).
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Bai tdp 137 : Cho a, b, ce Z, f(x) =ax’ +bx +c théaVx e Z, f(x) 12 binh
phuong mot s6 nguyén. Chimg minh 3A,B € Z sao cho f(x) =(Ax+ B) .
| G,iéi_:» ’
a= 0= flx)= bx+c
f(0)=c= 82 =b=0, t(x) B? (vi A =0).
2)a#0=>a>0.3n sao cho Vn = N thi f(n+1)>f(n).

Vé6imbi n2N, dat M =+van’+bn+ceZ.

n+| \/d(ﬂ-}-l) +b(n+l)+C—M +k
=>2M K, +k, '—2dn+a+b

nn

ca+b

. | N ‘23+
k =M -M _M.m "'M.'i = . i n

n e+l n M +M M +M n+lM M

n+i hel + N

nn+l n

\% B lnm——'—\/_::lnmk‘—\/*k eZVn>N

ll-)+l n 1>+
Vay : \/_—AEN+ Hno,Vn>n sao cho : k —A
M =M_ +A= M, +2A=. -M +(n no)A

n-{

n+l

t(n) M, ° —[Mn n n, A]
=>'f(n)E(An+Mno—n(,A) ,VnZno. | o
Dod6: Vx ¢ R, f(x)=(An+Mn, =n,A) 1y B=Mn, -n,A"
thi f(x) = (Ax+B)’. | | S

Bai tgp 13 : Cho mot day céc da thic P (x)(n=0,1,2,...) xac dinh nhu sau :
P,=2,P=x,khin21:P_ +P

cicsda,b, ¢ sa0 cho.vn21 thi:

(x2 4)(P2—4)=(aPm,+bP +cP, )

xP,. Chiing minh ring c6 thé tim dugc

0?

cmiy':dday tahiéu P, P,....P, ticla P,(x),...,P, (x).

2,

LIS
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- | Gl ,
P,=xP, -P,=x’-2. Gié sir 6 c4c hing s6 a, b, c.
Trong hé thitc dd cho, ldy n=1, tacé:

(x?~4) —[a(x —2)+bx+2c] =[ax? +bx+2(c a)]
x2 -4 = +[ax? +bx+2(c- a)] |
a=1;b=0;c=-1

[ ==1;b=0;c=1.

Ta ching minh Yn 21 thi: (P,,,
Khi n =1 thi (1) ding.
Gia sir (1) ding dénn :
(P..;=P,) =(P,., +P,~2R,)" =(xB,,, -2P,)’

n+2 n+2
=xP —4xP P +4P?

n+| n" n+l

n+| (Pn+l+P I)Pn4-l-'-4p2
-—(x —4)P 214P*-4P,, P

n+l n+l
=(x2-4)p, +4P2+(
=(x?-4)P

n+l

=(x2-4)P_?*-4(x? 4)=(x 4)(

n+!

n+l n+l

Suy ra (1) ddng cho n+1.
Vay (1) ding:véi moi n nguyén duong.

-p ) = -a)(p -

n+l n—l)2 (P +P
244p2 +(x? -4)(P -4 )—x P’

-4).

)

)]



12. NH| THUC NIU-TON — T8 HQP

' 12.1. Pinh li:
(x+b)" =Cx" +Cx""'b+...+ Cx"™*b* +...+Cb"

—ZC" "“kb*, v6i neZ* |

Ngwoc lai : (x+b)" =(b +'x)" ‘=ZCf1b“'“‘x". ;
Chimg minh quy nap theo n.

Khin=1:(x+b) =x+b= C°x+Cb dung

Gia slr cong thitc diing dén n =m:
Ta chu'ng mmh cong thuc dung dé’n n=m+l:

(x+b)™ =(x+b)(x+b)" —(x+b)zc- i

i=0

X -J+Ib|+ZCm m- cb|+l

0
Ma

i
2.C.
0

o

(C" +Cp )X = tﬂcm, "'’ (dpem).

=0

j=

| c

12.2. Céc két qud:
(D) CI+C+.+C =20 |
=+ =Yt =Y
@): C +C +... :=c§:—c;n+g;(:+ +C,
Vi:0=(1-1)"= ZC'Z,,IZ""( -1y _Z( l)C

=0 i=() .
g -an Cl +C2 C;n +-. Ci: I+C§::' :
(3) n(x+b)" '=nC%" +(n-1)C' “2b+
+(n k)Ck n-k= 'b" +. +C""b" -

Vi:n(x+u)"" =((x +‘b)"‘)
‘ ( nel_pael 0 o L b - c
4): arb)” -b -5 o' +-(-:i(z"b+...+—-‘\-'41-—a" Yt 4= b,
. n+l n+l n n-k+1 ‘ 1
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V1 lay W hiphdis fir 0 O 87 cla 6 + B3 -3 Tieih i
I(x +b) dx = I(Cﬂx" +o A CEX"DY 4L+ CPD" )dx
( o . . N

. nal Y e O , K u
.:Bib_).__ _{ Cn XI+‘IL+.“+ Cn n =K+ Ibk +.. +Cnbn } )
n+l Lo+t “kel \

(5): C,Ck +Cm(‘f‘, b CRCE —Cl';ﬂ, v6i m<k <n.

VI (4+x)" 1+ x)" =0+ So sdnh he s6 theo x* cua 2 v€, suy ra
'diéu phai chimg minh. |
* Mot 6 chd ¥ vé hé s6 sau khi khai trién tinh'gon thanh :

P(x)=a, +a,x+..+a,x" 4. +a x" V
a) Tong cdc he s6 1a : P(1). oo
b) Téng cdc hé s6 theo s6 mi chan : }—)&tzl-l—) . téng cic hévsfi theo
P(1)-P(-1)* <+
. 2 ' :
¢) Né€u P(x) la ham da thitc ¢han thi cic hé $6 a,,, =0, nguogc lai P(x)
2 ham da thic 1€ thi a,, =0.

s mii lé :

nt n(f;—l)...(n—'k+ 1)
k! n—k)! k!
két qué : tich k s6 nguyén lién tiép chia hét cho k!=1.2.. k

“Tit cong thic t6 hop : Ct =

thi ta ¢d

Bai tdp 139_; Tinh t6ng c4c hé s6 va tOng cic Luy thira 1é sau khi khdl trién
thanh da thirc : 2

)2(!)5

a) P(x)=(x¥ +x" -1
b) Q(x)=(1+x+x*+.. A (1= x5 x4+ x®),

Giai :

a) P(x)=(x? +x7 =1)"" c6 degP=n=27.2005.
| =a,+ax+..+a,x" +..+a,x" (nlg)
P(1)=a,+a, +..+a, ; P(—l)—a(,'—a,+.,.—
Téng cdc he s6: P(1)=(1+1-2)"" =
Téng céc h¢ s6 theo liy thira 1¢ :
P(-P-D) 1= et
2 > 2

- -
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b) Q(x)=(1+x+x +....+x”"’).(l —x4+xI=x L x'™)

Téng cdc hé s6 : Q(1)=101.1=101. Tac6:

Ql=x)=(1=x+x* = x =+ x™ )N+ x+ X +x +.04x"™) =Q(x .
Vi vay Q 1a ham da thic chdn, suy ra a,,,, =0.

Do dé6 téng cdc hé so theo luy thira 1é bang 0

Bai tdp 140 : Tim hé s6 :
a) Theo x* ciia khai trién P(x)=(x+ 1)’ +(x=2)" = (x - 3)
b) Theo x’ ciia khai trién Q(x)=(1+x)" +(1+x)" +...+(1+x)".

¢) Theo x* cha khai trién R(x)=(1+2x+3x%)" .
Giai :

a) P(x‘)=(x+l)z+iCixi(—2)H S (=37

=0 . j=0

Hé s6 theo x' tmg v6i i=3,j=3 nén hé s6 theo x’ sau khi khai trién
rit gonla: C} (-2)" ~-Cl(=3)' =13,

b) Q(x)=(1+x) +(1+x) +..+€1£x)".

He s6 theo x° la: CY+C!, +C2 +C, +C4 +C,4—%OO3

10

c) R(x)=((l+2x)+3x2)m_=ZCf l+2x)'“( ’)R
k=0

~ Khik > 2 thi (3x?)" c6 bac 1én hon 4.
Khi k=0: Co,(1+2x)"".1.
CKhik=1: C), (1+2x)" 3¢,
Khi k=2:C3 (1+2x)" 9x°.
Vay he s6 theo x*-1a: €',C}.2" +CL,C2.223+C3, CY.9 = 8085,
Bai tgp 141, + Tim hé 56 theo :
a) x* cha khai trién P(x)={x 1)’ ’3— ).

b) x* i khai trién Q(x)=(x +1J(x+-—l—;)(x +—l—)
o , 2 2" 2

¢) x* ¢lia khai trién R(x)=(1+2x)" ma n6 12 he s6 I6n nnat,

1)
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Giai :
a) P(x)= (x2+2x+1)(3 x)"
’ >~ . Jdo -
-XZZC:&""( x) +2xZC,03‘°~J(_X)J+chk03m )
. k=0
HésOthee x’ ng véi |_1 j=2, k 312
~Cly 3 +2C;, 3 - €3 =131220.

b) Q(x)=x"+Ax"" +Bx"? +... v6i:
2 2._ 2" 2" 220 2
4" —3.2"+2
34"

L

‘n3

N

Ma A’ =Z4—k'+2B:'> B=
' 12
¢)Taco: R(x)=(1+2x)" = a,x, v6ia, =C;,2" >0.
k=0 ;

Xét a_ < a_. v@ Ch2" <Ch'2™ o m< ? nén cdc hé s6 :
| 8,<2,<8,<..58, <8, <8 >a,>.. >, .
Vay hé s6 16n nhit 1a a, =126720.
" Bai tap 142 : Tim hé s6 cha x* trong céc da thitc c6 duoc sau khi bo cic
déu ngoac va nhém céc s6 hang glOng nhau trong c4c biéu thic :
S a) 14+ 4+ x (1) + 2 (140" 4+ %",
b) (1+x)+2(1+x)" +3(1+x) +.. +1000(1 +x)

Giai :

a) Bing céch ching minh diung c0ng thire téng mOt cap so nhan v
cong thic nhi thic Niu-ton ta tim dugc :

1000

(14+x)" +x(1+x) £x (1+x) +..+x®

x 100! oo
‘ - = (14X ] '
=1+x (v x) = x'®—(1 +x)m‘m‘= (1+x)"®! - x'0
X 1 x-1-x e ‘
1+x o
= 1+ 1001x +Cf00,“.x2 +Clyy X +...+1001x'**
1001!

Vay he s& phél ﬁm 1a: C“m 3—0-'9——5-]-"-
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b) Ta goi da thL’rc‘dEi cho 1a P(x). Ta c6 . , .
1 0PR) = PO =L+ 1) #2014 %) 4. 4+999(1 + %)™ +1000(1 +x)"™]
[a0)+20+ %) +.. 4100001+ )™ ]
L0+ x)+0 %)+ 4 (1 +x)™]
w1+ =(1+x)
1+x-1

(l+‘x_)100I —(1+x)

1001

=1000(1 +x)

=1000(1+x)

=1000(1+x)'™ =

X

1000(1+ )™ _-‘(-1_+x)"°°' ;(1+x)v‘

2

| 'Suy ra: P(x)=
X T x

=1000[ 1001+ C2yy X + Clogy X2 +...+1001x* +x'** ]
~[(Clior + Cloorx + Clagyx? +...+1001x™ +x™ ],
Vay hé s6 phai tim bing :

[ 1 !
l0o0cs, —c2 10001001 1001!
5119501 521949!

_ 1001
1521950!

51150.1001!
521950

[52.100-950] =
Bai tdp 143 : ‘ ' N

Sau khai trién P(x)=(1+x*=x")" va Q()=(1-x*+x*)"" thi
he s6 theo x* ciia da thifc nao 16n hon ? ’

o Giai: | |

D€ y he s6 theo x*cla hai da thic : P»_(X)=_(1"|'X2—.x3')”m va
P,(x)=(1+x*+x*)"" 12 nhu nhau, ki hiéu a,, (vi P,(-x)=P(x)).

Tuong tu : Q(X‘);=('I—x2'+x3)lax) va Q,(x)=(l—x2‘—x3)lw10 c6 he
s6 cling 12 b,, theo x*. S . ) |

Ma: P (x)=(1+x*+x')"" c6 h¢ s6 theo x* 12 a,, 16n hon he s6
by i Q (x)=(1-x*=x*)"" (vl toan h¢ 6 duong).
~ Vay:a, >b,,. R |
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Bai tap 144 : Cho da thu’c P(x) a(,x"+a X" +a" lx+a vc’n n>3 '

]

cén nghlém thyc va a, -,-1 a, =-n,a, =n_T Xac dmh a;,8,,...,4a,.

| (Viét Nam 1988)
Giai : R |
Ta ki hiéu x, (i =1,n) 1a nnghiém céa da thic thi: ) x, =n

1=t

-

va Z =
Tl‘xdétacéz 3 xi2=(ixibj ZXXXX =n’-n*+n=n.

1=l y=]

va 'Z(x -1 —Zx —Zx +n=n-2n+n=0.

(vc’yi-j:ei).f

Tedésuyra: x, =1 (i=1,n) nén da thiic c6 dang P(x)=(x—1)".
Vay céc he s6 cha da thic sé 1a: a, =(-1)" C* (k=0,n).
Bai tap 145 : Ton tai hay khong t6n tai.cic s6 a, a,,..,a, € R 1a cdc nghiém
ca céc da thic : P(x)=x"+) (~1)" C'a,*x"™*.

k=l
Giai :
Gia sir ton tai cac s0 nhu vay. Khi d6 theo dinh h Vi-étthi:
> aa .a (k=l..n) (tbngcé C} s6 hang)

iy <iy<...<iy

Giasir: lak|k= max {[a,l, |a2|,...,|an'|} ,

Suy ra . C¥ lak[— |a “a l la‘kI<C lak|_k‘v

Do d6: |a,|=|a2|—...=|a"|.
Ma |a, +a,+..+a,|=na, nén a,a,,.a, cing ddu va do d6 ching
bing nhau. Dat a, =a, =..=a, =a thitacé dathic:
P(x)=(x-2a)" =) (-D*.a*x"™: thod man.

k=0

Bai tdp 146 : Chimg minh ring v6i m=0, 1, 2 thi :

122



v ) = P + 27+ e’ 12 da thic theo n(rH-I)
Giai :
Ta ching minh : 2C}.S,(n)=n(n+1)
2C,.8,(n) =(n(n +1))*
- 2C3.S,(n)+2C3S,(n) =(n(n+ 1))’
2C' S, (n)+2CS,(n) = (n(n +1))"

k
Vaténg quat - 2> C. S, (M) =(n(a+D)" v6i r+k I&.
r=(} —‘*2‘ .

That vay, dung quy nap Voi r+k 1é:

ZZC' r+k I(n) 2ZC1 Zth _2ZZC| th

r=0 r#0 h=] h=1 r=0

=33 b (- (b)) = Z«h2+h> ~(h*=h)")

h=t r=0

= Zl(h(h+ 1) —(h(h —-1»*1

h=1

=n(n+1)* —l(l—l) —(n(n+l))
"Bai tdp 147 : Giastr (14x)" " =1+ax+ax +.. a X" vmpng\qyénté’lé.
‘Chimg minh ring : a, +2, a2 3,a,+4,...a, (p 2) va ap_, +(p-1) déu
12 boi cha p. a
L (Hong Kong 1998)
Giai :
§6 hang téng quét ciia nhi thic (t+x) " 1 a, =CP™,
Nen:a, +(=1)"" (k+D=Cl2+(=1)"" (k+1)
(p 2)(p 3;()' (p= k+l)+-(—l)""(,k+1)
_(p=2)(p-3)...(p—k+1)+(=1)"" (k+1)!
| ke oo
Vi a, nguyén nén phan s6 trén nguyén va do p nguyén t6 1€ nén p—i
khong chia hét cho k!, hon nita tir thic vi€t gon thanh mp nén
a, +(-1)"" (k+Dip. o
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~13. DA THUC V81 HE SO PHUC — 56 PHUC

13.1. S8 phutc::
a) Dinh nghia : z=a+bi véi a,beR, i ladon vido: i’ =-1.
Trong d6: alaphinthuc: a=Rez ;bla phan 0:a=Imz.
| .C={vz’=a+bi‘-/a, beR} goi 12 tap cic s6 phic (40).
z=a-bi goi 1a s6 phirc lién hiép cha z =a + bi.
» b) Phép todn z=a+bi; z'=a'+b'i thi:

| ‘ "'z+z —(a+a)+(b+b)1

z-7'=(a-a)+(b-b")i
- zz'=(aa’-bb') +(ab'+ab)i

1 a

b . ..
—=—a—= 21v0|z¢0.
z a +b° a"+b

13.2. Dang luOng glaé cua sd phuc:
a) Dinh nghia : z=a+bi=r(cos@+ 1sm(p)
v6i r=+a’+b’ goila modun cia z.
o= (Ox, OM) v6i M(a »b) goi la argumen ciia z.
_ b) Phép todn dang luong gidc : :
Cho z=r(cosa +isina), z’ =f’(¢os[3+isin[3)
Thi: zz' =-rr’[cos (a + Bv) +isin (.ocA+B)]

§'= [ cos(a- B)+1sm(a B)]
c) CénLg thuc Mowre : _
I:r COS(p+lSln (p)] =7 (cosn(p+isin ne)
Dic blét (coscp +ising)" =cosng+isinng
g I_{m Tir d6ng nhat phan thuce, phan a0 cua khan trién, ta c6 :
n=2=>sin 2¢p=2sinpcosQ; cos2(p cos’ p—sin’ @

S n= 3=>sm3(p 3sm<p 4sm (p cos3tp 4cos<p 3cos<p
Va téng quat :
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cosncp+1smncp (cosq>+|sm(p ZC"CQS m 9

Chota: cosng =cos" ¢—C2 cos" @sin’ @ +... »
sinng =C! cos™” sing—C> cos"” @sin’ @ +...
13.3. Cin bac n cua mot sg phiic:
a) Pinh nghia : Can bac n cha s6 phitc z la s6 phuc z' sao cho
(z)" =z. Khi z=0=>2'=0.
b) Dinh Il : Moi s6 phic z# 0 c6 ding n can bac n.
Dit: z=r(cos@+ising),z =r'(cosg’ +ising') thi

¢ = 4r

(Z")n A — v k2
» ¢ =2+ k=0,1,..,n-1
n n
* Ddc biét : z=1 thi c6 n can bac nguyén duong clia don vi 12 :
=cos-l-(—2—+1smﬁ n=0,1,..,n-1.
n n

* Khi n =2 thi moi s6 phic z * 0 déu c6 2 can bac 2 d6i nhau

13.4. Pa thicc voi hé s6 phitc : . v
a) Dinh nghia : P(z)=aoz +az" '+.+a ,z+a, vOicichéso a, €C,

bi¢n z € C. Ta ciing dinh nghia béc, nghi¢m nhu da thifc véi h¢ s6 thuc.
b) Dinh If Vi-ét : Phit biéu thuan va dao nhu f e R[x].
¢) Tam thitc béc hai :

Dinh If : Moi tam thic béac hai hé s6 déu c6 du hai nghlém phic phan
biét hoac triing nhau.

Chitng minh : P(z) = az’ +bz+c,a#0. A=b’- dac.
Vi AeC ludn c6 2 can bac hai d6i nhau, ki hiéu la +\/— nen cod 2

—bi\/_

nghlem z,= T

d) Dinh lf Dalembert : Moi da thirc bac n hé $6 phu'c
P(z)=a,z"+a,;z2""' +..+a_z+a ,a,#0
déu c6 di n nghiém phitc phan biét hay tring nhau.
~ » Két qud : Goi z,,2,,...,z, 1an nghiém ctia P(z) thita c6 phan tich :

P(z)=a,(z-2)(z-z, )';'(Z_Zn?'»

125



13.5. Phén tich da thitc hé s6 thyc thanh nhin ti:
Dinh li : Moi da thic he s6 thyc f e R[x] dé&u phan tich dugc thanh
céc nhan tir dang x — o hodc X*+px+q, véi A=p’-4q<0:’

f(x)=a H(x o.)n(x +PX+q, ).

* Cht y : Viéc phan thh khOng dOng thoi vén yéu cdu da thuc phal cé
nghiém thuc.

s Két qud : Néu P(x)>0,VxeR thi fkhéng c(’)nhan tu (x o ) véi

a, € R, dodé P(x) chicé cdc nghiém phic lién hop trong tap C nén
P(x) lé t6ng binh phuong ciia 2 da thiic :

P(x)=a,JJ(x-2)(x-2,)=a,(f* (x)+g* (x))
[t +ig)=]T(x-z,)
v6i -
U -igx) =T](x-2)
Bai tgp 148 : Trong C, giai phuong trinh

a) x> —\3x+1=0 | (1)

b) 3x*-24=0 | " @

¢) 2x* +16 =0 : B )
- Giai: : S

a) x2-3x+1=0. TacéA 3 4—-1_—1

B,

Vay phuong trinh (1) ¢6 2 nghiém phitc : x = 5

Nl'—.

b) Tacé: (2)<> x* =8 < x* =8(cos0+isin0) |
Sx= \/—(COS—§E+lsm%ﬁ) keZ.

Do d6 (2) c6 3 nghiém : X, =2; x2—1+1\/§ X, = —1—1«/—

c)Tacé: (3)<:>x =—8= 8(cos1t+1sm1t) "

oSx= \/g[cos 4 +‘i:sin n+:2n:| ke Z
Do d6 phuong trmh (3) c6 4 nghiém : -
x, =32 +id2 S \/_2-+|\/_
=-2+i2 x4=—‘\'/§——ii/§




. Baitdp 149 : a) Phan tich thanh nhan tir bac nhat trong C[x]:
f(x)=x’-6x"+11x-6.
g(x)=x*+4.
h(x)=x*-10x>+1.

b) Phan tich thanh phan tir don : —-—3-+—X-,—-—
, (x=D(x*+1)

Giai ;
a) F(x)=x’ =6x2+11x=6=x* =3x* =3x2 + 9x +2x ~6.
| =x?(x~3)-3x(x-3)+2(x-3) = (x-3)(x* -3x +2) -
=(x=-3)(x-1)(x-2).
g(x)=x“+4=‘(x2+2i)‘(xz——2i)=[x2 —(1’-—‘,.i)2][x2_-(l+i‘)2]
=(x—-1+Dx+1-ix=1-i)(x+1+i).

Vi:(1-i) =1-2i-1==2i va (1+1) =1+2i-1=2i.
h(x)=x*' —10x2 +1=x" —10x> +25-24 = (x> =5) =24

 =(x*=5+424)(x* -5-24)

~=(x*-5+2V6)(x* -5-2V6)
= [x2 —(5—2\/3)][)(2 (5 +2\/€)]
(7= e -(Wae ]

Vay :
10k # 1= (x VB +V2) (x + V3 -V2) (x =3 - V2) (x + V3 +42)

3+x ' X+3 :
T ": = =T .
b Taco (x=Dx2+1) x=Dx=i)x+1i) (x)

Ap dung cong thitc noi suy La-go-rang cho fbac nva n+1. S6 o, batki:

trong C[x], R[x].

n+!

YR o PPN -0y fx) & fa)
f(x)= ;t(ai).l;l —y = o) = a0
v6i o(x) =] J(x-a;).
Cuthé f(x)=x+3va a,=l,a,=i,0,=-i, tac:
2 24i -2-i |
x-1 2(x-i) 2(x+i)
2 2x+1

= tren R[x].
x-1 x+1 -

'i‘(x)= trén Clx]
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Bai tdp 150 : a) Chéng minh :
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+1 ( na)
a.sin| x + —
2

.n
v sin
Y sinx+sin(x+a)+...+sin{x +na) == "
: ' sin —
2
. n+l ( 'na)
v sin a.cos| X +—
. ' 2
cosx +cos(x +a)+...+cos(x+na)= —
' ‘ sin —
2

b) Chitng minh : ;
Néu L, (x)=a,+ (a, coskx +b, sinkx)=0 thi a, =b, =0, Vk.
: k=1 . .

. - (V6 dich sinh vién)

_ Giai : o '
a) bat A =cosx +isinx, X =cosa+isina.
A(X™ 1)
, X-1 .
Ma: S=(cosx +isinx)+cos(x +a)+isin(x +a)+...

Tacé: S=A+AX? +..+AX" =

" +cos(x+na)+isin(x+na)
=[cosx+cos(x +a)+..+cos(x +na)j+ |
+i[sinx +sin(x +a)+...+sin(x +na)]

cos(n+1)a+isin(n+1)a-1
" cosa+isina=1

. n+l : :
sin——a .
ST ( na) . ( -na)] |
=——=% | cos| Xx+— |+isin| x+—||.
_ a [ o) "2

sin—
2

Va: S= (cosvx +isinx)

So sdnh phén thuc, phan 40 ta c¢6 diéu cin ching minh.
b) Tac6:VneN,n22,k=12,..,n-1 thi: |

o - cosk(x+(n_l)aninkn
= 2T n
Zcosk(xﬂ—): - =0
=0 - n sin—
n

\



sin k.(x + (-n;—}—)q)sm kn

2% on. _ ‘_" :
Zsmk[x“——) B _0

i=0 R Sin e
n.

Dodé: L, (x+|-2—-) 0:-12 -1,
n

Tir viéc chon céc gié tri x thl ta c6 diéu phax chtmg minh 13 céc he s
_=b, =0, Vk. | o
Bai tdp 151 : Cho da thirc he s6 phic P(z) bac n. .
a) Chimg minh : du ctia phép chia P(2) cho z-z, Ia P(z (,) |
b) Cho P(z) chia z~i 6 du'lva chia z+i c6 du I l+| Tim du cha
P(z) chia cho z° +1. »
o Giai:
a)Tacé: P(z)=(z-2,)Q(z)+r
z=2,=P(z,)= =0+r=> dur=P(z,).
b) P(z) =(2> + )H(z) +az+b= P(2) =(z+i)(z—i)H(z) +az +b
Ldy z=i=>P(i)=ai+b = i=ai+b (hH
Liy z=-1=P(~i)=-ai+b= l+i=—a +b 2)

' 1. 1
Tie (1), 2)suyra: a=—i;b=—+i.
(1, (2) Y. 2. B

Vay du ciia P(z) chia cho 22 +1 12 : %i,z+-;-+ i
Bai tdip 152 Chu'ng minh :

a) X" + x4 x P22 4y +1 véi m, n, p nguyén ducmg

b) £(x) = x* +x*:* 4+ x*** chiahétcho:

g(x): x4+l
| - Giadi :

a) Pé chimg minh-mot da thu'c f(x) chia hét cho da thie g(x) chi can
. chéing minh moi nghlém ctia g(x) déu la nghlém cua f(x). :
Néu goi wla nghiém cia x’+x+1 thi w’+w+1=0
hay W' =-w~1; w'=-w' —w=w+l-w=1,

Vay w" =1 (& day w nhan 2 gi4 tri phitc lién hop clia \/—.)
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sink (x + g—‘1:}—)1[-}111 kn

1) T a PR
Zsmk(x+l-—) T —-0 :

=l . n Sin s
n.

Dod6: L (x+13—~) 0, x—l 2,..
n

Tur viéc chon céc gid tri x thn ta ¢6 diéu phan chu'ng mmh 2 céc heé s6
_=b, =0, Vk.
Bai tdp 151 : Cho da thu‘chésd phirc P(z) bac n. .

a) Chimg minh : ducua phepchla P(z) cho z-1z, a P(z,).

b) Cho P(z) chia z~i 6 du i vé chia z+| c6 du la l+| Tim du cua
P(z) chia cho z? +1.

‘ ' - Giai :
a)Tacé: P(z)=(z- z(,)Q(z)+r
2=2,=P(z,)=0+r=> dur="P(z, )-

b) P(z) =(2> + DH(z) +az+b=>P(2) =(z+i)(z—i)H(z) +az +b

Ldy z=i=>P(i)=ai+b = i=ai+b (H

Ly z=-1=>P(~i)=-ai+b=s I +i=-a +b 2)

' | 1
T (1), (2)suyra: a=—i;b=—+i
(1), D suyra:a=_isb=>

Vay du ciia P(z) chia cho 22 +1 1 : %i,z +-;- +i.

Bai tdip 152 Chu‘ng minh :

3m 1n+l Ip+2 2

a) X" 4+ x4 X iy +Xx+1 véim, n,pnguyénducng
b) fx)=x" $x** 4 +x""“+k " chiahétcho:
g(x) X ex Ty 1.
:lai

a) Dé chimg minh mét da thu’c f(x) chia hét cho da thuce g(x) chi can
_ chimg minh moi nghiém cla g(x) déu la nghxem cua f(x). '

Néu goi wla nghiém cia x*+x+1thi w'+w+1=0

hay w’ =-w~1; w'=-w' —w=w+l-w=1,

Vay w"' =1 (& day w nhan 2 gia trj phitc lién hop cla \/—-)
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Thay w viio da tlute thi nhat, ta cé

Smi S+t

. w W+ w l+w+w =0.
Vay wefing 1 nghlém cua da thic bj chia (dpcm)

?p«..

k !

b) Goi ¢ lit nghiém cla g(x), ta thay : gic
nén ¢ chinh I gid tri cta can baC'k cua don vi. ”nghla 13 et

Dodo fle) =™ et g v+e'“‘*", =lte+..+e" =0,

Vi vay moi ns_hlcm cua g(x) déu fa nghlém cua f(x) nén t(x) g(x)

Bai tap 153 : Chimg minh rang v4i moi gid tri ne N v ae X thoa man
ciic diéu kién n# | sinw # 0 thi da.thic : _

| P(x)=x"sinx—xsinna+sin(n=1au
- chia hét cho da thitc Q(x)=x" =2xcosa +1, ‘ o
‘ - (Rumani 1962
Giai :

Ki hneu X -wsa+1[5smu vl B—+l

"
Khi do da thic Q(x) dugc bidu dién dudi dan;a

Q(x)—(x—cosa-—lsma)(x—wsa+mna) (x—xl)(xi—x‘_l ).

Theo cong thire Moivre, ta ¢6 :

x," =(cosPa+isinPa )' =cos Bnu +isinfna

= cos no + Pisin n.
Do do : -
* P(x,)=(cosnu +Bisinna)’ sin x —(cosa+Bisino)sin na +sin(n - | )
= cos nasin o —cosasinno +sin(n-1a - |
=sit{l =n)a+sin(n-Da=0.
Do d6 theo dinh i Bezout, da thic P(x) chia hét cho mdi da thirc
X=X, X . (da thac nﬁy khdc nhau vi sinu=0) nghiu 12 chia hét ch 0 Q(x).

Bdt tap 154 ’I‘lm tat Ld cac cap s6m, n'e F\ de da thuce :

l+x +7““+ +x c'hmhucho‘l+x+x +..,+x"" ' :
v - (USA 1977)
- Giai '

Cicdathiic: Q(x)=1+x"+x™" +..+x

m

VA P(x)=1+x+x% +...+x" khong ¢6 nghiém boi vi cdc da thic :
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™ =1 = (%=1 BEX) VAR e bx -})Qﬂx) khang.c6. nghiem
boi. Do d6 Q(x):P(x) khi va chi khi mbi nghiém ctia P(x) cung 1a nghiém

cia Q(x) hoac néu m61 nghiém khéc 1 cua phuong tAinh x™' =1 ‘l/(HhOng' 1a
nghlem cha x" =1, |
' . : ‘m+l’
=1
Vayvta’t cé céc cap s6 cin tim m, n.phai thoa mén he thic {x , c6
) N - . . xn =
nghiém duy 1 nhat x = 1.
- Néu (m+1, n) d>1 thi héco 1 nghném a:

: 21 2r
x cos—+1sm——:>x¢l
d d

Néu (m+l n)—-l thltOntal k I €Z saocho:

k(m+D+In=1.
Nghla 12 v6i mbi nghxem X clia he, tacé:

x= xk(m-i-l) +lm= (xm+|) ( )’ -1
Vay cap s6 nguyen m, n thoa man dé bai 12 ; (m+1, n) =1.

Bai tdp 155 : Cho da thic P(x)eIR[x] va P(x)20 véi moi xeR Chitng
minh ring da thic P(x) 6 thé  biéu dién duogc dudi dang

- P(x)= [A(x)] +[B(x)]2 trong d6 A(x) B(x) ciing 1 céc da thic.

(Hungary 1979)
Giai:

'Do.P(x)20,Vx €R nén da thic P(x) c6 bac bing 2n va c6 thé phan
tich duoc du’él dang tich cla céc nhan tirbac ha1 khOng am nghxa la:
CP(x)= H[(ax+x) +y,1, '
Trong d6 a, x;,y; € R,_]'—l 2,..,n. T hang déng thic :

(! +q.7)(p,? +0,2) = =(pP, +9,9.) +(p.g: - pzq.)

| Ta c6 két luan : tich cia hai biéu thic dang [u(x)] +[v(x)] ciing 1a
' mOt biéu thic ¢6 dang d6. Sau hitu han buéc thuc hién quy trmh dé ta thu

duoc biéu thic c6 dang: P(x)= [A(x)] +[B(x)]
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14. DA THUC HE NGUYEN — sy KHA qu

14.1. Da thitc hé s6 nguyén

* a) Phdn ddu ta da dinh nghia da thitc hé s6 nguyen P(x)eZ[x]
nhu sau : P(x)=ax" +ax" '4..+a_x+a, a,#0 v6i cic he s6
_ a(,,é yoer @, nguyen"i'ﬁ X nguyén. | '
b) Cdc két qua :
(1) :Néu P(x) ¢6 nghlém nguyén x =a [hl phan tich dugc :.

~ P(x)=(x-2)Q[x] trong 46 Q[x] 1a da thic he nguyen.
(2) : Néu a, b nguyén va a=b thi P(a)-P(b) chia hiét cho a—b.

- (3) : Néu x =p/q l1a mot nghiém ctia P(x) thi p 12 uéc clia heé s6 tlj do

a, vaqla udc clha he s6 ¢ao nhét 50. biac biét a, =+1 thi nghiém
hitu ti 1a nghiém nguyen. ‘_ -

(4) : Néu P(x) c6 nghiém vo ti x = m+n\/E v6i m, n nguyén, Je vot
thi con ¢6 nghlém x' = m-— n\/— lién hiép cua X.

| (5) : Néu x= m+n\/;:_ vm m, n nguyén Je vo ti thi gid tr1

P(x) m’+n \/— trong- do m’,n’ 12 céc so nguyen.

‘°Chuy

1) Mot da thic he s6 hu‘u ti P(x)eQ[x] thi viét dugc thanh
P(x)-—Q[x} v6i a, b nguyén va Q[x] 1a hé s6 nguyén

2) Tir cOng thitc . td hO‘p C" suy ra tich k s6 nguyén lien tné’p
chia hét cho k!. :

i . 14 2. Pa thite bét kha quy
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a) Dinh nghw Cho fe Z[x] ta g01 f I bt kha quy trén Z[x] néu f _
khong phan tlch dugc thanh tich 2 da thifc thuOc Z[x] vé6i bac > 1.

* Tuong tu, dinh nghia cho f eQ[x] | e
b) inh If : Cho er[x] degf n saocho | | |

f(x)=a,x" +a,x" +o.ta, X+,



Gia sir c6 s6 nguyén t6 p thod mén véi 0 <k <n saocho:

| a, khong chia hét choi) - '

a, k,'én Kapreeerdy chia‘ﬁé’t chop o

a_ khong chia hét cho p°
Khi d6 néu f dugc viét duéi dang tich ctia 2 da thic thudce Z[x] thi cé
it nhdt mot da thic c6 bac 16n hon hodc bing k +1. '
. Dac biet: Khi k =n -1 tacdtieu éhua"n, Eisenstein.
. Cho f eZIx], degf=n, f(x)=ax" +a,x"" +...+a,..
" Néucés6 nguyén t6 p thda man cic diéu kién sau :

a,-khong chiah€tchop :
a,,az,l...,an chia hétchop
~ a, khong chia hét cho p?
thi f bat kha quy trén Q[x]. | |
Chimg minh : Gia sit £(x) =h(x).g(x) véi ;
h(x)= box“‘ +b,x™" +.. +-me‘ ”

nml

g'(x) Cx" " +CX" +. k¢, déu cé he nguyen.

Ta cé a =b_c___ chia hét cho p va khOng chia hét cho p’ nén cd

m n—m

ding 1 s6 chia hét cho p, chang han b :pconc,__ /p.
Tacé : a, =byc, khong chia hét cho p nén b, Ip.
Goi i, 12 s6 nhd nhatmé b, Zp (0<i, <m):
‘ W a, =¢, ,.b, +c b, +.. nén a; khOng chia hét cho p, suy ra

102k+1 Mé m>1 ::>m>k+1
¢) Quan hé bdt khd quy trén ZIx] va Q[x] : _
* Dinh If : Néu da thic f e Z[x] bat kha quy trén Z[x] thi f cung
~ bét kh quy trén Qlx].
. Bo dé Gausse : Ta goi da thic f e Z[x] la nguyén ban néu céc he 56
nguyén t6 cing nhau. Ta c6 b6 dé Gausse : :
Tich ctia hai da thitc nguyén ban 1a mot da thumiguyen ban.
Chitmg minh : Cho hai da thic nguyen ban sau :

m .

f(x)=a,x"+ax"" +..+a_va g(x)—box_+b,x"’"+...+-bi
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thi f(x).g(x)= cox“*"‘ Fe x4+ L+e

l1+m

Gia sir tich trén khéng nguyén ban thi tén tai mét s0 nguyen t6 p la
udc chung cua cdc h¢ s6 c,,c,,...,C, .-

Vif nguyén ban nén goi a,_ 1a.56 ddu uén ma a /p va g nguyén ban '
- nén goi b, 12 6 ddu tien m b;Zp. Bing cach xét hé» 56 theo liiy thira
x™ tacé he s6 tuomg img khong chia hét cho pnén VO TR
~ Vay f(x).g(x) 1a nguyen ban. "
* Chimg minh dinh li : Cho f bat kha quy trén Z[x]. :
Gid s  kha quy tren. Q[x]:F(x) = £, () (x) véi £,f, e QIx], c6 bac
16n hon hozc bng 1. Dt £, (x) =’%g, (x);f, (x)f=§—2g2(x) véi :—i

1 : 2 i

t6i glan Vi g (x), g, (x) nguyén ban thi :
f()=2

blbz

Do d6 f e Z[x] nén moi he s6 ciia khai trién tich g, (x)g,(x) déu 1a

boi s6 ca q, suy ra tich g, (x) g, (x) khOng nguyén ban. Diéu ndy trdi

véfl két qua ciia b8 dé Gausse Vay f bat kha quy trén Q[x]

g,(x)gz(x)—-qg,(x)gz(x) vGi (p,q)=1

5 w3
Bai tdp 156 : Chu‘ng mmh rang da thu'c P (x) = 3-5 —)56——— luOn c6 glé tri
nguyeén khi x 12 s6 nguyén.
, o o Glal ,
x x* (x x _X-x Xexoo ‘
Tacé: P(x)=a-s X [ XX 4 , (1)
30 6 \30 6 30 o 6 ' ,

. Ma: x’ —x x(x—l)(x+l) 1a uch 356 nguyén hén txép nén chia hét
cho 6, do 46 2

XeZkhixeZ B L R .(2)

XX ex(x- l)(x+l)(x +1)
=x(x- 1)(x+l)(x —4+5) - .
=x(x=Dx~2)(x +D(x+2) +5x(x - l)(x+1)
Véi xeZ thi: (x-2)(x=Dx(x+1)(x+2)i 5! : 3
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va (x-Dx(x+1):3! ner; 5(x~Dx(x+1):30.

Dodé6: (x*-x):30> x‘;-(;x €Z v6ixeZ )
Tir (1), (2) va (3) suy ra diéu phai ching minh, N

Bai tap 157 : Da thic P(x) bac n nhan gi4 tri nguyén 'tai‘ moi diém nguyén

khi va chi khi P(x) nhan gla tri nguyén tai (n +1) dlém nguyen lien tlép

: ' " Giai :

* Diéu kién cdn 1a hién nhién. ‘

* Diéu kién du : : .

Str dung cong thiic khai trién A-ben v6i x, =a+i (i = l’,2,,.‘.,n)‘,‘ ta duoc :

P(x)=b(,+b,(xv—a—l)+b2(x-—a—l)((x—a—“2)+'.., |

. +b, (x-a-1)(x-a-n)

- Tacé: Pa+t)eZ=b, eZ | ' '
P(a+2)eZ=b,+b eZ=>b, . B
P(a+3)eZ=>b,+2b,+2!b, e Z=>2b, € Z.

Tuong g : Pla+n)eZ=(n-1)!b, e Z=>k!b, €Z.

‘Do d6 ta c6 diéu phai chimg minh. I

* Dic biet : P(x)=x"+A x""'+..+A,_x+A, nhin gi4 tri nguyén -
vm moi x nguyén thi P(x) dugc biéu dién thanh téng cic dathuc:

R,(x);.l,R(x),:x,Pz(x): x(); 1) P (x )_x(x 1. n('x n+l)
Bai tp 158 : Chimg minh ring khong t8n tai da thirc P(x) véi he $6 nguyén
c6 bac khOng qud 4 va 5 s6 nguyén X,,X,5,X3,X4,Xs 820 cho
P (x)P (x)P,(x)P, (x)P (x)=-

Glal' ,
'Vi vai trd clia P( X, )i =1,5 nhu nhau nen ta ch1a ra céc trub’ng hop sau :
1) P( )= P(x2)=p(x P( )= P( )=-1 |
| (v)=-l (h‘angéd) suyravOlf. . e
2) {P( ) P(x) \“1}"'" ~ S
P(x,)=P(x;)=1 ‘ ‘
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* Véia, bnguyén va a=b thi P(a)—P(b) i (a=b)
=22 P(x,)-P(x) = P(x,)~P(xs) =P (3, )-P(s;)
7 =P(x)-P(x)=P(x)-P(x;) =P(x,)=P(x;)
= (xg —x,)";(x5 :xz) (x5 =%, ) 5(x, —x,) 2(x, =%, ) 3(x, j-x3) 1a wée
s cua 2 (diéu nay vo Ii). 5 .
3) P(x,)==-1 ;P(xz-)=,P(-x3)=P(x4'.)=P(x5)=l, :
= P(x,)=~1 c6 4 nghiem. : ’
Pl )1 =55, 5 ) 5 ) )
| DodéAléhé’ngsciva 3
-2=P(x,)-1=A(x,- 2)( %)(Xl 4)("1"‘5‘) _
= (x, —xz)‘;(x, =X, )s(x, =%, );(x, —X;); 12 cdc s6 nguyén khéc nhau
nén vo li. Vay khong ton tai P thoa man yéu cdu dé toan, -
Bai t4p 159 : Cho f(x) 12 mot da thiic nguyen bac 5 nhan gi tri 1999 véi 4

gia tri nguyén khac nhau cua bién x.
Chimg minh phuong trinh f(x) - 2030 khong thé cé nghlém nguyén

Giai : :
. Theo dé bai ta c6 phuong trinh £(x)—1999 =0 c6 it nhat 4 nghiem
‘nguyen. Do d6 f(x)-1999 =(x-x,)(x =x,)(x—x,)(x-x,)g(x).
. Véi x, <x, < 7{3 <X, vag(x) 12 mot da thic hé nguyen.
Gié sif ton tai s6 nguyén x,, sao cho f(x,)=2030 thi:

31 =I('x0 =%, ) (% =%, ) (X =% ) (%, -x,)g(x)
Véi x, =X, >x,—X, >X, —X, > X, —X, V2 cic s6 ndy déu l_é s6 nguyén.
Vi3lla sd nguyen tOnén:
31=3L1=(-D1(-3D) =(- 1)(—31) 31(-1(- 1)

L Do d6 31 khong thé phan tich thanh tich cia 4 s6 nguyén Khic nhau.

Pidu ndy chung o réng phuong trinh f (x) 2030 khong thé c6
nghlem nguyén. ‘ :
Bai tdp 160 : C6 hay khong mot da thitc P(x) v6i h¢: sd nguyén thda mén :

P(26)=1931 va P(3) = 2005.
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Giai:
Gna st ton tai da thitc P(x) vdi hé s6 nguyén théa man :

P(26) =1931 va P(3) = 2005.
bat P(x)=a,x" +a,_x"" +..+ax+a; ‘ |
= P(26)-P(3)=a, (26" - 3")+a,,,(26"'-3"')+ +a(26 3)
=1931-2005 : (26 —3) = —74 : 23 (vo i).

Vay khong t6n tal da thigc P(x) thoa méan dé- bal

Bai tdp 161 : Cho da thic P(x) c6 hé s6 nguyén va ton tai s6 nguyén duomg
. msao cho : P(1), P(2),...,P(m) khong chia het cho m.

* Ching minh ring P(k) =0, Vk € Z.

, (Bdc Kinh 1967)
Giai : i

Gia sir ton tai k nguyén dé P(k)=0.
Suyra: P(x)=(x- k)Q(x) véi Q e Z{x].
Pat k=md+r, [<r<m thi P(r)=P(k- md)=—-mdQ(r)

Suyra P(r)im (vo 1f). Vay P(k) =0, Vk e Z.
~ * N6i céch khéc 12 da thic P(x) khOng co ngh:ém nguyen

Bai tdp 162 : Chimg minh ring khong tén tal da thiic P(x) bac 16n hom 1co
tinh chét P(x) € Z luon lu6n kéo theo P(x +1) e Z.

, Giai :
Gia stt P(x) c¢6 bac n (n > 2) véi he s6 cao nhat duong cé tinh chét trén.
Khl d6 céc da thic sai phan :

A'P(x)=P(x+1)- P(x)
AP(x)=A'P(x+1)- A'P(x),..
Cﬁng c6 tfnh chét trén. Dac blet tam thic bac hai thu du'oc
| A""zP(x) ax’+bx+c, a>0
Hay da thitc dang f(t) at’ +d c6 tinh chét d6. Diéu nay 1 khong thé
Vi néu g(t,)=1{i,+1)~ f(o) 2at, +aeZ th g(t0+;l‘)‘eZ. nge 12 :
| g(t0+1)—g(t0)=.2an.' : “ o |
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Tachon neN d€ y= Jn -d lévﬁtt;thl f(y)=a n—d d=
a a -

con f(y+1)—f(y)+2ay'+a¢Q' rhau‘thuﬁn

" Bai tdp 163 : Dung tiéu chuan Eisenstein dé ching minh céc da thic sau bét ‘

kha quy tren Q[x]:

a) x* +8x>+12x% - 6x+2.
“b) X" +5x"" +35 véi n22.
o) X -xPH2x+1

Giai :
: a) Chon s6 nguyén top= 2 thl
a, =112
a, =8,a;=12,a,=-6,a, =212
a, =212 . o

Theo tiéu chudn Eisenstein thi da thirc bat kha quy trén Q[ 1.
b) Chon s6 nguyén t6 p = 5

¢) Dé nhu vay chua 4p dung tieu chuan Elsenstem do do ta phan nch

f(x)=x* x+2x+1
theo lily thu'a cua x—-l

f(x)=(x-1)" +3(x 1) +3(x—1) +3(x—1)+3
Thi s6 nguyén t6 p =3 thoa mén :
a, =113~ L
a, =3,a,=3,a,=3,a,=3:3
a, =3Z.3_?
Vay f.bat kha quy trén Q[x].

" Bai tdp 164 ; Chimg minh da thic P(x) = x* ~3x* +6x’ —3x* +9x - 6 khong

thé biéu dién thanh tich ciia hai da thic bac thép hon véi hé s6 nguyen.

Giai :

1) Gia sir : P(x) x® =34 +6x° =3x2 +9x 6 = (x+a)G(x)
trong 46 ala s6 nguyeén,
Thay x =-a vao (1), tacé: —a’-3a*-6a’-3a’-9a-6=0
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Da thic nay kh@ng thod mén That.vay, ne'u 3 chia hét cho 3 thi s6

. nguyén diig & v€ trai khpng chla hé’t Gho 9 (va do d6 khong bang 0). Con

véi a khong chia het chio 3 thi né cing khong ¢hia hét cho 3. Vay da thic
P(x) khong thé biéu dién duoc duéi dang tich cua 2 da thu‘c nhu (1)

2) Gia sir: P(x) =x* -3x* +6x’ - 3x? +9x-6 o

—(x2+avx+a2)( +b,x? +b,x+b;) 2

Trong d6 a,,a,,b,,b,,b, la cic so nguyén Ap dung phu'dng phép

dOngnhﬁthé s6taco: ‘ e

» (a,b,=6 (3
ab,+a,b, =9 @
qa,b, +ab +b;==3  (5)
ab +a,+b,=6  (6)

a, +b, =-3 o

Tr(3) ta thay ring c6 mot va chi mot trorig hai s6 a, va b, chia hét cho 3
"« Néu a, chia hét cho 3, b khong chia hét cho 3; tir (4) suy ra a, :3,
suy ra b, :3, theo (5) diéu ndy mau thufn . N
* Néu a,3,b,:3, tir (4) suy ra b,i3, suy ra b,:3, theo (5); do d6
a,:3, diéu nay cling mau thuln (theo (6)). o
Vay P(x) cﬁﬁg khong thé phan tl’éh, theo dang (2).
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© 15. DA THUC NHI'E'U'? BIEN
DA THUC DO xuns

15.1. Pa thuc hai blen

a) Dinh nghia : Ta néi f(x, y) 12 da thitc hai bién néu c6 ho s6 thyc
a; hiru han sao cho : '
f(x,y)= ZauxxJ vmxyeR A
Ta ki hiéu tap cdc da thic hai bién, h¢ so thyc 12 R[x, y] va bac cua
f(x,y) 1a degf = max{1+_|}

u =) .

o feR[x,y] thi ,f(x,y):(x—y)‘<:> f(x,x)=0.

 b) Pa thikc thudn nhdt (ddng cdp) :

Cho f(x,y)eR[x, y]~f(x y) #0. Ta goi f 12 da thic thudn nhat bac n
néu f(tx,ty)=t"f(x, y) v6i moi x,yeR. -
* Két qud : £ thudn nhat bac n khi va chi khi tOn tai n+1 s6 b, va

Zb #0 saocho:

f(x,y)=byx" +bx"'y +b,x 22y +b,_xy"" +b,y".

e Dinh i Bezout cho da thu’c f(x,y) thuéin nhét bac n :

Néu a, b khong déng thoi bing 0 va f(a, b) 0 thi t6n ta1 da thiic
thudn nhdt bac n-1 12 g(x y) sao cho :

£(x,y) = (bx— ay) (xy), nyeR

15.2. Pa thitc nhiéu bién : ‘ |
- Md rong ta c6 da thic nhiéu bién f(x,, x,,. X, )= 28, | X,"%, 0,

~ v6i cédc hé so thuc, bién thuc. Ta kf hiéu tap céc da thitc nhiéu bién la _
R[x,, X,}.n0%, |- Sau day ta xét céc da thic nhiéu bién dac biét.

15.3. Da thic 46i xing cobén:
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a) Dmh nghia : Cho n21 sd X1 XyhinX,. Ta cé cdc da thirc d6i xu‘ng
co ban ddng bac: E, =X, +X, +..+X, :
CE, =xX, +x;X, Fot XX,



E; =X X,X; +X,X,X, + ST RS SE

E, =D X, X, ..X; (1aténg céc tich chap k clia n s6)
E,=xXx,.X, IR
Doi khi ta ciing viét S, = Zx

b) Néu da thitc f(x) bac n c6 nghiém X,,X,,...x, thi E, (hay S,) 12
téng céc tich chap k cia n nghiém dé. Ta thudng goi 12 céc da thic
d6t ximg co ban hay ham co bén hay da thiic d6i xing so cdp Vi-ét.

Néu f(x)=a,x"+a,x"" +..+a, —Hx x,) thi:

S, =E, ;=(—1)“3k—, k=12,..n
e . M a0 .

c) Cic bo chir s6 thudng dung :
n=2:2s6a,b=S =a+b,S, =ab.
'n=3:3s6a,b,c=>S§, =a+b+c,S, =ab+bc+ca,S, =abc.'_‘
n=4:4s6a,b,c,d: ‘
=S5, =‘a¥b+c+d,Sz=ab+ac+ad+bc+bd+cd

S, = abc +abd + acd + bed, S, =abcd.

: n!
Chiy: (1):C; =———— 1as6t6 hopnchapk.
: k!(n-k)!

(2) : T bat dﬁng thitc Cauchy ta cé céc dénh gi4 véi a, b,c,d>0:
a+b J_ a+b+c J—— a+b+c+d> bcd

Bai tdp 165
a) Trong khai trién. (x +y+ z)" tim s6 hang chita x*y™, (k 4+m<n),
b) Tim hé s6 theo x°y*z* clia khai trién (2x -5y +2)".
Giai :

a) _Ta co: (,x+y+z)." =(x4;(y+i))n = ZCA:Xk.()-"-'i-Z)"-k“'
' ' : N N -

___i xk(zcm kym zn k m )

k=0 k=0
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!
Vay sdhang cén tim 12 ; —2 x*y"z' v6i l=n~k-m.
kim!/!

' : o e W n!' ' k !
e Tacikhaitrién: (x+y+z) = i x*y™7’
fa.06 khai trién : (x+y ) kZ Kimie! >

b) Ap dung: (2x45y +z)ls ‘=((2X)+(—5y)+z)l5 .

Hé 56 theo x“y’z“ B 2‘( -5 ——— = 2126.126.10°.
6'5'4 | o

_ 1 (n=k)! e n! -
o Ch, g Cka - n : i E30 .
Y e T 10 S k)v mi(n—k—m)! k!m!(n-k—m)!

Bai tap 166 : a) Ching minh da thic f (x y) x"y" +1 khong thé phan tich
thanh tich 2 da thitc mot bién. ’
b) Cho da thirc P(x,y,z, t) VvOi cac he s6 thuc thoa man hé thu'c

P(x V,Z, 2 X +y* +2 ) 0, Vx,y,zeR. -

~Chimg minh P(x,y,z 1) c6 thé biéu-dién dugc dudi dang :
P(x,y,zt)=(x>+y?+22 -t*)Q(x, y, 2. 1),
trong d6 Q(x,y, z,t) 12 da thiic v6i hé s6 thuc.
| Gisi :
a) Gia-str f(x y)= “y“+1—h(x)g(x) Véi |
h(x)=a,+ax+..+a,x" va g(y) =b,+by+..+by".

Lay x = 0=l—aug(y)=>g(y)=; vy. .

0

Ldy y =O‘: 1=h(x)b, = h(x)Eb—, Vx.

(4]

Do d6 h(x)g(x)= :vo i,

a() 0

Vay khong thé phan tich f(x,y) thanh tich 2 da thic 1 bién.

b) Thuc hién phép chia P(x,y,z.t) cho (t*=x?-y>—z) theo bién
t(x,y,z 12 thams6). Tac6:

P(x,y,z,t)=(x*+y* +2° —t’)Q(x,y,z,t)+tR(x,y,z)'+S(x.y.z) (1)
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Thay t = £/x? +y* +2° vao(l)taduoc

tR(x,y,2 )+S(x,y, )——tR(x y,z)+S(x y,z)
~ Suyra R(x,y, z)_=.0 Véi x, y, zc6 dinhy ta chgn t —m thi
tir gia thiét va (1) ta dugc S(x,y,z)=0. Tir day ta biéu dién ;
P(x,y,z t‘) (x* +y* +2° )Q(x ¥,z,t).
Bai tap 167 : Cho da thitc ha1 bién f(x, y) ax” +2bxy + cy® luén 1uon duong.

] Chung minh ring :
| . -
(f(xl’yl )f(xz’yz ))E f(xn ~X5Y, -yz)z (ac-b)’ (lez ;xzyl’)z‘
véi moi x,, Xx,, y,,yzv. "
Glal |
T gla thiét, ta 6 : b* ~ac <0 hay ac—b’ >O
Ta c6 dong nhat thic :

(ax,2 +2bx,y, +cy, )(ax2 +2bx,y, +‘cy22).="
;(axlx2+bx,y2+bx2y,’+cy,y2)2+(ac'4—b)2(x,y2-—.xzy,)2 )
Pat: E, =f(x,,y,)>0,E, =f(x;,y,)>0

F =|ax,x, +bx,y, +bx,y, +cy,y,|2 0.
Tir (1) suy ra E,E, = F? +(ac~b)* (x,, - x,y, .
Ma: f(x, =X,y -y;) =E, +E, ;t»zF Do dé :

(f(xl’yl)f(’xz’)’é)) f(x, xv)’n )'2)“
(BB, (B, +B,-2F) 2 (.5, ) (2(8,£,)} -2F)

255, 2((£ 5, )p

ol—

=2F2f?‘(ac‘—b)z(x,yz';xzy,)zi ( 2 +(ac - b )(x,y2 xzyl 2)

~2F2+2(ac 1) (x,y, - zy,) zFZ( (o) 'yf"zy' ]

(ac— b)(x,y2 2yl J
2F?

22F +2(ac—b) (x,y2 2y,) 2F2(1
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. = (QC—bi )(x,‘yv2 —x,y, )

Vay : (£(x9)F(x,0y))? £(x, =03, -y,)2(ac-b) (xy, - xy, )’
Bai tgp 168 : X4c dinh t4t ci c4c da thic hai bién P(x,y) sao cho :
(l) Véi mbi s6 n nguyén duong va moi s6 thuc t, x, y thi:
P(tx, ty)—t P(x,y). '
(2) V6i moi s6 thuc x, y, zsaocho :
- P(y+z, x)+P(z+x y)+P(x+y, z) 0.
@ PL0)=1.
(Quoc t6'1975) .
Gidi : | |
biéu kién (1) thudng duoc goi 1 tinh thudn nhdt bac n cta P(x,y).
- Xét trudng hop n=1,2,3 ta dé dang tim thdy céc da thuc tuong ing
thoa diéu kién dé bai 1a : x=2y; (x+y)(x 2y); (x+y) (x—2y).
Tt (2) cho x =y =2=>P(2x,x) =0, nén da thic P(x,y) thod diéu
kién dé bai luon nhan (x -2y) 1a mot nhan ti. N |
Lafy x=y=1lz=-2, dléu kién (2)chota:
P(1, —1)(2" 2)=0= x+y 12 mot nhan ti.
* Ta s& ching minh nghiém téng quat1a: (x +y)" (x 2y)
Tu (2),cho y=1-x,z=0, taduoc '
| P(x, l—x)=-—1-P(1—x,_X)?
| dac blét P(0,1) = 2. Bay gi¥cho z=1-x-y, ta dﬁqc E
P(l‘-—x,lxy)+'P(1‘—y,y)-‘+‘P(x+y,1—x-y).=0', '
Suy ra f(x+y)=f(x)+’f(y)~. - | |
3 day ta dat f(x)=P(1-x,x)~1. Bing quy "ngip, ta dé dang chitng
, rhinh dugc ring, v6i moi 56 nguyén m va moi s6 thyc x, ta c6 £(mx)mf(x).
Tir d6 suy ra vdi m01 r,s,taco:

f(-;)——f(l)‘ f( )=§f(l).
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Nhung P(0,1)=-2, do d6 f(l)--3 vay f(x)-——3x v6i moi s6 hitu

ti x. Nhung f(x) I ham lién tuc nén f(x) =-3x v6'1 m01 so thu'c X. V(’n a,b
thl : :
a+b . v

P.(a»,b)=(a+b)"P(l—-x,x)=(a+b) (——%l—)-ﬂj (a+b)"_l (a-2b)
a+b

lacéc sdthu'c tuyyvé a+b=#0, tadat X =

Dé ¥ ring khi a+b=0 véi n >1, tir tinh llen tuc ta ciing c6
P(a,b)=0. Tém lai nghlém téng quaét cha bai todn la

P(xy)=(x+y)" (x-2y). |
Bai tip 169 : Cho f(x) x*=3x* +x =1 ¢6 3 nghiém x,, x,, X,.
Dat E, =x, +x +x,, E, _x1x2+x,x3+x2x3,l-33 X X,X;.

~ Biéudién: E=Y xx? theo E,; E}, E, r6i tinh E.

ij 1

G :

Tac6: E=xx," +x.’%,7 +x,.7%,> +%,7%,7 +x.’%,” + x,7x,’

-

=(x,2x;2 +x,°x,? +x.22,x32)+(xl +X, +X,) -

| | —(%,%,2%,2 + X, 2%, X, + x,zx;x})‘
=(E,>-2EE, )E, -E,E, | |

Ap dung dinh If Vi-ét, tacé : E, =3,E, =1LE, = 1.

Do dé: E =-16.

Bai tdp 170 : Cho n s6 thuc Xx,, X,,...,X, thod 0<x, <l,i=1n.

Dat T=X +X X, =X X, =X Xy == XX,
Chu’ngmmh 3n —n‘ <T<1, vn23.
Giai :
| Ta c6 dinh céc bién x,, x,,... neng bién x, =x bién thlen trong
doan [0;1]. Khid6 Tcédang T = kx +b v6i céic 56 c6 dinh :
' k=1-x,-x;—..—x,
va b=X, +..+X, = X,X; == X,X, —X;X, —...-xn_l;(,n.
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R rang, khi ny cdc gid tri I6n nhat va nhd nhét cia ham tuyén tinh
dat dugc tai O hoac 1 1a cdc mit ca doan [0;1]. Chi ¥ ring cic s6

Xa» Xjyee x tuy 1aco dmh nhung truéc khi c6 dinh chiing lay céc glé tr1 tuy -

oy thuOc doan [O 1] Db vay, sau khi 4p dung tu‘cmg tu cée lap luan trén vao »‘
X35 x3, VX, ta c6 ket qua 1a: cdc gid tri 16n nhét va nhé. nhat cia T dat dugc
khi mot vai sO trong céc so x, bang 1, con cac 56 con lai bang 0. Gm cac sO
bang 1 lé m, vay m 12 s6 nguyén va 0 <m<n. Khl do |

Zx =mva xx2+ HXX A,’+x2x3+...+xn_,xn=Cfn

.=l o
m(m-—l) _Bm-m?)

2 2 ,
day la phuong trmh parabol ma dQ thi cha né quay bé 16m xu6ng duon toa

Nen T=m- . Néu coi m la bié’n lién»tu’c'th'i

" do dinh 12 (; z) vécattruc hoanh 00va3 Do m nguyén, va 0<m<n

ma tai m=1, m=2 (1a cdc gid tri nguyén khong am gén hoanh d¢ cla dinh
nhét), gid tri cia T déu bing 1, nén gid tri 16n nhat T, =1 dat duge tai
m= l hoic m = 2. - '

(3nn)
.2

Cbnv1 nz3 nén T, datduoctal m=nvaT,

. Vayi 3“;“ <T<I.
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