§2. GIGI HAN CUA DAY S
1. Day s6 {u,} goilacé giéi han bing L khi n—> +o0 va ki hiéu 1

L= lim u,=aq,
n—>+w

néu nhu véi moi & >0, tén tai s6 nguyén duong n, sao cho véi moi n>n,, tacd:

u, —al<e.
2. Gia sir tén tai

lim u, =a; lim v, =b, thi:
n—>+w R n—>+o

a) lim (u,%v,)= lim u, * lim v, =ath;

n—+oo n—>+w n—>»+w

b) lim (un.vn)= lim u,. lim v,=ab;
n—>+o n—»+o n—+w

" lim‘un‘
c)Néu b=0, thi lim 2="22_ =

a
L onodwy limv, b
n—>»+o0

3.Néu u, <v,, Vn vaton tai:

a= lim u, ;b= lim v, thi a<bh.
n—>+w n—»+00

4. a) Néu {un} la ddy don diéu tang va bj chan trén bdi M, thi t6n tai gi6i
han hitu han :

L= lim u, va L<M.

n—»+
b) Néu {unv} 1a ddy don diéu giam va bi chan dusi bdi m, thi tén tai gi6i han
hitu han :

L= lim u,, va L=m.

) n—»+o0
5. ("Nguyén H kep").

Néu v, <u, <w, Vn Vi t6n tai cdc gi6i han hitu han lim v,, lim w,.
oo+ n—»+0

Ngodira lim v, = lim w, =a.
n—+o0 n—>»+o0

Khidé lim u, =a.

n—+w

15




'Chuong 2.
GIGI HAN CUA DAY s6

BAILl.  Xétdy s6 {u,} xdc dinh nhusau:

Chitng minh ring day {u,} c6 gi6i han va hiy tim lim u,.

n-—»oo

Bai gidi.
Tacé:
) .
: ~u, +3u, +1
un —un+1 = un + 1 = un 3un . (1)
3+u,  3+u,
Bay gid ta chimg minh ring u, > ——— véimoi n=0,1,2, ... Q)

(2) duoc chitng minh bing quy nap nhu sau :

~Véi n=0, thi u,=1; v6i n=1, thi #, =—

Tir d6 d& dang suy ra (2) ding khi n=0 va n=1.
| “3+4/5
2 .

— Gia str két luan (2) d3 ding dén n=k, tic u, >

3445 . 3+45
> +3=

2 2
1 2 345
3+u, 3+\/§ 2 ‘
1 35
3+u, 2

Khi dé : 3+u,
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Vay (2) cling ding v6i k+1. Theo nguyén 1i quy nap suy ra (2) diing véi

_3+\/—5_ véi moi n, nén 3+u, > 3+2\/§, tie 1a

moi n. Vi u, >

3+u,>0 vé6imoi n=0,1,2, ...

~3+45

Do u, > 5 i(theo (2)), nén theo dinh Ii thuanl vé d4u tam thitc bac

hai, thi :
W +3u +1>0 véimoi n=0,1,2, ...

Vay tix (1) ¢6 u, >u,,, v6i moi n, nghia 1a {u,} 12 ddy don dieu gidm v bj

-3+«/§]_

2

chin duéi boi (

Suy ra t6n tai gi6i han cta {u,} khi n — o, va dat

lim u, = x.
n—wo

T u, = va ldy gi6i han 2 v€ khi n — o, tacé :
n-1 ’
. ""1 14
Slimuy, = —m—
n—>® 3+limu,_|
now
\ -1
ha x=
y 3+x
& x*+3x+1=0. - A3)

_3;J5 v6i moi n, nén x = lim u, > _3;\/3.

Dé y ring u, > 4

Bay gids tix (3), (4) di dén :

: -3++5
lim u, =

n-»w :
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BAI2.  Diys6 {u,} x4c dinh nhusau:

y =l
“3
u

1
" =-2—u;‘:—1 yn=12,... -

Hay tim giéi hansau : L = lim u,.

n—>+w

‘ 'Bai gidi
Ta théy v6i moi n22, thi ~1<u, <0. Tir d6 suy ra néu dit day {u,} c6

gi6ihan 12 @ thi ~1<a <0, vd & thod man phuong trinh :

az
a=7—1¢:>a2—2a—2=0.

Do-1<a<0=>a=1-43.
Xét hiéu sau dAy':

o =(1-43) =1 )--5)
R (0 (T
.gi_-(l.—ﬁ)z

2 2

=2l ~(1-45)
Do u, <0 va 1-4/3<0, nén: |
un+(1—~/§)|= ‘+|1—\/§|
| =Ju,|+VB-1<V3 (o | <1)

Uns1 “(1—‘/37)|<§Iun'—(1—\/§)|. *)

u, 4—(1—\/5)’.

u’l

=
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Lap lai bat déng thitc (*) n 14n ta di dén:

-0 (] 8] (]

2

Nhuth€tacd: O<|u

(&

—2—) =0 nén theo "nguyén 1 k@p'; suyra:

lim (u,,, —(1—J§))=o

Uy (1’—\/§)|<(§)n,vn=1,2,...

Dola lim

n—p+oo

R+
hay . lim u, 11m U, =1- V3.
n—+wo n—+w

BAI 3. Xét céc déy s Vi s6 hang t6ng quét nhu sau :

) u, =1+—= —2Jn,VneN
J— «/_ «/—
2) u, =l+1+ +—1— VYneN
I 20 n!

3) u,,=(1+i2)(1+-1) (1+ 1) VneN.
1 22) U n

Chitng minh ring cédc ddy s6 trén déu c6 gidi han hitu han lim u,.

'Bdigia’i =
1.Tacé: u, ( \/IE J‘ \/;r_ zﬂ)
( - J—“"W*”
= oy 2T yn)= N R
_ntledn-2dnsl T -1

I W) ety

= u,, <, VneN suyra {u,} I diy don diéu gidm.
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Dé thdy :

{ |
\ﬁH_ J_ZJk+1+J_ 2k M

Trong (1) 14n lugt thay k=1,2,...,n+1 tacé:

.
7_1->2J5—2Ji

1
L2242
7 |

J_>2Jn+ —2Jn+1
n+l

COng ttrng v€ céc bit déng thifc trén, ta c6 :

PRSI —2\/n+1>2s/n+2—2\/n+1—2
«/_ J_ 3

1 ,
Slt—=+...+—= -2Jn+1>2 -2>-2
«/— «/— «/n+ Nn+2 +Vn+1

=>u,,+, >-2,¥n=0,1,2, ...

Nhu vay ddy {u,} bi chin duéi bdi —2. Theo nguyen If gi6i han, tén tai gi6i
han hitu han  lim u,. '

ps oo

bé1a d.p.c.m.

2. R6 rang u,,, >u,, vay {u,} 12 ddy don diéu tang. Ta ching minh ring

| u <2,¥neN. | | @)
, That vay (2) dingkhi n=1 va n=2 (do u, -1 s =i+l=3).
1! n 2! 2
Chiyla:
| 31=2.3>2?,
41=2.3.4>2°

n1=2.3.4..n>2""
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I 1 1

1 1 1 1
Va -—+—+ At — <=+ — sttt —. *
W U 112! n! 2 2 . 23 . 2n-—1 ( )
1 '
1.1 1 o 1Y . |
Do l+—+—+.-4 ]=——-—=2(1———)<2=>u"<2,vneN.
2 ) 2 2"_ 1__1_ 2” '

2

Day {u,} 12 don diéu ting va bi chan trén bdi 2. Suy ra ton tai gi6i han hiru
han lim u,. D612 d.p.c.m.

n—s+o0

3. Ta sit dung ket qu da biét sau : "Néu r 13 s6 hitu 6 duong, thi 147 <3"".

Xét day u, —(1+ 1)(1+ 1) (1+l)
1! 2! n!

RS rang {u,} 12 ddy don diéu tang. Theo nhan xét trén ta c6 :

1 4

1+—<3"
1

I

1+l<35
-2

« 1

1+ 1 <3
: n!
Nhan c4c bt ding thic trén ve& theo vé’, ta di dén
: 11,1
u, <3" 2t n (do moi thira s6 déu duong)

Ap dung c4c tinh todn trong phén 2, ta di dén :

u, < 3?2 =9

. Vay day {un} bi chan trén bdi 9. Theo nguyén 1f gidi han suy ra ton tai gi6i
han hitu han

lim u,.
n—+w

bé 1a d.p.c.m.
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Vay u, -—l+l-+ +—l-<1+1+ 1 +_13_+...+ 1 L *)
It 2! nt 2 272 2!

L 5 1 |
— =——-2--=2(1——)<2:>un <2,VneN.
2 1L 2" '

2

Day { } 1a don diéu tang va bj chan trén bai 2. Suy ra ton tai giéi han hitu
han lim u,. P61a d.p.c.m.

n-»+0

Do 1%l+i2+---+
2 2

3. Ta sir dung két qua da biét sau : "Néu r 12 s6 hitu i duong, thi 1+ 7 < 3™

Xét day u, -(1+ 1)(1+i)---(1+—l-).
1! 2! n!

R& rang {u,} 12 ddy don diéu tang. Theo nhan xét trén ta c6 :

, 1 L
1+— <30
1

1 1
I+—<32
: 2!

1

1+1 <3
n!

Nhan c4c bét ddng thitc trén v& theo v&, ta di dén
: [
4, <37 2" (do moi thita s6 déu duong)

Ap dung céc tinh to4n trong phin 2 ta di dén :
u, <3*=9,
. Vay day {u,} bi chan trén bdi 9. Theo nguyén If giéi han suy ra tén tai giéi
han hitu han
lim u,.
no>+w

Dé1a d.p.c.m.
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BAl4.  Days6 {u,} x4c dinh nhu sau :

u, =1
2
U, =—2—+u,;véin=112,...
2005
Tim gi6i han sau: lim [ﬂ+ﬁ+---+ Ln )
ntel Uy U Uy,
- Bai gidi
: ‘ w2
Tix he thitc dd cho, tacé : u,,, ~u, =—- i vdin=1,2,...
2005
hay ! =2005(i— 1 );v&in=l, 2 ...
Upsy un Uy

Trong dang thic trén l4n lugt cho n=1,2, ..., k r6i cong k ding thic trén
v€ theo v&,tacd :
ﬁ*-+‘—’2-+---+_"zc_=zoos(i- L ):2005(1~ ! ) Y

u, Uy Uy U Uy - U

Theo c6ng thitc x4c dinh dﬁy {u,}, hién nhién ta 6 :
l=u <u, <...<u, <u,, K <..
Vay {un} 1a dﬁy don diéu tang. C6 hai kha ning sau xay ra :
1. Néu {un} bi chan trén. Theo nguyén 1i gidi han, t6n tai gidi hén hitu han :

a= lim u,.
n—y»+

2

Tru, = 236 S+

sau khi 14y gi6i han (v6i n —> +e0), ta c6 phuong trinh :
2

+a

2005
=a=0.
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D6 12 diéu vo 1i vi {u,} 1a ddy don diéu tang va u, =1.
2. Néu {u,} khong bi chan trén. Do {u,} 1a ddy don diéu tang, nén ta c6 :

lim u, = +o0.
n-»+w

Vith€t (1)c6: lim (ﬁ+i‘2;+-.-+—‘f"—)‘=2005.
ksl wy Uy Up iy

BAIS. Days6 {u"} thod man céc diéu kién sau :

O<u, <1
1
n+l(1 u )>4’

véimoi n=1,2,... Tim g161han sau: L= lim u,

n—>+o

Bai gidi
Ap dung bt déng thitc CO -si cho hai s6 duo’ng u,,, va 1—u, va két hop véi

gid thi€ttacé : u +(1—u,,)22.,/un+l (1-u,) >2§=1
=u,,,>u,Vn=12,...

Vay {u,} 12 ddy don dieu tang. Ngodi ra theo gia thiét thi nhét thi {u,} bi
chan trén bdi 1. Vay theo nguyeén If gi6i han, tén tai giéi han hitu han

L= lim u,.
n>+w

Do un+l(1—un)>%,‘v’n=l, 2, ...

n—>+w

1

= lim [ Uy, (1-u )]>Z
1
L(1-L)>—
=L(1-L) 7

2 >
:(L——l—) so:>L=l.
2 2

Vay lim u, =—

n—>+w
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BAI 6. Diy s6 {un}, v6i moin =1, 2, ... xdc dinh nhu sau :

{”1=1
Uy =1+uu,...u, s véimoin=1,2,...

Pt S,,=Z—1—. Tim lim §,.

k=1 uk n—>+®

Bai gidi
Tx w,, =1+wu,...u, vé6ii=12,...suyra:
u,.+1—1=u1u2...ui=u,.(u,uz...u,._1+1—1)
hay Sy ~1=u (4, -1) vé6imoi i=1,2, ...
Theo céch x4c dinh day va » =1, nén hién nhién ta cé :
u,>1,vi=2,3, ..

Tir cch 1ap luan trén suy ra :

1 __ v _ 1 1yicas..
u =1 w(=1) w-1 u
Vi thé S, = Zi.=l+ L

1 1 I . o

Do u =1;u,=1+u =2, néntir(l),tacéd:
S,=2- L (2)

n
C Uy —1

©)

Tir(2)didén lim S, =2- lim

n—>+o n—>+o© —-
un+l 1

Viu,, —l=wu,...u, >u (1+u1)"_] =21

lim (u,,, —1)=-+0.

nén
n—>+wo
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hay

n—+w

Vil€ dy tir (3) c6 : lim S, =2.

Chiy:1.Do u,=1+u ;uy=1+uu, =1+u (1+u)>1+u,.
Tuong tyc6 u, >1+u Vn=2,3,... Vithe uu,...u, >(1+u)"".
2. Ta c6 bai todn tuong tu sau : \

Daiy s6 {un};n= 1, 2, ...duge xédc dinh nhu sau :

! u =1 |
{u"“ =\/u" (u,+ 1)(u, +2)(u, +3).+1 in=12,..

H

bit v =

n

2 (n=1,2,..)

Tim gi6i han limv .

H-yc0 7

Tacé:

u —\/(u”2 +3u”)(u"2 +3u, —:!-2)+1

o
2
=(4+3u, +1)
Dé y réing tir cdch x4c dinh day suy ra u, >0 v6i moi n, do dé tir (1) co

_ .2
u,,=u"+3u +1

n+l

u,, +1= (u";+1)(u” +2)

n+l

1 1 1 1
Vilé dé6 = = -
118 ds u, +1° (u"+1)(u"+2) u,+1 u +2

Do d6 :

i i i=1 i i+1
_ 1 B 1

u+1 u,, +1
11

2 wu,,+1

N\, _' 2 '
T u,,, =u,”+3u,+1 suyra u,,, >3u,

(D

)
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K&t hop v6i u, =1 tacé u, >3"" véimoin

Do dé lim

3o un+l +

=0

Kéthop v6i (2) suyra limv, = % .
n—>rw

BAI7.  Gidsir a>b>0. Lap hai day s6 sau day {u,}, {v,} :
w=a;v=b;

" U, +v, T 2u,v,
n+l T 9 > Yyl —

vé'i n=1, 2,...
U, +v,

Chiing minh ring lim u, = lim v, —\/—_

n—»+c0 n—>+ow
Bai gidi
“Tir cach x4c dinh ddy tasuyravéimoi n=1,2, ... thi u, v, =u,v,.
Vile d6 véimoi n=1,2, ..., thi uv, =ab. | (1)

Bay gid ta ching minh ring véi moi n=1, 2, ..., thi

2
u, +\[u”vn a+\/——
Thatvay:
21—1
Juv a—«/;l;
- Véin=1, i L1 [ ] _
" ”1+\/“1V1 a+\/—_ a+JZE

Vay (2) ding khi n=1.

— Gia sir (2) dd ding dén n.

— Xét v6i n+1. Theo cich x4c dinh ddy va sit dung (1), tacé :
“u,+v

un+l—\jun+lvn'+l _ nz_n_ Ha¥n =(\/Z—\/;;)2 _(\/;:_\/Z\]z

— n 2 hand
Upit TN Uit Vi BTV +V +.Ju v (,[u +\’V V Uy Ty Vn
2 n'n n n

=(——C""_ - T. | -(3)

u, +ju,v
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Tir (3) va theo gia thiét quy nap (xem (2)), tacé6 :

2n'
ntl A Bna1 Vit _[a_ V(lb]

u

= 4)
un+l +\/un+1vn+l a+\f;g
Tir (4) suy ra (2) ding vé6imoi n=1, 2, ...
Do a>b>0, nén u, +v, >0, vith€:
u, e Tk B Vv, = 20 __2db > 0.
| u+v, Uty
Tir d6 bang quy nap d& dang suy ra u, >0, v, >0 v6imoi n=1,2, ...
. ' . u,+v, 2u,yv,
Taco: e T T T
(un TV, )2 _4unvn (un —V, )2
= = - >0
2(un+vn)‘ 2(un+vn)
(do u,+v,>0,Vn).
Néi c4ch khéc u, > v, v6i moi n =12, ... ' 5)
Tacé u, =% M ;“" (do v, <u)
:5 U, <u.

Tir d6 ket hgp véi (5) va ding quy nap suy ra {un} 12 ddy don diéu giam.
- Mt khéc day ndy bi chin duéi bdi 0, vi thé tdn tai giéi han hitu han
l,= Lim u,. | (6)

‘ n—>+w

Do u,v, =ab véi moi n, ma {un} 12 ddy don diéu giam, nén {vn}. 1a day
don diéu tang (chiy u,>0,v,>0,Vn).

Do u,v, >v? (Vi u, >v,),nén v, <sJab véimoi n=1,2, ... Vay {v,} ladiy
don diéu tang va bi chén trén b \/E , nén ciing ton tai gii han hitu han

L= lim v,. | ‘, S

n—>+w
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a—Jab
a++ab

Do

( 214—1
<1, nén lim a4 \/;;] =0.

h—> 0 _a+\/£

Tir d6 theo (2) suy ra: lim f—l} =0, hay lim (u, -vab)=0.

—®© n -0
un + unvn

Vi & d6 din dén lim u, =ab. | (8)

n-~>w0

2u,v,

Tir cong thic x4c dinh ddy : v, = :
. un + vn

két hop véi (6) va (7), suy ra:

i‘nvn =2 L

L= lim v, =2 lim .
n—+o notoy +V, ]2+[]

9)
Do I, = lim u, =+/ab (xem (8)), nén tix (9) c6 :

n —w
21,\Jab o
L= . . ' . (10)
y . 12+\/2E ' _
R& rang L, ZbSO (Vi b=v, <y, <v;<...), néh tir (10) di dén :
l, +~ab =2ab =1, = Jab.

Témlaitacé: lim u, = lim v, =+ab.

n->+o n—+ow

Pélad.p.cm.

BAI8.  Chotruéc 3s6 a, b, c. Xédc dinh 3 day {u,}, {v,}, {w,} nhusau:

u=a;v=b;,w=c

Vv, tw, w,+u

—_ n . — n
U1 =75 ' Vit ST W1 =75
(khi n=1,2,...).
., Timcicgiéihansau: lim u,; lim v,; lim w,.
n—>+m n—>+w n—>+w
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hay

hay.

Bai gidi
Tir cach x4c dinh didy suy ravéimoi n=1, 2, ..., thi: _

)

Uy + vn+l + Wn+1 =u, + vn + Wy
Viy=a;vy=b;w =c, néntir(l)suyravéimoi n=1, 2, ... thi
u,+v,+w, =a+b+c. 2)
U, =V,
Tacé: u,,,-v,, =
< -1}’
Vilgdésuyra u,, ~v,,, = (7) (4, -v)
1Y |
SR
Tir d6 ta di dén hé thic sau :
ngTw(un -v,)=0. A3)
Hoan toan tuong tu, c6:
tim (=)0 @
nl_l;T,w (wn - ”,.) =0. (5)
Mait khéc theo (1), thi : ‘
a+b+c L UtV W, |2un—vn—wn| I -v, un—wn|
u,— =\, - = = +
3 |3 |1 3 3 |
Tu dé c6 :
OSun—a+b+c Slun—vnl |wn—un )
3 3 011 3 |
Tir (3), (5), (6) va theo "nguyén 1i kep", suyra:
lim (”n _a+b+c)=0
N>+ 3
lim u =a+b+c s
L S 3
Bay gio tir (3), (4), S) va (T) tacd :
. . Ty a+b+c
lim u, = lim v, = lim w, = .
n—>+w n—>+o n—>+o 3

7-CDBDHSG...VE DAY 56-A
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BAI9.  Cho truéc ba s6 duong a, b, c. Xéc dinh ba diy s6 {un}, {vn}, {wn}'
nhu sau : '
' u=a;v,=h;w=c

Uy =\/V,,wn S Vel TAWalby s Wy = \l‘unvn ;n=1,2,..

Tim c4c gi6i han sau : " lim u,, lim v,, lim w,.

n—»+oo n—+w n-»+0

Bai gidi
DEé dang thdy ring v6imoi n=1,2, ..., tacé :

u,v,w, =abc. (1)

Theo c4ch x4c dinh ddy, thi : Busl _ (u—”J ?

Tir d6 dé dang di dén h¢ thitc sau : —22L = (—‘

: Vot Y
-l n
hay . My =(£)( 2)
vn+l b

n ' )
Do lim (—%) =0vaa>0,b>0,néntacod:

n->+o

lim —2th=1. ‘ @)

n—>+c
vn+1

Lap luan hoan toan tuong tu, va c6 :

lim 2t = lim 2zt —1 )
n—»+°0w +1 n—>+w u .
Mit khéc dé théy tir (1)

u, _ | 4
abe Jun,,,, \F\F @

7-COBDHSG...vE DAY $6-8
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T (2), (3) va (4), suyra:

lim u, =3Jabc.

n—>+ow
Bay gio két hop (2), (3) va (5), ta thu duoc :

lim u, = lim v, = lim w, =3abc.
n—>+o n-+ow n>+ow

(5)

BAI10.  Cho hai ddy s6 {u,}, {v,} saocho:

lim u, =a; lim v, =b.
n—>+ow n—>+w

Day s6 {w,} dugc x4y dung nhu sau :

_WY, v, ety U,

n

n
Chiing minh ring lim w, = ab.

n—>+0

va

, : Bai gidi
Xay dung hai ddy {a,} va {$,} nhusau:
a,=u,—a; ﬂ">=v”—b cn=1,2,...

Tir gia thi€t suyra lim @, = lim B, =0.

n—>+w n—>+o

Ta c6 thé viét lai w, duéi dang sau: .

Bi+B++p, pltemtta,
n n

w,=ab+a

N ap,+a,pB, +-+a,p

n
Pua vao xét theém ba diy nira nhu sau :
| _B+B++p, . y _atotta,
= iy =

n
n n

z =alﬂn+a2ﬁn-l+“.+anﬂl
n .
n

xn

Tirdétacéd:

w, =ab+ax, +byn+znt

€]
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Vi lim B, =0, nén véi moi € > 0, ton tai ny sao cho véi moi n=n, ta céd

n—»+w

ARE:

Nhu vay v6i moi n > n,, thi:

_Iﬂl +ﬂ2+"'+ﬂn(, +ﬂno+l +“"+ﬁn
_i |

X, - <
|Br Bt By B, |
| n | n n
, Bi+B++B | n=n, |BtBpttB '
Ttrdédidén:|xn|<‘ . "o|+g ”o<‘ 1 7% |,
n n n.

Tir b4t déng thic trén, theo dinh nghia gi6i han suy ra lim x, =0.

n—+ow

Tuong twcé lim y, = lim z, =0.

n-—»+ow . n—+wo

Vivay tit (1) suyra lim w, =ab.

n—»+w

D6 lad.p.cm.

BAI1l. Cho truéc hai s6 a, 8. Lap hai ddy s6 {u,},{v,}, n=0,1,2, ...
nhusau: u,=a;v, = f;

s v, =Bu, | +Av, |,

" Véimoi n=1,2,...,thi u,=Au,_ ,~Bv,, ;v,
dday A va B lahaisé c6 dinh sao cho A% +B* <1.

Ching minh ring lim u, = lim v, = 0.

n—»o n-—»0

Bai gidi
Pura vao xét day s6 {wn},‘ n=0,1,2,... nhusau:
wn=u3+v;‘;. ' . ()
Khi d6 tir (1) c6 wy =ul +v2 =a” + B | )
w, = “12 +v12 = (Au0 - By, )2 +(-Bu0 + Ay, )2

~(a?+ ) (42 +B?). | 3)
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Tix (2), (3) va bing quy nap suy ra:

w, =(a?+p?)(4%+B2)". . @
Do A*+B% <1, nénti(4)suyra lim w, =0.

n—=>+0

Vilgdétx(1)suyra lim u, = lim v, =0.

B+ no>+w

bélad.p.cm.

BAI12.  Cho hai ddy s6 duong {u,} ; {v,} x4c dinh nhu sau :

2% = -
n+l 2
| 1-4u; |

V6i n=1,2, ... Tim céc gi6i han lim u, v lim v,.

n—»c n—»o

Bai gidi

Ta c¢6 nh4n xét sau day : Véimoi n=1, 2, ... thi
w+vi=1. (1)
(1) dugc chimg minh béng quy nap nhu sau :
~Vé6in=1, tacé u? +} =%+%=1, vay (1) ding khi n=1.
—Gidsit (1) dading dén n=k, thc1a: u? +v? =1,
— Xétkhi n=k+1. Ta c6 theo cong thirc x4c dinh day :

Uy (4"/3“ _1) = 5 Vi (1 ~dug,, ) = Vi

Tix d6 4p dung gia thiét quy nap, ta ¢6 :

[”k+1 (4V13+1 - 1)]2 +[Vk+1 (1 ~4uy,, )]2 =1

e, (16v), +1-82, )+2, (1+160f,, - 82, ) =1
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2 2
< (”k+1 Vi ™ 1)"‘ 16u3,,vp,, - 16uk+lvk+l + 16vk+luk+l =0

(.2 2 2 2 (.2 2
= (”k+1 Ve~ 1)+ 160,V (“k+1 Vi~ 1) =0

_ « (ulfﬂ +vl?+1 - 1)(16ulf+lv:+l + 1) =0. | (2)
Tit (2) suy ra w2, +vZ,, =1.

Vay (1) cling ding khi n=k+1. Theo nguyén li quy nap, suy ra (1) ding
véimoi n. Do u, >0, v, >0 v6imoi n, néntacé:

v, 1

Vor = - 4un+]>v >V, >...>v2>vl=—\/—5—. 3)

Nhu vay day {v,} 1a ddy don diéu tang va bi chan trén bdi 1, nén t6n tai giéi

han : : ,

B=1limv,. o)
n-»o

. u
Tuong tuta cé : U, =—+——<u,
: 42, ~1

(vitheo (3)tacé v,,, > \/1.2_ =42, -1>1).

Tir 46 suy ra day { } 12 ddy don diéu gidm va bi chan dudi bdi 0, nén tén
tai gi6i han '

a=limu, )
n->»® . .
Tir he thic u,,, = —2—, v theo (4), (5) suy ra
vn+1 -
lim u, o
a=limu, =——>

n—se 411mv”+, -1 4,32-1

hay a (48 -2)=0. | | (6)
C6 hai khé nang xdy ra:

Jz
p=". ™

1. Néu o # 0, khi d6 tix (6) c6 S° —5 va do ﬂ>0 nén S =
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Chd § ring (7) mau thufin v6i (3). Vay trudng hop nay khéng thé xay ra.

2. Do vay tir (6) suy ra & = 0. Mat khdc vi v6i moi n tacé : u? +v> =1,

nen lim (u? +V2)=1=>a’+ 2 =1. ®)

Tea=0, >0 vado(8)didén g =1.

T6m lai ta d4 thu dugc ket qua sau : limu, =0 va lim v, =1.

n—>w n-»c0
Chit ¥ : Ta c6 thé gii bai todn trén bing céch khdc nhu sau :
Sau khi d4 chitng minh dugc hé thic : Véimoi n=1, 2, ...
2evi=l,
thi c6 thé dat u, =sina,, v, =cosa,.

Theo cong thitc truy héi ta c6 :

sin u, sina,, |
=U = =
+1 7 Y+l
™M 4 -1 4cos’a,,, -1
_ cosa,
COSQ,,) =————— ——
1-4sin* a,,,
. _ sina, sina,,
sina,,; = =
. " 2(1+cos2a,, )-1 2cosa,,, +1
ay _ .
' _ cosa, cosa,
cos qn+1

1-2(1-cos2a,,,) 2cos2a,,, -1
R {2 sina,,; cos2a,,, +sina,,, =sina,

2cosa,,, cos2a,,, —cosa,,; =cosa,

- sin3e,,, =sina, |
cos3a,,, =cosa, : .

, Oy
Vay ta thu duoc «,,, =?" véimoi n=1,2,...

Do u, =, =%=sin—2—=cos% (tl'rclé a, =%)
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Txdésuyra a, =—”_—1—, n=1,2,...
. 4‘3"

Tix 46 suy ra u, =sin Va v, =cos

. 3’!-1

4.3

~ Dua vao lim—1-=0, néntacé limu, =0; limv, =1,
n-w 3 n—sw " nso "

BAI13. Haiddys6 {u,}, {v,} dugc xéc dinh nhu sau :
w=3;v,=2
Uy =1y +2V,

vn+l = zunvn’

Véin=12,..
Tim céc gi6i han sau 31_{120 2{'/2 \%: ,}Tl Awuy ...u,.
Bai gidi

Véimoi n=1,2, ..., tac6 : Uy, +v,,V2 =ul +2v2 +2\2uy,
=(un"-i-vn«/j2")2. )

Ap dung lien tiép (), suyra: u, + v,,\/i = (u,,_1 +V,, \/5)2

= [(”n-z + "n—z\/i)2 :|2

(s +v2)
(3+242)
[(«/5 +1) ]2”_1

It

T dé di dén u_+v 2 =(v2+1)
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Lap luan trong tu, va éé: un—v”ﬁ;(s/i —1)2" '

wetleaay a0 o
, el (0]

RS rang ta cd : u, =—[(~/_+1) +(¥2-1) ]<(\/_+1) , Vithe:

Vi th€

2 < ﬁ+1 ' o @
‘ . . ” |
Tuong ty ta c6 : (*) = E«lf__Zl:(ﬁ+l)2 _.(\/__1)2"]‘> (\/5;'1)

2" ’
o 2/02+) <zfy,. 3)

8
Va hién nhién v, <u,, nén ta di dén diy bat ding thic sau v6i moi
n=1,2,... o

* BRI
I

2" |
,f( 2+1) <%y, <Zfu, <2 +1. @)

Chii ¥y rang v6i moi ¢>0 thi lim \/— =1, va do 46 tir (4) theo "nguyen 11

n—»o0

kep" suyra:

lim %, = lim 2, = «/5+1 | | ®)

n—»o n—»o

. (\/5+ 1)211
(O day da sir dung lim 34— (\/_+1) lim 2" \/§+ 1).

n-~»o0 n—w

Theo cdch x4c dinh day, thi v,,, =2u_v,, hay u, = —;—L‘
\%

n"n’
n

Tixd6 ta co :

: v, Vv v v ’
Wy ooty =22t o L (6)
2v 2v, 2v, 2
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T dé lim Zfuu,...u, = lim 2" —;—f}, =lim }/v,,, . lim z,"/ 2"1“' )

n—© n—>w ‘ n—w n—>w
2" / = 2 [
Theo (5) thi : 31_1:; }1_{2) 2u,v,
= 2 / 2! / " / =
,}1—{2 ,}1_?30 31_?:; 1 2 +1

=(\/§+1)2=3+2\/£. | : 3)

L1 |
31_1)130 2 2n+] =1. . 9
Do dé6 tix (8), (9) di dén lim 2."/u,u2 L =3+242.
Tém lai ta c6 : llmz\/— V2+1; 11m %fuluz U, =3+242.

n—w

Laicé:

BAI14. Chodays6 {u,},n=0, 1,... thod man diéu kién :

‘—1<u0k<1
u, = |L+u,, n=12, ...
2

Hai day {vn} , {wn} x4c dinh nhu sau :

vn=4"(1—u) Wy = Ul .. n=1,2,..

n ’

Tim céc giéi han sau : lim w, va lim v,.
. n—>+w® n—>+w

Baz gidi

Chon a 1a géc thube (0 ) sao cho uy =cosa. Tirdé tacé :

u _~\/1+COS(I —\/(:0529!——(508-61
Y 2 ) 2

| (doO<a<7r=¢cosE>O)Vlthe' v =4(1-u)= 4(1 cosz) 4.2sin* = 2
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Tir d6 bing quy nap dé dang suyra: u, = cosaa-;

dodé v, =4"(1-u,)=4".

a Sin n+l a
lim v, = lim 4" .2sin’ = lim |[—27 | £
ns+o ' posw Fn+l n—>+0 a 2
. 2n+l
bit y, = +l,véyn—)O khi n — 400, tacé:
siny Y
lim v, =——(lim Y"J . (1)
n—>+o0 2 {y,—>0 A .

- 2
Ap dung cong thic : 11m —1 nén tir ( 1) suyra lim v, = %—.

x—0 n—>+oo

Theo trén, ta c6 : w, =u1.u2...u,,'—

n. O a a
2" sin— c0s —cos — > :
- . 2 a2 _ @)
2"sin— )
2!!

Diing lién ti€p cong thic sin2x =2sinxcosx, tit (2) suy ra :

a
sina : ina " sina
n = P lim w, = 1 p
. n-»+o n—+o0
2" sin— ' @ n?’Z—"— @
sina
(do———)Okh1n—>+oo):> lim w, = .
" n—>+w a

BAI15. Gié sit phuong trinh ax®+bx+c=0 (a#0) c6 hai nghiém phan
biét khac 0. Day s6 {u,,} ,n=0,1,... dugc xdc dinh nhu sau :

) =a
u( +b)+c—0n 1,2,.

Tim lim u,.
A=p®
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Baigidi
Goi x,, x, 12 hai nghiém phan biét cla phuong trinh ax +bx+c= 0, véi
| S oy
Tix cong thic x4c dinh ddy, véi moi n=1, 2, ..., ta thu dugc :
u, (aun_l +b)+c =0

b) ¢ _
Qrun un_l+z +;—' .

Ap dung dinh If Vi-ét, tacé:

sy [ty = (2, + %) ]+ 2,0, = 0

& (u, —x,) (4,4 —xy )+ x, (4, = %)= x, (u, = x,) = 0. k)
Xét céc kha ndng sau :
1. Néu a = x,, tifc uy = x,.
Trong (1) thay n=1, va cé —x,‘(u, -x,)=0.
Do x; #0, suy ra u —x, =0=>ﬂ1 =X,.
Tir 46 suy ra trong trudng hop nay ta cé :
u,=x, véimoi n=0,1,2,...
Vi thé ,}l_?:o U, =x,.
2. Néu a = x, tdc u, = x,.
Trong (1) thay n= 1’, vacé:
'(‘ul—xz)(uo—x2)+x2(u0—x2)—xl (ul—x2)=Q

= (uy—x, ) (1, — %, + %,) — x; (ul—x2)=Q

= u, (uo—x2)~x1(ul—x2)=0

=y, (xl—-xz)—-xI (ul ‘—x2)=0
= —ux, +x,x, =0
:xz(xl—u1)=0,

Do x§¢0:>x, = ;.
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hay

hay

Tir d6 béng quy nap dé thdy trong trudng hop nay ta c6 :

u,=x, véimoi n=0,1, 2, ...

Diéu d6 dén dén lim u, = x,.

n—o0
3.Néu a # x,, @ # x,. Khi d6 tir 1ap luan trén suy ra :

u, #x,u,#x, v6imoi n=0,1, 2, ...

Pua vao diy méi sau day : v, =

Chia c hai v€ ctia (1) cho (u, - x,)(u,_, —x,) va cé:

1 1
1+x, — =X, —=0
U, —x, U, — X%
1+x,v, —xv,_, =0.
N . X 1
Tir d6 d4n dén : v,==Ltv  -—, n=12,..
X, X,
X, 1 1
Vo — S
X=X | X2 Xy X —X
X, 1
== 1|Va-1— .
X2 X} =X,

Ap dung lién ti€p biéu dién trén, ta thu dugc :

n

1 X, 1 l |
v, — =1— |Vo— .
X =Xy Xy X — X,
C6 hai kha nang sau :
— Néu |x,| <|x,|- Khi dé lim |21 =0.
. n—»90 x2
Vithétir (3) c6:
limv, = 1
n-»o _xl _x2

1 1.
<:>Mn=x2+_ .
un_‘x2 vn

)

3)

4
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‘ 1 . '
Dua vao u, =x2+;— va (4),suyra: '}Lr)r;un =X, + X =Xy = X;.
n

- —Neéu |x,|=|x,], khi dé x, + x, =0, va theo dinh I Vi-ét suy ra b=0.

N 1
Mait khéc tir (3) cé: v, — 1\
: X1 =% X
1
X=X Xy =X,
_ 1
Su =x,+—=x+ T 1
n ivo_
Xy~ X Xp =Xy

Trong trudng hop nay khong t6n tai lim u,.
n—»®©
Xy, N€U & =X,
. Témlai: limu, ={x,, néu a =x
n—»w ] ‘
X, néu @ # x,, @ # x, VA x| <|x,|

Giéi han khéng t6n tai khi @ # x,, @ # x, va x| = |x,|-

BAI16. Diys6 {u,}, n=1,2, ... dugc xdc dinh nhu sau :

Cn (1)
un=z( D 12,
' -k

Chitng minh ring ton tai lim u, va hdy tim gi6i han d6.

Bai gidi
) 2m (_ k-1 2m m
Tacé: U, = ( 1]3 = -}{-—2251;
k=1 k=1 k=1
2m 1 m 1 m 1
=), 725 1)
ik kz=,k 2 k

Ta c4n diing dén ménh dé phu trg sau :
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hay

hay

hay

Khidétacé:ln(l+ )< I <—1ri(1— 1 )
m+k m+k m+k

Ménh dé : Véi 0< x <1, ta cé bat déng thic sau :
ln(x+ D<x<-In(1-x).
(Xem chitng minh ménh dé & cudi bai).

Trd lai bai todn clia ta. Ap dung ménh dé trén 14n luot véi

(k12 ,m).

x=
m+k

|

In(m+k+1)~In(m+k) < <-ln(m+k-D+In(m+k). ()

m+k
Cong timg vé céc bat ding thic dang (2) khi cho k chay tir 1 dén m, ta cé :

m
n@2m+1)-In(m+1) <> <In2m-Inm

ln(2— 1 J<u2m<ln2. 3
m+1
Do lim ln(Z——l—) =1n2, nén tir (3) va theo "nguyén li kep" ta cé :
. m-»® m+1
11m u,, = ln2 4)
m-—» 0 N
el (- Wt

Matkhéc:u2m+l=z_k =Y p

&)

Tu (4) vado lim L 0,nén tit (5)didén: lim Uy = lim u,, =1In2.
ma302m<1 . m—>ow m—o

Tirdé suy ra lim u, =In2.

n—>w
Bay gid ta quay lai chitng minh ménh dé phu tro.
Xéthams6 f(£)=r—-In(1+¢) véi 0<e<1.

Tacé f' (t)—l——!—=——t———
1+t 1+t
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Twds £/(1)20 v6i moi 0<r<1 (f(r)chi bing 0 khi £=0). Vay £(¢) Ia
‘ham déng bién trén [0 ; 1].
- DoO<x<l1= f(0)<f(x)
hay =0<x-In(1+x)

=In(l+x)<x

Phén con lai cia ménh dé chiing minh hoan toan tuong ty. Bai todn duoc gidi
hoan toan.

BAI17. Xét phuong trinh (v6i n>2): x"—x* -x—-1=0.
1) Ching minh ring v6i mdi s6 nguyén n>2, thi phuong trinh cé
mot nghiém duong duy nhét x,. -

2) Xét ddy sO sau day : u, =n(x,, —1), n=273 ...

Tim lim u,.
n—»w
Bai gidi
1. Xét phuong trinh f(x)=x"-x?+~x-1=0, (1)

véi n nguyén, n>2.
Tacé f'(x)=nx""-2x~1. A
Do n>2, nénkhi x>1, thi f'(x)>0. Vay £(x) 1a ham déng bién khi
x>1.. o
Tacé: f(1)=-2<0; f(2)=2"-7>0 (vi n nguyén,n>2=>n23). |
" Ta 6 : f(1)f(2)<0, ma f(x) 1a him lien tuc, nén phuong trinh
f(x)=0 c6 it nhat mot nghiém trong (1; 2). Mit khdc vi f(x) 12 ham déng
bién khi x > 1, nén néu phuong trinh f(x)=0 c6 nghiém khi x >1, thi f(x) c6
nghiém duy nht trén (1 ; + ). | ‘ |
Ket hop lai ta thiy f(x)=0 c6 nghiém duy nhét trén (1; +). RS rang
‘nghiém duy nhét ndy 12 nghiém duong. Mt khdc véi 0 < x <1, thi
| x" <x* (do n>2).
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T dé suy ra f(x)<0 véimoi O<x<1.

Nhu vay ta da chiing minh dugc (1) cé nghiém duo‘ng duy nhét v6i moi n
nguyén, n>2. b6 1a d.p.cm.

2. Goi x, 12 nghiém duong duy nhét cha phuong trinh x" — x? —x-1=0
(theo phén 1)). Bay gid xét déy sau {u,}, n=3,4, ..., 8day u, =n(x,-1).

Tacé: x) —x2—x,-1=0 hay xn=,"/xf+xn+l.b - : (2)
Ap dung b4t ding thic Co-si, ta c6 :

X2 x, + 1414041

’ f/x,2.+x,,+1=,J(x§+x”+1).1,1.,,1< nssl 3)
' Yoy n |

(Chd ¥ ring & day 1<x,, nén x> +x, +121, vi th€ trong bat ding thic
Cé6-si khong c6 ddu béng).

Mit khéc do x, <2, nén x> +x, <6, nén tir (2) va (3) co:

1<xn<1+-6—. ' ‘ 4)
n

Bt ding thitc (6) ding véi moi n>3 va lim'g =0, nén tir (4) di dén :

n—o p

limx,=1. | 5)

n-—->w
- 2 _ 2
Tacéd: x, =x,,+xn+1:>nlnxn—ln(xn+xn+1)
ln(x,2,+xn+1) :

Inx

n

=2>n=

Tir d6 n(xn'—1)=£x"——1)ln(x:+xn+l). | (6)

Inx,

Dit x,-1=y,, khi 6 tix (5) tacé lim y, =0.
n—»w

Tacé lim In x, = lim ln(yn+1)=lim In(zr+1)

nsw x -1 nroew Vu -0 t

=1
(chi y 1a khi n —> oo thi y, = 0).
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x, 1

Nhu vay két hop véi (5), tacé : lim =1va limIn(x2+x,+1)=1In3.

n-o n X, n—o

Tir d6 theo (6) suy ra: limu, = lim n(x, -1)=1In3.

n-—»w0 n=»

BAI18. Days6 {u,},n=0,1,2, ... xéc dinh nhu sau

{uo=a .
U, =u,+sinu, v6in=0,1,2, ...

Tim lim u,.
n—»c

Bai gidi
Xét hai trudng hop sau :
1. N&u ua = kz (k€ Z). Khi d6 theo cong thic x4c dinh day, ta c6 :
U =uy +sinuy = kx.

Tir d6 bing quy nap dé dang suy ra u, =kz véimoi n=0, 1, 2, ... Nhu vy
trong trudng hop nay, tacé : lim u, = k7.

n-»w

2. Néu a#kn (keZ). Xét ham s6 f(x)=x+sinx, xeR. Lic nay day
{u,} duoc x4c dinh nhusau: - -

u,=a
Uy =f(1,), v6in=0,1,2, ...
~Tacé f'(x)=1+cosx>0,VxeR. Vay f(x) 1a ham déng bién trén R, do
dé {un} 1a day don diéu. Lai c6 hai kha ning sau :
— Néu 2kz <a<(2k+1) 7, ke Z. Khi d6 sina > 0.
Taco uy=ua |
U, =a+sina. -
Vay u; <u, (do sina>0). Do f(x) 12 ham déng bién trén R, nén c6 :

f(f,,o)‘<f(u,)=>u, <L_12?
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Tir d6 dé dang suy ra u0 <U <uy <uy <... Vay ddy {u,} 12 don diéu ting.

Ta ching minh ti€p ring 2kx <u, <(2k+1)7z véimoi n=0, 1, . (1)
(1) duoc chiing minh bing quy nap nhu sau :

+ (1) hién nhién ding khi n=0, Vi 4, =a ma 2kr <a<(2k+1) 7.

+ Gid sir (1) da diing dén n=m, tic 1a c6 2kz <u, <(2k+1)7r Do f(x)
1a ham déng bién trén R, nén cé :

| fQ@kr) < f(u,) < F((2k+ D). )
Do f(2kn) =2k +sin(2kx) = 2kx
FQ@k+1D)7) = 2k + D7 +sin[k+ D 7] = 2k +1) 2
£ ()= Unsits
nén thay vao (2) v ¢6 : 2kr<u, ;, <(2k+1) 7.

Vay (1) ciing ding v6i n=m+1. Tt d6 suy ra (1) ding v6i moi
n=0,1,2,... Nhrth€ {u,} 1a diy dom diéu ting va bi chan trén boi (2k+1)r,

nén ton tai gi6i han : /= lim u,

i
Vi 2kz <u, <(2k+1)7 v6imoi n=0,1,2, ..

2km <1<(2k+1) z. Mit khéc do

d=Uy <u, <u, <...nénlaicé I2a.

Do a > 2k, nén 2kz <1< (2k+1)7. | 3)
Vi tén tai giGi han limu, (=1), vado '
u,, ;un +sinu, v6imoi n=0,1,2,... tacé:

hm( n+l)_ lim u, + lim (sinu,). 4).

n—»o0 —>» 0 n-—»w

Do tinh lien tuc clia hdm y =sinx, nén lim (sinu )= sin( lim u, ) = sinl.

h—© n—>o0

Bay gidr tir (4) ¢6 I =/ +sin/, hay sin/=0. - | )
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Két hop (3) va (5), di dén [ =(2k+1) .
" Trong trudng hop 2kz <a<(2k+1)z, tacé: limu, =(2k+1) .

n-—»w

- Néu (2k=1)7 <a<2kzx (khi d6 sina <0). Ching minh tuong tu nhu
phén trén ta c6 { } 12 ddy don diéu giam (chli )’1 12 u, > u,) va bj chan dudi béi

Qk-Dx, vay tén tai / = lim u,

n-—»w

Lap luan nhu trén ¢6 : lim u, = (2k D,

néu Qk-Dr<a<2kr, keZ
~ Chid y réng :
» k, néu a =krx
2[—“—]+sgn{—f‘—}= (2k+1), néu 2kr <a<Qk+1)x
27 : /4 ..
(2k-1), néu @k~ 7 <a<2krm

o day [al, sgna, {a} tuong img 12 céc ham phdn nguyén, ham d&u va ham phén
I cia . Véi ki hiéu d6, ta c6 : lim u, = (2[-5‘—] +sgn {—“—Dn.
‘ n—»o 2 2

Chiy : — Néu 2kr <a<(2k+Drx

:>k<—€l——<k+l,. '
2

Tir d6 [-‘L]:k ; {i}>0:>sgn{i}=1,
2z 2r) 2z
va vi th€ cé 2[—“—]+sgn{£—}=2k+1.
27 27
-Néu Qk-1)7 <u<2krx
=>k—l<—<k:>[ :|
2

Do 2 khong phdi 12 s6 nguyén nén {—ﬁ-} >0=>sgn {—‘f—}=1 vi th€ cé
27 ‘ _ : 27

27
2[-“—]+sgn{i}=2(k-1)+1 =2k-1.
27 27 ,
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_N&u a=kr, th 2-=X.
~ 27 2

~ C6 hai kha niéng xay ra.
. q a . a u
+N&u k=2m=>—=m=|—|=m, va {— =0 = —=0. V3
' " 2n .m [27:] ey {27!} sgn{2”= 34
a a '
2| — |+ —it=2m+0=k.
[27:] sgn{Zn} " \ ‘

+Néu k=2m+1=>_2€‘_=m+l

n 2
52wl
=|—|=m;{—t==—=>sgn{—r=1.
2r 2r) 2 2z
Lic nay Z[i]+sgn {i} =2m+1=k.
2z 2r,

Tém lai ta da chimg minh xong céng thitc tinh.

2 [i] +sgn {—f—} da néu trong bai.
2z 27

2n+l1

BAI19. 1) Cho phuong trinh: x*"*' =x+1.
Chitng minh ring v6i méi s6 nguyén duong n, phuong trinh da cho
c6 duy nhat mét nghiém thue goi 1a 4.

2) Xétday {u,}, n=1,2,... véi u, dugc xéc dinh trong cu 1.

Tim lim u,.
e
Bai gidi
1. Xét phuong trinh x*™*' = x +1. | W)
Viét lai (1) duéi dang sau : :
x(’xz”-l)‘=1.’ ' | )

'Xét chc khé nang sau :
a) Néu x <—1, thi x*" 21=> VT(2) <0, vay (2) khong c6 nghiem x <-1.

b) Néu 0<x <1, thi x*" <1=> VT(2) <0, vay (2) ciing khéng cé nghiem
O<x<l. ' : .
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c) Néu -1<x<0, thi x*'<0<x+1, vdy (2) khong c6 nghiem véi
-1<x<0. :

d) Néu x> 1. Dua vao xétham s6: f(x)=x""" -x-1,
tacé: F)=@neDa? -1,

Dé thiy f'(x)>0 khi x21. Matkhéc f(1)=-1<0; f(2)=2""'-3>0
véimoi n=1,2,... f(x) lai 12 ham lién tuc, nén tén tai duy nhat nghiém u, véi
u, >1. , '

Tém lai ta dd ching minh dugc két qua say : Véi moi n=1, 2, ..., phuong

2n+1

trinh x =x+1

c6 duy nhét nghiém u,, trong d6 u, > 1.
2. Xét day {u,}, v6i u, xéc dinh bi phén 1.

Ta cé ui"“ =u,+1, vithe:

' u, =2y, +1. : : (3)
Tix (3) va theo bat ding thitc Co-si, ta c6 :

(u, +1)+1+1+---+1
__W—_J

. un '= 2’”1,14” +1 < 2ns61
2n+1

A}

u, +(2n+1)

ha / u <
Y " 2n+1

o Qn+Du, <u, +2n+1

< 2nu, <2n+1

2n+1
u < .
" 2n
Két hop v6i u, > 1, vé6imoi n=1,2, ... ta cé bat déng thic kép sau :
e <2¥ @
2n
. 2n+1 o " o . N
Do lim =1, va theo "nguyén li kep" suy ra: limu, =1.
no»o 2n n—»>w
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BAI20. Diys6 {u,} dugc xéc dinh nhy sau :

g =ty =1
Uy, ‘_‘-\’“n,"‘ u,, sn=12,..

Chiing minh réng day {u,} c6 gi6i han va hdy tinh: L= lim u,.

n-»+0

| Bai gidi
Déthdy u,>0,Vn=0,1,2,... ..
Tacéu2=\/-1;0_+\/;,_=2:>u,<u2‘. .
L Vn=1,2, ... v B
That vay theo trén thi (1) ddng khi n=1.
Giaslr (1) da dﬁng khi n<k. _
Xét khi n =k +1. Theo cong thirc truy héi x4c dinh day, thi :

Up 41 =\/;l:+\/”k—l <y Uy +\/L;;?“k;2-

Vay (1) ciing diing v6i n=k+1. Theo nguyén 1i quy nap thi (1) ding véi
moi n=1, 2, ... Nhu th€ {u,} 1a dy don diéu tang.

Mit khéc khi n23, tacé: u, = fu,_, +Ju,_, <2/u,

,
= u, < 4un

Ta s& ching minh ring u, <u

Do u, >0=>u, <4. o
‘Vay {un} 12 ddy cac s6 duong don diéu tang va bi chan trén bdi 4, nén tén
tai gi6i han hitu han S ' .
‘ L= lim u,. ' 2)
n—>+w )
T u,,, = \/Z +.Ju,_,, st dung (2) va 14y gi6i han cé hai v€ ta c6 phuong
trinh sau dé xdc dinh L. ’
L=3JL
' = L=4 (chiy L>0).
Vaytacé lim u, =4. ’

n—>+o
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BAI21. Cho a las6 thyc cho truéc. Dy s6 {u,} xéc dinh nhu sau :

U, =a
7 =|u,, -2"'| in=0,1,2,...
Ching minh ring tén tai giéi han httu han lim u, va hdy tim

n=b+o0

gidi han nay.

Bai gidi
Xét hai trudng hogp sau day : 4
1.Néu a>2 hodic @ <0. Ta s& ching minh ring véi mei n=1, 2, ..., thi
u >27", | 1)
That vay khi n=1, ta c6 : u =|u,~2°|=la=11>1 (do a>2 hotic a<0)
hay u, >2™™, vay (1) ding khi n=1.
Gid sir (1) di ding de'n n=k, tdclatacé: |
- uy > 274, S @)
Tacé: u,,, =|uk ~27¥> |u|-27*. Theo (2)suyra:
Uy >278 2 =2k oy 527D

Vay (1) ciing ding v6i n=k+1. Theo nguyén Ii quy nap thi (1) ding véi
moi ne N. '

Do(l)vado u,,, =

-n
u,—2

,nénsuyravéimoi neN, tacé:

U, =u 2" | 3

Tir (3) ta c6 thé viét lai nhu sau :
(4, =u, -2
Uy = U, _2_’”2 '

P — _n—n+3
Uy p = Uy 3=2

[ =Y -2
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Cong timg v€& cdc déng thic trén, tacé : -

. n=l . .
u, = u, —22'"”‘ =|a—l!—1+2-"+] ‘ » ™
ksl
(do ta d& 4p dung cong thitc clia c4p s& nhan

1(1 1 ) /
o IS
"212"”+k=-;.+2%+...+2”1_l =2 ; =1___l_=]_2-n+l.)_

1 =l
2
Tir (*) suy ra : lim u, =|a—1|—1+"l_i’t11w271_1-=|a—1|+1.
2. Néu 0<a <2. Ta s& ching minh ring v6i moi n=1, 2, ..., thi
| 0su <2 | [©

Vé6i n=1, thl u, =la-1/<1=2"", vay (3) ding khi n=1.
Gid sir (3) da ding khi n=k, ticlatacé: 0<u, $2'*,
Tacé: u,,, = |u, —27*|. R& rang u,,, >0.
Tir gia thi€t quy nap, tacé : u, 2% <2t _27*

w2t g2t

= u,,, $27F =21-kD,

Vay (3) ciing diing khi n=k+1.

Theo nguyén 1f quy nap suy ra (3) ding véimoi n=1, 2, ...

Tir (3) va lim 2'™ =0, nén theo nguyén 1f kep suy ra trong trLrémg hop nay
n->+w

tacé: lim u, =0.

n-»+w

Vay ta thu dugc két qui sau: lim u, =

n-—»+w

la—1/-1, néu a<0 hodc a >2
0, néu 0<ax<2.

BAI22. Cho u 12 56 thyc cho trudc. Day {u,} xdc dinh nhur sau ;
' Uy =, (1-u,)5n=1,2, ...

Tim céc gid tri cha u, sao cho tén tai gi6i han hitu han lim u,.
n-y+ewo
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‘ Bai gidi
Xét hai kha ning sau day :
1.Néu 0< itl <1. Tasé chitng minh ring diy d& cho déng thoi thoa man hai
diéu kién sau : -
0<u, <1,VneN (1)
) , {um Sun,VnéN | ' (2)
That vay ta s& ding nguyén 1f quy nap d€ chiing minh. |
Véi n=1, ta da c6 theo gia thi€t 0<u, <1. Gia sir (1) dd ding dén n=k,

thclatacé O0<u, <1.
Dodé: 0<1-u, <1=0<u, (1-4,) <y,
=08y, <u,.
Do u, <1=>0<uy,, <1

Vay (1) ciing ding v6i n=k+1. Theo nguyén I{ quy nap (1) ding véi moi
ne N. Ngay trong c4ch chilng minh trén, ta da thdy (2) cling ding v6i moi ne N.

Va2 nhu the (1) va (2) di duge ching minh. Diéu 4y c6 nghia lé‘déy {u,}
don diéu gidm va bi chan dudi. Theo nguyeén Ii gi6i han thi tén tai :

a= lim u, : 3)

n—+o
N _ —_ _ 2 A .
vau, =u,(1-u,)=u,—u,, tacé:

lim u,,, = lim u, - lim (u;‘: ), va tir 3) suy ra phuong trinh sau day :

n—>+ n—>+w n—>+w
20
a=a-a =>a=0.

Nhu thé lim u; =0, néu 0<u, <1.

n—+o
2. Néu u, <0 hogc u, > 1. Khi dé: u, =u, (1-1,)<0.
Tirdé didén u <0 Vn=2,3,...
Pua vao xét day méfi v, =—u,, n=1, 2,...

Pua vao u,,, =u, (1-u,) v6i n=1,2,..., tac6: v, =v,(1+v,).
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- V1y,<0,Vn=2,3 .., nenttv, =v,(1+v,),n=12,...suyra {v,} 12
day don diéu ting. .
~ Néu {v,} bi chan tren, thi theo nguyén If s& t6n tai gi6i han hitu han

B=lim v,.
n—>+®

T v,,, =v,(1+v,)= f=8+p*= p=0.
Day 12 diéu vo 1i, vi {v,} don diéu tang ma v, > 0.

- Néu {v,} khong bi chan trén, titc 12 lim v, =+oo, tit d6 lim u, = —co.

n—>+w0 n—>+w

Tém lai khi <0 hodc u > 1, thi khéng ton tai giéi han hitu han lim u,.

n—y+ow

Vay day da cho {u,} t6n tai gi6i han hitu han khi va chi khi 0 <u, <1.

BAI23. 4, b 1acéc s6 cho truée. Day {u,} x4c dinh nhu sau :

u=b ,
Uy, =‘uf+(l—-2a)un +a’;n=1,2,...

V6i nhitng diéu kién gi v6i cdc hing s6 a, b thi ddy {u,} c6 giéi
han hitu han. '

Bai gidi
Tt cong thitc x4c dinh diy suy ra :

2 .
un+1=un+(un—-a) =>u,,2u, VneN.

n+1

- N>+ )

Vay day {un} 1a ddy don diéu tang. Do d6 t6n tai lim u, hitu han khi va
chi khi {u,} bi chan trén. Néu diéu dy thoa mn, ta $& ¢6 :

A= lim u,, vd2 A hitu han.

n->+40 ‘ ‘
Khi 4y tir hé thidc truy héi :
Uy = U, +(un _a)2 :>A = A+(A—a)2:‘> A=a.
~ C6 hai khi nang sau : , »
1. Ton tai chi s6 k¥ mad u, >a. Khi d6 diy 1a don diéu tang nén
u,>a,Vnk.
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it fy tréi v6i gid thit lim u, =
2.Vith€ u, <4, VkeN
hay uﬁ+(1—2a)un+é25a.VneN
c»u:+(1-2a)d"+a2-aso
& a-15u,Sa,VneN, ,
Néi riéng ta phai c6 a—1<u, <a, hay a-1Sh<a. (1)
| Vay (1) 1 didu kién cdn d€ day {u,} c6 gi6i han hitu han. Déo lai gia sir
u-1<b<a, ticla: a-1suy <a -
l =:>.u12+(1—2‘a.)u1+a2—‘a50‘
= uy—-as<0 |
>u, La.
Vi u, 2u, ma y 2a—l:>a—1.<_'u2 <a
Néichung: a-1<u, <a.
Nhu vy ta di dén day {u,} bi chan trén bdi a. Kt hop véi tinh don di¢u

ting clia {u,}, suy ra t6n tai gi6i han hitu han lim u, =a.

n—-y+o \
Nhu th€ a—1<b<a 1a diéu kién cin va di d€ ddy {u,} c6 giéi han hiu
han khi n — +c0.

BAI 24. Day s6 {u,}, n=1,2, ... xdc dinh nhu sau :
| w=a o |
_#-2{u}

- »

uﬂ
+1 _ [un]g
O day a1 cho truéc va qua [al, {a@} twong tng dé chi phin
nguyén va phdn 1€ cliasé a. - ‘

Tim limu,.

n—»w
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Bai gidi
Xét hai kha nang sau :
1. Néu « 1a s6 nguyén. Khi 6 u, =« 12 s6 nguyén, a21=>[u]=u v2
{u,} =0, va do dé theo cong thitc x4c dinh day, thi

u? —2{ul}2 _ u>-2.0
[ul]‘Z . u|2

Tixdé suy ra u, =1 v6i moi n=1, 2, ... Trong trudng hop nay ta c6 :

u, = =]

limu, =1.
n-»w

2. Néu g khong phai 12 s6 nguyén. Khi d6 ¢ =[al+{a}.
Theo c6ng thitc x4c dinh day, thi

(lal+{a})’ -2{a} 2[a]2 (la]- {a})

Uy =
’ [  [dF |
[a]- {u}) ( {a})2
=2—-1-—. 1
( [ [a] o
Do a khong phai 13 s6 nguyén nén 0<{a}<l. Mat khic vi a >1 nén
[al>1, tird6 tacé: O<{a} 1.
[d]
Bay gio tir (1) suyra 1 <u, <2. ' : 2)

Ta s& chitng minh rang véi moi n=2, 3, ... thi:
| l<u <2. o (3)
(3) dugc chilng minh béng quy nap nhu sau :
— Theo (2) thi (3) dung kh1 n=2.
— Gié sit (3) da ding den n=k, ticla 1<y, <2.
— Xét khi n=k+1. Theo cong thitc truy héi d€ x4c dinh ddy, thi
u,f -2 {uk }2

Uy = 2
["k]
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Chi ¥ ring do 1<u, <2, nén u, khong phai 12 s6 nguyén va u, >1. Lam

{}

2 .
tuong tl_rnhu‘tren tacéd: u,,, =2~ ( ———] , va s& cé l<u,, <2,

[]
Vay (3) ciing ding khi n = k+1. Theo nguyén If quy nap toén hoc suy ra (3)

2 2

-2

dling véi moi n=2, 3, ... Véimoi n22, tacé: u,, =-- [ {iln} _
. ‘ )

Do 1<u, <2, nen'[un]=i, tir dé {un}=un—[un]=un—l. ,

Vithe: u,,, =u?-2(u, —'1)2

’hay 2"un+l =2—uﬁ +2(un _1)2
=(2—u")2.
T d6 ta c6 : 2‘“,n+1 =(2—un)2 =(2—un_l)4 =....=(2.-—l12)2”_I .

Do 1<u, <2=>0<2-u, <1. Ap dung ket qua da biét

lim ¢" =0, khi 0<q<1

n—w -
suy ra: © lim (2 Uy )= lim (2-u, )2"_1 =0
n—»o00 n—o
hay | limu,,, =2.

Diéu 46 c6 nghiala lim u, = 2.

n—o

Tém lai, ta c6 két qua sau : lim u, =

n-»w

1, néuueZ
2,néuae¢Z

BAI 25. Chimg minh ring véi mdi n nguyén duong 16n hon hoac béng 3, c6
duy nh4t mot s6 x, €[0; n] saocho: x| =e™.

Chitng minh rang day {xn}, n23 laday s6 cé. gi6i han khi n — .
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Bai gidi’
Tacé : :

X, =e" < xle™ =1, ()

‘Xét ham s6 : f',' (x)=x"e" -1. |
Tacs: £,(0)f, (n)=*(-1)‘[(ﬁ)" -1}. @
e

Vi n23=>ﬁ>1 tr () suyra: £, (0)f, (n) <0.

T¥ tinh lién tuc clia hdm s6 f, (x) suy ra phuong trinh f, (x) 0 c6 it nh4t
mot nghiém x, €(0; n).
Ta lai _tha'y £ ()=n e - x"e™t
=ex" (n-x). |
Tix d6 suy ra f,' (x)> 01 v6i moi 0 <x<n, titc 12 £,(x) 12 hAm ddng bién
‘trén (0 ; n). Vi vay phuong trinh : f, (xk) =0 | o
c6 duy nhat nghiém trén (0 ; n). Diéu d6 6 nghia 12 v6i méi n nguyén duong,
n23, tén tai duy nhét x, (0 ; n) sao cho x" = e
Nhu thé day {x,}, n >3 hoan toan x4c dinh.
Tix X =e™
Snlnx, =x,. ‘ 3)
Do x, >0 nén tir (3) suy ra: Inx, >0 hay x, >1,Vn>3.
Xét ham s6 : o fa D) =x"e -1,

Tuong t nhu trén, ta thdy f,,, (x) 12 ham déng bién trén (0; n+l) Do
x,>1 nénsuyra:

Fon (x)=te™ 1> x7e™ —1= £, (x,). @
- T fn (‘xn) = fn+1 (xn+1 ) = O’ va (4)’ tacé: fn+1 ('xn ) > fn+] (xn+] )

127




Do f,,,(x) 12 ham déng bién trén (0; n+1) ma f,,; (x,)> four (Xpn) suY
.41 Nhu vay {x',,} 1a diy don diéu giam, lai bi chan duéi béi 1. Tir d6
suy ra tén tai giéi han hitu han lim x,.
n-»w
"D61ad.pcm. . _
BAI26. Ching minh ring véi méi s6 nguyén duong n, phuong trinh

ra x,>x

cosx =x"
c6 duy nhét nghiém trén [O ; -725] Goi nghiém d6 12 u,. Hay tim

gi6i han lim u,.

no®

Bai gidi
V6i mdi n nguyén duong, xétham s6 : f, (x) = x" —cosx, véi 0< x < %

Tacé: f, (x)=nx"" +sinx 20, Vxe[O : -g—]

Vilg d6 £, (x) Ia ham déng bién trén [0 ; ﬂ

. 4 ¥ 1

Laicé: £,(0).f, (5):—(-2-) <0.

K&t hop v6i tinh lién tuc cha f,(x) suy ra phuong trinh f, (x)=0 c6 duy
nhit nghiém trén (0 ; —725-) Néi cich khdc v6i méi n nguyén du’cmg, ton tai duy
nha't u, € (0 ; -’25) sao cho :

cosu, =up. - ' (D
~ Chi y ring x=0 va x =% khong phai 12 nghiém cta phuong trinh
cosx = x". |

Vay ﬁhuong trinh cosx =x" c6 nghiém duy nhat trén [O ,%] véi moi n

nguyén duong.
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Do f

n+l

(x) 12 ham d6ng bién trén (0; n+1) ma f,,;(x,)> £ (%,01) suy
4+~ Nhur vay {x,} 12 ddy don diéu gidm, lai bi chan du6i bsi 1. Tir d6
suy ra tén tai giéi han hira han lim x,.
n-»x
"Péladp.cm. . ,
BAI26. Ching minh ring véi mdi s6 nguyén duong n, phuong trinh

ra x,>x

cosx=x"

c6 duy nhét nghiém trén [0 ; -’25] Goi nghiém d6 12 u,. Hay fim

gidi han lim u .
n—®

Bai gidi

Vé6i mdi n nguyén duong, xét ham s6 . f,(x)=x"~cosx, v6i 0<x< 1;—
Tacéd: f,,' (x)=nx""+sinx 20, Vxe[O : %]
Vilg d6 £,(x) Ia ham déng bién trén [0 ; %]
Laic6: £,(0). (1) = -(f)- <0.
ics: £,0.4,(2)=(2

'Két hop véi tinh lien tuc chia £, (x) suy ra phuong trinh f, (x)=0 c6 duy

nhit nghiém trén (O ; —725) Néi cich khdc v6i mdi n nguyén duo‘ng, t6n tai duy
nha’t u, € (O ; th_) sao cho :
cosu, =us. - - ' (1
~ Chi y ring x=0 va x =§ khong phai 12 nghiém cta phuong trinh
cosx=x". | |
Vay phuong trinh cosx =x" c6 nghiém duy nhét trén [0 ,%] véi moi n

nguyén duong.
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Tir (1) suy ra 0 <u, <1. Xét day {u,}. Ta ching minh day 1 ddy tang. That
déu thuéc

n+l

vay néu khong phai nhu vay thi tén tai n sao cho u,,, <u,. Do u,,
(0 ; 12[—) vi thé di dén cosy,,, > cosu,..

n+l
n+l

Dua vao céch xéc dinh day, thi : u;}; ~u, =cosu,,, —cosu, > 0.

n+l

Lai duavao O<u, <1, Van, talaicé: u),, >u’| >u’, hay Uy > U,

Diéu nay mau thufn véi gia thi€t & trén. Vay { } la ddy don diéu tang va bi
chan trén b 1, nén tén tai giéi han hitu han : L = lim u,

n—»w

\ —
Te cosu, = u

Su, = ,"/cos u,. 2)
- Ly gi6i han khi n — o c hai v&€ clia (2), vicé: L=1. |
Nhu vay limu, =1.

n->wo

BAI27. Cho phuong trinh x" +x"' +...4 x=1=0.
Ching minh ring phuong trinh c6 nghiém duong duy nh4t x,. Tim
lim x,,.

n~>0

Bai gidi
bat f, (x)=x" +x" b x 1.
R& rang £, (x) 1 ham lién tuc trén ton truc sé.
Déthdy f, (x)=nx""+(n-Dx" 2+ +1. ()
Néu x 20, thitir (1) suyra: ‘
f, (x)>0 véimoi x20.
Vay f,(x) Ia ham déng bién trén (0 ; +e0).
Tacé : f(0)=—1<o;f(1)=n-1>0‘khinzz.

Vay v6i moi n>2, thi t tinh lién tuc va dOng bién clia f, (x) suy ra
phuong trinh : £, (x) =0
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c6 nghiém duong duy nhat. Khi n=1, thi f,(x)=x-1, vd f,(x)=0& x=1.
T6m lai v8i moi n nguyén duong thi phuong trinh da cho c6 nghiém duong duy
nhét. Ta goi nghiém dé6 1a x,. N6i cich khdc day {x,}, n=1, 2, ... hoan toan xéc
dinh. Tir cich x4c dinh ddy, suyravéimoi n=1, 2, ... tacé :

2 ‘ n _ .
xn+xn+---+xn—1. (2)

Tir (2) va do x, >0, nén suy ra khi » tang thi x, gidm. Vay {x,} 1a day
don dieu gidm. Hién nhién diy ndy bi chin duéi bsi 0, nén tén tai gidi han
hiru han

I=lmx, | 3)

Mat khéc ta c6 :

n
1-x,

4)

— 2 no_
l=x,+x,++x, =x,

1-x,

‘RS rang véi moi n, thi 0<x, <1, vith€ lim x, =0. ' (5)

n—wn

Tir (3), (4) va (S) suy ra : 1=11_17 hay 1—-l=l<:>l=%.

Néi céch khic lim x, = %

n—»o

BAI28. Cho phuong trinh x" —nx+1=0. Chimg minh ring phuong trinh cé

hai nghiém «, va B, saocho O<a, <1< j,.

Tim lim ¢, va lim g,.

n—oo n-»w

Bai gidi
bat f, (x) =x"—-nx+1, thi f, (x) 12 ham lién tuc trén toan truc s6. Ta c6 :
£ (x)=nx""—n, va cé bang bién thién sau :
X _ 0 1 +00
£1(x)
£, (%)

BNNNNNNNNY
+
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Vay f, (x) 1a ham gidm tren (0;1) va tang tren (1;+o0). Do
[,(0)=1>0; f,()=2-n<0 khi n>2.

Tir d6 suy ra v6i moi 7> 2, thi phuong trinh 7, (x)=0 :

— C6 duy nhdt nghiém o, v6i O<a, <1.

- C6 duy nht nghiem B, véi B, > 1.

Vay hai ddy {a,}, {B,} hoan toan x4c dinh véi n=2, 3, ...

Ta hdy xét dy {a,}. Theo cach x4c dinh day, thi véi moi n>3, ta cé :

{a;':,‘ ~(n-1a,,+1=0

" .
a, -na,+1=0

Tt d6 c6 : a7 —al+na,—(n-a, =0
n-1 / _n-2 n-2 n-1 n-1 no__
hay (e, -—a,,)(a,,_, +apia, o ta, al v al .—n)+oz,,_l +a) —ar =0.

Doa,,>0vaa' ~a" >0 v0<a, <I 5, neén tir ding thitc trén suy ra:
(an_,van)(a,:'_":+a,’,’_'12a"+---+a,',"l—n)<0. )}

Laido @, , <1 v @, <1, nén a7 +a e, +---+(x,',"’1 -n<0.

Kéthop véi (1) suyra @, -a, >0, hay @, , >a,. N

Vay {a,} 1a ddy don diéu gidm. Dy nay bi chan duéi bdi 0, vay tén tai gi6i

han hitu han
L= lim a,. @)

n—»+00
Lap luan tiwong tiy, v6i day { B, } , taclingcé:
'L, = lim S,. : 3) .

R+

& day [, cfling 12 s6 hitu han,
Bay gio ta tinh /; va l,. Theo céch xé4c dinh ddy thi &) —na, +1=0

hay o =%, L @)
n n
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Ldy giéi han kh1 n— +o0 cd hai v€ cha (4). Pé ¢y dén (2) va do
O<a,<1,Vn, nén lim a, =0.

n—»+w

Vi Ig dy tir (4) di dén [, = lim a, =0.

n-»+ow0

Mot céch twong tu,tacé L, = lim g, =1.

n—»+w

BAI29. Days6 {u},n=1,2,3,... xéc dinh nhu sau : u, = 1 a
' =1 (k)
Chitng minh ring ddy s6 da cho c6 gidi han (khi ri — o) va gidi han
dé6 1a s6 vo ti. »

Bai gidi

Do

> 0 véi moi k, nen {u,} 1a day don diéu tang.
(k!

Ta c6 nhén xétéau:Véi'in,k>1, thi :
1 1 < 1
®kD* (1.2...(k-1) k) (k=D&

Do d6, véi moi n=>3 tacé:

n

1 1 n n .
u, = =1+— . ¢))
el 4 Z Z(k Dk ‘
Dé thdy Z (——— ——— Thay lai vao (1) va c6 véi moi
T |
n23, thi: u, <1+1+l-—1—<1+—-
4 n 4 '

Day {u,} don diéu ting va bi chan trén bdi ‘(1 +%), vay ton tai gi6i han
hitu han :

a=limu,. (2)
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Déyréngv01m01n>3th1 U, =1+— +Z-—— 1+l

()% 4
o ] 3
Nhu vay v6i moi n>3 tacé: 1+Z<un<_1+z.

Vi 1€ d6 dé thay l<a<2, &day a xic dinh bdi (2). Bay gio ta s& chimg
minh a 12 s6 v6 ti. '

Gia thiét phin ching « 1 s6 hiu ti, tic a=2, trong d6 (p, q)=1;
p ‘
p>g>1(do1<a<2).Rérangth p=agq, nén

(9 a=q!1.2...(q-1)ga=q!(g-1)!p NG)
Ding thitc (3) ching t ring (q!)‘2 a 13 s6 nguyen duong.

Z(‘I')

Mat khdc ta c6 : (g!)° a =(q!)’
1 (k1)

n—)oo

2 u 2
=Zi!)—+1im Y ("!). @)

i (k1)? e S (k1)?

. ,
R& rang Z la s6 nguyén duong (do (q') (kY)? v6imoi k=1, ¢).

Vi the tir (4) va két hop vé6i (q!)2 a cﬁng 1a s6 nguyén duong, nén
2
!
= lim Z ((1-)2
neo, o (kQ
cling 12 s6 nguyén. Ta lai thdy : E . ‘
! 1 L1 |
0< Z (a) i 2 < 2j , SIS
k= q+l(k') Jj= 1(q+1) Jj=l (({’+‘1)
q! 1 ' 1

(dxéunéysuyratu—-: < — v6i k2qg+1).
k! (q+1)...k (q+1)""
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1.
n 2 :
Lai thdy lim z L = (g+1) L
"'*°°1=1(q+1) d 1_.__1...._ q(q+2)
(g+1)°

(do qg>1).

két hop v6i (5) suy ra O<,8<-1~.

Diéu ndy mau thuﬁn v6i tinh nguyén clia ﬂ Vay gia thiét phan chiing 1a sai,
titc 12 a 12 s6 vo ti. D6 1a d.p.c.m.

BAI30. Diys6 {u,}, n=1,2,... dugc xay dl.mg‘ nhu sau

ul‘= a.

, 2
=1+un,—-—ui in=1,2,...
2 .

un+l

§day 1<a<2. Tim lim u,.

n-»x0
Bai gidi
2 2
: - 2+2u —u
Tacéd: u,,=l+uy, -4 =—-+"—=
: 2 2

2
hay / u —w;n=l,2,..

el =
Ta s& chimg minh ring : Véimoi n=1,2, ... tacé: |

l<u, <2. (H
(1) duge chiing minh bang quy nap nhu sau ;
~ Néu n =1 thi (1) ding theo gia thi€t (vi u; =a va 1 <a<2).
—Giaslt (1) di ding dén n=k (k21), tic1a: 1<u, <2.

3—(u, -1’
~Xétvéi n=k+1. Tacé: u,,, =—,—(L;—-)—.

Do l<u,<2=0<uy -1<1
= 0<(u, 1)’ <1
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3
= 1<uy, ’<—2-

=>1<u,, <2

Vay (1) cling ding khi n=k+1. Vi thé’(l)dl’mg’véi moin=1,2,... Tacé:

T R ER R A A I
=1|[3_(u,,_1)2}[3-(5-02]!7(%—1)’—<ﬁ-1)zl_

2
=%un— 2 2)
Vi1<un<2:>1>2—-u,,>0:>«/5>2—u">0 ,
hay N2 -(2-u,)|=v2-(2-u,) <2. 3)
Tix (2), (3) di dén : '
Ap dung lién tiép (4), ta c6 : ‘ _
' 1 n-1 ’ ‘
0<|u, —v2|<| — u —2|. 5
.~ ( ﬁ] i - ®

oy . V! \ ' :
Tu nlm (-—5) =0 }ﬂ[(ﬁ) Iul —ﬁl:l =0, nén tr (5) va theo
"nguyéh If kep” suy ra lim (“,. -2 ) =0, hay limu, = V2.

n—w

Chti y : Ta c6 thé giai bai to4n trén béng cdch khé4c nhu sau : _
Bing quy nap suy ra 1<u, <2 véimoi n=1,2, ...

' . 2
Xét ham s6 f(x)=1+x—%— véi 1<x<2.

Tacé f'(x)=1-x<0,Vxe(l; 2), nén f(x) 1a ham nghich bién trong
(1;2). C6 hai kha nang sau xay ra :
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1. Néu 2y = f ()< f ()
=Su <u,
= f(w)2 f(u,)
= Uy 2 Us.
Nhur vay ta di chiing minh dugc trong trudng hop nay thi :
U 2Uy 2Us 2...
Uy Su, Sug <...

Mait khdc ddy u,, u;, us, ... bi chan duéi boi 1 ; con ddy w,, u,, ug, ... bi
chin trén bdi 2, do dé tdn tai cdc gi6i han hitu han sau :
a=limu,, vifB=Ilimu,. .
k—>w ko =

2

T uy,,, =1+u2k--l%’ﬁ- véi k=1,2, ...,
- r6i 14y gi6i han khi & — oo ca hai v€tacé :

2
a=1+p-L. (6)

Tuong tu ta c6 : ,B=1+a—%—.- @)
Trit timg v€ (6) va (7) di dén : |
a-p=p-a-1(F -a?) & 2a-p)-1 (o - 5)=0

| o (a-p)(a+p-4)=0. | (8)

Chi ¥ ring thuc chat ta da ch&ng minh duge u, <% véimoi n=2,3, ...

Vi I& d6 asé va ps-3-=>a+ﬂs§
2 2 2

=a+pf-4=20.

Vilgdétxr(8)suyra = f & klim Wyper = klim Wy
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N6i khéc di khi u, > u;, thi t6n tai gi6i han lim u, .

n-»©

2.Néu u) <u,, bang 1i luan hoan toan tuong tu, ta thdy lim u, ciing t6n tai.
. n-»w

Vi l€ d6 ta suy ra {un} c6 gi6i han khi n — oo, va dat: x = lim u,,.

. n—>®©

2
n

Béy gid tlr cong thic truy héi : u,,, =1+u, 5

n

: )
béng cdch 14y gidi han hai v€tacé: x=1+x .

o x?=2.

Do u, >1 v6i moi n, nén x= lim u, >1 (néi riéng x > 0). Vi thé tix (9) suy

n—>»x0

ra x=+2.

Ta thu lai két qué : lim u, = /2.

n—»w

®

BAI31l. Cic day s6 {un}, {vn}, n=1,2,... xdc dinh nhﬁ sau :
u,,=1+n(1+f)+,---+n(l+2n) n=1,2,..
1+n 1+n™"
1 .
Yn(n+1)
vn=(—y-"—-) ! ,h=1,2,...
n+1
Tim limv,.
Bai gidi

Trudc hét ta thdy ring véi moi n=1,2,... vivéimoi k=1, n, tacé:

nk(1+n")

That vay (1) & 1+n* <n* +n?* <2+ 20%

1<nt <2+ n*.

¢y

2

Vi (2) hién nhién diing v6i moi n=1,2,... v v6i moi k=1, n, nén (1)

ding. Vi I€ dé tir cong thic x4c dinh day suy ra véimoi n=1,2,..., thi

n+l1<u, 52n+1<_2(n+1).
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Tir d6 :
u'l

n+l

1<

<2, hayvéimoi n=1,2, ..., thi:

: 1 1
1<v, <27 <2n,

Theo b4t ding thitc Co-si, thi

| 241441
2n= ] ] <—t 1+1
n-1s61 n h
Thay (4) vao (3), va c6 :
ISvn<1+l.
n

Vi lim (1 +l) =1, nén tix (5) va theo ';nguyé‘n li kep" suyra limv, =1.

n—w n n-»o

Chi ¥ : Ta c6 thé st dung két qua lim{‘/;=1 véi ¢>0, dé thay

1

lim 27 = lim 42 =1.

n—»o n—»w

3)

@)

S

BAI32. Xétdays6 {u,},n=1,2,... nhusau:
u, = 2004
n+

U, =-;—ln(l+ui)—2005, n=12,...

Chitng minh ring t6n tai gi6i han hitu han lim u,.

n-—»o

Bai gidi
Xét ham s6 £ (x) = %m(l +x%)-2005 v6i xeR.

X

+x?

Tacé: f'(x)=1 Tir d6 dé thdy :
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If’(x)|s%, VxeR (do 1+x*22x, VxeR).
Xét ham s6 g(x)=x——f(x)zx—%ln(l+x2)+2005, véi x e R.

‘ /
Tacé: g(0)=2005>0; g(-2005) = ——%ln(l +2005%) < 0.

Vay g(0)g(-2005) <0. ’ . )

Lai cé: g()=1-f(x)=1-—= 7>0,VxeR (do f(X)< ).

1+x*

Tir (1) suy ra phuong trinh g(x)=0 c6 nghiém trong (-2005 ; 0). Mat
khic do g'(x)>0 VxeR, suy ra phuong trinh g(x)=0, (tic 12 phu'o’ng trinh
f(x)=x) co nghlém duy nh4t. Goi nghiém duy nhét nay I3 x", thi

f(x")=x", vachi yring x" € (<2005 ; 0).
Ap dung dinh If La-go-rang trong [un ; x*:l, ta c6 tén tai ¢ sao cho

' ) u, —x*l. : 2)

|f u,,)—f(x*)|=

Do |f (x)| , VxeR, nén'tir (2) c6 (déyrang u,, f(un))

* 1 * .
U, —X |S—lu,',—x l 3)
. 2
Bit déng thitc (3) diing v6i moi n=1, 2, ... Tir d6 4p dung lién tiép (3) va cé :

n-1
OSlu” -—x*ls(;—) |ul -x'.

4

n-1
Do lim (l) =0, nén tir(4) va theo "nguyén 1i kep" suy ra:

n—»o

11m|u -x |-—O hay lim u, = x', v6i x e(-2005 ; 0).

n—»w n—»w
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Do d6 t6n tai giéi han hitu han lim «,

n—»c
2

Suy ra d.p.c.m. |

BAI 33>. Day s6 {un} ,n=0,1,2,... xdc dinh‘ nhu sau :

Héi ¢6 t6n tai gi6i han hitu han lim u, hay khéng ?

n->
Bai gidi
Gia sir t6n tai giGi han hitu han :
a=lim u, . - (1)

Liic d6 tir cong thitc truy héi: u_,, = =+

w, U
. 2 3
tacod: ' limu,,, =— ‘[—

noe lim u, (lim u,,)
n- n-—y» 0
>0 =—+—
a «

=a’=2a+\3
=a*-2a-3=0

= (a-v3)(a® +VBa+1)=0
= a=43.

Nhu vdy néu tén tai (1), thi a=43. Ta ching minh ring v6i moi
n=0,1,2,... thi: '

U, > Wypia- (2)
(2) duge ching minh bing quy nap nhur sau :
140




~V6in=0, tacé uy=1, u =2+/3, va

2 NE) 4+33

“ =2"\/§+(2+x/§)2 T (24+43) <

Vith€ uy > u,.
- Nhu vay (2) ding khi n=0. '
— Gia slr (2) da diing véimoi n=0, 1, 2, ..., k.
~Xétkhi n=k+1. |
Theo cach xédc dinh day thi :
| 2 B -
Wy =+ =5~ (3)
ko Uy
Theo gia thi€t quy nap thi u,, > u,,,,. Vith& tir (3) 6 :
Wiy < t T S Uy 4)
Wy Ugpeo
Lai theo cich x4c dinh ddy, thi |
2 B
Uppyo = +—5—.
Uy Uppsn

)

Theo (3) thi 0 <u,,,, <i,,;, do vay tix (5) di dén

2 3

Wk > ———F 57— T lypiys
Wokes  Uppys
tirc 1a : _ Wpkr1) = Yo (ka2
Diéu d6 c6 nghia 1a (2) ding khi n=k+1. Theo nguyén i quy nap suy ra
(2) ding v6imoi n=0,1,2,... Nhrvaytacé:
l=uy>u, >u,>...>u,,>...>0. (6)

Diy {u,,} 12 ddy don diéu gidm va bi chan dusi bdi 0, nén tén tai giéi han
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hitu han S = lim u,,.

n—»o

Mt khéc do u, =1 nén B<I1. - 7)

Vi tén tai giéi han hitu han a = lim u, = /3, nén néi riéng

h=>®0

lim u,, = lim u, =~/3,

n—>w n-—»ow
ticla B =A/3. - / (8)

Tur (7) va (8) suy ra diéu vo li. Vay gia thiét phan ching la sai. Cau tra 10i
~ ca bai todn 12 phii dinh, tic 12 khong ton tai gi6i han hitu han lim u,.

n—»

BAI34. Gia st x>1 12 s6 hitu ti ma t6n tai ddy s6 nguyen {u,},

n=0,1,2,... vahiang s6 ¢# 0 saocho: lim (cx” —un') =0.

n—»w

Chitng minh ring x 12 s6 nguyén.

Bai gidi

Do x>1 1as6 hitu ti,nén: x=2,
q
&day p,qeN’,(p,¢)=1. Do

lim (cx" -—un) = O,

n-—»0

nén theo dinh nghia giéi han suy ratén tai me N " sao cho véimoi n>m tacé:

. ﬂ_
|(,)C u, <

: (1)
ptq

Dé y ring do x21,¢>0 nén cx"=cnéu x=1; hoic cx" >+ khi

n—o0, néu x>1. Vi

lim (cx" ~u,)=0,

n—»o

~ nén theo dinh nghia gi6i han, suy ra khéng t6n tai v6 han n dé u, =0. Vi 18 d6
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‘khong gidm t8ng quét c6 thé cho 1a u,, # 0.

Véimoi ne N ma n2m, tir (1) tacé

pex” =qex™! (do x =£—]
q
3 ’cx" ——unl < ! (2)
ptq
n+l 1
ch —-u,,,|<
Ap dung tinh ch4t gié tri tuyét d6i |a + ,BI <lal +|,B|, tacé:
|pun—qun+lls|pcxn_pun +|qc'xn+l—qun+l . (3)
(dyavio pcx" =gcx™").
Dua vao (2),tacé :
Ipcx" -pu, =plcx” -u,|< P
‘ pP+q
|‘10/‘f"+1 —qUy|= ‘1|¢')"l+l Uy <L
' . ptyq
Vi thé€ thay vao (3) va di dén : , ‘
|pun—qun+] <1 “4)

Mit khdc pu, —qu,,, 1a s6 nguyén (do p,geN’, con {un} la diy s6
nguyén theo gia thiét). Két hop véi (4) ta thu duge '

pu,~qu,, =0
h.ay ‘ . un+] = B un .
q

Néi khéc di v6i moi ne N*, n2m, tacé:

Uy =L, | (5)
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Ap dung lién ti€p (5) ta cé :

Do uneZ:(—IZJ U, €l

= (um .p"""') 7 S - | (6)
T (6) vado (p, g)=1, nénsuyra:
u iq"m. | (7)
Vi (7) diing véi moi n>m, v u,#0 suyra g=1. Tud6 :

x=p,nghiala xeZ. bé1ad.p.c.m.

BAI 35. Cho ba ddy s6 {un}, {vn}, {wn} :n=0,1,2,... X4c dinh nhu sau :

un+l = un +
vnwn
vn+l = vn +
wnun
Wn+1 = wn +
unvn

Uy, Vo, W, 12 céc s6 duong cho trude

Tim t4t ca c4c s6 thuc « sao cho u, > ailn v6i moi n.

Bai gidi
Tir gia thiét suy ra u, >0, v, > 0,w,>0, va

— _n+l =Wn+l =1+— (1)

véi moi n =0, .1, 2,... Td(1)suyra:
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un+1 =_n._ =_Iio_
v v vV
n+l n 0
» (2)
Unv Yo _  _ Y
Wn+l Wn‘ wO

Tix (2) va theo cong thitc x4c dinh ddy ta c6 :

1 (u, \( u, )1
Uy =, + =u, 5 el | B v
Van V'l Wn un

_ uy 1
U, =uU,+ )
VoW u,
: ‘ a ‘
hay Upyy = Uy, +_2’ : (3)

v6imoi n=0,1,2,...;

2
)

VoW

Gday a =

Do a >0 (vi uy, vy, w, Ia cdc s6 dirong), nén tir (3) suy ra :
0<i¢0 <d1 <u, <...
Nhu vay day {un} 1a dﬁy-ddn diéu tang, nén luén luén tén tai gidi han (hitu

han hoac v6 han). Ta s& chitng minh ring :

lim u, = +o0.

n~—»o0

@)

That vay gia thiét trdi lai lim u, =/, & day [/ hitu han. (Chd y ring & day

n—>w :
['>0). Tix (3) sau khi 14y gi6i han hai v€ khi n— oo, tacé :
limu,,, =limu, +

. 2
me Mo (i g
(ﬂ—)OO "

a
hay l=l+-l-2—

145

10-COBDHSG...VE DAY 56-A




Tir (5) suy ra vo 1i vi [ hitu han 16n hon 0. Vay (4) dugc chu‘ng minh. Vin tir
3),tacd:

2 3
a” «a :
u,31+1 =u3+3a+3—3+——6—. (6)
u, u,
Do a >0, nén tir (6) c6 :
3 3 '
u,,, >u, +3a. M

Bat dang thitc (7) ding véi moi n=0, 1,2, ...; nén 4p dung lién ti€p (7)

tacod:
u3+1.> W +3a>u  +6a>...> uy +3(n+1)a > 3(n+1)a.
Néi‘céc_h khic véimoi n=0, 1, 2, ..., ta thu dugc : o
u >3 Yn. o ®)
Tir (8) suy ra a s& thoa mén yéu cdu dé béi néu a<Pa. 9)
Bay gid gia sit a > Pa. Tass chimg minh ring tén tai e N* ma
3n>u

cé nghla 12 Iic ndy @ khong thoa mén yéu cdu dé bai va diéu d6 dOng nghia véi
(9) 12 tap hop t4t ca céc gid tri ¢ cn tim). ‘

Do a>33a, nén xét tat ca céc £ >0 matavincéd: a>Ya+e.

Do lim u, =+ va két hop véi (6), suy ra ton tai me N, sao cho véi moi

n—»w
n>m,taco:
W < +3a+¢ (10)
n+l: n ’
a’ a’ : :
(diéu nay suy ra tir lim——3—= lim —6’=0’ vado a>0; O<u, <u; <u, <..., nén
noo Yy Aoy
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2 3 | :
{ : } va {a_6} 1a céc day don diéu giam va ddn dén 0, do d6 t6n tai m ma khi
u, n : ‘

2 3
L0 a

n2m, thi 3—3 +— <g).
u, u,

Ap dung lién ti€p (10), ta ¢6 :
w, <w_ +3a+e<u ,+2@Ba+e)<...<id +Ba+e)n-m).
Tt d6 v6i moi n2 m, thi *

w, ul+QBa+e)(n-m)

n n

(11)

2 —
Do li Yo +(Ba+¢&)(n-m)

n—»roQ n

=3a +¢, va theo gia thiét thi 3a+¢£ <d’.

T d6 theo (11) suy ratén tai ne N°, ma 2 < 4’ hay aé/;>u".
n

Nhu thé ta di chi ra riing c4c gid tri cha @ cin tim 12 ¢ <33«a.

BAI36. Dy s6 {u,} dugc xéc dinh nhu sau :
w=a
u suw—u, +1,véin=1,2,..

&day a>1 136 cho trudc.

e\ W Uy

Tim giéi han sau : lim [—1—+i++—l——J

Bai gidi
Tacé: u,, =u3—-un+1=un+(un.—l)2, voin=1,2,...
Do u, =a>1, nén bang quy nap d€ dang suy ra:
U, >u, véimoi n=1,2, ... '

Nhu véy ta c6 :

L<uy <u, <ty <... | (1)
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Vay {un} 1a df«iy don diéu ting, nén ton tai gidi Aha_ln hitu han hoic v6 han.

Chi y ring néu t6n tai ddy giéi han hitu han a = lim u,, thi tir (1) suy ra o > 1.

Gia st tn tai gi6i han hitu han :
a=limu,. ()
n—>o . .
Tir cong thitc x4c dinh day :

2—
n

u =Uu

-~ u,+1v6in=1,2;...;

sau khi 14y gi6i han khi n — cohai v€ va sir dung (2), ta di dén :

a=a’-a+l

=(@-1=0
>a=1. (3)
(3) mau thuln v6i a > 1. Vay gia thiét (2) v6i o la s6 hitu han 1a sai, tic 12 :
limu, =+o. )

Theo cong thitc x4c dinh day, thi véi moi &, tacé:

2
Wy =Wy — Uy +1

 hay Uy —1=u, (1, ~1).
Tir d6 c6 : t ot .t 1
=1 w (1) w -1 u
hay e (5)
" we =1 w, -1 '
Tix (5) di dén - ) SN I—
e w1l o, -1
1 1
=TT o 6
a-1 u,, -1
Do d6 : lim(_l_+_1_+...+_l.)._._1_.
n—yo. u] Il2 un a_l
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