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Truong THPT chuyén L& Quy Pon Chuyén dé Bat ding thirc
Loi mé dau
“Noi vét Iy va hoa hoc dirng chan chinh 12 noi toian hoc bit dau”

Toan hoc mang mot sy bao la phong phd v tan ctia khoa hoc tu nhién.
Toan hoc nhu mot bau troi dém tham tham diy sao lap lanh. Mot trong
nhitng ngdi sao sang nhat 1a ngdi sao mang tén “Bat dang thirc”.

Bat dang thic 14 mot linh vuc dic sic. Pay 1a su két hop hoan hao giita
Pai s6 va Hinh hoc. Mot van dé dd mang lai bao hing tha cho cac nha toan
hoc, cho gido vién day toan, cho hoc sinh gioi toan khap moi noi. Tat ca déu
mang nét quyén rii bi 4n dic trung cua toan hoc. Vi vay vin dé hap din nay
s& méi 1a dé tai nghién ciru va khdm phé cho moi thé hé nguoi hoc toan trong
qué khtr, hién tai va tuong lai.

Poc dén day co 18 ban doc cho rang tac gia hoi qua 16i. Nhung sy that 1a
vay ! Sau khi doc chuyén d& ndy, ban doc s& dong ¥ voi tac gia. Chuyén dé
“Bat dang thirc” s& dua ching ta tir nhitng bat dang thic co ban dé& ching
minh dén nhimg bai todn gay go phuc tap, tir phuong phap cd dién quen
thudc dén phuong phap hién dai méi mé. Vi vay chuyén dé phl hop cho moi
trinh d6 nguoi doc.

Chuyén dé “Bat diang thirc ” dugc chia lam 6 chuong :

Chwong 1: Cdc bude dau co so.

Chuong nay tac gia trang bi cho ngudi doc nhitng “vat dung” can

thiét cho viéc chitng minh bét dang thuc.
Chwong 2: Cdc phuwong phap chirng minh.

Chuong s& bao gdm hau nhu toan bo cac phuong phap thuong ding
khi chirng minh bét dang thuc.

Chuwong 3: Ap dung vao mét sé van dé khdc.

Céc bat dang thic duoc van dung dé giai quyét mot sb van dé khac
trong giai phuong trinh, dinh tinh tam giéc, ...

Chuwong 4: Mgt so chuyén de, bai viét hay, thi vi lién quan dén bat
dang tharc.
Chwong 5: Bdt dang thire nhw thé nao 1a hay ?
Lam sao c6 thé sdng tao bdt dang thic?

Pay lai 1a mot chuong tha vi vé quan niém bat dang thirc cua tac gia
va mot sé v kién quan diém cua gido vién toan, hoc sinh gioi toan quen than
V@i tac gia duoc thu thap va trinh bay.

Chwong 6: Huong ddn gidi bai tap.

Trong tirng phan cua céc chuong déu c6 cac bai tap tuong tu vai bai
toan duoc trinh bay trong chuong d6 dé co thé luyén tap. Chuong nay sé 1a
chuong dé trinh bay 1oi giai hoac huéng dan cho cac bai tap nay.
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Truong THPT chuyén L& Quy Pon Chuyén dé Bat ding thirc

Mong rang chuyén dé “Bét ding thic” s& trg thanh ngudi ban dong hanh
trén con duong khdm pha vé dep “Toan Aoc mudn mau” cua ban doc.

Cudi cing chan thanh giri 101 cam on dén c4c ban HS chuyén toan khoa
2008 — 2011 Trudong THPT chuyén Lé Quy Pon, Quang Tri dé ting ho va hd
trg gilp cho chuyén dé tré nén phong phi da dang hon.

Va ciing chan thanh cam on cac cuu hoc sinh chuyén toan:

- Truong Htru Ha Ninh (HS chuyén Toan khoa 2002 — 2005 Trwong
THPT chuyén Lé Quy Pén, Quang Tri).

- Truong Hiru Pong Ha (HS chuyén Toan khoa 2000-2003 Truong
THPT chuyén Lé Quy Pén, Qudng Tri)

Va thay gido:

- Nguyén Vin Hién (GV chuyén todn Triong THPT chuyén L& Quy
Don, Quang Tri).
P4 gilp d5, dong gop ¥ kién dé chuyén dé tét hon.

Quang Tri, ngay 25 thang 02 nam 2009

HS t6 4, I6p chuyén toan khoa 2008 — 2011
Truong THPT chuyén Lé Quy Dén, Quang Tri

Moi thic mic, y kién déng gop vé chuyén dé “Béat ding thiic ” xin gui
cho tac gia theo email : truonggiang250293@yahoo.com hay nick
truonggiang250293 trén www.diendantoanhoc.net,
www.mathnfriend.net va www.diendan3t.net
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Truong THPT chuyén L& Quy Pon Chuyén dé Bat ding thirc

Trong chuyén dé nay, ta ding gan nhw xuyén sudt cac ky hiéu sau day :

AABC : tam gidc ABC

A B,C : cac goc cua tam giac ABC

a,b,c : cac canh ddi dién 1an luot vai cac goc A, B,C
h,,h,,h, :cac duong cao ung vai cac canh

m_,m,.m, : cic dudng trung tuyén ang véi cac canh
I.,1,,1_ : cac duong phan giac tng vai cac goc

p.r,R,S nura chu vi , ban kinh noi tiép, ban kinh ngoai tiép, dién tich tam
gidc ABC

r,.r,,r, ban kinh duong tron bang tiép ung véi cac goc
CMR : chizng minh ring

Ppcem : diéu phai ching minh.

BDT: bit dang thirc

VP: vé phai

VT: Vé trai

— :suyra

< @ tuong duong

V1 Vo1 moi
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Truong THPT chuyén L& Quy Pon Chuyén dé Bat ding thirc

Chuong 1 :

CAC BUOC PAU CO SO

D& bét dau mot cudc hanh trinh, ta khdng thé khong chuan bi hanh trang
dé 1én duong. Toan hoc ciing vay. Muén kham pha dugc cai hay va cai dep
cta bat dang thic, ta can co nhirng “vat dung chic chin va hitu dung, do
chinh 1a chuong 1: “Céac buéec dau co s6”

Chuong nay tong quat nhitng kién thl'rc co ban can c¢6 dé ching minh bat
dang thire. Theo kinh nghiém c4 nhan ctia minh, tac gia cho rang nhitng kién
thirc nay 1a day du cho mot cude “hanh trinh”.

Trude hét 12 céc bat dang thuc dai s6 co ban ( AM — GM, BCS, Jensen,
Nesbitt,...) Tiép theo 1a cac dang thirc, bat dang thuc lién quan co ban trong
tam giac. Cubi cing 1a mot s dinh 1y khac 1a cdng cu dic lyc trong viée
ching minh bét dang thirc

Muc luc :

1.1.  Céc bt dang thtic dai s6 co ban
1.1.1. Bét ding thac Cauchy
1.1.1.1 Ki thuat chon diém roi cia BDT Cauchy
1.1.1.2 Ki thuat Cauchy nguoc dau
1.1.2. Bat dang thic BunhiaCépxki
1.1.2.1 Ki thuat chon diém roi cia BDT BunhiaCépxki
1.1.3. Bat dang thic Jensen
1.1.4. Bat dang thic Nesbitt

1.2.  Céc ding thuc, bat dang thac trong tam giac
1.2.1. Pang thirc
1.2.2. Bit dang thuc

1.3.  Bét dang thirc d6i xtig ba bién
1.3.1 Bat dang thirc c6 diéu kién
1.3.2  Bat dang thic khong c6 diéu kién

1.4. Baitap
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Truong THPT chuyén L& Quy Pon Chuyén dé Bat ding thirc

1.1. Cac bat ding thic co ban :
1.1.1. Bat dang thirc Cauchy :
Véi moi s6 thuc khong &m a,,a,.....a, ta ludn co:

a +a,+..+a,
n

>1laa,..a,

Bdt dang thizc Cauchy 1a mét bdt dang thirc quen thugc va ¢é #ng dung
rat réng rai. Pdy 1a bdt dang thicc ma ban doc can ghi nhé ré rang nhat, no
sé la cong cu hoan hdo cho viéc chitng minh cac bdr dang thirc. Sau day 1a
hai cach chitng minh bdr dang thic nay ma theo ¥ kién chi quan cia minh,
tac gid cho rang 1a ngan gon va hay nhat.

Chéng minh :
Céach 1: Quy nap

Vé6i n=1 bit dang thic hién nhién ddng. Khi n=2 bit dang thac tré
thanh

a%azz aa, < (\/a_l—\/g)2 >0  (dung!)

Gia st bit dang thie ding d&én n=k tacla

a +a, +..+a,
>kla,a,..a
k 172 k

Ta s€ chirng minh nd dang vai n=2k. That vay ta cé :
(B +a, ++a)+ (Rt ++ 8y ) V@t ot A A, et ay)

2k k
N \/(kk/alaz...ak Xk&/akﬂam...a2k )
a k
= 2)a,a,...8, 8y 1 B
Tiep theo ta sé chiung minh véi n=k -1. Khi do :

a +a, +.+a, +jaa,..a,, > kk\/alaz...akf1 “Ya,a,..a,

=kkJaa,..a,

=a, +a, +..+3,, = (k-1fyaa,..a,,
Nhu vay bt dang thize duge ching minh hoan toan.
bang thuc xayra < a, =a, =...=4a,
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Truong THPT chuyén L& Quy Pon Chuyén dé Bat ding thirc
Cach 2: (loi giai cua Polya)

_ a, +a, +..+a,
Gol A =

n

Khi d6 bat dang thirc can ching minh tuong duong véi

aa,..a, <A (*)

RO rang néu a, =a, =..=a, = A thi (*) cd diu dang thuc. Gia sir chiing
khéng bang nhau. Nhu vay phai c6 it nhat mot sb, gia st la a, < A va mot s6
khac, giasirla a,>Aticla a, <A<a,.

Trong tich P=aa,.a, ta hdy thay a boi a,=A va thay a, bai
a',=a, +a,—A. Nhu vay a',+a',=a, +a, ma
a,a',—a,a, =Ala, +a, - A)—aa, = (a, — A)a, - A)>0
=aa,>aa,
= a,a,3;..4, <a';a', a,..a,

Trong tich P'=a', a,a,..a, ¢4 thém thira s6 bang A. Néu trong P' con
thira s6 khac A thi ta tiép tuc bién doi dé c6 thém mot thira s6 nira bang A.
Tiép tuc nhu vay toi da n-1 lan bién doi ta da thay moi thira s6 P bang A
va dugc tich A". Vi trong qué trinh bién doi tich cac thtra so tang dan.
= P<A".= dpcm.

Vidu 1:

Cho A,B,C la ba goc cua m¢t tam giac nhon. CMR :
tan A+tanB +tanC > 3+/3

Loi giai :

Vi tan(A+B)=-tanC < tanArtanB __nc
1-tan AtanB
= tan A+tanB+tanC =tan AtanBtanC
Tam gidc ABC nhon nén tanA tanB,tanC duong.
Theo Cauchy ta c6 :

tan A+tanB +tanC > 33/tan AtanBtanC = 33/tan A+ tanB +tanC
= (tan A+ tanB +tanC)’ > 27(tan A+ tan B +tanC)

:>tanA+tanB+tanC23\/§
bang thuc xay ra < A=B=C < AABC déu.
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Truong THPT chuyén L& Quy Pon Chuyén dé Bat ding thirc

Vidu 2:
Cho a,b,c la cdc s6 duong. Chitng minh rang:
a’+b® b*+c® cf+ad’
+ +
2ab 2bc 2ca

>a+b+c. (1.1)
Loi gidi :
Ta sl s6 dong BET Cauchy nhu sau:

a’+pd >a+b_
2ab 2’

Tacda’+bh®> a*h +ab* < a’+b*>ab(a+h) <
3 3 3 3

b°+c S b+c’c +a jc+a

i 2bc 2 2ca 2

Céng theo tdng v0 ¢,c BDT trén lai v6i nhau ta dugc BDT can chiing minh.

Tuong tu, ta cling cO:

Vidu3: Choa, b, c la cdc sé duong. Chgng minh r»ng:

1 1 1 1
<

3 3 + 3 3 + 3 3 - '
a’+b’>+abc b’+c’+abc c’+a’+abc abc

Loi giai:

Tacé: a’+b®> a’b + ab* < a*+b® + abc > a’b + ab? +abc
< a*+b® + abc > ab(a+b+c)
1 < 1 _ c
a®+b*+abc ~ ab(a+b+c) abc(a+b+c)’
Tuong tu , ta co:
1 < a 1 < b .
b®+c®+abc  abc(a+b+c) c®+a’+abc  abc(a+b+c)’

Cong cac BDT nay lai v6i nhau theo tung v€ ta dugc BDT can ching minh.
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Truong THPT chuyén L& Quy Pon Chuyén dé Bat ding thirc

1.1.1.1. Ki thuét chon diém roi ciia BDT Cauchy
‘Trong chitng minh bat dang thire, déi khi viéc ghép va sir dung cdc bdt
dang thitc co s6 khéng dwoc thudn loi va dé dang. Khi si dung lién tlep
nhiéu bdt dang thirc ta phdi chii ¥ toi dzeu kién dé bat dang thirc xay ra, dé
diéu kién nay luén dwoc théa man suot qud trinh ta sir dung bdt dang thirc
tring gian. Va bdt dang thirc Cauchy la mgz trong nhitng bdt dang thirc do.
Pé thdy dwge ki thudt nay nhw thé ndo ta sé di vao mét s6 vi du sau:

Vi du 1 :Cho a>3.Tim gia tri nhé nhat ciia biéu thirc S:a+§
Phéan tich va tim toi loi giai
*Xét bang bién thién cia a,~ va S dé du doan Min S

a
a3 4 5 6 7 8 9 10 11 12 .. 30
t1o11 1111 111 .1
a 3 4 ) 6 7 8 9 10 11 12 30
S 3l 41 5 6l 71 gl 9! 101 111 12l o0l
3 4 ) 6 7 8 9 10 11 12 30

Nhin lai bang bién thién ta thay khi a tang thi S cang Ion va tir d6 din dén
viéc du doan khi a=3 thi S nhan gia tri nhoé nhat.bé dé hiéu va tao su an

tuong ta s& nodi rang Min S:% dat tai “Diém roi : a=3".
Do bat déng thirc cOsi chi xay ra dau bang tai diéu kién cc s6 tham gia phai
bang nhau ,nén tai “biém roi:a=3"ta khdng thé su dung bat dang thirc cosi

truc tiép cho 2 sé a va i Vi 3 % Luc nay ta sé gia dinh sir dung bat dang

thirc cOsi cho cap sb [i, 3) sa0 cho tai “diém roi:a=3"thi 2 =1 tic lata c6

a a o a
lwoc do “diém roi” sau day: (
So do: E:3
o o
a=3 { 1 3 a=9
= =>—=— =
3 «
1_1
o ‘a 3
Tu d6 ta bién d6i theo so @6 “Diém roi”’dugc néu trén.
*Loi gidi: S= a+1-[§ 1j+8_a >2. .= £+E_£
a a 9 9 a 9 3

Vay vai a=3 thi Min S:E
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Truong THPT chuyén Lé Quy Pon

Vi du 2:Cho a>2.Tim gia tri nhé nhdt ciia biéu thirc S=a+?

*So do diém roi: a_z2
a a
(a_2
o o
a=2 < 1
= - =
4
11
\ a’ 4
1 a a 1 6a a a
*Loi gidi:S =a+— =| —+—+ +22533/2.2.
_g_ a’ [8 8 aj 8 8 8

V61 a=2 thi Min S:Z

Vi du 3 : Cho a>6.Tim gia tri nhd nhdt ciia biéu thirc S=a’

*So do diém roi :

a=6

2
*Loi gidi Sa+18 {a 18
Ja

s

Vay véi a=6 thi Min S=2a+3./6

T6 4.vip.pro.friendly — 16p 10 Tosn
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8 4
18
+
Ja
18 36
N
18 (1_ 1
Ja 2./6
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Truong THPT chuyén L& Quy Pon Chuyén dé Bat ding thirc

Vi du 4: Cho O<acx< % Tim gid tri nhé nhdt ciia biéu thirc S=2a+$

*So do diém roi :

Vidu5:Cho Tim gid tri nhé nhdt cia S=ab+%

a+b<1

*Phan tich va tim toi loi giéi :Biéu thirc cua S chira 2 bién sé a,b nhung néu
dat t=ab hoac t——thl S= t+ la biéu thire chira 1 bién sb .Khi ddi bién sb ta

can phai tim mlen X4c dmh cho bién s6 mai,cu thé 1a:

Pitt=— —ap=tvat=2>_1 5 1 —4

ab t ab_[aerJz _[1J2
2 2

Bai toan tro thanh:Cho t>4.Tim gié tri nho nhat cua S:t+%

*Lb'igiéi:S:t+%:[L+%j+15t 5 /16 1+15t 2+15t g+154:g

16 16
Vi t=4 hay a:b:% thi MinS:_

16 4 16 4 16 6

T6 4.vip.pro.friendly — 16p 10 Tosn
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Truong THPT chuyén L& Quy Pon Chuyén dé Bat ding thirc

a+b J_

Vi du 6: Cho a,b >0.Tim gid tri nhé nhdt cia biéu thirc S=
\/E a+h

*Phan tich va tim toi 1oi giai:Do S 1a mot biéu thie d6i xtmg véi a,b nén dy
doan MinS dat tai a=b>0
*So d6 diém roi

a+b _2a_2
a\/% oaa o
N 1 2
a=h = :>E=—:> a=4
(04
(Vab _a _1
a+b 2a 2
*Loi gidi :
_a+b \/_ a+b+\/£ +3.(a+b)>2 a+b.\/£+3(a+b)
\/% a+b |4/ab a+b) 4Jab  V4aJab a+b  4Jab

=1+ 3 = ° \/6i a=b>0 thi Min S=2
2 2 2

Vidu7: a,b,c>0
1 1

Cho .Tim gia tri nho nhdt ciia S=a+b+c+ i += b +E

a+b+cg%

*Phan tich va tim toi loi giai:Do S 1a mot biéu thire ddi xung voi a,b nén du

doan MinS dat tai a=b=c ==

*So d6 diém roi:

a=h=c==
2

a=h=c==
< :>£=£:>
2 «

., .2

~aa ab aCc «

1 11 [ 1 1 1) 3[1 1 1)
=la+b+c+—+—+ +—|—+—+-
4la b c

*Loi gidi :S=at+b+tct=+=+==
a b c 4a 4b 4c
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Truong THPT chuyén Lé Quy Pén

26_6\/abc.i.i.i+§ 33 EEE =3+g.
4a 4b 4c 4 Va b c 4

—3+20 1 5,201 15
4 a+b+c 4 3 2
2

Vi a:b:c:%th‘l Mins:%

T6 4.vip.pro.friendly — 16p 10 Tosn
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Truong THPT chuyén L& Quy Pon Chuyén dé Bat ding thirc

1.1.1.2. Ki thudt Cauchy ngwoe diu:

Ki thudt Cé si ngwoc ddu 1a mét trong nhitng ki thudt hay va khéo léo,
Maoi mé va dan twong nhat cua bat dang thire Cauchy . Dé thay duoc dieu do
ban Tran Tién Minh da thuc hién phan nay voi cac Vi du sau:

Vidu1: CA&c sé diwong a,b,c théa man diéu kién a+b+c=0.Chitng minh bat
dding thirc:
a_ b L
1+b®> 1+c® 1+a?

>3
2
Loi giai:

~Ta khong thé giai bai nay bang cach dung BDT ¢6 si v6i mau sd vi bay
dang sau do sé doi chiéu
a_, b, ¢ a3, b, ¢, 3 diduniy trai véi gia thiét 7)
1+b® 1+c” 1+a” 2b 2c 2a 2
Ta 0 the giai bang cach khac
a ab? ab® ab
—— =a- ~>a-——=a-—
1+b 1+b 2b 2 .
Tu BDT trén,xdy dung hai BDT tuong ty voi b,c 161 cong ca ba BDT lai suy
ra:

a b c 2a+b+c—ab+bc+ca23

+ + .
1+b? 1+c? 1+a? 2 2

Vi ab+bc+ca<3. Pang thirc chi xay ra khi a=b=c.

Vidu2: Chitng minh rang véi a,b,c,d 13 Cac S6 thiee dirong c6 tong bang 4
ta co BDT:
a b C d

+ + + > 2.
1+b* 1+c¢? 1+d? 1+a?
Loi giai:
Tuong tu nhu bai trén ta co
a ab? ab? ab
7 —a- ;za- =a-—
1+b 1+b 2b 2

Tu BDT trén, xay dung 3 BDT tuong tu véi b,c,d 101 cosi ca 4 BDT lai suy
ra
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Truong THPT chuyén L& Quy Pon Chuyén dé Bat ding thirc

a b c N d >a+b+c+d—ab+bC+Cd+da2

+ + >
1+b® 1+c¢* 1+d* 1+a’ 2
vi ta cé ab+bc+cd+da<4.Dang thirc xay ra < a=b=c=d.

2

Vidu 3: Chitng minh véi moi s6 thue dwong a,b,c,d ta luén co:
a’ b* c? d’ a+b+c+d
2 2 + 2 2 + 2 2 + 2 2 2
a“+b° b°+c® c"+d° d°+a 2

Loi giai:

Str dung BDT ¢6 si voi hai s6 duong ta co
a’ ab? ab? b
——=a-———~>a-_——=a-—.
a“+b a“+b 2ab 2
Tuong tu ta coO

3 3 3
—b zb—E; ¢ zc—E; d zd—9
’ b2+c2’ 2 ¢’ +d? 2 d?+a? 2
Cong ve theo vé cac BDT trén ta cé
a’ b ¢’ d® a+b+c+d
+ + + > .(dpcm
a’+b* b?+c? c?+d? d?+a? 2 (dpem)

Ping thirc xdy ra < a=b=c=d
Tuong ty nhu trén ta cling co6 mdt bai toan

Vidu4: Chitng minh véi moi sé thue a,b,c,d ta luén co:

a* b* c? d* a+b+c+d
+ + + > .
a®+2b® b*+2c® c¢*+2d® d®*+2a’ 3

Giai nhu vi du 3:

Str dung BDT ¢6 si cho 3 s6 duong ta co

a* 2ab? 2ab? 2b
3 s —a——3 3 7 2a— 2 4T
a’+2b a’+b’+b 3ab 3
Tuong tu ta coO
4 4 4
b Zb—E ;—C ZC—E ;—d Zd—E
b*® +2¢? 3 c®+2d? 3 d?®+2a’ 3

Cong vé theo vé cac BDT ta c6 diéu phai ching minh
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Truong THPT chuyén L& Quy Pon Chuyén dé Bat ding thirc
Ping thirc xay ra < a=b=c=d.

Vi du 5:  Chitng minh véi moi s6 dwong a,b,c,d théa man diéu kién
a+b+c+d=4 ta co:
a2+b2+cz+d222
1+bc® 1+cd® 1+da” 1+ab

Loi giai:

Theo BPT ¢6 si cho hai s6 duong ta co:

2 2

a o ab ;: Lo ab%c :a_ab\/E
1+hc 1+b%c 2b+/c 2
Za_b.a.a.cza_b(a+ac):> 3.2 2a—£(ab+abc)

2 4 1+b“c 4
Hoan toan twong ty ta c6 cac BDT sau
b 2b—bc+de : c 20—Cd+Cda : d 2d—da+dab
1+c4d 4 1+c4d 4 1+d?a 4

Cong vé theo vé cac BDT trén ta c6
a b C d

2+ 2+ 2+ 2>
1+b°c 1+c°d 1+d“a 1+a°b

a+b+c+d —%(ab+bc+cd + da + abc + bcd + cda + dab)
Tu BPT c6 si dé dang ching minh duoc cac BPT

ab+bc +cd +da£%(a+b+c+d)2 =4

abc + bed +cda+dab£%(a+b+c+d)3 4

Do d6
a b c d
+ + +
1+b%c 1+c?d 1+d?a 1+a’b

>a+b+c+d-2=4-2=2
Ping thirc xay ra < a=b=c=d=1.

atbic —%[(ab)% +(be) + (ca)%j >1 & (ab)’s + (bc) + (ca)”® <3
BDT nay hién nhién dung vi theo BDT csi thi
a+ab+b> 3(ab)% , b+bc+c23(bc)% , c+ca+a23(ca)%, ngoai ra dé
théy 3>ab+bc+ca nén ta cé diéu phai chimg minh.
Dang thurc xay ra < a=b=c=1.
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1.1.2. Bat ding thiec Bunhia CépxKki :

Véi hai bd s6 (a,,a,,...a,) va (b,b,,...b,) ta ludn ¢ :
(ab, +a,b, +...+ab, ) < (al2 +a,’ +...+anZXb12 +b,’ +...+bn2)

Néu nhir Cauchy |1& “canh chim dau dan” trong viéc chizng minh bat
dang thize thi Bunhia Cépxki lai 1a “canh tay phai” hét sire ddc luc. Vi
Cauchy ta ludn phdi chl ¥ diéu kién cac bién 1a khong am, nhung dol voi
Bunhia Cépxki céc bién khdng bi rang bugc bai diéu Kién d6, chi can 1a sé
thuec ciing ding. Chizng minh bdr dang thirc ndy ciing rdt don gian.

Chéng minh :
Cach 1:

Xét tam thuc :
f(x)=(a,x—b, )" +(a,x=b,)’ +..+(a,x-b, )’
Sau khi khai trién ta c6
f(x)= (al2 +a,’ +...+anz)x2 ~2(a,b, +ay,b, +...+anbn)x+(b12 +hb,’ +...+bn2)
Mat khac vi f(x)>0vxeR nén:
A, <0< (ab, +a,b, +...+a,b, ) < (al2 +a,’ +...+an2Xb12 +b,’ +...+bn2) =
dpcm.
bang thuc xay ra @%z%z..;Z—” (quy uéc néu b, =0 thi a, =0)
1 2 n
Cach 2 :

Str dung bt dang thic Cauchy ta c6 :
ai2 bi2 > 2|ai bi|

2 2 2+b2 b.2 b2 > > V., > >
8 +a, +..+a, i +0, +..+D0, \/(al +a, +..+a, Xbl +b," +...4+D, )

Cho i chay tir 1 dén n rdi cong vé ca n bat dang thic lai ta c6 dpem.
Day ciing la cach chizng minh hét sirc ngan gon ma ban doc nén ghi nho!

Bay gio voi su tlep sirc cua bt dang thirc Bunhia Cépxki _Cauchy nhu
diroc tiep thém nguon sizc manh, nhwr hé moc thém canh, nhuw rong moc thém
vay, phat huy hi¢u qua tam anh hwong cia minh. Hai bat dang thizc nay bu
ddp bo sung ho tro cho nhau trong viéc chiing minh bat dang thirc. Chuing
da “luwéng long nhdt thé”, ““song kiém hop bich” cong pha thanh céng nhiéu
bai toan kho.

“Tram nghe khéng bang mét thay”, ta hdy xét cac vi du dé thay rd diéu
nay.
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Vidul: Cho ab,c>0 va asinx+bcosy=c. CMR:

2 A2 2
cos® X  sin 11 c
+ Yoz 2o

a b ~a b a®+b?

Loi giai :

Bat dang thuc can chimg minh twong duong véi :
1—sin2x+1—coszy<£ 1 ¢

a b ~a b a’®+b?
sin® x .\ cos’y ¢’ *)
a b —a*+b’

Theo Bunhia Cépxki thi :
(ab, +a,b, )’ < (al2 +a,’ Xblz + bzz)

a _sinx a _ Cosy
Voi Pda T b
b,=ava ; b, =bvb

) 2
:{sm X+COS YJ(as_I_bs)Z(asin X+bCOSY)2

a b
do a®+b* >0 va asinx+bcosy =c = (*) ding = dpcm.
Ping thic xay ra < 2 =32 o SNX_C08Y
b, b, a’ b
sinx _cosy
<4 a? b
asin x+bcosy =c

2

sin X = ac
.3 3

& a +2b
cosy = bc
a®+b?

Vi du 2.
Chitng minh rang :

Jeosx ++/sin x <4/8 vx e [0;%)

Loi gidi :
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Ap dung bat dang thizc BCS lién tiép 2 1an ta c6 :
(\/ﬁjt \/SII‘I—X)4 < ((® +17 Xcos x +sin x))
< (12 +12)2(12 +12Xcos2 X +sin? x)=8
= J/cosx ++/sin x <4/8
Pang thie xay ra khi va chi khi x :%
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1.1.2.1 Ki thuét chon diém roi bat dang thirc Bunhiacdpxki

Ciing nhu bt dang thire Cauchy bdt dang thirc ndy Ciing can c6 mét phirong
phap dé can bang cac hé so khi ta gidi cac bai toan lién quan dén bat dang
thize nay.

.Bat dang thirc Bunhiacopski.

*Dang 1:(a12 +a’ +....+a§be +b% +..02)> (a,b, +a,b, +...+ah, |

*Dang 2: /(a2 +aZ +...+a%)-(b? +bZ..+b?)> la,b, +a,h,....a,b

*Dang 3:\/(a12 +al +...+a§)-(bf +b? +...+bf)2 a,b, +a,b, +..+ab,
Déu bang: Dang 1, dang 2@%:%:....:2—”;dang 3@%:2—2:...:b—”20
1 2 n 1 2 n
a,b,c>0
Vidu1:Cho
.Tim gid tri nho nhdt ciia biéu thirc:
a+b+c>6

S=\/a2 +bi2+\/b2 +i2+\/cz+i2
c a

*Phan tich va tim toi 101 giai: Xét dang dac biét vai n=2:

\/[af + af](bl2 + bzz) >a,b, +a,b, .Dau bang xay ra< % %5
1 2
*Y nghia:Chuyén dbi mot biéu thize & trong can thanh mot biéu thie khac &
ngoai can. Xét danh gia gia dinh vdi cac so a,

1 1 B

e R e v e
P J{bz{C%ﬂ(auﬁzpﬁ(amg @
cz+a_g:ﬁﬂcz+gﬂ<uﬁz)Zﬁ[ng @

= SZ;J{a(a+b+c)+ﬁ[£+%+%ﬂ:SO

Ja® + p? a
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Truong THPT chuyén L& Quy Pon Chuyén dé Bat ding thirc

Do S 1a mot biéu thirc d6i xing v6i a, b, ¢ nén dy doan S=S, tai diém roi
a=b=c=2, khi d6 tat ca cac bat dang thirc (1), (2), (3) dong thoi xay ra ddu
bang ttic 14 ta c6 so dd diém roi sau:

a_1l
b~ b Ya
*So d0: a=b=c=2 = { Lﬁ o %:%:%:%:% R

o
— J— . =1
b ¢ a p

c 1

\—=—

a pa

Két hop voi bién doi theo “k§ thuat diém roi trong cdi ” ta ¢6 loi giai sau:

*Loi giai dang:

(@]
o

,
o
N
+
mN| -
Il
|_\
\‘ ‘

Q_
] 7~
ON N

+
Dl
N—
—~
N
N
+
|_\
N
j—
v

15
17 E 4 4 a b c
ZL(E@ 66\/3.9.3.31.% 1317
17\ 4 4 4 4 abc m[zlzsgj 2
V6i a=b=c=2 thi Min S-£
a,b,c>0
, ] 1 » 1 1
Vidu2: Cho Tim Min cua S= \/a +—+\/b —+\/c +—
b+c c+a a+b
a+b+c>6
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Binh luan va loi giai

Chuyén dé Bit ding thirc

“Phan tich dé tim oi giai: Xét danh gia gia dinh v6i cac s6 «, B

/\/ a2+( L J («®+p%)zca+ b (1)
i b+c | b+c
+< \/b2+( ! J (a2+,82)2ab+ p (2)
I c+a) | c+a
I 2 1 | 2 2 ﬁ
\/c +(—a+bJ («®+p )2ac+m (3)
\ L -
= w/az+,32.82a(a+b+c)+,3(\/al+b+\/b1+c+\/cl+aJ

1

1 1

& S22

{a(a+b+c)+ﬁ(

1

n n
Ja+b +b+c Jc+a

-

Do biéu thire doi ximg voi a,b,c nén dir doan S=S, tai diém roi a=b=c=2, khi
do cac bat dang thace (1), (2), (3) dong thoi xay ra dau bang tic la cé so do

diém roi sau day:

*So do diém roi:

,
a_1
a po
e e b 1 a a b
a=b=c=2 = <Z:%©E:I:I
b ¢
c_1
\ & pa

Tur d6 ta co loi giai sau day:
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*Loi giai dung:

( 2]
\/ a? | 1 (4° +1°) > 4a+ !

- 2_
+<\/b2+ ! (42 +17) > d+ ——

_ —
1 1
¢’ + 4% +1%) > 4b +
k\/ a+b ( ) Ja+b

1 1 1
:>\/ﬁ.824(a+b+c)+( + + J
Ja+b Jb+c Jc+a

3 9
>4(a+b+c)+ >4(a+b+c)+
YVa+rbbtccta Ja+b++b+c+c+a
9 9
>4(a+b+c)+ =4(a+b+¢C)+ —
@2 +12 +1%)[(a+b)+ (b +c)+(c+a)] J6(a+b+c)
31 a+b+c 9 9
=—(@a+b+c)+ + +
8 8 26(a+b+c) 2,6(a+b+c)
>§6 3, a+b+c 9 9 §+9 51
8 2\/6(a+b+c) 26(a+b+c) 4 4 2

b

=S> 81 317 317 Voqabc2th|m|nS—3

2\/_ 217 2

Vi du3: Cho a, b, ¢ > 0 thod m&n a+b+c++/2abc >10. Chitng minh rang
2 242 2 2IW 2 2 2.2
S:\/£+9b LLa +\/£+9L+ab +\/£+92 +b: > 6+/6

a? 2 4 b2 2 4 c?

Loi giai: v
Du doan djémqrori: a=b=c=2
Str dung bat dang thirc bunhiacépski co:
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p

2

2 2
«/2+18+4.\/%+9b +ca 2£+9b+ca
a 2 4 a
2 212
+ <«/2+18+4.\/£+9L+a b® 24 Lac+ab
b2 2 4 b
2 2.2
«/2+18+4.\/%+9; +b: 2f+9a+bc
c c

\
1 1 1
=245 > 4[5 +o Ej +9(a+b+c)+ab+bc+ca

=E+a)+[£+bj+G+cj+(2a+bc)+(2bb+ca)+(2c+ab)+6(a+b+c)

22\/£-a+2\/£-b+2\/f-c+2\/abc+2\/abc+2\/abc+6(a+b+c)
c

a
=12+6(a+b+c++/2abc)>12+6.10=72= S >72//24 =6./6
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1.1.3. Bat dang thirc Jensen :

Ham sé y = f(x) lién tuc trén doan [a,b] va n diém x,x,,..,x, tly y trén
doan [a,b] taco:
i) f"(x)>0 trong khoang (a,b) thi :

f(x)+ F(x,)+...+f(x,)= nf[xl + X, :...+an
i) f"(x)<0 trong khoang (a,b) thi :

f(x)+ F(x,)+...+f(x,)= nf[

X, + X, +...+xnj

Bdt dang thirc Cauchy va bdt dang thizc Bunhia Cépxki thdt su la cdc dai
gia trong viéc chizng minh bdr dang thirc n6i chung. Nhung riéng doi voi
chuy@n muc bdt dang thirc lirong giac thi dé lai tré thanh sdn choi riéng cho
bdt dang thirc Jensen. Dii ¢6 vé hoi kKhé tin nhwng d6 13 sy that, dén 75%
bdt dang thirc liong giac ta chi can néi “theo bdt dang thirc Jensen hién
nhién ta c6 dpcm .

Cho f:R*—R théa man f(x)+f(y)22f[%j vx,y e R* Khi d6 véi

moi x,,x,,...x, € R ta co bat dang thic :

f(x)+ f(x)+..+ f(xn)an[X1+X2 +...+xnj
n

Sur that 1 tac gid chua tirng tiép xdc véi mét chieng minh chinh thirc cua
bdt dang thizc Jensen trong phat biéu c6 f''(x). Con viéc chizng minh phat
biéu thi rat don gian. N6 sir dung phwong phap quy nap Cauchy. Do do sé
khong trinh bay ching minh o day.

Ngoai ra, & mét sé fai lieu c6 thé gép khai niém léi 18m khi nhdc t6i bat
dang thizc Jensen. Nhuwng hién nay trong céng dong toan hoc Van chwa quy
woC rd rang ddu 12 161, ddu 12 18m. Cho nén ban doc khdng nhat thiét quan
tam dén diéu @6. Khi chizng minh ta chi can xét £'(x) 1a du dé sir dung bat
dang thizc Jensen. Ok! Mdc dur bdr dang thizc Jensen khong phdi 1a mét bat
dang thirc chat, nhwng khi ¢6 dau hiéu manh nha cia né thi ban doc cir tiy
nghi su dung .
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Vidu 1.

Chitng minh rang véi moi AABC ta co :

33

sin A+sinB+sinC ST
Loi giﬁi :

Xét f(x)=sinx V6i xe(0;7)
Tacd f"(x)=-sinx<0Vvxe(0;7). Tir d6 theo Jensen thi :

f(A)+ f(B)+ f(C)SSf[L:Jer =33in%=¥:>dpcm.

Pang thic xay ra khi va chi khi AABC déu
Vidu 2.

Chitng minh rang véi moi AABC déu ta co :

A B C
tan—+tan—+tan—>+/3
2 2 2 \/_
Loi gii

Xét f(x)=tanx VOi XE[O;%)

Tacod f"(x)= 25'2 XS 0wxe [0;%). Tur @6 theo Jensen thi :
COS™ X

A B C

A B C PR y:
fl 22|+ f]=|>3f| 222 |=3sinZ = {3 = dpem.
2 2 2 3 6

Pang thire xay ra khi va chi khi AABC déu.
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1.2. Cée dang thic bat dang thirc trong tam giac :

Sau ddy 1a hau hét nhitng dang thirc, bat dang thirc quen thuge trong tam
giac va trong liong gidc diroc dung trong chuyén dé nay hodc rdt can thiét
cho qua trinh hoc toan cua ban doc. Ta c6 thé dung phan nay nhwr mét tir
dién nhé dé tra ciru khi can thiét.Hay ciing c6 thé chizng minh tat cd cdc két
qud nhiw 1 bai tdp rén luyén. Ngoai ra ciing xin nhdc véi ban doc rang
nhizng kién thic trong phan nay khi p dung vao bai tdp déu can thiér duroc

chizng minh lai.

1.2.1. Pang thic :

a b c

N = N = N = 2R
sinA sinB sinC

a’=b?+c?—-2bccos A a=bcosC +ccosB
b? =c® +a® —2cacosB b=ccosA+acosC
c?=a’+b%*-2abcosC c=acosB+bcosA

s=Lah =1ph =Lch,
2 2 2

=£bcsin A =£casin B =£absin C
2 2 2

:a_bC=2stin AsinBsinC = pr
4R
:(p—a)ra =(p—b)l’b :(p_c)rc

=Jp(p-2a)p-b)p-c)

A
2bccosE
mz:2b2+202—a2 l, = b+c
a 4 B
, 2c%+2a’-b? anCOSE
TSy b e
2 2 2
m2:2a +2b" ¢ 2abcosE
c 4 | = 2
¢ a+b

A B C . A.B.C
r_(p—a)tanE_(p—b)tanz_(p—c)tanE_4RsmEsmEsmE
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A-B
tan
a—b: [ 2
a+b A+B 2, a2 2
ta”[ cota= 2 e -
4S
B-C c? +a% —b?
tan _t *é
b—c > cotB 1S
b+c . (B+C 2 p2 2
e tan * Cotczw
2 48
— 2 2 2
tan| S=A Cot A+ cotB +cotC = 2 T2 FC
c-a _ 2 45
c+a , (C+A
tan
2
- - - A -b)p-c
sinA_ [(P=bXp-c) s A_ [p(p-a enA_ [(e=b)p
2 bc 2 bc 2 p(p-a)
sinB — [(P=cp-2a) c0sB _ [P(p=D B [(-clp-a
2 ca 2 ca 2 p(p-b)
6inC _ [(P=akp-b) cosC _ [Plp=C anC _ [(P=a)p=b
? ab 2 ab 2 p(p—c)

sin A+sinB+sinC = 4cosécosEcosE :E

sin 2A+sin 2B +sin 2C = 4sin Asin BsinC
sin? A+sin? B+sin? C = 2(1+ cos Acos BcosC)

cosA+cosB+cosC =1+4sin Asin Esin 9 =1+%

cos? A+cos? B +cos*C =1—2cos AcosBcosC
tan A+tanB +tanC =tan AtanBtanC

cot—+ COtE + COtE = COtéCOtECOtE
2 2 2 2

tan?tan%ﬂangtanngtangtané:1

cot AcotB +cotBcotC +cotCcotA=1
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1.2.2. Bat ding thic :

la—b|<c<a+b a<b< A<B
b<ceB<C

c<ae=C<A

b-cl<a<b+c

c-aj<b<c+a

cosA+cosB+cosC S%

3/3

sin A+sinB+sinC STS
tan A+tanB +tanC 23\/5
cot A+ cot B+ cotC >+/3

cos® A+ cos® B +cos’C 2%
i2 i2 i2 9
Sin“ A+sin“ B +sin CSZ

tan? A+tan’B +tan’C >9
cot? A+cot’B+cot’C >1

cosAcosBcosC S%

33

sin Asin BsinC < T
tan AtanBtanC > 3\/5

cot AcotBcotC < i
33
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COSé + COSE + COSE < ﬁ
2 2 2 2

A . B . C 3
Sin—+sin — +sin — < —
2 2 2

A B C
tan—+tan—+tan—>+/3
2 2 2 \/_

cot2 4 cot B 4 cot S > 3/3
2 2 2

, A , B , C
cos? — + cos® — + cos® —
2 2 2
sinzé+sin2E+sin2%

tan2§+tan2%+tan2%21

cot? A + cot? B +cot? ¢
2 2 2

C 33

A B
COS—COS—COS— < ——

2 2 2 8
. A.B.C 1
sin —sin —sin — < —

2 2 2 8

tanétanétané<i
2 2

2733

A A A
cot—cot—cot— > 3+/3
2 2 2 \/—
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1.3. Bat dang thirc ddi xing ba bién

Bat dding thire doi xitng 14 mét trong cdc phan quan trong nhdt ciia bdt
dcfng thirc so ccfp | rat dwoc yéu thich khéng chi vai cdc ban da thanh thao
ma con hdp ddan véi nhitng ban méi bat dau .C6 16 i do don gidn 14 c&c bat
ddang thire dang ndy déu dep va rdt chudn vé hinh thizc .

Dang tong quit :

f(ab,c)>0

Trong d6 f (a,b,c) 1a ham ddi xtng cua 3 bién a,b,c hay ndi cach khac
q f (a,b,c) =f(c,b,a) =f(b,a,c).
Ching han : f (a,b,c) = a? + b? + c® + 3ab + 3bc + 3ca +5abc + a’b?c?

Tinh chdt quan trong nhdt ciia céc biéu thire doi ximg 14 vai trd binh dang
giita cac bién ,va do dé ta cé thé scfp xélv lai theo mot trdt tu tuy y gia tri cdc
bién s6 d6 trong chitng minh .Céc tinh chat va dinh nghia nay dwoc mo réng
twong ti véi cdc biéu thire ciia n bién x1 X, Xs, Xn.

1.3.1. Bit dang thirc thuin nhat khong c6 diéu kién .

Ham [ (a,b,c) dwoc goi 1a thudn nhdt véi cac bién trén mién I néu né
théa man diéu kién
f (ta,th,tc) = t“f (a,b,c)
VGi moi ta,b,c € IvakI|amét hang sé khong phu thuéc vao a,b,c,t ma chi
phu thudc vao ban thdn ham f . Trong pham vi ciia da thirc thi mét da thire 1a
thudan nhdt néu né 1a tong ciia cdc don thire dong bdc .

Chcfng han : f (a,b,c) = a’bc® + a?b’c* + ab®c? la da thire thudan nhat
khong doi xung
Vi du: mgt ham sé thudn nhat khéng la da thirc :

X
+

C
T0=Tare T xac
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Bat dang thirc lién quan : Bat dang thirc Cauchy :
V&i moi s thuc dwong ay,ay,...,a8, €0 bat dang thirc:

a +a,+..+a,
> na,a,..a,

n

Mot so vi du:

Vi du 1: (Bat dang thirc Schur). Véi moi sé thuc khéng am a,b,c ta luén
c6 bat dang thirc :

a®+b® + c®+ 3abc >ab(a +b) + be(b + ¢) + ca(c + a) .(1)
Lo gidi :

Do tinh d6i xtmg cuia bat dang thirc ta c6 thé gia sira>b > c.
batx=a— b,y =b — ¢ ,khi 36 (1) tro thanh:

CX+Y)y—(CH+yXxy+(C+X+yXXx+y)=0
& (X + Xy +Y°) + X (X + 2y) > 0

Bat dang thirc trén hién nhién dung vi céc bién c,x,y déu khong am
DPang thire xay ra khiva chikhix =y =0hoacx=c=0haya=b=c
hoaca=Db,c=0

1.3.2: Bat dang thirc doi xirng c6 diéu kién :

Cac bdt dang thirc doi ximg cé diéu kién va khéng cé diéu kién la 2 doi
tiwwong riéng ré ton tai doc ldp nhung thdt ra lai co moi quan hé chat ché voi
nhau. Sau day la mot so vi du:

Vi du 1: CMR V&i moi sé thiee a,b,c khéng dm thi

[ab+bc+ca 3 3\/(a+b)(b+c)(c+a)
3 - 8

Giaswrab+bc+ca=3khidoa+b+c>3vaabc<I
Ma (a + b)(b + ¢)(c +a)=(a+ b +c)(ab + bc +ca) — abc
=3(a+b+c)—abc>8

. \/ab+bc+ca 1o 3\/(a+b)(b;;c)(c+a)

3
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Suy ra diéu phai ching minh.Dau “=" xay ra<=>a=b=c¢

Vi du 2: CMR V&i moi 6 a.b.c khéng dm ta luén c6
a’(b + ¢) + b’(c + a) + c*(@@ + b) > (ab + bc + ca)3/(a+b)(b+c)(c +a)

Loi giai:
Gia sir (a + b)(b + c)(c + a) = 8, cAn chung minh :
a’(b + c) + b’(c + a) + c’(a + b) > 2 (ab + bc + ca)
Tiép d6 chimg minh 2 bat dang thirc :
ab+bc+ca<3(l)
a’(b +c) +b*c+a) +c’(@a+h)>6(2)
That vay ,voi bat dang thtc (1) ta c6
8 + abc
a+b+c

8=(@a+b+c)ab+bc+ca)—abc=>ab+bc+ca=

Theo bat dang thirc Cauchy thi :
8=(a+Db)(b+c)ic+a)>8abc=>abc<1

2(a+b+c
8=@+b)b+ocra< (L) - arbrcs:
Do do : ab+bc+ca§(8+—;lbc)§ 3
a’(b + c) + b%(c + a) + c*(a + b)=(a + b)(b + c)(c + a) — 2abc = 8-2abc > 6
Suy ra dpcm.
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1.4. Bai tap :
Bai 1: Cho a, b, ¢ la cdc s6 duong. Chitng minh rang:

a b* c? a+b+c
2 2 + 2 2 + 2 2 )
a“+ab+b° b°+bc+c® c +ca+a 3
Bai 2: Cho a,b,c>0 va a+b+c=3. Chung minh:
a’ b2 c?

>1

2 + 2 + 2
a+2b° b+2c° c+2a .
Bai 3: Cho a,b,c >0 va a+b+c=3.Churng minh rang:
2 2 2
a b C
-+ ~+ - >
a+2b® b+2c” c+2a ) .
Bai 4: Ching minh véi moi so duong a,b,c,d co tong bang 3 thi
a+l Db+l c+1
2 + 2 2 2 3
b®+1 c¢"+1 a"+1 ) ) .
Bai 5: Ching minh rang voi moi so dwong a,b,c,d cé tong bang 4 thi
a+l b+l c+1 d+1
+ + +
b’+1 c¢*+1 d*+1 a’+1 o .
Bai 6:  Chung minh rang véi moi a,b,c,d dung cé tonh bang 4 thi
1 1 1 1
2 + 2 + 2 + 2 -
a“+1 b°+1 c°+1 d°+1

Bai7: Choa,b,c>0va a[L\/%}L b[1+ \/gj +c[1+ \EJZH. Chutng minh:

2 3 2 3 2 3
s:\/¥+£+£+19a +\/¥+£ E+19b +\/¥+5b +9+19a 23@
a 4 2 8 a 4 2 8 c 4 2 8

Bai 8: CMR Véi moi s6 thuc a,b,c :

>4,

a®+ b° + ¢ + a%h?c? > %(aS(b + ) + b%(c + a) + c*(b+c))
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Chuong 2 :

Céac phwong phap chirng minh

Ching minh bat dang thie doi hoi k¥ niang va kinh nghiém. Khong thé
khoi khoi ma ta ddm dau vao ching minh khi gap mot bai bat ding thic. Ta
s& xem xét né thuoc dang bai nao, nén ding phuong phép nao dé chang
minh. Llc d6 viéc ching minh bat dang thirc mi thanh cong duoc.

Nhu vy, dé c6 thé duong dau véi cac bat dang thuc lugng giac, ban doc
can nam viing cac phuong phap ching minh. D6 s& 1a kim chi nam cho cac
bai bat dang thuc. Nhimg phuong phép d6 ciing rat phong pht va da dang :
téng hop, phan tich, quy udc ddng, uéc lugng non gia, doi bién, chon phan
tr cuc tri ... Nhung theo ¥ kién cha quan ctia minh, nhitng phuong phép that
sy can thiét va thdng dung s€ dugc tac gia gidi thiéu trong chuong 2 : “Cac
phwong phap chitng minh”,

Muc luc :
2.1.  Bién d6i tuong duong, cac tinh chat ciia bat dang thirc
2.2. Sudung cac budc dau co so
2.3.  Dua ve vector va tich v hudng
2.4.  Phuong phap quy nap
2.5.  Phuong phap phan chirng
2.6.  Phuong phap dung tam thirc bac hai
2.7.  Sir dung mot s6 bat dang thuc phu
2.8.  Sudung dinh li Viét
2.9. Baitap
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2.1. Bién d0i twong dwong :

C6 thé néi phirong phéap nay 1a Mot phwong phdp “xwa nhu Trai Padt”. N6
sur dung Ccac cong thrc va su bién déi qua lai gitra cac bdt dang thirc. Bé ¢é
thé sir dung tot phwong phap nay ban doc can trang bi cho minh nhing kién
thirc can thiét

A. Kién thirc cin nho:
_A>B& A-B20
_Ta bién dbi bat dang thic( BDT) can chimg minh tuong dwong véi BDT
dung hoic bat dang thirc ¢4 duoc ching minh ding.
_ Chi'y cac hang dang thic sau:

(a+b) =a’+2ab+b?
(a+b+c)’ =a? +b?+c? +2ab+2bc + 2ca
a’+b’+c’~3abc=(a+b+c)(a®+b*+c* —ab—bc-ca)

_ Chu'y cac phép bién dbi twong duongBDT:
A>B< AtC>B+C
V61 C>0: A>B< AC>BC
VoiC<0:A>B < AC <BC
Véi A,B>0 thi A> B@%S%

B. Cac vi du:
C

1.Bai toan co di kem voi diéu kién:

Vi du 1: Chitng minh rdang véi x,y,z thod man diéu kién_x* +y? + 2% =1 thi ta
co
1
—Eé Xy+yz+2zx<1
Giai:
Ta can chirng minh bat dang thic kép:
—%(xz+y2+22)§xy+yz+zx§(x2+y2+zz)
* Ta co:
1 2 2 2
— (X +y + 2 < xy+yz+2x
SOy 2 )y ey
S a’+b*+c% +2xy +2yz+22x >0

<:>(x+y+z)220
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BDT trén luén ding nén ta co:

—%(x2+y2+zz)§ Xy + Yz + 2X

* Mat khac ta co:
Xy + yz+zx§(x2+y2+zz)

<:>2xy+2yz+22x§2(x2+y2+zz)

<:>(x—y)2+(y—z)2+(z—x)2 >0

Bat dang thirc trén dung nén ta co: xy + yz +2x < (x2 +y2 4+ zz)

Nhu vay ta co diéu phai chirng minh: —% <Xy+yz+zx<1

Vi du 2: a,b,c 1a ba sé tuy y thuée doan [0;1]. Chitng minh rang:
a’+b’+c® <l+a’b+b’c+c’a

Loi gidi:

Nhan xét rang:
(1-a)(1-b)(1-c)=0
. <l-a-b-c+ab+bc+ca—-abc>0
BDT can ching minh twong duong véi BDT:

a’(1-b)+b?(1-c)+c?(1-a)<1

Vi 0<a,b,c<inéna’<a,b’<b,c’<c. Do do:
a’(1-b)+b*(1-c)+c*(1-a)<a(l-b)+b(1-c)+c(1-a)

Vi vy ta can chimg minh:

a(l-b)+b(1-c)+c(l-a) <1

<l-a-b-c+ab+bc+ca>0

< (1-a)(1-b)(1-c)+abc>0
BDT trén ludn diing nén ta cé diéu phai ching minh

*Tir cac bai todn trén ta thay rang khi gap cac bai toan chirng minh bat

dang thirc ma cé cho diéu kién: Ta sé co gang bién ddi tir dicu kién dé c6
thé sir dung triét dé diéu kién do.
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I1. Bai toan khong co di€u kién:

Vi du 1:Chitng minh rdang véi moi a,b Ta co:
la+b| - |a|+|b|

< Ddu bd . 1307
Tiash] Lefal+fp] béng xdy ra khi nao

Loi giai:
Ta co:

a+b| g |a +|b]

1+|a+b| 1+|a|+|b|

< |a+b|(1+[a]+|b|) < (|a] + |b]) (1+[a+b])
< |a+b|<la|+]b|

la+b| - |a|+|b|

Bat déng thirc luon dung. Vay: Trsb] > Tfal]o

Vi du 2:Chitng minh rdang véi 3 sé dwong a,b,c bat ki ta co:
a’ b c’ a+b+c
2 2 + 2 2 + 2 2 2
a“+ab+b® b°+bc+c® c“+ca+a 3

Loi giai:
Ta co:

a’ ,2a-b
a’+ab+b®> 3
& 3a’>(2a-b)(a’+ab+b?)
< a*+b’-a’h-ab*>0
< (a+b)(a-b) >0
a’ ,2a-b

Bat dang thirc trén dung nén ta co: > =2
a“+ab+b 3

b’ ,2b-c
2 2 =
Tuong tu ta oD Fhete 3
c? J2c-a

~ C’+cata’® 3 ‘
Cong theo vé cac BDT thtc trén ta cd diéu phai ching minh
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2.2. Sir dung cac buéc diu co sé :

Ta sé dwa cac bdt dang thirc can chiing minh vé cdc bdt dang thite co ban
beng cach bién doi va sir dung céc dang thize co ban. Ngoai ra, khi tham gia
cac ky thi, tac gia khuyén ban doc nén chiing minh céc dang thirc, bat dang
thize co ban sir dung nhw mét bé dé cho bai toan.

Vidu 1.

CMR trong moi tam giéc ta déu co :
C

sin Asin B+sin BsinC +sinCsin A < Z+ 4sin Asin Esin —
4 2 2 2
Loi giﬁi :

TacO: cosA+cosB+cosC =1+4sin ?sin %sin %
Bat dang thuc da cho twong duong véi :

sin Asin B +sin Bsin C +sin C sin A§%+cosA+ cosB+cosC (1)

ma :
cosA=sin BsinC —cosBcosC
cosB =sinCsin A—cosCcos A

cosC =sin Asin B —cos AcosB
nén :

(1) < cos AcosB +cosBcosC +cosC cosAé% (2)
That vay hién nhién ta c6 :

cos Acos B +cosBcosC +cosC cos A < %(cos A+cosB+cosC) (3)

Mait khac ta cO : cosA+cosB+cosC ég

= (3) ding = (2) ding = dpcm.
Pang thire xay ra khi va chi khi AABC déu.
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Vi du 2.

Cho AABC bt kp. CMR :
1 1 1
+ + >1
1+2cosA+4cosAcosB 1+2cosB+4cosBcosC  1+2cosC +4cosCcosA

Loi giai :

Pit vé trai bt dang thirc can ching minh 12 T.
Theo Cauchy ta c6 :
T[3+2(cos A+ cosB +cosC )+ 4(cos Acos B + cos BcosC + cosC cos A)]> 9 (1)

ma : cosA+cosB +cosC ég

va hién nhién :

(cosA+cosB +cosC)* _ 3
4

3
= 3+ 2(cos A+ cosB +cosC )+ 4(cos Acos B + cos BcosC +cosC cos A)< 9 (2)

T (1),(2) suy ra T >1=dpcm.

cosAcosB +cosBcosC +cosCcos A<

Vidu 3.

CMR Véi moi AABC bat ky, ta c6 :
a?+b? +c? 24435 +(a-b)’ +(b-c)’ +(c—a)

Loi giai :

Bat dang thuc can chimg minh twong duong véi :
2(ab+bc+ca)> 4435 +a% +b? +c? (1)

Taco:
2 2 2
CotA = bH:—a
4S
2 2 2
cotB = M
4S
2 2 2
cotC = m
4S5
Khi d6 :
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(1)@48[ I S j24\/§S+4S(cotA+cotB+cotC)
sinA sinB sinC

N _L—cotA + _1 —cotB |+ _1 _cotC |>+/3
sin A sin B sinC

@tané+tan5+tan92\/§
2 2 2

~=dpem. ‘
bang thuc xay ra khi va chi khi AABC déu
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2.3 Puwa vé vecto va tich v hwéng :

Phirong phap ndy luén dwa ra cho ban doc nhing loi giai bdt ngo va thii
vi. N6 ddc trung cho sw két hop hoan giita dai sé va hinh hoc. Nhiing tinh
chat cia vector lgi mang d@én 1oi gidi that sang sia va dep mat. Nhung s6
lieong céc bal toan cua phwong phap nay khéng nhiéu. Trude khi den VOi
nhitng vi du vé cdch chirng minh cac bat dang thirc bang cdach dwa vé vector
va tich vo hudng, ta can ghi nhé mét sé cdc dang thirc sau:

=(x,y)e ‘é‘z \/W
*A(XA,yAr),B (X5, Ys )= AB = \/(XB %)+ (Ve - ¥a)

r r
*a+b‘s a‘+b‘
- r r

*a—b‘s a‘+b‘

“|ab|<|a]+ |p
Ta c6 phuong phéap chung cho cac bai toan bat dang thuc sir dung dua
Vvé vector va tich v hudng 1a: Khi gip cac bai toan bat ding thirc noi riéng
va céc bai tap dai sé néi chung ma cac biéu thirc dudi dau can(v/A,vB) duoc
biéu dién dudi dang tong cuia hai binh phuong thi ta cé gang tim trén hé truc
toa 46 Pécac cac vector c6 do dai lan luot bang/A,+/B. Sau d6 nghiém lai
tong cac vector bang khong hodc ¢ mot vector bang tong cac vector con lai
réi sit dung BPT vé do dai cua 3 canh mot tam giac hodc BBt vé do dai
duong gip khic dé di dén két qua cua bai toan. Con véi cac bai toan hinh
hoc ta dua chung vé vécto don vi.
Dé 1am sang to diéu vira néu trén thi sau day c6 mot sb vi du va bai
tap:

Vidu 1.

CMR trong moi tam giac ta c6 :

cosA+cosB+cosC ég
Loi giéi :
LAy cac vector don vi e, e,,e, 1an lugt trén cac canh AB,BC,CA.

Hién nhién ta co : LA
e
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€ +e +e.) >0
<3+ 2cos(ej, €)+ 2C08(€j, e:)+ Zcos(g, ej)z 0
< 3-2(cosA+cosB +cosC)>0

< coSA+cosB+cosC S%

= dpcm.
Vi du 3: Cho x,y,z 1a ba sé tup y, Chitng minh rang:
r r
a_(x+; \/7 ] b(y+— %z] c(z+i,§x]

2 2

Loi giai:

Trong mit phang toa do, xét cac diém

A[x+l iz} B[ \/_ \/_ j C(——— Oj
2 2 2 2 2
Khi do ta co:

AB —\/(x+%jz +(§yjz :\/m

AC —\/(x+%)z +(§ZJZ :\/m

- 13 (Fora] -7

UL uua UL
Khi d6 (1) @\AB\+\AC\2\BC\dung

Vi du 4: Chitng minh rang vxta co:

J2x? —2x+1+\/2x2 —(\@—1)x+1+\/2x2 +(\B41)x+123 (1)

Loi giai:

Taco: (1) = m+\/(x§jz+(x+%j2 +\/£x+§jz+(x+32 >3
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Trén mit phang toa do xét A(0,1); B(@,—%J;C {—?%Jvé T(X,X)
thi (1) © TA+TB+TC >3

Dé& thdy AB=BC=CA vd OA=0B=0C nhu viy tam giac ABC déu va
c6 tam 14 gbc toa d6 O

B6 dé: Néu tam gidc ABC déu thi TA+TB+TC > OA+OB+0C, trong
d6 O la tdm cua tam giac déu

Tir bo dé trén ta c6 TA+TB+TC>0A+0B+0C

Ma OA=0B=0C=1 = TA+TB+TC > 3(dung)

ddu bang xdy ra khi va chi khi x=0

Vi du 5: Cho x,y,z 14 3 s6 diwwong va x+y+z<1

Chutng minh rang: \/xz +%+\/y2 +%+\/z2 +Zi2 >82

Loi giai:

Véi moi uv tacé [8 47 [ [3 ¥ [(1)

(vild +¥ P< 8247 24209 < [8 P+ P42B ¥ |=( |+F [)E)_
Détg :(Ki %):. X :(:ﬂ%)i c :(Zi %)’

ap dung (1) ta c6 :[EHbl+E] = [a+b+C]

{ f f 2
Va,\y P= £ w2 Y FQ B +52 :'}— {:E+ y —E—Z} +(:C+]T+5

2 2
Getyte) (R 4E 1) =810ty +a) 2+ 43 4E) -80Gc+y+a)?

Taco
> 81{x+}r+z}(%+%+%)—80(}:+y+z}93 162-80 =82

Vay P>+/82

Sau [Jay 1a mot sb bai toan vé bat dang thhirc tC] CIng tu cac bai toan trén:

1. Chizng minh rang véi moi sé thuc x ta luén cé:
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VX2 +2x+2 +4/X° —2x+2 2 242
2. Véi a,b 1a hai so thuc tuy ¥ ta ludn co:
10ab 13a® 3 \/13a2 j 15\13

2b2—6b+9+\/2b2— + += 4a+4>
3 9 2 9
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2.4. Phuwong phap quy nap

Céac nha toan hoc thuong néi dVa rang “khi ta khong thé gidi dwoc mét bai
toan cu thé ndo thi lai cé thé gidi dwoc nhitng bai toan téng qudt va kho
khan hon”. Do co thuc sy la cdu noi dua, hay la mot kinh nghiém quy bau
trong toan hoc? Khi im hiéu qua phwong phdp quy nap trong chirng minh
bat dang thirc chung ta sé thay dwoc nhitng diéu do.

De phuong phap nay c6 thé hiéu duoc va lam dwoc nhuin nhuyén thi ta
can co kién thuc that tot phan nay: Chung minh mot bt dang thue (*) dung

VGi VN> p (v6i (*) phu thude vao sé ty nhién n, p 1a hang sé va pe N”) ta
tién hanh cac budce sau:

Budc 1: Kiém tra (*) ding vé1 n=p

Buéc 2: Gia sir (*) dung v6i n=k>p,ke N~

Bugce 3: Ta chimg minh (*) ding v6i n=k +1

Budc 4: Két luan bat dang thace (*) ding véimoi n> p”

Vidu 1: CMR:2"> 2n+1Vdi moi s6 nguyén dieong n=3
Loi gidi :

V6in=3 thi 2°=8> 2.3 +1=7hay bdt da cho ding v&i n=3
Gia sur bdt dung véi s6 nguyén duong n=k bat ki ,c0 nghia :
2¥>2k +1= 252> (2k +1)2
=21 >4k +2=2k+2k +2>2(k +1) +1
Vay bdt da cho ciling ding véi n=k+1,do do ta c6 2" >2n+1LVneZ*va
n>3

Vidu2: CMR:2"@"+b")>(a+h)" (1) véi a+b>0,a=b,n>1
Loi giai:

V61 n=2,(1)co dang:2(a’+b?) > (a+hb)*(2)

Vi a=bta c6 bdt ding (a-b)?>0, cong 2vé bdt nay voi (a+b)?ta ¢ (2)
ding

Gia str (1) ding v6i s6 n=k nao do,

2@ +b) > (a+b)*(3)

Pé CM (1) ciing dung cho n=k+1,ta nhan 2vé (3)véi at+b vi a+b>0 ta

nhan bdt dung :
2@ +b*)(@a+b) > (a+hb)“*(4)
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Nhu vdy dé ching minh (1) ding v6i n=k+1 bay gio ta chi can ching
minh
2K (@ ! 1b*1) > 2 L(a* +b*)(a +b) ()
Sau khi bién d6i va don gian 2 vé ta duoc bdt twong duong
ra* +b* > a“b+ba
tir d6 ta suy ra:(a“—b“)(a-b)>0 (6)
Xeét 2 truong hop :
TH1:néu a>b,va diéu kién d& cho l1a a>-b,suy ra a>|p,vi vay a*>b*.Do
do6 bdt (6) dung
TH2:néu a<b,ly luan tuong tu phan trén tacd a* >b* trong trudng hop
nay (6) ciing dtng
(DPCM)
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2.5. Phwong phap phan chirng

Néi dén chitng minh bdt ddng thirc ta khéng thé khéng nhdc dén phiong
phap phdan chitng. Phuwong phdp c6 thé dung rat da dang, dii moi logi todn
pho thong chung ta hién nay dang hoc. Piéu quan trong ciia phirong phdp
nay la no giup chung ta luén cé mot loi gidi sang sua hodc con dwong chirng
minh dé dang hon.

Vidu 1: Cho a,b 14 2 s6 dwong va ( ) <1.Chitng minh rang khéng thé

dong thoi xay ra a<l va b<l

L i giai : Gia stir dong thoi xay ra a<l va b<l = a? <1,b? <1
Taco: (1-a®)(1-b*)>0<1+(ab)* —a’ —b* >0 < 1+ (ab)® >a® +b?

l+ab) o1
a+b

<1+ (ab)? +2ab>a’+b?+2ab < (1+ab)’ > (a+b)? < (

l+ab

BDT cubi mau thuin véi gia thiét bai toan ( 2<1

Vay ta c6 dpcm.

Vi du 2: Cho a,b,c,de Rva a+b=2cd .CMR it nhdr I trong 2bdt sau ddy 13
dung c*>a,d’ >b

Loi gidi :
Gia sir 2 bdt trén déu sai ,c6 nghia ta duoc :

C’<a,d’<b=c*-a<0,d*-b<0=c?-a-b+d?<0

=c’+d*—(a+b)<0=>c?+d*-2cd <0=(c-d)*<0
Két qua ndy mau thuan ,vay it nhat 1 trong 2bdt d4 cho phai ding.

Vi du 3: Gia su x,y,z la do dai 3 canh cua I tam gidc va %+%+% =3tim gia

tri nhé nhat cia
P=Xx+y-z+Jy+z—x+x+z-y

Loi giai:
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Xétbdt:212+212+2122 10 :
a“+b® b°+c® c“°+a° (a+b+c)

! + ! + ! >1

2+b* b*+c® c*+a’

Tur bdt trén ta suy ra bdt phan ching 1a

Cho a+b+c=+/10 ,suy ra -

1

1

Néu cac sé duong a,b,c thoa man diéu kién : 21 M
a“+b b°+c® c“+a
ta ludn cd a+b+c> /10 that vay bdt trén twong duong véi
Néu a, ,b,,c,>0 thoa min SRR NPT
a, b ¢
Ja,+b, —c, +,/b, +¢c, —a, +4/a, +c, —b, >245
101 1 . 245
Doddénéu =+=+==3 thi yx+y—z+y+z2-X+x+z2-y>"F
PR v v v 7
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2.6. Phuwong phap dung tam thirc bac hai

Trong phwong phdp nay ching ta sé s dung dinh li vé ddu ciia tam thirc bdc
hai dé chirng minh bat dang thurc.

Mudn chitng minh dwege bdt dang thirc ndy ching ta can dwa bdt dang thirc
can chitng minh vé dang A >(*)

Khi d6 ta c6 thé xem Vé trdi cuia (*) [a mot tam thirc bdc hai cia mot bién

nao dé roi sir dung dinh Ii thudn hodc dinh Ii dao cia tam thite bdc hai dé
chitng minh (*).

Dang 1 : Sir dung dinh |i thuin vé d4u ciia tam thirc bac hai
“Pinh li vé diu tam thirc béc 2:
Cho tam thue bac 2 : f (x):ax* +bx +c=0(a # 0)
+ Néu A < Othi af(x)>0 véi moi x
+Néu A =0thi af (X) = O0vygi moi X
b

Dau dang thirc xay ra khi va chi khi X = 23

+Néu A >0 lap bang xét dau.

Vidu 1: Cho a,b,c 1a 3 cank ciia I tam gidc c¢On x,y,z 1a ba sé théa mén
diéu kién ax+by+cz=0.Chimg minh Xy + Yz + 2x >0 (1)

Loi giai:

ax + by

Tu axtby+cz=0 = 2=~ Vay:

ax + by

()= Xy +YyZ+2X=Xy - (x+y)<0

<ax +xy(@+b+c)+by’ >0 (2)
Néu y=0 thi (2) < ax® >0=(2) dung = (1) dung.

Néu Y # 0 khi do:
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(2)<:>a[5] +(a+b—c)£+b20
y y

= A A & 5 \ a A . 5 X 7 A A 5 X 2 \
Quan niém V¢ trai cua (3) 1a tam thac bac hai cua ; cO hé so cua (—J la a>0
y

va (@+b—-c)* —4ab=a* +b* +¢* — 2ab — 2ac — 2bc
Tu |b-cl<a=>b* —2bc+c® <a® |, twong tw a°—-2bc+c®<b® va

a’ —2bc +b?<c?

Vay a® +b +c® <2ab+2bc+2ca=>a’+b +c’—-2ab—-2bc—2ca<0
nén ve trai cua (3) ludn 16n hon 0 => (3) dang => (1) dugc chirng minh.

Déu "="xay ra khivachikhix=y=z=0

Vidu 2: Cho @° > 36 va abc=1.Chimg minh rdng:

2
a
?+b2+c2>ab+bc+ca

Loi giai:
1 . . , ,
T abe=1 => bc = g va do a° > 36 nén chac chan a>0.Ta co:

a2

7+(b=c)2—2bc>bc+a(b+0)

2

<:>(b+c)2—a(b+c)—3bc+%>0(1)

2
Xét tam thire bac hai f (x) = x> — ax — 3bc + %

, . . . 43’ 36-a’
Ta c6 hé so cua x?1a1>0va a? - = +12bc ™

<0

T6 4.vip.pro.friendly — 16p 10 Tosn 50



Truong THPT chuyén L& Quy Pon Chuyén dé Bat ding thirc

Theo dinh i thuan vé ddu cua tam thirc bac hai thi f(x)>0 v&i moi x =>

a2

f(b+c) = (b+c)® - a(b+c)-3bc+ 5 ding =>dpem

Dang 2: Sir dung dinh li dao vé ddu ciia tam thirc bic hai :
*Pinh li dao vé& dau cho tam thirc bac 2:
Cho:f(x): ax’+bx+c = 0 (a #0)
Néu ton tai a € R sao cho af(x)<p thi f(x) c6 2 nghiém pb va X;<a <X,
Vidu Cho (a+c)(a+b+c)<0. Chitng minh:
(b-c)*>>4a(a+b+c)

Loi giai:

Néu a=0 thi tir gia thiét ta c6 c(b+c)<0 (1)

Bt ding thirc phai ching minh c¢6 dang (b-c)>>0 (2)

Tu (1) suy ra b# cvay (2) ding => dpcm

Néu a # 0 xét tam thirc bac hai sau :

f(x) = ax*+(b-c)x+a+b+c

Tu f(0)=atbtc ; f(-1)=2(at+c) -->tur gai thiét ta c6 f(0)f(-1)<0.Theo dinh li
dao vé diu cta tam thuc bac hai suy ra phuong trinh f(x)=0 c0 hai nghiém

phan biét .Hay (b-c)’ - 4(a+b+c)>0 < (b-c)® > 4(a+b+c) = dpem

Hé qua: Néu ton tai a, b €R sao cho f(a).f(b) > 0 thi f(x) c6 2 nghiém
phan biét va trong 2 sé a,b c6 mot sb nam ngoai khoang hai nghiém.

T6 4.vip.pro.friendly — 16p 10 Tosn 51



Truong THPT chuyén L& Quy Pon Chuyén dé Bat ding thirc

2.7.  Sir dung mt sé bat dang thirc phu

Trong phuwong phap nay ching ta sé sir dung mét sé bat dang thire phu dé

chitng minh cdc bt dang thire khdc.

Pé vin dung cdc bdt dang thirc ndy ta chi can dwa bat dang thirc can chimg

minh vé dang Ciia chiing.

Sau day la mét sé bat dang thire phu cdch chirng minh chiing va mét sé vi

du.

Bat dzzlng thire I : Cho a,b>0 thi :

a b
—+—2>2
b g ()

Chung minh: Ap dung BPT Cauchy cho 2 sb duong 13 a,b ta duoc

a b b
— —_2,/— - =2
b a b a (dpcm)

Vi du :Cho a,b,c,d la nhitng s6 duong va abed = 1

Chung minh rang: a® +b®+c¢*+d? +ab+ac+ad +bc+db+cd >10.

Chirng minh:

Theo BDT Cauchy tac6 :a* +b* > 2ab (1) va ¢®+d* > 2cd (2)

(via,b,c,d>0)

Ly 1
D& thdy ab,cd > 0 va do abcd = 1 nén ab= ol

1 .
= ab+cd = a+ cd > 2(3)(Ap dung BDT (1))
Tuong tu ac+bd > 2 (4)

ad +bc > 2(5)
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2ab + 2cd > 4 (6)
Cong theo Vé (1),(2),(3),(4),(5),(6) ta dugc dpcm

Bat dzzlng thire IT : Cho a,b,c>0 thi :

(a+b+c)(£+1+lj29(ﬂ)
a b c

Chung minh: ,
bé chiung minh BDT (II) ta st dung BDT Cauchy cho 3 s6 duong
11

b'c

1
Ig va a,b,c nhu sau:
11,1, 5,1
a b ¢ abc’
Ta co: 3
+b+ Yabc
9

1
>
Rfabc a+b+c

. Pay 1a BDT can chiing minh.

Khi d6 ta co: l+1+1>

a b c a+b+c
Van dé dit ra 1a khi giai nhitng bai toan chua c6 dang nhu vay thi ta phai
bién d6i nhu thé ndo
Ta hdy xét vi du sau:

VD1: Cho a,b,c =0 chitng minh:
a+3c c+3a 4h
+ > 6

+
a+b b+c c+3a )

Chirng minh:

Pé giai nhing bai toan dang nay ta xay dung cach giai nhu sau:
Ta s& bién d6i dé Xuat hién dang (II)
Trudc hét ta tim 2 s x,y sao cho:

(@a+3c)+x(a+b)=(c+3a)+y(b+c)=M
l+x)a+xb+3c=3a+yb+(1+y)c

st dung phuong phap dong nhét thirc ta co :

1+x=3
Va8 11+y=3x=y=2M=3a+2b+3c
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Bay gio ta tim m,n sao cho:
4b + m(c + a) = n(3a + 2b + 3c)

Tuong tu trén ta tim dugc m=6,n=2

Pén day ta chirng minh (2) nhu sau
Ta c6 (2) tuong duong véi
4
(a+3c +2+ c+3a+2+ b j216
a+b b+c c+a
tirc 1a
1 1 2
(3a+2b+ 30)( + + j >16
a+b b+c c+a
VP tuong duong voi

1 1 1 1
>16
[(a+b)+(b+c)+(c+a)+(c+a)][a+b+b+c+c+a+c+a}

(dung)
=>dpcm
Bay gio ta s& dung BPT (Il) dé chimg minh mot sé6 BDT khac:

Vidu2: Cho a,b,c >0;CMR
1 1 1 3
+ + > _
2a+b 2b+c 2c+a a+b+c

Chirng minh:

Ta van dung BDT(I11)cho3 sé duong 1a2a+b,2b+c,2¢+a ta cd
1 1 1 S 9 1 1 1 S 9

+ + > = + + >
2a+b 2b+c 2c+a 2a+b+2b+c+2c+a 2a+b 2b+c 2c+a 3(a+b+c)
1 1 1 3
= + + >
2a+b 2b+c 2c+a a+b+c

Pay 1a BPT can ching minh

Bét ding thirc 111: Néu a > 0vab >0thi a’+b*> a’b +ab’ (Ill)
Chirng minh:(Dung phép bién d6i twong duong).
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Tacé: a’+b®> a’b + ab® < (at+h)(a® - ab + b®) > ab(a+h)
& (a+b)(a’- ab +b?- ab) > 0 < (a-h)*(a+b) > 0.(Dung)

Vi du : Cho a,b,c>0.CMR:
ai+b® b*+c® c+a’
+ +
2ab 2bc 2ca

>a+b+c.

Loi giai:
Ta s€ st dung BDT (IIl) nhu sau :
a®+b® a+b
>
2ab 2

Tacoa’+b®> a’b +ab® < a’+b’>ab(a+h) < : Tuong ty,

b°+c® b+c c*+a® c+a
> , >

2bc 2  2ca @ 2
Cong theo ve cac BDT trén lai véi nhau ta dugc BDT can chirng minh.

ta cling co:

Bat dang thirc 1V. Cho a, b 12 cac s6 dirong .ta luén cé:
1 1 4
+ . (IV)

S
a b a+b
Chirng minh.

Céch 1: (Dung phuong phap bién ddi trong duong).
Ta o6 BDT £+£> 4 a+b> 4
a0 a b a+b ™ ab a+b
o (a+h)? > 4ab < (a-b)? > 0. BDT nay luén dang véi moi a, b nén BDT
(IV) Iuén dung voi moi a,b duong.

Céach 2: (Dung BPT Cauchy cho hai s6 duong ).

] , 11

Ap dung BDT Cauchy cho hai s6 duong la: b ta co:
i+E>2i—il" dung BDT Caychy cho hai s6 d 13 :
a b Vap  Jap laidpdung aychy cho hai s6 duong la a vva
b, ta co:

1 2
a+bh>2Jab & — >
Jab a+b

. Tur hai BDT trén ta dugc BDT (IV).

Vi du : Cho a, b 1a cac sé diwong .Chirng minh rang:
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1 1 1
2 2 + 2 2
4a“+4b° 8ab (a+hb)

Loi giai:

Ta van dung BDT (VI) dé ching minh BDT nay nhu sau: Ta 4p dung BDT
(V1) cho hai s6 4a?+4b? va 8ab. Ta co:
1 1 4 1 1 1
2 2 + 2 2 2 And 2 2 + 2 2
4a+4b° 8ab 4a“+4b°+8ab 4a“+4b° 8ab (a+b)
Pay 1a BPT can ching minh..

Bit diang thirc V: Cho a, b 1a c4c sé dirong, ta ludn co:

1 4
ab (a+b)? (V)

Chirng minh.

Céch 1:(Dung phuong phép bién d6i twong duong)
Taco BDT (4) < (a+b)*>4ab < (a—b)*>0. bay la BDT dlng.
Céch 2: (Dung BDT Cauchy).

Ta 4p dung BDT Cauchy cho 2 s duwong la a va b, ta ci: ab

S T

2 ab  (a+b)?

Vidu: Cho a, b, ¢ 14 c&c sé dirong. CMR:

1 1 1 S 3

(2a+b)(2c+b) | (2b+c)2a+c)  (2bra)2c+a)  (a+b+c)

Chirng minh.

Ta van dung BDT (V) cho 2 sé duong 1a 2a+b va 2c+b ta c6:

1 4 1 4
> >
(2a+b)(2c+b) (2a+b+2c+b)? e (2a+b)(2c+b)  (2a+2b+ 2¢)?
1 1

= >
(2a+Db)(2c+b) (a+b+c)’

Tuong tu ta co:
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1 1
2 ,
(2b+c)(2a+c) (a+b+c)?
1 N 1 '

(2b+a)(2c+a) (a+b+c)?
Cong theo vé cac BDT trén lai vai nhau ta duge BDT can chang minh.
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2.8.  Sir dung dinh li Viét

Day la mot trong nhitng phirong phdp chirng minh bdt dang thire rdt hay
VA rdt manh gitip nguoi chirng minh O thé c6 thé sir dung mét cdch c6 hiéu
qua va tiét kiém thdt nhiéu thoi gian cho viéc chitng minh. Sau ddy la mét sé

Vi du gitip chiing ta cé thé thdy dwoc sitc manh ciia phirong phdp nay.

Vi du 1: Cho cac sé thuc x,y,z khdc 0 va thoa man cac diéu kién
X + Yy +z =xyz,x* = yz. Chitng minh rang: x* >3

Loi giai:

D& thay
{ y+z = x3 - x
yz=x?2
Vay y,z la nghniém cua phuong trinh: u? + (x—x*)u+x*>=0
Tacod: A=x*((1-x%)*-4)
Bai vi (1) ¢6 nghiém khi va chi khi A>0, do X=0, nén tir (2) suy ra
(1-x*) 420 (1-x) 24
< 1- x> >2hodcl- x* <-2

D& thay 1-x* > 2v6 nghiém, do do ta co
1- x* <-2 < x* >3(dpem)

Vi du 2: CAc S6 thiee x,y,z thod man diéu kién x +y +z =5 va
yz + xz +xy =8. Churng minh rang:

;
1< Xxy,z <—
y 3

Loi giai:
Tir céc diéu kién bai toan ta co:
{ y+z=5-x
yz=8-x(5-x)
Dan dén y,z 1a nghniém ctia phuong trinh:

u’+(x-5) u + x2-5x +8 =0
Bai vi phuong trinh trén c6 nghiém, nghia la:
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A>0
& (5-x)" —4(x* ~5x+8) >0

<:>13xsZ
3

Vai tro x,y,z nhu nhau nén ta cling c6

1<y,z< % (dpcm)

Vi du 3: Gia sirx,, x, 1a nghiém cua phuwong trinh x>+ kx + a=0 (a = 0).
Tim tdt cd cdc gid tri ciia k @é cé bat dang thire:

[ﬁj3+[ﬁj3§52(a,keR)
X, ) \%

Loi giai:

Ta xét a trong 2 truong hop:

* Néu a<0 thi A =k” —4a > 0vdi moi k. Khi d6 phuong trinh da cho ludn c6
hai nghiém khac nhau va khac dau. Di¢u d6 dan dén bat dang thirc dd cho
dﬁng voimoikeR.

*Néu a>0

Tacd x>+ y° = (x+ y)(X* —xy + y?)

Ap dung cong thirc trén ta co

e

2 2 2 2
-2
nhung (ﬁ ; ﬁ] = K (Xt x) —2x%, :[k— _ 2]( Theo dinh 1i Viét)
X2 Xl X1X2 XJ.XZ a
Do d6
2
[ﬁjl[ﬁf: k_2_2 k_2_2 _3
X, X a a
2
dat —=t, Ta co:
a
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(t-2)((t-2)" -3)<52

o (t-6)(12+9)< 0

Ta thay t?+ 9>0 véi moi t,do d6 t-6<0, hay
2

K 6< 0

a

< k* < 6a(do a>0)

o -/6a <k<+/6a

Vay véi
a<0
keR
Hoac
a>0

_Jea<k<6a
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2.9. Baitap: ,
Bai 1: Cho AABCbat ky. CMR :
a’ +b?+c? ’ - a’h’c?
cot A+cotB +cotC

tan A tan B tan ¢
2 2 2

Bai2: Cho AABChdt ky. CMR :
R+r2> 4\/§\/§

Bai 3: Cho AABCnhon. CMR :

CoS2A+cos2B +cos2C > —%

Bai4:  Cho x,y,z >0 Chitng minh rang:

\/x2+xy+ Y2 X 4+ xz + 22 +\/y2+yz+z2 2\/§(x+ y+2)

Bai5: Tim GTNN cuza ham So”'y=\/x2 —2px+2p° +\/x2 —20x+29° (p#q)

Bai 6: Chitng minh rang:
Jm? +n? +\/p2+q2 2\/(m+ p)2+(n+q)2 vm,n, p,qeR

Bai7: _Chitng minh bdt dang thirc sau:
1 1
1+ —+K +—=>4/n n=2,3,K 1
Bai 8: Chtng minh (x+ y)? > 2x4/5 —5y2 + 4y+/5 —6,Vx, y.(*)

Bai9:  (dé thi HSG tinh)Cho a;>0; i =1, 2, 3, 4 CMR:
a, +a, +a2 +a, N a, +a, +a4 +a, >4 (1)
a,+a, a,+a, a;+a, a,+a

Bai 10: Cho a,b,c,d 14 4 6 dwrong.chitng minh:

a+b+c+d22_(1)
b+c c+d d+a a+b
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Bai 11: Cho a,b,c >0. Chitng minh rang :
a b ¢ _1 1 1
——F—> 4+
bc ac ab a b ¢
Bai 12: Cho a,b,c =0 chitng minh:
a+3c c+3a 4h 6

+ + >
a+b b+c c+3a

Bai 13:  Gid sirx,, x, 1a nghiém ciia phwong trinh 2+ 2kx + 4 =0. Tim tdt
Cd cdc gid tri k sao cho ¢6 bt dang thire:

2 2
(] =
% X
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Chuong 3 :

Ap dung vao mét sé van dé khac

“C0 hoc thi phai ¢6 hanh”

Sau khi d& xem xét cac bt dang thue cung cac phuong phap chimg minh
thi ta phai biét van dung nhirng két qua d6 Vao cac van dé khac.

Trong cac chuong trudce ta co cac vi du vé bat dang thuc luong giac ma
dau bang thuong xay ra o truong hop dic biét : tam gidc déu, can hay vuong

..Vi thé lai phat sinh ra mot dang bai méi : dinh tinh tam giac dua vao diéu
kle_:n cho trudc.

Mt khac v6i nhitng két qua cua cac chuong trude ta ciing c¢6 thé dan dén
dang toan tim cyc tri lugng gidc nho bat dang thic. Dang bai nay rét hay :
két qua duoc “gidu” di, bat budc ngudi 1am phai tw “mo mam” di tim dap an
cho riéng minh. Cong viéc do that tha vi ! Va tat nhién mudn giai quyét tot
van dé nay thi ta can c6 mot “von” bat dang thic “kha kha”.

Bay gio chiing ta s& cling Kiém tra hiéu qua cua cac bat dang thirc lugng
giac trong chuong 3 : “Ap dung vao mot s6 van dé khac”

Muc luc :
3.1.  Dinh tinh tam giac
3.1.1. Tam giac déu
3.1.2. Tam gi4c can
3.1.3. Tam giac vubng
3.2.  Van dung bat dang thirc vao giai toan
3.3. Baitap
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3.1. Dinh tinh tam giac :

3.1.1. Tam giac déu :

Tam giac déu cd thé ndi 1a tam giac dep nhdt trong cac hinh ma ta Jda
biét. O né ta co dwoc su dong nhdt giira cac tinh chdt cia cac dwong cao,
dwong trung tuyén, dwong phan giac, tam ngoaqi tiép, tdm néi tiép, tam bang
tiép tam giac ... VA cac dir kién dé lai ciing tring hop véi diéu kién xdy ra
ddu bang ¢ cdc bdt dang thirc liwong gide doi xing trong tam giac. Do d6
sau khi gidi dwroc céc bdt dang thire lwong gide thi ta can phdi nghi dén viéc

van dung no tré thanh mét phwong phap khi nhdn dang tam giac déu.

Vidu 1.

CMR AABC déu khi théa: m_ +m, +m, =%R

Loi gidi -
Theo BCStaco:
(m, +m, +m_)’ (ma +m,” +m, )
< (m, +mb+m) %a +b? +c?)

m,+m,+m. ) <9R ?(sin? A+sin®B +sin?C
b

-bl@

ma : sin? A+sin?B+sin?C <

= (m, +m, +m_ )’ <9R’. 9_8g
4 4

9
=m,+m,+m,<—R
2

Pang thire xay ra khi va chi khi AABC déu = dpem.

Vi du 2.
CMR néu théa sin gsm S ﬂ thi AABC déu.
Loi giai :
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Taco:
A+B A-B A-B

@Sa+b:2R(Sin A+sinB) 2R2sin , 05T, oS - 1

4c 8¢ 2R.8sinC 2R.8.2sin Cz:cos;: gsin " 8oos "+ B
1

A+B
8cos *

. A . B
= SIn—SIn — <

A+B . A . B
< 8cos smzsngl

A+B A-B
< 4cos 5 Cos 5 —COS

2
+B A+B A—

<:>4cos2A —4cos 5 cos +1>0

A+B A-BY . ,A-B
< | 2cos —CO0S +sin >0
2 2 2

= dpcm.

Vi du 3.
CMR AABC déu khi né théa: 2(h, +h, +h, )=(a+b+ch/3
Loi gidi :

Piéu kién dé bai twong duong voi :
rrr
22p| —+—+—|=(a+b+ch/3
p[a . Cj ( N3
r r 3

+—t+—=—
b ¢ 2
1 1 1 @

g + + =
Coté+cotE COtE+C0tE COtE+C0té 2
2 2 2 2 2 2

Mat khac ta co :

r
Q_
a

1

SR —— -E[tanéﬂanEJ
coté+cotE 4 coté cotE 4 2 2
2 2 2 2

Tuong ty :
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=)
cot—+cot—
2 2

e
cot—+cot— 4

1 1 1 1 A B C
j— A + B C + C <— tanz'i‘tanz'i‘tanz
cot—+cot— cot—+cot— cot— +cot—
2 2 2 2 2
:ﬁgi tan2 +tan B 4 tan & @tanéthanEthanEz\@
2 2 2 2 2 2 2 2
= dpcm.
Vidu4.
R NCEAR X
CMR neu thoa S =3Rr7 thi AABC deéu.
Loi giai :
Taco:

S =2R?sin Asin Bsin C = 2R?.2.2.2.sin ?sin %sin EcosécosEcosg

=4Rsin Asin Esin 94R cosé cosEcosg =r4R cosé cosEcosE
2 2 2 2 2 2

3J/3 33

<r4R——=——Rr
8 2

= dpcm.
Vidu 5.
CMR AABC déu khi né théa m.m,m_ = pS
Loi gidi

Taco:
m,’” = %(sz +2¢% —a?)= %(b2 +¢? +2bccos A)z %bc(l+ cos A) = bc cos? %
ma :
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2 2 2 2 2 2

cosAzbJrc—_a:ZCOSZA—lz—b +c —a

2bc 2 2he

2 2 2 2 2
:COSZA:b +c?-a +2bc:(b+c) —a’ _ p(p-a)

4hc 4hc bc
=>m, 2 p(p—a
Tuong ty :

me\/p(p—b)
mc2 p(p—C
= m,m,m, > p,/p(p—a)p-b)p-c)=ps

= dpcm.

3.1.2. Tamgiaccan:

Sau tam giac deu thi tam giac can ciing dep khong kém. Va ¢ day thi
ching ta sé xét nhiing bat dang thiec cé dau bang xay ra khi hai bién bang
nhau va khac bién thir ba. Viidy A=B=7;C - 2?” Vi thé né khé hon trieong
hop xéc dinh tam giac deu.

Vidu 1.

CMR AABC can khi nd théa diéu kién tan? A+ tan? B = 2tan? A+B va nhon.
Loi gidi :

Taco: tanAstanB sin(A+B) 2sin(A+B) 2sin C

cosAcosB  cos(A+B)+cos(A—B) cos(A—B)-cosC
Vi cos(A-B)<1= cos(A-B)-cosC <1-cosC = ZsinZ%

4sin 9cosE
2sinC S 2sinC 2 2 C A+B

> = =2cot— =2tan
cos(A—B)—cosC Zsinzz 2sin? © 2

= tan A+tan B > 2tan A+B

2
= 2(tan2 A+ tan? B)S tan? A+tan’? B +2tan AtanB
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< (tanA-tanB)’ <0
S tanA=tanB

< A=B
= dpcm.

Vidu 2.

CMR AABC can khi théa h, =+be cosg

Loi gidi :
Trong moi tam gidc ta lubncd : h, <I, _2be oA
b+c 2
\ 2bc _ bc
ma b+c>2vbc = ———<— =.lbc
b+c b
= 2 oA < Jbccos A = h, < Jbe cos 2
b+tc 2 2 2

Pang thic xay ra khi AABC can = dpem.

Vi du 3.
CMR néu théa r+r, = 4Rsing thi AABC can.
Loi giai :

Taco:
. B
Sin —

r+r, :(p_b)tan%Jr ptan%:(Zp—b)tangz(aJrc)tan%: 2R(sin A+sinC)
cos—
2

. B . B
sin — sin —
= 4Rsin AJZFC cosA_C : ZB =4Rcos%cos —C 2 =4RsingcosA_

2 COS— COS—
2

¢ < 4RsinE
2

=r+r, < 4Rsin% Pang thirc xay ra khi AABC can = dpem.
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Vidu4.
CMR néu s =%(a2 +b?) thi AABC can.
Léi gidi :
TacO: a’+b*< 2ab:>%(a2 +b2)2%ab2%absinc =S

= %(a2 +b?)> S = AABC cn néu thoa didu kién d& bai.
Vidu 5.
CMR AABC céan khi thoa 2cos A+ cosB +cosC =%

Loi giai :

Taco:

2cosA+cosB +cosC = 2(1—23in2§J+2cos BJZFC cos B;C

B-C

Zé+23inécos —
2 2

= —4sin

1
4
A1 B-cY 1.,B-C
=—| 2s8In — —=CO0S —=—sin
2 2 2 2
Pang thie xay ra khi B = C = dpem.

A 1 B-CY 1 _,B-C 1 9
=—| 2sin ———Cos +—C08" ————+—
2 2 4 4

9
+_

4 2 4 2
ZB

+2§2
4 4
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3.1.3. Tam giac vudng :

Cuogi cling ta xét d@én tam giac vudng, dai dién kho tinh nhdt cia tam giac
doi véi bat dang thirc lwong gidc. Duong nhw khi nhdn dién tam giac vudng,
phirong phap bién doi twong dwong céc dang thirc 12 duwoc dlng hon ca. Va
ta hiém khi gdp bai todn nhdn dién tam gidc vubng ma cdan ding dén bdt
dang thare long giac.

Vidu 1.
CMR AABC vu0ng khi théa 3cosB + 6sin C + 4sin B +8cosC =15
Loi gidi :
Theo Bunhiacopxki ta c0 :
{3cos B+4sin B <,/(3° + 42 cos’ B+sin® B) =5

6sin C +8cosC < /(6% +82 Jsin? C +cos?C) =10

= 3C0Ss Bq+ 4sin B+6sinC +8cosC <15
bang thuc xay ra khi va chi khi :

cosB sinB tanB—f
3cosB+4sinB=5 3 4 3 s
. = = s tanB=cotC < B+C=—
6sin C +8cosC =10 sinC cosC 4 2
T: COtC=§

= dpcm.
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3.2. Vén dung bat ding thirc vao gii toan

Vdn dung bat dang thirc vao gidi todn 1a mét trong nhitng phwong phap téi
wu dé giai nhitng bai todn héc bia. Doi khi mot bai toa dé nhung chiing ta
khong biét vin dung ding lic sé gdy khé khan. Vi vdy van dung bdt dang
thize vao gidi todan la Mot phuirong phdp chiing ta can biét téi. Pé thdy dwoc
diéu do ta sé c6 mét s6 vi dy sau:

\{i du 1: Cho a, b, ¢ 1a 56 do d6 dai cac canh ciia mét tam gidc thod man
dieu kién:
(a+b)(b+c)(c+a) = 8abc

Chitng minh rang a, b, ¢ 14 C&C Canh ciia mot tam gidc déu.
Giai:

*Via, b, ¢ la cac canh cua mdt tam giac nén ta luén co:
a+b>2yab
b+c>2+be
a+c>2yac

*Vi a+h>0, b+c>0, c+a>0 va C4c s6 & vé phai déu khong m nén ta c6 thé
VIEL:
(a+b)(b+c)(c+a)>8Va’b?c? =8abc.
Déu dang thirc xay ra khi va chi khi: a=b=c.
Tir d6 ta c6 diéu phai chimg minh.

Vidu 2:
Tim phdn nguyén ciia sé thic sau:

A= \/x2 + \/4x2 +16X2 +8X+3  V&i x 14 S0 nguyén diong.

Giai:

Vo1 x>0, ta co:
(4x+1)%<16X°+8x+3<(4x+2)°

Suy ra tiép:

(2x +1)% < 4x* +16X? +8x+3 < (2x +2)%.

Tu d6 ta co thé viét:

T6 4.vip.pro.friendly — 16p 10 Tosn 71



Truong THPT chuyén L& Quy Pon Chuyén dé Bat ding thirc

x+1:\/x2 +\/4x2 + /16 X% +8X+3 < X+ 2
X+1<A<x+2.
Theo dinh nghia vé phan nguyén cua sb A ta ¢ [A]l=x+1.

Vi du 3:

Tim tdt cd cdc nghiém nguyén diong ciia phirong trinh:
1 1 1
1.1, 1
el @

Giai:

Khéng mat tinh tong quat, ta gia st x>y>7.
Sau khi tim duoc ba sé nguyén duong thoa méan (1) ta hodn vi bo ba sd d6
s€ dugc cac nghiém khéc.
*Theo gia thiét, theo diéu gia st ta co:
2 = i + 1 + E < g
X y z 1
2z < 3 ma z nguyén duong, vay z=1.
*Thay z=1 vao (1), ta dugc:
i + i =1
Xy
Theo gia str x>y nén co:
1,12
Xy y
= y<2, mat khac y nguyén duong, bdi vay y=2 hoac y=1.

Gia tri y=1 khong thich hop, con vdi y=2 ta cso x=2.
Thir lai %+%+1: 2 thoa man ().
Vay (2, 2, 1) 1a mot nghiém ctia phuong trinh.,

*Phuong trinh (1) ¢d cac nghiém 1a bo ba sb sau:
(2,2,1);(2,1,2);(1, 2,2).

Vi du 4:
Tim céc cap s6 nguyén (x,y) théa man phuong trinh:
X++/x =y 1)
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Giai:

*V6i x=0, y=0 ta dugc mot nghiém thoa mén phuong trinh (1).
*Ta tim duoc cac nghiém nguyén duong thoa mén (1) vi x<0, y<0 phuong
trinh (1) khéng cé nghia.

Binh phuong hai vé ta dugc: x++/x = y?
Jx =y?—x ciing 1a s6 nguyén duong.
Pit +/x =k (k nguyén duong).
Kk +1) = y?
Nhung k? < k(k +1) < 9k +1)*
Suyra: k?<y?<(k+1)° o< k<y<k+1vik>0, y>0.

Nhung giita hai s6 nguyen duong lién tiép khong ton tai sé nguyén dquong
nao ca. khong c6 cap so nguyén duong nao thao méan (1).
Vay phuong trinh (1) ¢6 nghiém x=0, y=0.
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3.3. Baitap:

Bai 1: CMR AABC déu néu né théa mét trong cac dang thic sau
a. cosAcosB +cosBcosC +cosCcosA= %

b. sin2A+sin2B +sin2C =sin A+sin B +sin C

_1 +_1 +_1 =£+EtanAtanBtanC
sin2A sin2B sin2C 2

a’+b*+c’ . a’b’c?
cot A+cotB+cotC

tan A tan B tan ¢
2 2 2

Bai 2: Gidi phuong trinh:
[3 + 4x} _6x—4
6 5
Bai 3: Chutng minh rang voi moi sé tw nhién ta lubn co:
[\/ﬁ+\/n +1J= [J4n+2J

Bai 4: Tim nam s6 thuc dwong sao cho méi sé bang binh phuong ciia tong
bon so con lai.
Bai 5: Cho tam giac ABC. O mién trong tam gidc 0 diém M. Cac duong
thang AM, BM va pl\/l Cdt cac canh cua tam gidac lan luot tai cac diem A,
B1, C; thoa man diéu kién:

Chitng minh rang M 1a trong tam tam gidc ABC.
Bai 6:  Cho ti gidc ABCD c¢6 dién tich S, hai dwong chéo AC va BD cat
nhau tai O.

Goi s1, S, lan lirgt 14 dién tich tam giac AOB va tam giac COD.

Ching minh rang AB//CD khi va chi khi \[s, +/s, =+/S.

Bai 7: Cho tam giac ABC. Mt duong thing song song véi canh BC cdat AB
tai D, cat AC tai E. Chung minh rdng véi moi diém P trén canh BC ta ludn
c6 dién tich tam giac PDE khong lon hon % dién tich tam giac ABC. Duong
thang DE ¢ vi tri ndo thi tam giac PDE dat gid tri I6n nhat?

Bai 8: Cho hinh binh hanh ABCD va P 1 diém nao dé ¢ mién trong hinh
binh hanh. Qua P ké hai dwong thing song song véi cdc canh ciia hinh binh
hanh, ta phdn chia dwoc hinh binh hanh ABCD thanh bén Ainh binh hanh
khong c6 diém chung.Chitng minh rdang mét trong hai hinh binh hanh véi
dwong chéo la AP hodc CP c6 dién tich khong lon hon Y dién tich hinh binh
hanh ABCD.
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Bai 9: Gidi phuong trinh:  3* +4* =5* (1) trong tdp sé nguyén.
Bai 10: Gidi phwong trinh: x4 +/6—x = x> —10x + 27.
Bai 11: Gidi hé phirong trinh Véi x, y, z 14 Cac $6 dwong:

Bai 12:

x?-y=1
yi-z=1
22 —x=1

Gidi cdc phwong trinh:

a) x>+4x—164/2x+20=0
b) x* +x2 +242x+2=0.

Bai 13:

Bai 14:

Gidi phurong trinh:

2x°2

1+2x2 y @
2y?

1+2y? = @)
222

14222 X ®)

Gidi phurong trinh:

N-x? +41+x% +41—-x =3.
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Chuong 4 :

Mot s6 chuyén dé bai viét hay,
tha vi lién quan den bat dang thirc

Plng nhu tén goi cia minh, chuong ndy s& bao gom céc bai viét chuyén
dé vé bat dang thuc. Tac gia cua chiing déu 1a cac gido vién, hoc sinh gidi
toan ma tac gia danh gié rat cao. Noi dung cua cac bai viét chuyén dé déu dé
hiéu va mach lac. Ching ta c6 thé tham khao nhiéu kién thuc bo ich tur
chdng. Vi khudn khé chuy@n dé nén chi tap hop dugc mot sé bai viét that su
la hay va tha vi :

Muc luc :
4.1. Vé mot bat dang thirc c6 nhidu cach chirg minh
4.2. Ung dung cua dai sd vao viéc phat hién va chimg minh bat dang
thire trong tam giac
4.3. Thir tré vé cdi ngudn ctia mon Luong giac
4.4, Tir mot bai toan quen thudc vé bit dang thirc
4.5. Nhirng bai toan khéng thudc dang thong thuong.
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4.1. V& mot bat ding thirc c6 nhiéu cach chirng minh

Bai viét nay gigi thiéu cac phuong phap chirng minh mot bat ding thirc.
Noi dung bai toan can giai nhu sau:
“Céc sb a,b,c,d thda man cac dang thirc a’+b’=1,c? +d? =1. Ching minh
rang |ac-bd|< 17

4.1.1. Phirong phdp bién doi trong dirong

Tacd: Jac-bd|[<1 (1)
< (ac-bd)’<1
< a’c’-2abcd +b’d*<I
& a?(1-d?)” - 2abed +b? (1-¢?)°<1
< a’-a’d”-2abcd + b’ -b*c*<I
< -a’d?-2abcd - b*c*<0
& (ad +bc)*>0 )
D& thiy (2) dung, bai vay (1) dung

4.1.2. Phirong phdp tong hop

Xuit phat tir bat dang thirc can ching minh, ta c6:

-bd <1
lac-bd|< 1 1% bd
ac—bhd >-1

2ac—-2hd <2
IS
2ac—2hd > -2

Tir d6 dé y dén cac bat dang thic
(a—c)2 +(b+d)2 >0
(a+c)2 +(b—d)2 >0
Pén day ta c6
(a-c)’ +(b+d)’>0 [(a®+b*)+(c®+d?)=2ac—2bd
(a+c) +(b—d)" >0 (a2+b2)+(cz+d2)22bd—2ac
2>2ac-2hbd ac—bd <1
o o
2>2bd - 2ac ac—bd >-1
< lac—hd| <1
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4.1.3. Phwong phap phan ching

Gia str [ac—hd|>1, nghia la
ac—hd>1
{ac—bd<—1

2(ac—bd)>(a® +b?)+(c? +d?)

2(ac—bd)<—(a® +b* +c* +d?)

(a—c) +(b+d)’ <

_(a+c) +(b—d) <0

Diéu ndy khong xay ra. Vay ta co:
lac-bd|< 1

=

4.1.4. Phirong phap dung bdt dang thire quen thudc

Ap dung bat dang thic [x - y|<|x|+|y| ta co:
|ac - bd| <|ac| +|bd| = v/a’c® ++/b*d” (1)

Mit khac, ap dung bat dang thire Cosi ddi voi cac cap sb a?va c?,b?vad?,
ta co:

2 2 2 2
a’+c¢c +b ;d > /_a202+ ’—bzdz

2
2 2 2 2
= a*b ;C +d >y/a’c® ++/b*d?
o 1>4/a’c? +/b’d*  (2)

Tu (1) va (2) suy ra Jac-bd|< 1 (dpcm)

4.1.5. Phuong phap danh gia

Trong truong hop ndy, tir diéu kién cho trudc cia bai toan, théng qua
viéc bien doi dong nhat , ta co:
1=(a” +b?*)(c® +d*)=a’c’ +a’d’* +b’c’ +b’d’
= (ac)2 — 2abed +(bd)2 +(ad)2 + 2abcd +(bc)2
=(ac—hd )2 +(ad + bc)2
D& thay
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(ac—bd)” +(ad +bc)’ > (ac —bd )’
(ac—bd)* +(ad +bc)’ > (ad +bc)’
Nghia la 1>(ac-bd)* < |ac—bd| <1

4.1.6. Phuong phap dung tich vo huwong cua hai vecto

pit  x=(a:-b)

y=(c;d)
(Diéu nay xuat phat tir hai dang thic cho trudc)

Gia str qwla goc xen gitra hai vecto X, Y.
Taco Xy = ac - bd
‘%;‘ =lac-bd|

Mat ke [i3] =|X[yllcosal <[}
(vi ‘;‘HW = J(a% +b?)(c? +d?)va |cosal<1)
Nghiia 1a [ac-bd| = |x.y|<[x|[y| = 1

4.1.7. Phuwong phap luong giac

Trén dudng tron lugng gidc, ta lay hai diém A(ab) , b(c;d). Ta ki hie::u
a, B la goc lap boi ban kinh OA va OB (O la goc toa d0) voi truc Ox (chi€u
duong). Khi do:
a=cosa, b=sina
C=Cosf, d=sin g
D& thdy |ac - bd| = [cosacosp-sinasing]| = |cos (a+p)| <1
Nghia 1a |ac-bd|< 1

Déi diéu két ludn: Bai toan trén day khong xa la, nhung cach giai bai toan

lai r4t phong phu. Ciing c6 thé noi cac cach giai ty nhién, dé hiéu va tong
hop dugc nhiéu kién thirc vé bat dang thuec.
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4.2. Ung dung ciia dai sé vao viéc phat hién va chieng minh bat dang
thac trong tam giac

1/ Chiing ta di tir bai todn dai sé sau: \6i v x e (0,%) ta ludn co:

X X _2X _ .
—<tg—<—<sinx < X.
2 2 =«
. . , . A 12 , . 2X a . X 2X
Chitng minh: Ta chirng minh 2 bat dang thirc: sinx>~—= va tg <
T T

bat f(x) =£sin x 12 ham sb xac dinh va lién tuc trong (0%} :
X

Ta co: f'(x)=w. Datg(x) = xcos x-sin x  trong (0%} khi do
X

g9'(x)=—xsinx<0=> g(x) nghich bién trong doan [0%} nén g(x)<g(0)=0
Véi xE(o,%] Do d6 f'(x)<0Véi VXE(O,%} suy raf(x)>f[%j=E hay
T

sin x>2 Vé’iVXe(O,zj.
s 2

bat h(x) =£tgx xac dinh va lién tuc trén(o,%} :
X

X—Sin x

Ta ¢6 h(x)= -0 VXE(O,%) nén ham sé h(x) déng bién, do

2x2c08? X
2
doh(x)<h Xz hay tg§<2 Véi VXE(O,EJ.
2 2 2 2
Con 2 bat dang thic tg % >§ va sinx < x danh cho ban doc tu chirng minh.

Bay gi¢o' mdi Ia phdn ddng chii :

Xét 44BC: BC=a, BC=b, AC =b. Goi A, B, C 14 d6 16n cac goc bang
radian; r, R, p, S lan luot 1a ban kinh duong tron noi tiép, ban kinh duong
tron ngoai tiép, ntra chu vi va dién tich tam giac; l,, hy, m,, ra, tuong Gng 1a
d6 dai dudng phan giac, duong cao, dudng trung tuyén va ban kinh duong
tron bang tiép tng voi dinh A...
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Bai todn 1: Chang minh rang trong tam giac ABC nhon ta luon cé:
PT _ Acos?x+ Bcos?B + Coos?C < 2

4R R

Nhan xét:

Tor dinh 1i ham sO0 sin quen thudc trong tam giac ta co:

sin A+sin B +sin Bzg va bai toan dai sb ta dé dang dua ra bién ddi sau

Acos’A< 2tg§coszA=sin A<iAcoszA, tir 6 dua dén 101 giai nhu sau.
T
Loi giai:
Ta cO: Acos’A< 2tg écoszA _sin A< Acos?A = > Acos’A<) sinA =§
T

va —ZAcos A>’sin A——:ZACOS A>PE e . Tu day suy ra dpem.

Trong mot tam giac ta c6 nhan xét sau: tg —tg —+tg —tg E+tg Etg g =1 két

hop voi tg§<§ nén ta CéZ—A§+§£+£2—A tgéth+tg—th+thtgé:
2 T T T T T 22

2
- A.B+B.C+C.A>”— (1). Mat khac tgi >§ nén ta ciing d& dang c6

B BC CA C C

-+ == —t— t—t— t—t——ltuda ta lai co
> + 55 + ) 9g—-tg— + 919~ + g-1g y
B+BC+C.A<4 (2). Tu(l)va (2) ta co bal toan méi.

Bai toan 2: Chirng minh rang trong tam giac ABC nhon ta luén co:

2

ﬂT< AB+BC+C.A<4

A
2
A

Luwu y: Khi ding cach nay dé sang tao bai toan méi thi dé toan 12 AABC
phai 12 nhon vi trong bai toan dai s thi vxe (0%} Loi giai bai toan tuong

tr nhu nhan xét & trén. Mat khac, 4p dung bat dang thic

2 2
o A+B 2
(84D i ta c6 ngay aB+BCrcAcATBFC) 7 oy

ab+bc+cac<
3 3

day ta c6 bai toan “chat” hon va “dep” hon:
2 2

% (AB+BC+C.A<
4 3 9
Bay gio ta thir di tir cong thic Iy, hy, m,, ra dé tim ra cac cong thirc mai.

Trong AABC ta lubn c0:2S = besin A = cl, sin? + bl sin?
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1 b+c >b+c 1(1 1)
b ¢

- — =
| 2bc

a 2bccosé
2

1
:>|_

1 1 1 11 1( 1 1 1 j
P> S T > | —
l, 1. a b ¢ 2R{sinA sinB sinC
1 1 1 1 1 j
L1ty
L 2RIA B

Nhu vy chung ta co Bai toan 3.

Bai toan 3: Chirng minh rang trong tam giac ABC nhon ta luon co:

1 1 1 1(1 1 1)
o TR [ S S
L 1, 1. 2RLA B 'C
2R(sinB+sinC) « Nz .
Mait khac, ta lai co be__brc _ ( ).Ap dung bai toan dai
I 2 A T A
a COS— 2sin| ———
2 2 2
s6 ta duoc:
R2 B+C
R(B R(B+C 4R(B+C
T—A I, T A B+C I 7r(B+C) |a T
2 2
ab 4R ca
Hoan toan tuong tu ta co: nR>I—>— vazR > |—>— Tu day, cong 3
c T b T

chudi bat dang thic ta duoc:
Bai toan 4: Ching minh rang trong tam gidc ABC nhon ta luon co:
12R 12R _ab ab L be bc ca_s n

7 Ic a b

n _h : sinB="e D vy

Trong tam gi4c ta cO két qua sinA=—
c b a ¢

sincz%‘zﬂ, ma tr két qua cua bai toan dai sé ta d& dang co
a

. . . R . . . 1 1
2<sinA+sinB+sinC <7, ma 2(sin A+sin B+Smc)=ha(6+€j

+h [1 1j+hC (£+£j , tir day ta co6 duoc Bai todn 5.
C a a b
Bai todn 5: Chung minh rang trong tam giac ABC nhon ta luon cé:
4<h, (1 1j+hb (1+£j+hC (£+£j<2ﬂ
b c cC a a b
Ta xét tiép bai todn sau:
Bai toan 6: Chirng minh rang trong tam giac nhon ta luén co:

4 m? +m?+m?
(A2 4B 4C?) < T e

R’ <A?+B*+C?
T
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2 2 2
22 wdoa

Nhéan xét:Lién hé¢ voi m? trong tam gidc ta cO m? =
suy ra m?+m?+m? =%(a2+b2+cz)=3R2(sin2 A+sin?B+sin’C)va tir dua dén
lo1 giai.

Loi giai:

A <. . . X ax* A
Ap dung bai toian dai s0 ta duogc:—-<sin’x<x’ ta lan luot

T
2 2
Cé:%<sin2A<A2, £<sin2 B<B? va 4C2
T - i T , T
Cong 3 chuoi bat dang thure trén ta dugc:

(A2+BZ+C2)<Sin2A+sinzB+sin2C<A2+BZ+C2, ma ta co:

2

<sin’C < C?.

4

z?

me +nf +m;
3R?

<A’ +B*+C? (dpcm).

mZ +m; +m? =3R’(sin® A+sin’ B+sinC’) < =(sin® A+sin’ B+sin’C), tir

m? +m? +m?
V3R2‘7
Bay gio ta thir sang tao mot bat dang thire lién quan toi r,, ta co cong

day ta duoc: iz(A2 +B*+C?)<
T

thire tinh ry 12 r, = ptg?, tir bai toan dai sd §<tg§<2 chic chén ta dé

T
dang tim thay AL 2A , tuong tu ta cling co BL 2B, E<r—a<£,
2 p 2 p 2 p =

cong 3 chudi bat
A+B+C _r+n+r _ 2(A+B+C)
p w

dang thic ta thu duoc va ta thu duoc Bai

toan 7.
Bai todn 7: Chang minh rang trong tam giac ABC nhon ta ludn co:
A+B+C r+G+1 2(A+B+C)
2 p V4
Ta tim hiéu bai toan sau:
Bai todn 8: Chung minh rang trong tam giac ABC nhon ta luén cé:
m(2R-r)<aA+bB+cC <4(2R-r)

Nhan xét: Ta c6 cac két qua: r, = ptgg, = ptg%, = ptg%, r:(p—a)tggz
=(p—b)tg%=(p—c)tg% dan dén r, = r+atg§, = r+btg%, r = r+ctg% va
r+r +r. =4R+r(Cac két qua ndy ban doc tu ching minh), tir d6 ta suy ra
AR+r=3r+ ptg§+ ptg§+ ptg? va nho két qua nay ta dé dang danh gia tong
aA+bB+cC tir bai toan dai sé nén ta dé co 101 giai nhu sau.

Loi giai:
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‘. A B C A B C
Ta co: ra:pth, rb:pth, rc:pth, r:(p—a)th:(p—b)th:(p—c)th,

tr d6 din dén ra:r+atg§, rb:r+btg%, rc:r+ctg%. Ma ta lai co:

r,+rn+r,=4R+r Suy ra 4R+r=3r+ ptg§+ ptg§+ ptgg. Ap dung bai toan dai
s6 ta duoc:

®4R+r=3r+ ptg§+ ptg§+ ptg§<3r+§(aA+bB+cC)
< n(2R-r)<aA+bB+cC

®4R+r=3r+ ptg§+ ptg§+ ptg§>3r+%(aA+bB+cC)

< 4(2R-r)>aA+bB+cC

Két hop 2 diéu trén ta c6 diéu phai chimg minh.

Sau day la cac bai toan duoc hinh thanh tir cac cong thire quen thudc dé
cac ban luyén tap:

Bai to4an: Ching minh rang trong tam giac ABC nhon ta ludn co:

a/ 2rp-8(R+r)<aA+bB+cC <2zp—27(R+r).

b/ 22 <(p-a)(p-b)+(p-b)(p-c)+(p-c)(p-a)<2S.

c/ abc<a2(p—a)+b2(p—b)+cz(p—c)<%abc.

d/ 4<Ia(1+lj+lb(l+ij+l{i+lj<27z.
b c cC a a b

2/Chung ta xét ham: f(x):si% Vi vxe(0,r).

Ta c6f(x) la ham sé xac dinh va lién tyc trong (0,7) VA
- SINX-XCcosx
fr(x)= XD
(X) ‘ SinZZ(
g(x)dong bieén trong doan (0,7) =g(x)>g(0)=0= f'(x)>0 nén ham
f (x) dong bién .
Chu y 3 bét dang thuc dai sé:
1. Bat dang thirc Cauchy:
Cho n so thuc duong a,,a,,...,a_, ta lubn co:
a, +a, :...+an > Jaa

Dau “="xdyra < a =a,=..=4a,.

n

. bat g(x)=sinx-xcosx, xe(0,7), ta co g'(x)=xsinx>0 =
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2. Bat ding thirc Cauchy-Schwarz:
Cho 2 bd nsb (a,a,,...a,)Va (b,b,,...b,) trong d6 b, >0,i=1n. Ta ludn co:

2
£+£+m+_§2(a1+az+...+an)
b, b, b, b +b,+...+b,

A a
Dau “=" xdyra < 2+ e

b, b

/4
minh bdt ddng thirc ndy danh cho ban doc).

3/ Chang ta xét bdt ddng thirc sau: sinx > 2% V6i v x e[ } (phdn chirng

Theo dinh 1i ham s sin ta co sin A= % va két hop vai bat dang thirc trén

ta duoc —>2—A©3>ﬁ tir 46 ta dé dang suy ra z a 1R
2R 7« A & o0 T
A Z ’ sin X n’-x° re X 2 , A
4/ Bat dang thirc: > = 7 Vo vxe (0,z] (bat dang thirc nay xem
X aitx
nhw bai tip danh cho ban doc).
X a2 A sin x 2x° _ s
Bat dang thuc trén twong duong " >1- 7 & sinx >X— w (1).
n®+
3\f
Trong tam gidc ta cO: sinA+sinB+sinC<—— (2) (ban doc tu ching
minh).Tu (1) va (2) ta thu duoc
33 : A B* c?
—2> > sinA>A+B+C-2 + + =
2 CZyC“ [7[2+A2 n?+B* #n*+C?

& + + >
o+ N P +B* gt+CP 2 4

Mit khac, ap dung bat dang thuc cho 3 géc A, B, C ta thu duogc

33 [ A3 B? o j A B? c sxf

—>r-2 + +
2 T+ A g*+B® n?+C?

; 2 A2 ; 2_g2 | gj 2 (2 A ) L s )
SInA>7[2 Az, SInB>7[2 Bz va sinC >7[2 Cz , COng cac bat dang thuc ta
A r°+A B n°+B C n°+C
; ; ; 2 A2 2 Rp2 2 (2
duogc: SinA_ sinB_ sin€ >7T2 A2+7[2 Bz+ﬂ2 Cz, te day ap dung dinh li
A B C n°+A° n°+B° 7°+C
a b ¢

2 2
ham  s6 sin sinA-—2ta c6ZR, 2R, R.T Az.” Bz.” < hay
2R A B C 7T+A n*+B* 7°+C
.Y
> 2> RY Z A

o0 7wt + A
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4.3. Thir tré' ve ¢di nguon cia mon lwgng giac

“Lugng giac hoc” c6 ngudn gdc tir Hinh hoc. Tuy nhién phan 16n hoc sinh
khi hoc mon Lugng gidc hoc (giai phuong trinh luong giac, ham sé luong
gi4c ...), lai thiy né nhu 13 mot bo phan cua mén Dai s6 hoc, hodc nhu mot
cong cu dé giai cac bai toan hinh hoc (phan tam giac luong) ma khong thiy
méi lién hé hai chleu gifra cac bo mon ay.

Trong bai viét ndy, ti hy vong phan ndo cd thé cho cac ban mot cach nhin
mé dung hinh hoc dé giai cac bai toan lugng giac.

TI'IIO’C hét, ta iy mot két qua quen thudc trong hinh hoc so cip : “Néu G
la trong tAm tam giac ABC va M [a mot diém tUy y trong mit phang chira
tam giac do thi” :

MG? é(MA2+MBZ+MC) 9(a +b?+c?) (Pinh 1y Lép-nit)

Néu M =0 1a tdm dudng trOn ngoai tiép AABC thi MA? +MB® +MB* = 3R*
nen 4p dung dinh 1y ham s6 sin, ta suy ra

OGzsz—gR (sm A+sin? B+sin2C)

= 0G? =gR2[%—(sin2 A+sin? B +sin’ C)j (1)

Tir dang thirc (1), suy ra
sin® A+sin®B+sin’C S% (2)

Dau dang thirc xay ra khi va chi khi G =0, ttrc 1a khi va chi khi AABC déu.
Nhu vdy, voi mot kién thirc hinh hoc 16p 10 ta da phét hién va Chung minh
duoc bat dang thuc (2). Ngoai ra, hé thirc (1) con cho ta mot “ngudn gbc
hinh hoc” ctia bat dang thirc (2), diéu ma it nguoi nghi dén. Bang cach tuong
tu, ta hdy tinh khoang cach gitra O va truc tdim H cua AABC. Xét truong hop
AABC ¢6 3 gdc nhon. Goi E 1a giao diém cia AH voi duong tron ngoai tiép
AABC. Thé thi

@u0) =OH? —R* = HE.HA

Do d6: OH? =R*— AH.HE (*)

VOl ;
AH = AF AR %A _oRsinc %A _ oRcosA
sinC sin C sinC B\_“ c
va HE = 2HK =2BK cotC = 2ABcosBcotC
cosC E

=2.2RsinCcosB =4RcosBcosC

sinC
Thay vao (*) taco:
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OH? = 8R2[%—cos Acos Bcoscj (3)

Néu ~BAC =90° chang han, thi (3) 12 hién nhién. Gia st AABC ¢6 goc A tu.
Khi d6 ¢, =R*—OH? = HA.HE trong d6 AH =-2RcosA Nnén ta ciing suy
ra (3).

Tur cong thirc (3), tasuy ra :

cos AcosBcosC < % (4) H

(Dau dang thuc xay ra khi va chi khi AABC déy).
Ciing nhu bat dang thirc (2), bat dang thic (4) d&

dugc phat hién va ching minh chi véi kién thirc 16p
10 va c6 mot “ngudn gbe hinh hoc” kha dep. Can A
nhé rang, “xua nay” chua néi dén viéc phat hién, chi
. A . . 4 2 . B

riéng viéc chirng minh cac bat dang thirc do, ngudi <

ta thuong phai dung cac cong thac luong giac U
(chuong trinh luong giac 16p 11) va dinh 1y vé dau

tam thuare bac hai.

C6 duge (1) va (3), ta tiép tuc tién t6i. Ta thir stir dung “dudng thang Ole”.

Néu O, G, H 1a tim duong trdn ngoai tiép, trong tdm va truc tAm AABC thi

O, G, H thang hang va : 0G :%OH . Tur OG? =$OH2.
Tu (1)3) taco:

%—(sin2 A+sin’® B +sin? C)z%(l—ScosAcosBcosC)

hay sin? A+sin?B+sin®C =2+ 2cosAcosBcosC
Thay sin?a bang 1-cos’a vao dang thirc cudi cung, ta duoc két qua quen
thudc :

cos® A+ cos® B +cos” C +2cos AcosBcosC =1 (5)
Chua néi dén viéc phat hién ra (5), chi riéng viéc ching minh da lam “nhirc
6¢” khdng biét bao nhiéu ban tré mgi 1am quen véi luong gidc. Qua mot vai
vi du trén day, han cac ban da thiy vai trd cta hinh hoc trong viéc phat hién
va chirmg minh cac hé thirc “thudn tiy luong giac”. Mit khac, né ciing néu
Ién cho ching ta mot cau hoi : Phai chiang cac hé thurc lugng giac trong mot
tam giac khi nao ciing c6 mot “ngudn gdc hinh hoc” 1am ban duong ? Moi
cac ban giai vai bai tap sau ddy dé cing ¢d niém tin ctia minh.
1. Chung minh rang, trong mot tam gidc ta ¢6 d? = Rz[l—Ssin gsin %sin %j

trong d6 d 1a khoang cach giita duong tron tdm ngoai tiép va noi tiép tam
giac do.

Tir d6 hay suy ra bat ding thic quen thudc tuong Gmg.

T6 4.vip.pro.friendly — 16p 10 Tosn 87



Truong THPT chuyén L& Quy Pon Chuyén dé Bat ding thirc

e 2. Cho AABC. Dung trong mit phang ABC cac diém O, va O, sao cho
cac tam gidc O,AB va 0,AC la nhitng tam giac can dinh O,,0, V&i goc &
day bang 30° va sao cho O, va C ¢ cling mot nira mit phang bd AB, O,
va B ¢ cling mot nira mét phang by AC.

a)  Chang minh :

0,0,° 6(a +b? +¢? —4\/_8)

b)  Suy ra bat dang thtic twong tng :
sin2 A+sin2 B +sin2 C > 2+/3sin Asin BsinC

3. Chung minh rang néu AABC ¢ 3 goc nhon, thi :

sin A+sinB+sinC

cosA+cosB+cosC
4. Cho trr dién OABC c¢6 géc tam dién dinh O ba mit vudng,
OA=0B +0C . Chlrng minh rang :

sin(£OAB + ZOAC) = cos /BAC

(Hay dung phuong phap ghép hinh)
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4.4. Tir mdt bai toan quen thudc vé bat dang thirc

Vé cdc bai toan chitng minh bdt dang thirc chiing ta gdp khd nhiéu. Bdi viét
nay chdng t6i muon dé cdp den mét bat dang thirc quen thudc ‘nhung lai c6
thé sir dung né dé 1am cau néi cho viéc chirng minh cdc bdt dang thire khdc
phite tap hon va noi chung khong don gian.

1. (M4t bét dang thirc quen thudc) ‘
Gid sir a,b,c [a cac so duong. Chitng minh rang:
a b c _3
+ >— *) (BT it
b+c a+c a+b 2 ()¢ Nesbbit)

Giai:
Ta ki hiéu vé trai ctia (*) 12 A va bién d6i nhu sau:
A+3=(a+b+c)( t 1.1 j
a+b a+c b+c
Patu=a+byv=a+ct=b+c,tacéd
A+3:£(u+v+t)[£+l+1j
2 u v t
Bay gio ta bién doi tich:

B:(u+v+t)(£+l+1j=3+(X+Ej+(£+£j+[£+xJ
u v t u v) (u t v ot

Ap dung bit dang thirc Cosi, ta dugc B>9

Tu do suy ra: Azg

D& thiy dang thirc xay ra khi va chikhi: a=b=c.
bén day ta hdy tim cach khai thac bai toan trén.
bé y thay rang néu ta nhan hai vé cta (¥) vdi a+b+c ta co bat dang thuec:

(a+b+c)( a_, b, ¢ j 3(a+b+c)
b+c a+c a+b) 2
a’ b? ¢ _a+b+c
+ + >
b+c a+c_a+b 2 o
Két qua trén dan dén cac phép bién doi bai téa hai nhu sau:

2. Gid sita,b,c 14 C4C SO dwong. Chirng minh rang:
2 2 2
a_ . b L C a+b+c (1)
b+c a+c a+b 2

T6 4.vip.pro.friendly — 16p 10 Tosn 89



Truong THPT chuyén L& Quy Pon Chuyén dé Bat ding thirc
Giai:

Ta thy rang tir vé phai caa (1) néu thém diéu kién abc=1 thi theo bat
dang thirc Cosi ta co:
a+b+c>33abc =3
Khi d6 vé phai ctia (1) bién dbi va tir tinh cht bac ciu cta bat ding thirc
ta cO bai toan 3:

3. Gid sit a,b,c 14 cac so dwong thda man diéu kién abc=1. Chitng minh
rang:

2 2 2
a + b + ¢ ZE (2)
b+c a+c a+b 2

Giai

Nhu vy mudn chimg minh bat dang thirc (2) ta phai xuat phat tir bat ding
thire (*), sau d6 thuc hién hai budc sau ta s€ ¢ khang dinh:
- Budc 1: Nhén hai vé cua (*) voi atb+c va bién doi.
a+b+c _3
>

14 14 14 14 2 2
bén day, néu tir (2)va tur gia thiét ta bien doi theo cac budc:
- Budc 1: Binh phuong hai vé cua (2)

- Budc 2: Ching minh bét dang thirc

- Budc 2: Nhén hai vé ctia bt dang thirc sau budc 1 véi % :

- Bu6c 3: Thay thé cac biéu thirc a’h? a’c?,b’c’ bang cac biéu thic twong
ung:
1 1 1
c®'b?'a’
T ba budc bién doi trén ta dan dén bai toan 4:
4. Gid sir a,b,c 1a cac so dwong thda man diéu kién abc=1. Chitng minh
rang:
a’ b* c* 1 1 1
2 + 2 + 2 + 2 + 2 + 2
2(b+c)” 2(a+c) 2(a+b)” c’(a+c)(b+c) b’(a+b)(b+c) a’(a+c)(a+b)

2
8

Giai:

Lai tiép tuc bién d6i va tir cac bai toan 1,2,3 , bai téa sau ddy s& phuc tap
hon, boi vAy khi giai phai tim mdi lién hé gitra nd vdi cac bai toan quen
thudc.
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5. Gid sit a,b,c 1a Cac so dwong thda man diéu kién abc=I1. Chitng minh
rang:
2 2 2

a‘"’(b+c)+b"‘(a+c)+03(a+b)23 (3)

Giai:

D& thay bat dang thirc can chirng minh twong duong vdi bt dang thuc:
S S SR 4)
a’(b+c) b’(a+c) c’(a+b) 2
Pé ching minh (4), ta dit:
(L, 1,1
a” b ¢
Khi d6 mua bat dang thirc (4) c6 dang:
XZ yZ ZZ 3 ox
+ + > = (**)
Yy+Z X+Z X+y 2

RO rang bat dang thirc trén chinh thic 1 noi dung bai toan 3 (do x,y,z 1a
cac sé duong va xyz=1). Boi vay bat ding thirc d6 duoc chimg minh nho sir
dung két qua cta bai todn 1 va 2.
bé y thém chut nira tir cac bai toan 1,2 tuong duong cua bai toan 5 (**), ta
c6 thé phat biéu bai toan 6 duéi dang “manh” hon:

6. Vi bdt ki o >1 Vva x>0,y>0,2>0,dong thoi xyz=1, ta cd:

Sazx T A ZE.
y+2 X+Z X+y 2

Giai:

That vay, ta hiy dé y dén hai bat dang thic:

a+b+cZsabc 5)

va 81:X+y+zz§ (6)
Yy+Z X+2Z X+y 2

Tir cac bat dang thirc (5) va (6) &p dung cho bo ba cac sd

X ’ y ’ Va Xa—1’ ya—1’ Za—l
Y+Z X+Z X+Y
Ta duoc :
S th—l + a-1 +Za—1 a
S, > 1( 4 )_E(xyz)?):i.
3 2 2
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Dé& dang kiém tra lai tinh dung dan ciia bat ding thic trén.
Chang han xét:

2 2

2
X Z
S, = R A
Z+Yy X+Z X+Yy

Ta phai chung minh:

[ AN AR j(x+y+z)
5, > Y+Z X+Z X+Yy N

3
Nghia 14 can chirng minh hai bat dang thic:

2 2 2
LS A 2x+y+z( S A j )
y+z X+Z X+Yy 3 Yy+zZ X+Z X+Yy

Va X+y+z( X N y N z >§ (8)
3 y+z X+z X+y) 2
D& thiy (7) c6 dang :

3822( AT J(x+y+z)

y+2Z X4z X+Yy

2 2

Xy, T X4yt 9)
Y+Z X+Z X+Y 2

RO rang (9) co dang bai toan 2, boi vy (9) dung.

Mat khac tur cac bat dang thuec:

X y z 3

(***)

N | W

2

+ + >—
Yy+Z X+Z X+y 2
Va X+,§+223xyz:l
Suy ra: X [ Y T |x*ty+z.3 (10)
y+Z X+2 X+Y 3 2

Tir (9) va (10) ta c6 khang dinh (**%).

Nhing vi du trén c6 thé xem 12 y tudng tim toi khi 1am toan. Cac vi du
duoc néu I1én tir d& dén kho va ké thira nhau. Boi vay nguoi viét tuy trinh do
c6 han, nhung hy vong cac ban y&u thich toan tim thiy d6i diéu ly tha khi
doc xong nhirng ndi dung da trinh bay & trén.
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4.5. Mét s bai toan khong thudce dang théng thuong

Khong ai dam khdang dinh 14 bdt ding thire 13 dé boi vi bdt dang thire 1A mét
trong nhitng dang todn rdt nhiéu sw bién héa khén lwong. Mét bai bat dang
thize c6 thé khé véi ngueoi nay nhung cé thé khé véi nguoi khdc vi Vdy tiép
x(Uc nhiéu véi bdt dang thirc sé givip ta lam quyen dwoc véi né. Ddc biét 1a
cac bai toan khéng thugc dang thong thuong. Sau day la mot sé vi du cho ta
thdy dwoc diéu do.

1.Chitng minh rdang véi bat ki S6 i nhién n>1, ta c6 bdt dang thirc:

e -4

Giai:
22-13-1 n*-1
e
Tacs: 2 3 n
132435 (n-D(n+1) 1n+1_1
223344 n.n 2 n 2

o (3 -

2. Cho a,b,c & cac sé khéng dm. Chitng minh rang:
a’ +b? +¢?> alb-c|+blc-al+cla-b.

Giai:

‘Bt dang thire da cho c6 tinh doi ximg khi thay doi gitta a,b,c boi vay co
thé giau stir rang a>b>c. khi do:
a’+b*>+c’>a(b-c)+b(a-c)+c(a-b)
a’ +b® +c?-2ab +2bc>0
(a-b)* +c? +2bc>0 (*)
D& thiy (*) diing v&i moi a,b,c>0 o
B&i1 vay voi céac gia tri khong am thay doi, bat dang thirc ludn luén dung.

3. Chitng minh rang véi cdc s abc 6 bdrt‘ ding thikc
la—b|>[c|,]b—c|>|al,|c—a|>|b|, thi Mot trong cd so do6 co tong bang hai so con

lai.
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Gi~éi: ’
Dé thay tir [a—b|>|c| suy ra
(a—b)*>c? hay (a—b+c)(a~-b-c)>0 (1)

Chung minh tuong tu, ta co:
(b-c+a)(b-c—-a)>0.(2)
(c—a+b)(c-a-b)>0.(3)

Tu (1), (2), (3) suy ra:

(a-b+c)(a-b-c)(b-c+a)(b-c-a)(c-a+b)(c-a-b)=0

o (a-c-b)’(b-c-a)’(c—a-b)" <0 (4)
V& trai ctia (4) 1a tich cua cac s6 khong 4m, boi vy dang thirc xay ra khi:
a-b-c=0
b-c-a=0
c-a-b=0
a=b+c
Dén dén b=c+a
c=a+b

4. Chitng minh rang:
X +|y|+]z|<|x+y- 7| +[x- y + 2|+ |-x + y + |
(Dé thi tuyén sinh 16p 10 chuyén toan — Truong THPT Qudc hoc Hué)
Giai:

Ta co:
x+y-7|+[x-y+z|>[x+y-z+x-y+7|=2[x (1)
x+y-z|+[-x+y+z|>|x+y-z-x+y+7=2]y| (2)
X-y+z|+|-x+y+z>|x-y+z-x+y+2/=2[z]  (3)

Tu (1),(2),(3) suy ra:
2(jx+y-2l+fx-y+2l+fx+y+af)22(x+[y] + )
12 et y-al iyl ey e

Nhan xét: Dé giai bai toan trén ta sir dung tinh chat sau:

|A|+|B|>|A+ B| , dang thiic xay ra khi AB>0

5. Xét day sé6 a, =1,a,=2,a, =3,a, =4,a =5,a =119,a
n=J.

=a,a,..a,-1 Vdi

n+1

2 2 2
+a +..+

a1 2 a7o >\/§-l.
a,4,...a,

Chitng minh rang:
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Giai:
Takihi¢u: b =aa,.a -a’-a -..-a’.
Ta chiing minh rang;

b, =b -1 Vvdin>5 *)
That vay:

— 2 2 2 2
b, =aa..aa,-a-a -..-a -a

n+1

=aa,..a, (alaz...an -1) -al-a-..-al- (alaz...an -1)2
=aa,..a -a -a -..-a’ -1

=D, -1
Mat khac: b, =aa,..a.-a’-a; -...-a> =65
Ap dung (¥), ta co:
b, =h, -1=64
b, =63
b70 =0
Nghia la: aa,..a,=a +a +..+a;
2 +a2 + 2
Suy ra: 7% T 15 21
a,a,..a,

6. D&y C4c s a,,a,,a,,...a,,... S0 Cho V4i tdt cd cdc s6 khéng dm m van
(Mm>n) co hé thirc:

1
+a :—(a2m+a2n).

m+n m-n 2

a

Chitng minh rang néu a, =1, thi
a1994 + a1995 < a1993 + a1996

Giai:

* That vay, véim=ntac6 a, =0
Gia st n = 0, khi d6 ta co:

am +am = %(aZm +a0)

Suyra: a, =4a, (1)
Gia st m = n+2. Khi d6

T6 4.vip.pro.friendly — 16p 10 Tosn 95



Truong THPT chuyén L& Quy Pon Chuyén dé Bat ding thirc

Ap dung (1), taco:a,,,, =4a_,
a, =4a,
Boi vay:
1 1
&, TA, = E(aznw t azn) = E(4an+2 + 4an)
=2(a,,, +a,) 2)
Mait khac:

80+, =4(a,, +a ) =4(a,, +1) (@)
T (2),(3) suy ra:

A2 = 2an+1 -a, + 2 (4)
Ap dung (4), ta tinh dugc:

a,=4=2?

a,=9=3°

a, =16=4*

a"=n’ (5)

Ta hdy ching minh (5) bang quy nap:
RO rang voin =0, n =1 ta ¢6 (5) dung. Gia st (5) dung véi n=k-1va n=k
(k>1).
Khi do ta co:
a, =2a-a_, +2=2k*-(k-1)"+2=(k+1)°
Nhu vay (5) ding vé1 n=k+1, nghia la ding v61 moi n khong am.
Pén day ta tinh dugc

Ay, =1993°
gy, =1994°
g5 = 1995°
Q0 = 1996°
T do co bat dang thirc:
a1994 + a1995 < a1993 + a1996 '

7. Xét tar ca cdc ham so bdc hai: f(x)=ax? +bx+c sao cho a<b va
f (x) >0 véi moi x.

a+b+c>&

Chitng minh rang: ba >
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Giai:
Do f (x)>0 v&i moi x, nénta cé a>0va A =b?-4ac<0
2

b
. >_
Suy ra: c> 13

Mat khac b>a, nén b-a=>0

2

+b+——
a+b+c>a b 4a

Bai va
24 b-a b-a
a+b+c_ 4a’+4ab+b’
>
b-a 4a(b-a)
a+b+c>9a2 +6ax + x°
b-a — 4ax
(voi x=b-a=b=a+x)
Mat khac, theo bat dang thic Cosi ta co:

(1)

9a’ + 6ax + x° _§+9az+x2 >§+\/9a2x2 _3 2)
4ax 2 dax 2 2ax
Tu (1) va (2) suy ra: atb+c, g
bZ

2 , ) A C=—
Dang thirc x4y ra néu 4a
x* = 9a”(voi x=b-a)
Suy ra b=c-=4a

8. Cac s dwong a,b,c thda man diéu kién abc=1. Chitrng minh rang:
ab N bc N ac
a®+b°+ab b°>+c’+bc a’+c’+ac
Khi ndo dang thirc xdy ra?
(Du tuyén vo dich Toan Qudc té 1an tha 37 - 1996)

<1.

Giai:
Taco: a’+b°=(a+h)(a’-a’b+a’’ —ab® +b*)
(a+b)[(a—b)2 (a® +ab+b2)+a2b2}

Do (a-b)* >0 vaa,b,c >0, nén
(a-b)’(a’+ab+b*)>0
Suy ra
a’+b° >a’h’(a+b)
Ping thirc xay ra khi a=b
Do do:
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ab < ab
a’+b°+ab a’h’(a+b)+ab
B 1 B 1 B c
~ab(a+b)+1 ab(a+b+c) a+b+c’

@

Chung minh tuong tu, ta co:
bc . a
b®+c®+bc a+b+c
ac b
< (3
a’ +c’+ac ajtb+c() q
Tu (1),(2),(3) ta c6 khang dinh va dang thirc xdy ra khi a=b=c=1.

(2)

9. Mgt 56 nao dé c6 2000 wde sé 14 56 tw nhién. Chitng minh rang sé dé lém
hon 1000000.
Giai:

Tat ca cac wdc sb cua n co thé phan thanh cip (néu n khong 12 s6 chinh
phuong), trong cip d6 c6 mot so bé hon +/n, ¢oOn s6 thir hai lon hon +/n (néu

d bé hon +/n, thi glé’n hon +/n ). Nhu vay s6 lugng udc s bé hon 2+/n . Khi
d6 2+/n>2000, suy ra n>1000000.

10. C6 hay khong bat dang thirc:

X+y<z néu z=>0va x*+y*>+3xyz<0?

Giai:
Do z>0, nén chia ca hai vé cta bat dang thirc x° +y® +3xyz<0 cho z°, ta co:
3 3
(EJ +(lj +3X—ZZ< 0 (1)
Z Z Z
Néu ta ki hidu u=2>,v=" thi (1) c6 dang;
Z Z
u®+v® +3uv<0 (1)
& (u+v) —3uv(u+v-1)<0 (2)

Gia str u+v>1.Ndu u va v khac diu thi vé trai ctia (2) 1a s6 duong. Néu
u,v cung dau thi u,v déu duong, diéu nay mau thuan véi (1°). Dan dén utv
<l, d6 d6 u,v cung dau am, boi vay x<0, y<0 va x+y<0 nghia la x+y<z
(dpcm)
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11. Chitng minh rang véi cdc s6 x,y khéng am badt ki, ta c6 bat dang thirc:
Xyt axy + X+ y+1> Py + Y x

Giai:

Pé chirng minh bat dang thirc da cho , ta chimg minh bét ding thirc sau:
yttyzy’ 1)
x* +1> X (2)
x*+xy? > xCy (3)

That vay, néu y>1 thi y* > y°
Connéu 0<y<1thi y>y® Tirdo suy ra (1) dung.
Mit khac néu x>1 thi x*>x, con néu 0<x<1, thi x*+1>x. Badi vay (2)
dang. ,
Lai ¢6 néu x>y=>0, thi x*>x%, do d6 (3) dung, cOn néu 0<x<y hay
x-y<0.
Khi do6 (3) c6 dang:

X +xy° =X’y 20 = x(X* +y* - x*y) 20
Do x>0, nénsuy ra:

X +y —x’y>0

X +y(y+x)(y-x)=0 (*)

Dé thdy (*) dung, do do (3) dung.
Vay tu (1) (2) (3) suy ra di€u phai chirng minh.
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Chuwong 5 :

Bat dang thirc nhw thé nao |4 hay ?
Lam sao co the sang tao bat dang thirc ?

Ban doc da lam quen véi bdr dang thirc tir THCS. Bude dau cac ban co
thé chi hoc cac bdt dang thize kinh dién : Cauchy, Bunhia Cépxki, Jensen,
Chebyshev, Nesbitt ... hay bdit dau doc SOS, ABC,...Vdy da bao gio ban tw
hoi Bt ding thirc nhw thé nao 1a hay? Lam sao c6 thé sdng tao bdt dang
thirc ? PO thuc sw la nhing vdn dé thi vi dang dé quan tam va binh ludn.
Sau ddy 1a mgt sé y kién cua giao vién toan, hoc sinh chuyén toan vé van dé
nay :

Thay Nguyén Vin Hién (GV chuyén toan Trwong THPT chuyén Lé Quy
Don, Quang Tri) :

Bat ky bat dang thirc ndo ciing déu c6 cai hay va cai dep riéng cua nd. Bac
bi¢t nhitng bat dang thue van dung nhi€u khia canh cua cai bat bien trong bat
dang thuc 1a bat dang thuc hay!!!

Thay An (GV chuyén todn Truong THPT chuyén Lé Quy Pén, Qudng Tri)

“Tur bét dang thirc ban dau ma suy ra duoc nhiéu bat dang thirc khéc la bat
dang thtc hay!!!

Co Thai Thi Lan (GV day todn Trwong THCS chuyén Hiéu Giang, Péng
Ha, Qudng Tri)

Bat dang thirc 13 mot trong nhitng dé tai duoc nhiéu ngudi quan tam nhét.
Quan hé cua ching rat rong, di sau vao la rat khé.Viéc chang minh bat dang
thirc 16ng 1 tuong dbi d&, con viéc 1am chat ching maéi 1a mot cong viéc kho
khin va day ky tha!!!
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Thay Tran Phwong (GP Trung tam hé tro nghién ciu va phat trién cac san
pham tri tué, 1a tac gia nhiéu cusn séch hay vé todn hoc so cap) :

Chuang minh bat dang thic 1a cong viéc doi hoi tri théng minh sang tao va
su khéo léo.

Pham Kim Hung (SV khéa 9 Ci nhan tai nang — Truong DHKHTN —
DHQGHN, la tac gia cuon sach “Secrets in Inequalities”(Sang a0 bat
dang thuc) noi tieng) :

Piéu kh6 khin nhét khi ching ta tiép can vai bat diang thuc 1a sy khang dinh
né c6 ding hay khéng. Thuc té thi khi giai mot bai toAn mang tinh “gia
thuyét” 12 mot viéc kha mao hiém va mat nhiéu thoi gian, tham chi sau
nhitng ¢6 gang nhu vay thi két qua thu dugc chi 1a mot phan vi du chang
minh bt dang thic sai. Nhung trong toan hoc thi nhiing diéu nhu thé nay
hoan toan rat binh thuong va cac ban khong can phai e ngai khi tw phi dinh
mot bai todn minh dit ra nhu vay ca, vi d6 sé& 1a budc dau tién dé ban sang
tao ra dugc mot bai toan hay va cé y nghia.

Lé Dwong Trwong Giang (HS chuyén toan khdéa 2008 — 2011 Truong
THPT chuyén Lé Quy Pén, Qudng Tri)

Bat ding thtc 1a mot mang toan rat khd, nhung lai 1a san choi dé cho nhitng
hoc sinh gioi toan thé hién nang luc ctia minh.

Nguyén Ngoc Phwong Linh (HS chuyén toan khéa 2008 — 2011 Truong
THPT chuyén Lé Quy Pén, Qudng Tri)

Bat dang thirc hay la bét dang thic ¢6 nhitng phét bicu dep va cach chiing
minh that dac sac, co thé khoi ggi trong nhitng hoc sinh gioi toan phat trién
va tong quat bai toan.

Tran Tién Minh (HS chuyén toan khéa 2008 — 2011 Trurong THPT chuyén
L& Quy Pon, Quang Tri)

Sang tao bt dang thirc 1a tap hop céc nghién ciru 101 rac, cac bat dang thirc
don 1¢ o1 “bién hoa” ra mot bat dang thirc mdi. Khi d6 ta s& cang ngay cang
lam chat n6 hon. Cudi cling ta s& c6 mot bat dang thirc nhin vao Ia hét biét
duong lam. ©
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Nguyén Hwong Canh (HS chuyén toan khoa 2008 — 2011 Trwong THPT
chuyén Lé Quy Pon, Qudang Tri)

Lay y tudng tir mot bat diang thirc khac (khd!) va phat biéu dudi mot cach
khac sau khi da ap dung mét so6 b6 de.Tat nhién khi do trinh d6 phai cao
hon, cach lam phai khd hon, thé méi la sang tao !!!

Trwong Hiru Ha Ninh (HS chuyén toan khéa 2002 — 2005 Truwong THPT
chuyén Lé Quy Pon, Qudng Tri)

Bat dang thire 6 tinh tong quat, kho, dep 1a bat dang thic hay!!

Trwong Hiru Pong Ha (HS chuyén toan khoa 2000 — 2003 Truong THPT
chuyén Lé Quy Pon, Qudng Tri)

Nhitng bat dang thac ¢ dang tong quat ma truong hop dac biét cua né la
nhitng bat dang thirc co ban, quen thugc la bat dang thic hay!!!
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Chwong 6 : Hwéng dan gidi bai tap

Bai tap chwong 1:
Bai 1:

Tacd: a*+bh®> a’b+ab® < a®>-b®+a’b + ab?
o 2ad+a® >2a%- b+ a%h + ab?
o 3a° >ad-b*+a’+ a’h +ab?

< 3a° >(a*-b*) + (@%+ a*h + ab?)

<3a° >(a-b)@ + ab +b?) +a(a® +ab +b?) < 3a® > (a? + ab +b?(2a - b)

3

& —————>2a-b. Hoan toan tuong tu cho c,c biOu thec clin I, ta cé:
a“+ab+b
3 3
b®+bc+c c°+ca+a

Khi d6 cong cic v€ cua 3 BDT trén lai v6i nhau ta dugc BDT can chiing
minh.

Bai 2:

Str dung bién d6i va BPT ¢6 si cho 3 sé duong ta c6

a2 2ab? 2ab? 2(ab)’s
=a-— >a-— >a-
a+2b’ a+2b’ 3%/ab* 3
Hoan toan twong tu ta cling c6 2 BDT
2 % 2 %
b Zb_2(bc) 3 ; c ZC_2(ca) 3
b+ 2c? o3 Cc+2a’ 3
Tu day ta chi can CM
Bai 3:

Chung minh twong tu nhu bai 6, ta dua BDT vé dang
b¥/a? +c3b? +a¥/c? <3
Sau do6 s dung BDT co si
ba’ <b(2a+1) , cb’® <c(2b+1) , ac’® <a(2c+1)

Cong theo vé cac BDT trén ta c6 diéu phai chirng minh.
Dang thuc xay ra < a=b=c=1
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Bai 4:

Theo BDT cb si dé thdy
a+l _(a+D)b’ S

b%(a+1) ab+b
b’ +1 pri1 Sty 7R
+ +

+1- )
2

Tuong tu ta cing c6 hai BDT nita v6i b va ¢ rdi cong lai

a+l . b+1 . c+1 >[a+1—ab;bj+[b+1—bC;Cj+[c+l—ca2+a

b>+1 c¢*+1 a’*+1
—3, a+b+c—:b—bc—ca >3
Ping thirc xay ra khi va chi khi a=b=c=1.
Bang cach tuong tu ta c6 bai toan vai 4 so

Bai 5:

Tuong tu nhu bai trén

Theo BDTco si ta co: aerl 2a+1—M;Mzb+l— be + ¢
b +1 2 ¢ +1 2
C2+l 2c+1—Cd+d; d2+1 2d+l_da+a
d*+1 2 a‘+1 2

Cong theo vé cac BPT trén lai ta c6 diéu phai ching minh.

Bai 6
Ciing bang phuong phép twong tu trén ta c6
2 2
LI N N T
a“+1 a“+1 2a 2

Lam tuong tu v6i b,c va d rdi cong theo vé ta c6

1 1 1 1 a+b+c+d
+ + + >4-=—- " =
af+1 b?+1 c¢*+1 d?+1 2
Pang thuc xay ra < a=b=c=d=1.

=2.(dpcm)

Bai 7:

Dy doan du bang xay ra ta diém roi:a=b =c = 2. Ta c6:
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4

c,19° 8 5 \ﬁ \E
2 a 2
3
+ <«/2+5+1+19\/—6 5—+E+19b § ¢ \/7 19
b? 4 2 c 2
b, 19c" 8 5a \f 19
2 c 2

=y
m\/m 5a+ c\/7
\/,

19¢?
8

U
IV

j+2(a+b+c)

(a2
(a%@mmﬁﬂﬁ

22\/2-2a+2\/%-2b+2\/§ 2+ = (a+b+c)+2/ 3 ava
A
=15+— (a+b+c)+6( \/7+b\/7+c\/7j
+3H2%\/%+1j+(2%\/g+1j+(2%\/§+1j:|
215+§(a+b+c)+6(a\/§+b\/g+c\/§j+3[37a+3—2b+3—zcj
:15+6|:a(1+\/§j+b(l+\/gj+c(1+\/§ﬂ:15+6.12:3.29

Viy $>3.29/4/29 =329. Ddubang xayra <a=b=c=2

%

Bai 8:

Str dung bat dang thie Schur ta ¢6
a® + b® + c® + 3a%h’c? > a*(b? + ¢?) + b*(c? + @) + c’(a® + b%) (1)
Theo bat dang thice AM-GM thi :
@° + a'b?) + (@° + a’c?) >24°(b + ¢) (2)
(b® + b*c?) + (b° + b*a?) > 2b°(c + a) (3)
(c® + c*a?) + (c® + c'b?) >2c°(a + b) (4)
Cong (1),(2),(3),(4) vé theo vé suy ra dpcm
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Bai tap chwong 2:

Bai 1:
Taco:
a’+b*+c*>
cot A+cotB +cotC
nén bat dang thac da cho tuong duong vai :
a’b’c?
64S° < c (1)

tan—tan —tan —
2 2 2

Mat Khac ta ciing c0 :
a’=b%+c?—2bccosA= a’ > 2bc—2bccos A

— a? > 4bcsin? A

a2 4bcsin 2 A

= > 2 =2bcsin A=4S
A A
tan — tan —
2
Tuong tu ta cling ¢0 :
b? c?
>4S > 4S
C
tan — tan —
2 2

= (1) ding = dpcm.

Bai 2:
Tacé:
R:abc:2R3sin Asin Bsin C :\/ S
43S 8 2sin AsinBsinC
r:§= S :\/gx/ZSin AsinBsinC
p R(sinA+sinB+sinC)  sin A+sinB+sinC
Vay :
RH:&\/ S +3\/ S , V8+/2sin Asin Bsin C
2\ 2sin AsinBsinC 2V 2sin AsinBsinC ~ sin A+sinB+sinC

Theo Cauchy ta co :

R+r_ ., S+/S/sin Asin BsinC
3 \8sin Asin Bsin C(sin A+sin B +sinC)

ma :
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33

sin A+sinB+sinC ST

33

sin Asin BsinC < T

S R+r> 45Vs =4/3Js = dpcm.

242733
Bai 3:

Goi O, G lan luot I tAm duc‘)’ng tron ngoai tiép va trong thm AABC.

TacO: OA+OB+0C =30G
Hién nhién : A

(0A+0B+0Cf 20
< 3R?* +2R? [cos(OA,@)+ cos(@,&)+ cos(&f,@\)]z 0
< 3R? +2R?(cos2C + cos2A +c0s2B)> 0 5

<> €0s2A+c0s2B +cos2C 2—% BUC
= dpcm.

Pang thirc xay ra <> OA+OB +0C =0 < 0G =0 < O = G < AABC déu.

Bai 4:

Ta co:

Ta ludn co ‘A‘JF‘B‘JF‘E‘Z‘AHHE‘

& \/x2+xy+y2+\/x2+xz+zz+\/y2+yz+zz2\/§(x+y+z)
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Bai 5:

Dit {

—a+b=(q-p,[p+[a)

(x=p.[p)
(a=x[al)

o= =
Il

Ap dung bat (Jang thuc ‘:’:H—ll)‘ < ‘A‘Jr‘i)‘ta co

y =+X2 —2px+2p? + /X - 20x+ 20 >\/(q p)’ (|q|+|p|)2

Vay. GTNN cia y Ia,J(a-p)’ +(|a|+|p|)

Bai 6:
Véivm,n, p,q e R; Trong mat phang toa (16, ta (lat

=(m,n [
<a+b=(m+p,n+q)

o-o-

=(p.q)

T do6 suy ra

‘a‘=\/m +n’ ‘b‘ p°+q° ,‘a+b‘ \/m+ p)2+(n+q)2

Ta c6 ap dung cong thuc ‘:’;l+i)‘ < ‘AHB‘ tir do ta c6 duge dpem

Pé6i v6i bai toan trén thi ngoai cach chimg minh nhu trén ta con ¢ thé
chiang minh bat dang thirc bang cach binh phuong 2 vé roi sau do st dung
bat dang thirc Bunhiacopxki. Cach d6 ciing cho ra két qua tuong tu

Bai 7:

V&1 n=2 ta c6 bdt 1+i > /2 ,bdt ndy dung qua kiém tra truc tiép .Gia sir (1)

N

dung vi mot gia tri n nao do,ta chirng minh bdt cling dung véi n+1,tuc 1a
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1 1
1+—+A +——>n+1 (n=2,3.... 2
2 M ( ) @
r r 2 . 4 1 7
That vay cong 2 vé bat dang thice (2) véi so han ta co
at vay cong g (2) ang NS

1+%+A +\/%>\/ﬁ+\/n+l (3)

1 _\/n2+n+l>\/n_2+l_m
Jn+1 Jn+1 Jn+1

nhung /n +

Tu day suy ra dpcm
Bai 8:
(*) < X% +2(y —/5)X +6y> —4y~/5+ 6 > 0, VX, y
Xét tam thtre: f(x) = X% + 2(y —/5)x + 6y2 —4y~/5 +6
Taco A'= (y—+/5)2-6y2+4y~/5-6
= (y—2yv/5+5) -6y +4y:/5-6
= -5y? +2y/5 -1=—(y+/5 -1)°

Tathay : A'< 0,Vx,y.Suy ra : f(x) > 0,VXx,y.
[Jang thic xay ra <
Bai 9:

VT(1)=(a1+a3)( ! + ! j+(a2+a4)( ! + ! J

a,+a, a,+a, a,+a, a,+a,

4 4 .
> (a1+a3)(a1+a2 +a3+aJ+(a2 +a4)(a1+a2 +a3+aJ(V2‘m dung BDT VI)
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= 4 (a,+a,+a,+a,)=4
a +a,+a,+a,

a1+a2:a3+a4<:>{a1:a3

Dau “=" xdy ra
y Q{a2+a3=a4+a1 a,=a,

Bai 10:

VT(1)=[ a + ¢ j+[ b + aj
b+c a+d c+d a+b

_a(d +a)+c(c+d)+b(a+b)+d(c+d)
~ (b+c)(d +a) (c+d)(a+h)

4 a’+ad+bc+c? . b? +ab++cd +c?
~ (a+b+c+d)®>  (a+b+c+d)?

(Ap dung BDT VI)

> (a+b+c+d)’+(a-c)’+(b-d)*
' (a+b+c+d)?

> 2 (dpcm)

Bai 11:
Ta co:
-33(9+£]>3\ﬂ dung BDT |
2'alc b _a( anfdng )
ree. L1fa e} 1
uong tu 2blc a) b
11_(2& 1
2 c\b a c

Cong theo vé cac BPT thirc ta duoc dpem.
Bai 12:

Pé giai nhirng bai toan dang nay ta xy dung cach giai nhu sau:
Ta s€ bien doi dé xuat hién dang (II)
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Trude hét ta tim 2 sé x,y sao cho:
(a+3c)+x(a+b)=(c+3a)+y(b+c)=M
l+x)a+xb+3c=3a+yb+(1+y)c

st dung phuong phap dong nhét thirc ta co :

1+x=3
Va8 11+y=3x=y=2M=3a+2b+3c
Bay gio ta tim m,n sao cho:
4b+m(c+a) =n(3a+2b+ 3c)

Tuong tu trén ta tim dugc m=6,n=2

Pén day ta chirg minh (2) nhu sau
Ta c6 (2) tuong duong véi
4

a+3c+2+c+3a+2+ b j216
a+b b+c c+a
tire 1a

1 1 2

(3a+2b+ 30)( + + j >16
a+b b+c c+a

VP tuong duong véi

1 1 1 1
[(a+b)+(b+c)+(c+a)+(c+a)][a+b i e e
(dung)
=>dpcm
Bai 13:

Dé thay x,x, #0

2 2
) (%) %%
Taco |l — |+ —= | +2—=—=2>3+2
aco(xz] (xl} X %
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2
X, X
—+4+ 2] >5
XZ Xl

2 2
L+ XS /5

X1X2
X + X7
>0, do do ta co:

dé thay
182

2 2 2

X, + X +X,) —2%X
1 2 2\/§<:>(X1 z) X%, > 5
X, X, XX,

Theo dinh i Viét, tir (1) ta c6:

%_22\/5

o k2-2>45

<:>|k|2\/\/§+2

Nghia 1a k >++/5+2hodc k<—+/5+2thi ta cé:[
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Bai tap chwong 3:
Bai 1:
Chutng minh cac bdr dang thitc sau roi xét khi dau bang xdy ra
a. cosAcosB+cosBcosC +cosCcosA< %
b. sin2A+sin 2B +sin 2C <sin A+sin B +sinC

1 1 1 43

C. — +— +— 2—+£tanAtanBtanC
sin2A sin2B sin2C 2 2

d[ a’ +b?+c? J2< a’b?c?

cot A+ cotB +cotC C

tan A tan B tan—
2 2 2

Bai 1:

A ore s A N A <, 6x—4 N A n
V¢ trai la sO6 nguyén, nén ta dit =y Y laso nguyén.
Ta tinh x theo y

6x—4 =5y
= oy+4
6
Thay x = SY+4 a0 vé trai, ta dugc [2y3;34} -
*Theo dinh nghia phan nguyén ta cd thé viét:
0< 20V *+3445 1

0<34-16y < 36

~34<-16y <2
Giai ra ta duoc —%< yé%z 21

y nhan cac gia tri 0,1,2.
*\/Gi y=0 thi x = % Thir lai thiy:
8

3+—
~ 3.1 4o d0 [ﬂ}o
6 8 8
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*V/ay y=1 thi x:g. Thir lai 62 =% do d6 [%}=1.

*\ay y=2 thi x =% Thur lai

Phuong trinh c6 ba nghi¢m x, = %; X, =

N w
s
w
Il

w|~

Bai 2:

Ta ching minh dugc véi moi sd tu nhién n, ta ¢d bat ding thirc:
Jn+Jn+l<4n+2
That vay, vi 4n(n+1) < (2n+1)°
nén 2/n(n+1) <2n+1
Do d6: (Wn++/n+1)2=2n+1+2n(n+1) <4n+2
hay vn++/n+1<+4n+2 (vin, n+1,4n+2 khong am).
*Tir két qua trén ta co thé viét:
[\/ﬁ+\/n +1Js[\/4n +2J
Gia str sd nyeN thoa man:
.+ 1< +2
C6 nghia 13 ton tai s6 tu nhién m, thoa man:
[+, +3)<m <[\, +2)
Bat phuong trinh kép trén duogc viét thanh:

an, (n, +1) < (Jm? = (2n, +1))> <4n,(n, +1)+1=(2n, +1)°

Vi (JmZ = (2n, +1))> e N nén (Jm? —(2n, +1)) = 2n, +1.
Suy ra /mZ =2(2n, +1)

\/m7§ la sb chin chia hét cho 4.

2(2n4+1) chia hét cho 4 du 2.
Do d6 khdng ton tai n,, M, hay di€u gia st

W ++n+1|< [Van+2] khong xay ra.
Ma ta lubn c6 [\/ﬁ+ Jn +1J§ [J4n + ZJ
Vay [\/ﬁ+\/n +1J= [J4n+2J.
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Bai 3:
Goi cac sb thuc duong can tim 12 X4, Xp, X3, X4, X5
Va khéng mét tinh tong quat, ta gia su:
0<X, <X, X5 <X, < Xg (1)
Theo gia thiét ta co:
X, = (X, + X5 + X, + X5 )? (2)
X, = (X + X, + X, +%,)° (3)
X, = (X, + X, + X, +%X,)* (4)
X, = (X, + X, + X; +%)?(5)
X, = (X, + X, + X, +X,)*(6)

Diat S=x1+ Xo+ Xg+ Xat Xs, cac déng thirc (1), (2), (3), (4), (5), (6) cb thé
viét:

X, = (S -x,)?
X, = (S —X,)?
X, = (S —x,;)°
X, =(S-x%,)°
X, = (S —X;)?

Do gia thiét (1) ta c6:

X, =(S=%X)?2(S—%)">2(S=%)">(S—%,)">(S—%)* =X, (7)
*Ta c6 dong thoi x, <x, (suy tir (1))

X, > %, (suy tu (7)).

Tasuy ra:

X, =(S=%X)?=(S—%,)"=(S-%)"=(S=%X,)2=(S—X5)* = Xs .
do do x1= Xo= X3=X4=Xs.
Giai phuong trinh (S-x)*>=x, (x,>0) (8)
Ta duogc 16x; =X, (x, >0)(9)

Nghiém ciia (9) 12 x, = % thr lai ta thiy dtng.

e 1
Dap SO. X1= Xo= X3:X4:X5:E.

Bai 4:
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Ta ki hiéu dién tich cac tam giac MBC, MCA lan luot 14 S, S, Sa.
D& dang chirng minh:

AA 8, +S,+5, suy ra MA _S2 S
MAl S1 MAl S1 S1
Tuong tu ta co:
MB _s,  S;
MB, s, s,
MC _s, s
MC, s; s,

MA + MB + MC :(S—2+S—1j+(s—2+s—3j+(s—l+s—3j 26
MA MB, MC, s s,) (s, s,) \s; s (>0 @
*Goi dién tich tam giac ABC 1a S.
*Dau dang thire cua (1) xay ra khi va chi khi:
S, =S,=8, = S
3
Tur day suy ra M 1a trong tdm tam giac ABC.

Bai 5: A
Goi ss, S4 lan Iuot 12 dién tich cua tam gidc AOB S1
va BOC.
Dé chirng minh: s;.5,=S3.S4.
a)Gia st AB//CD, ta chirng minh dugc s3=S,. O
Xét $1+S,+53+54=S (1) S

V1 $3=54 NéN S3+S4=2,/s.5, = 2,/S,S,.
Tir (1) ta 6 thé viét:

D

\/§+\/¥+2\/§=s:(\/§+\/§)2=s
tasuy ra /s, +./s, =/S.
b)Gia st /s, +4/s, =+/S. ta ching minh AB//CD
Xét (\fs, +4/s,)* = (\/S)? hay s, +s, +2.s;s, =S.
V1 81.5p=83.54 NéN s, +5, +2,/s,5, =S.
Do s3, 40 nén 2,fs;s, <s, +s,
nén 51+52+2\/E§51+52+53+s4:8.
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ddu dang thire xay ra khi va chi khi ss=s.
*V 1 s3=S4 ta chung minh khong kho khan:
S1+S53=51+S,.

Hai tam giac ABD va ABC c6 dién tich bang nhau, suy ra AB//CD.

Bai 6:

Ké duong cao AH, n6 cit DE tai K. D
bat AH=h, AK=k
*Ta co:

Sepe _ DE h—k
S;ec BC h

ma DE = K B
BC h H P
Do do Seoe _ k(h—K)
h2
ABC
Ta c6 k, h-k 1a hai s6 khong 4m ma k+(h-k)=H khong ddi, do dé tinh k(h-

k) dat gia tri 16n nhat khi va chi khi k=h-k hay k = g

h2
Do doé: Sepe _ K(N—K) <1—E

Soc h?E T hr 4
D6 1a diéu phai chimg minh.
*DE la duong trung binh cia AABC thi APDE dat gié tri 16n nhat. K
D

Bai 7:

Goi E, F, H, K 1a cac giao diém nhu E
trong hinh ve. ‘ S; P

Goi s1, S, S3, S4 lan luot 1a dién tich S
cac hinh binh hanhAEPH, EDKP, PKCF, HPFD

va S la dién tich ABCD. A
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*Dé dang ching minh S1.85= S. S4
*V1 51.83= S,. S4 >0 nén ta ap dung bat déng thirc cosi, ta duoc:

2./8,S; <, +8,
2./8,S5 <s, +5,

Suy ra J5s S8, 48548, _S
s a 4

2
Do d6 s1,53 déu 16n hon % this,s, > i—6

Vay ton tai s; hoic s3 khdng 16n hon %dién tich ABCD.

Bai 8:

Ta thiy x=2 12 mot nghiém ctia phuong trinh.

Ta cimg minh ring ngoai x=2, phuong trinh khéng nhan nghiém nao khac
nira.

That vay, phuong trinh da cvho c6 thé viét:

4y -

X 2

a)Néu x>2 thi [EJ < [EJ
5 5
X 2
“(5) <(5)

5 5
Nén (Ej {ij <1

5 5

b)Néu x<2:

*Ta thiy x=1, x=0 déu khong thoa man phuong trinh d4 cho.
*\/§i x 14 cac s6 nguyén am, ta dat x=-y thi y 1 s6 nguyén duong.

-6
-6 -G

y y
Ta ciing chirng minh duogc [EJ + GJ khéc 1.

Vay phuong trinh da cho c6 nghiém duy nhét 1a x=2.
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Bai 9:

*DPiéu kién 4<x<6
Ta thiy x,-10x+27=(x-5)*+2>2

Miit khéc tir bt ding thirc [A;BJ <A ;B
2
X—4+6-x) _ (Vx—4)*+(/6-x)?
Ta co: < =1
2 2
Hay Jx-4++6-x<2.
*Tasuyra:  x>-10x+27=2 1)

Ko x=2 (2)
Giai (1) ta dugc x=5.
Thay x=5 vao (2) ta thiy gia tri hai vé bang nhau.
Vay phuong trinh ¢6 nghiém la x=5.

Bai 10:

Theo gia thiét x, y, z 1a cac s6 duong va tir (1), (2), (3) ta co
x*>1, y*>1, 2%>1.
*Do tinh d6i xing cua h¢ phuong trinh khi hoan vi vong quanh
xa yo zo x nénkhdng mit tinh tong quat ta gia st x 14 s6 16n nhat.

X>y>7
*Tir (1) suy ra y=x%-1 (4)
*Tir (2) suy ra z=y?-1 (5)
*Tir (3) suy ra x=2°-1 (4)

Theo diéu gia sir x>y nén z%-1>x*-1 hay z2>x* ma x, y, z 1a cac sb duong,
nén z>x.
Theo diéu gia sir x>z, ma ta c6 z>x, do d6 ta suy ra x=z. Chiing minh
tuong tu x=y.
*Giai phuong trinh x*-x=1 hay x*-x-1=0
1++/5
5

V61 x>0 ta dugc nghiém: x =

1+\/§

2

*HE¢ phuong trinh ¢6 nghiém x=y=z=
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Thir lai ta thay thich hop.
Bai 11:

a) biéu kién x>0
b) *Phuong trinh d& cho c6 thé viét:
Xx? —4X+8X—164/2X +4+16 =0
(X2 —4X+4) +8(x—24/2x +2 =0
(x-2)2 +8(/x -v2) =0 @)
Ta ludn cé: 9x—-2)2>0,(x —/2)2 > 0.
Do d6 (x—2)? +8(\/§—\/§)Z =0 tuong duong véi hé
(x-2)* =0 (2)
a0 6
*Giai (2) ta dugc x=2.
Thay x=2 vao (3) ta thiy nghiém dtng. Ta lai thdy 2>0 thoa man diéu
Kién x>0.
Phuong trinh ¢6 nghiém x=2.
¢) biéu kién x>0. Ta co:
X2+ 242X + 2 = (x ++/2)%.

Ma (x++/2)? >0 Vi moi x khong am.
Phuong trinh da cho vé nghiém.
Bai 12:

Ta thay x=y=x=0 12 mot nghiém ctia hé.
*Khi mot trong ba 4n s x, y ,z nhan gi trj khac 0 thi c4c gid tri con lai ciing
khac 0 va hon ntra, chung déu 16n hon 0.

2.,252
*Ta cO: 8xTy"z = Xyz
A+ x)A+y>)([1+2?)
Hay 8xyz = (L+ x*)(L+ y*)(L+ z°).

Phuong trinh trén véi cac diéu kién dit ra trg thanh:

22

*Nhung vé1 X, y, z> ta ludn co:
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[x+£j22;(y+£j22;[z+£j22.
X y z

Déu dang thirc xay ra khi va chi khi x=1 ; y=1 ; z=1.

Thé lai ta thiy x=y=z=1 1a nghiém cua phwong trinh d cho.
Vay hé phuong trinh trén co hai nghiém (x, y, z)=(0, 0, 0)
va (x,y,2)=(1,1,1).

Bai 13:

Diéu kién -1<x<l.
*Theo bat dang thirc Cosi ta co:

Y1-x% =4/1+x)(1—x) < 1+XJ2r 1=x @
Y1+ x =411+ x) §1+— 1+x 2)
x =4/1(1—x) <1+“ ©)

*Tu (1), (2), (3) suy ra:
X+ 41— X+ 4= X <141+ x+/1—X

§1+1+1+X+1+1_x _3
2 2

*DAu bat dang thuc xay ra khi va chi khi:

V1+ X =+1-X (4)

V1l+x =1 (5)
Ji-x=1 (6)

Giai h¢ phuong trinh nay ta dugc x=0.
*Kiém tra lai thiy x=0 thoa man nén phuong trinh d4 cho c6 nghiém x=0.
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