HOANG NGOC THE

KHAM PHA CACH GIAI

TRONG

—

MAT

PHANG

René Descartes
{(1596-1650)

5}2 | r1?-;2

AL . R hY
AT A YA)

B(zp;yp)

=»Danh cho HSG todn 11&12

= Luyén

thi THPT Quéc Gia



KHAM PHA CACH GIAI
Mot s6 bai tap hinh hoc giai tich
trong mit phiang
Hoang Ngoc Thé

Ngay 25 thang 7 nam 2015



Ki hiéu dung trong sach

GTLN : Gia tri 16n nhat
GTNN : Gi4 tri nhé nhat
HSG : Hoc sinh gidi
THPT : Trung hoc phé thong
B : Két thuc Loi giai
A : Két thuc Dinh nghia, Vi du
O : Két thuc Dinh ly
: Cau héi, hoat dong

Chu y: Tat ci cac bai toan trong cudn tai lieu nay néu cé céc biéu thic
toa do thi ta hiéu la dang xét trong mat phang vé6i he toa do Ozxy.



L&i néi dau

Phuong phap toa do trong mat phing 1a noi dung thudng gap trong Ki thi
tuyén sinh Dai hoc, Cao dang (nay goi la Ky thi THPT Quéc gia). Ngoai
ra, trong Ky thi HSG nhitng nam gan day, dé thi cia nhiéu tinh cfing c6
noi dung nay. Day thuong la cau phan loai thi sinh. Cac bai toan thudng
la phai 4p dung tinh chat hinh hoc trude khi st dung bién déi dai s6 chi
khong con 1a cac ki thuat tinh toan dai s6 thong thuong nhu trude kia.

V6i muc dich on luyén doi tuyén HSG va quan trong hon la huéng téi
ki thi THPT Quobc gia chung, thay bién soan tai lieu nhé nay véi hi vong
sé gitip cac em hinh dung chit it vé noi dung nay.

Tai lidu c6 cau tric tuong doéi la. Em sé thiy mot s6 muc cia né dao
lon linh tinh v& doc dong trén véi dong dudi khong lien quan gi dén nhau.

Diung lo. D6 14 do em doc ngau nhién va chi doc ma khong lam. Hay
doc tuan ti va lam theo huéng dan. Moi sut 16n xon sé tré lén ngan nap.

Khi gap ki hiéu HD2 — tr.10 thi em can hiéu la phai tu lam theo
huéng dan & trén né va néu da lam dude dieu do6 roi thi ty lam tiép hoac
theo HD 2 trang 10.

Khi gap ki hieu |N|HD19 — #.25 thi em nén doc ki hudng dan va ty
lam, néu lam mai ma khong ra thi xem HD 19 trang 25.

Hi vong em sé thay tha vi véi tai lieu kiéu nay.

Trong qué trinh bién soan voi vang, nhat dinh khé tranh khéi thiéu sot.
R4t mong cAc em phat hién va phan hoi.

Pdc Khuong, thang 5 nam 2015



1 Ly thuyét chung
1.1 Heé toa do
Trong mat phéng v6i hée toa do Oxy cho cac diém:
A(zaiya), B (zsiys),C(zcsyc) , M (zo; yo)
e Toa do vecto: B = (zBp —xA;YB — YA)

e Toa do trung diém ctia doan thing AB la:

J TA+TB Ya+YB
2 ’ 2

e Toa do trong tam cua tam giac ABC la:

G(QUA‘FJ?B‘FQCC'Z/A"FQB"F?JC)
3 ’ 3

1.2 Phuong trinh dudng thing
1.2.1  Vecto chi phuong va vectd phap tuyén ctia dudng thing:

— 2 z
e Vecto 7(7 # 0) la vecto chi phuong ctia dudng thang d néu no
c6 gia song song hoic trung véi dudng thang d.

% 2 2 P
e Vecto W(W # 0) la vecto phap tuyeén ctua dudng thang d néu né
c6 gia vuong goc véi duong thing d.

e Dudng thing az + by + ¢ = 0 ¢6 mot vecto phap tuyén la 7@ = (a;b).

e Hai dudng thing song song c6 cling vectd chi phuong (vectd phap
tuyén).

e Hai duong thing vuong géc co vects phap tuyén ciia dudng thang
nay 1a vecto chi phuong ctia dudng thang kia.

e Néu o, 7 1an luot 1a vecto chi phuong, vecto phap tuyén ciia duong
théng d thi .7 = 0. Do d6, néu ¥ = (a;b) thi 7 = (b; —a).



e Mot dudng thing c6 vo sb6 vecto phap tuyén, vo sd vecto chi phuong.
Néu 7 13 mot vecto phap tuyén (vecto chi phuong) ciia duong thing
d thi k7 (k # 0) ciing la mot vecto phap tuyén, vecto chi phuong
cua d.
1.2.2 Bbn loai phuong trinh dudng thing
e Phuong trinh téng quat cta dudng thing:
ax +by+c=0 (a*>+b*>0) (1)

Duong théng di qua diém M (z;yo) va nhan 7 = (a;b) la vecto
phap tuyén c6 phuong trinh dang:

a(z —x0) +b(y —yo) =0 (2)
Dic biét: dudng thang di qua (a;0), (0;b) c6 phuong trinh theo doan
chin: oy
Ty 3
-3 (3)

* Duong thang di qua M (zg; yo) va nhan vecto W= (p; q) lam vecto
chi phuong, c6 phuong trinh tham s la:

T =x0+ pt
4

{ Yy=yo+qt @
C6 phuong trinh chinh tic la:

SC—afozy—yo
p q

(p,q #0) (5)

Dic biét: duong thing di qua 2 diém phan biet A (z.4;y4), B (zB;yB)
c6 phuong trinh dang:

T—TA _ Y—Ya (6)

rp —TA YB —Ya

e Duong thing di qua M (zo;y0) v c6 hé sd goc k thi c6 phuong
trinh dudng thang vdi hé sb géc dang:

y = k(z —z0) +yo (7)



— Khong phai dudng thing nao ciing c6 hée sd goc. Cac dusng
thing dang = = a khong c6 hé s6 goc. Do vay, khi gidi cac bai
toan dung heé s6 goc, ta phai xét ca truong hop dac biet nay.

— Néu 77 = (a;b) 1a vecto phap tuyén ciia duong théng thi he s6
gbéc cia nd la k = —%,b #0.

1.2.3 Vi tri tuodng d6i ciia 2 diém va 1 dudng thing
Cho A(wa;y4), B (zp;yg) va dudng thang A : ax + by + ¢ = 0. Khi dé:

e Néu (aza +bya + ¢) (axp + byp + ¢) < 0 thl A, B 6 vé hai phia khac
nhau déi véi A.

e Néu (aza +bya +¢) (axp + by +¢) > 0 thi A, B § cing mot phia
déi véi A
1.2.4 Chum dudng thing
Cho hai dudng thang cit nhau:
di a1z + by +c1 = 0;dy : agx +boy +co =0

Khi dé moi dudng thang di qua giao diém I ctia hai dudong thing trén déu
¢6 phuong trinh dang:

a1z + by + c1) + p(a2z + by + ¢2) =0 (8)
trong d6 A2 + %2 >0

1.3 Gobc va khoang cach

e G6c gitta hai vecto U, wf duge tinh dya theo cong thiic:

u.w

(9)

cos(u, W) = ERE

o Gia sit 71, 2 lan lugt la vecto phap tuyén ciia cac duong thang d;
va do. Khi do:
(10)



e Do dai vecto @ = (a;b) la:
|i] = vV a? + b? (11)

Khoang cach giita hai diém A(za;y4), B(zp;yg) 1a:

AB = /(25 — 24)” + (g5 — ya)? (12)
e Dién tich tam gidac ABC la:

S— ;\/(AB.AC’)2 - (E}Z@)Q (13)

Khoang cach tit diém M (zg;y0) dén duong thang
d:ar+by+c=0

dugce tinh bang cong thic:

diviay = W()L\/%;FCI (14)
1.4 Phuong trinh dudng tron
e Dudng tron tam I(a;b), ban kinh R c¢6 dang:
(z —a)*+ (y —b)? = R? (15)
e Phuong trinh:
24+ y? 4242y +¢=0, (a®>+b°—c>0) (16)

ciing 1a phuong trinh dudng tron véi tam I(—a; —b) va ban kinh
a’?+b>—c¢
e Phuong trinh tiép tuyén ctia duong tron tai diém M (xo;yo)

(zo —a)(x — x0) + (Yo — b)(y —yo) =0 (17)



1.5

Vi tri tuong déi clia dudng thang A va dudng tron (C) tam I, ban
kinh R.
— Néu d(;,a) > R thi A va (C) khong cét nhau.
— Néu d(;,a) = R thi A va (C) tiép xtc tai I’ 1a hinh chiéu ctia T
lén d.
— Néu d(;,p) < R thi A va (C) cat nhau tai hai diém M, N. Khi
dé trung diém H ctia M N la hinh chiéu ctia I len MN v

MN =2,/R?> —d (18)

Phuong trinh Elip

Elip 1 tap hop cac diém M di dong théa man M F; + M Fy = 2a véi
Fi, F5 ¢6 dinh, F1 F5 = 2¢, a > ¢ > 0 1 cac s6 cho truée.

Fi(—¢;0),F5(c;0) duge goi 1a tidu diém, Fy Fy = 2¢ dugc goi 1 tiéu
cu. MFy, MF; la cac ban kinh qua tiéu.

Cac diém A;(—a;0), Az(a;0), B1(0; —b), Ba(0;b) dugc goi 1a cac dinh
ctia elip. Doan thing Ay Ay = 2a dudc goi 1 truc 16n, B; By = 2b
dugce goi la truc nhé.

Phuong trinh chinh tic ctia Elip c6 hai tieu diém Fi(—c;0),
FQ(C; 0) la:

=+ = (19)
Trong d6 a > b > 0,b? = a® — .
Tam sai e = <.
a
Cho elip (F) ¢6 phuong trinh chinh tac (19). Hinh chit nhat PQRS

v6i P(—a;b), Q(a;b), R(a; —b), S(—a; —b) dudc goi 1a hinh ch@ nhat
co sd cua Elip.

Néu M € (E) va M, Fy, F; khong thang hang thi dudng thiang phan
gidc ngoai ctia goc Fy M F» chinh 1a tiép tuyén cta (F) tai M.



Cha y: Cac HD duéi day khong lien quan gi dén noi dung & trén. Néu
em khong hiéu sao né lai ¢ day thi hay doc lai phan L&i néi dau.

HD 1. DA: E(3;-1), F(5;5), D(3;3), A(1;1),B(3;5),C(7;1)

HD 2. Goi H = MENAC. Em da nhan ra va chiing minh dugec BH L AC
chu? Vay ta ¢6 thé tim dugc toa do H, phuong trinh H B, tham s6 héa toa
do B,C, tim dugc B,C (vi M la trung diém), phuong trinh Al va cudi
cung la toa do cia A.

DA: Xem HD39 — tr.36

HD 3. Goi K la trung diém DH. Em chitng minh AK | KM dugc roi
chit. Bay gi¢ tim phuong trinh KM, toa do K, phuong trinh BD, toa do
B,C.

DA: Xem HDA41 — tr47
HD 4. DA: C6 2 hinh vudng théa méan 1a (3;3),(1;1) € (d), (3;—1), (5;1)
99 11 11 9 13 7 11
s (2.7 e a. (222 L2
com(33) (55)c@ (33) (53)c©
HD 5. Hay chiing minh tam giac ABC la tam giac can dinh A

Y |HD53 — tr.51/N|HD34 — .33

HD 6. Hay vé duong tron duong kinh FK. Em c6 nhan ra diéu thu vi
khong? Nhé ching minh nhé.

Y |HD57 — tr.51/|N|H D46 — tr.47
HD 7. DA: A(1;1), B(2;-1), C(1;-2)

HD 8. Goi k 1a hé s6 goc ciia duong thing OB. Ta c6 thé viét duge phuong
trinh OB. Khi d6 B = OB N (Cy), C dbi xing v6i A qua OB. Ngoai ra
OC.AD = 0.

DA: Xem HD27 — tr.26
HD 9. Em c¢6 phat hién ra 1a GA = GD = GB va DG | AK khong?.

Hay ching minh diéu do.
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Y |HD25 — tr.26/N|H D33 — .33
HD 10. DA: A(-7;10), B(7;4), AB : 3z + 7y — 49 = 0.
HD 11. Bai nay giong vi du 22 trang 40. DA: Xem HDI18 — tr.25
HD 12. V& hinh va tim mo6t dudng vuong goc véi BC.

Y |HD57 — tr.51/|N|HDAT — tr.47
PJ

HD 13. Em ¢6 nhan ra 557 = "™ Ty d6, tim duge P. Tim dwoc P thi
Te

viét phuong trinh BC 1a tiép tuyén chung di qua P ciia hai duong tron.
DA: Xem HD31 — tr.33

HD 14. Em c6 thay ¥ a) quen quen khong? N6 giong nhu bai toan cé hai
ngudi hen nhau tai bo song .... Y b) ciing tuong ty. Nhé phai kiém tra xem
A, B ¢6 cung phia so véi d khong.

Y |HD16 — tr.25/ N |HD37 — .33
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2 Mot sb ki thuat co ban

2.1 Ki thuat xac dinh toa d6 diém
2.1.1 Dua vao hé diém

Xac dinh toa do diém M thoéa méan diéu kién nao dé véi hé cic diém
Ay, Ag, ..., Ap. DI v6i bai toan nay, ta dat M (x;y) va khai thac gia thiét.

Vidu 1. Cho tam giagc ABC ¢6 trong tam G(1;2), truc tam H(—1;3).
Tim toa do tam duong tron ngoai tiép I cia tam gidc. A

Dé giai quyét dugc bai toan nay, ta can biét dén dwong thdng Euler trong
tam giac.

Dinh Iy 1 (Dudng thang Euler).

Cho tam gidc ABC bat ki, khi dé trong tam G, truc tam H, tam duong
tron ngoai tiép I thang hang. Puong thdang di qua ba diém dé goi la duong
thang Euler cia tam gidc. O

CHUNG MINH.
Goi D, E, F lan lugt 1a trung diém ctia BC,CA, AB.

A
H]
E K F
G 0[
C o J B
D

Xét phép vitu V = V(G.,l)-
72

12



Ta c6: V(AABC) = ADEF. Do d6, V bién dudng cao AJ cla tam gidc
ABC thanh dudng cao DK clia tam giac DEF. Dé thay DK ciing 1a
duong trung trire clia doan thang BC. Vay I 1 tryc tam tam giac DEF.
Tic 1a V(H) = I. Do d6 H, G, I thing hang va GH = —2G1. n

Quay trd lai bai toan, ta c6 thé dé& dang tim dugc toa do diém 1.

LGOI GIAL
Gia st I(x;y). Ta co: GH = (—2; 1);@? =(x—1;y—2).
Vi Cﬁ[> = —2(7} nén:

2z —1)=-2 T =2
& 3
—2@y-2)=1 y=3
Vayl(2;g). |

2.1.2 Xac dinh toa d6 giao diém ctia hai dudng

Giao ctia hai dudng thing

Toa do giao diém ciia hai duong théng
ditar+by+c=0,dy - mz+ny+p=20

(néu c6) 1a nghiém ctia hé phuong trinh:

b =
{aa:+ y+c=0 (20)

mx+ny+p=20

Giao ctia dudng thiang va dudng tron

Cho dudng thang d va dudng tron (C):

= t
d: X -'E0+m 7(0):(m—a)2+(y—b)2=R2
y=1yo+nt

13



Toa do giao diém ctia d va (C) (néu c6) 1a nghiém ciia hé phuong trinh:

T =x0+mt
y=yo+nt (21)
(z—a)*+ (y—b)? = R?

Heé nay giai thé nao?
Giao ciia dudng thang va Elip

22 2
vaelip (E) : — + -5 = 1. Toa do
Yy ="yo+nt at b

giao diém ctia d va (E) (néu c6) la nghiém ctia hé phuong trinh:

5 = t
Cho duong thang d : {x rotm

T =x0+ mt

y=yo + nt (22)

Giao cua hai dudng tron

Toa do giao diém ctia hai dudng tron:

(Ch) : 22 +y? + 2a12 4+ 2b1y + ¢1 = 0; (Co) : 22 +y? + 2a00 4+ 2boy + 2 =0
(néu c6) 1a nghiém ctia hé phuong trinh:

2+ y? + 2+ 201y +c1 =0
2% + y? + 2a92 + 2boy + c2 = 0

Vi du 2. Cho hai duong tron:

(C1) ¢ (@ — 102 + (y— 2)2 = 25: (C) <x;>2+ (y+1)2 _ 5

Tim toa do giao diém (néu cé) clia ching. A
. J

14



LOI GIAL
Toa do giao diém (néu c6) ciia hai dudng tron la nghiém ctia hé phuong
trinh:

224+ y? -2 —4y—20=0 - r—y=4

22+ —Tr4+y=0 2?2 +y? —Tr+y=0

r—y=4
& =206
r=1
Vay hai duong tron cat nhau tai A(6;2), B(1; —3). [ |

2.1.3 Diém thudc dudng

; . , xr=uxo+mt
Dé tim toa do diem M thudc duong thang d : 0 théa man
Yy =1yo+nt
diéu kien nao d6. Ta lay diém M (zo + mt;y = yo + nt) va ap dung gia
thiét, ta thu dugc phuong trinh an ¢. Nhu thé, ta goi 1a tham sd héa toa

do diém M.

Vi du 3. Cho diém A(2;—1). Tim toa do diem M thudc duong thing
d:2x—1y—4=0 sao cho AM =+/2 A

LOI GIAL
Gia stt M (m;2m —4). Ta c6: AM = /(m — 2)2 + (2m — 3)2. Khi dé:

m=1
AM:\f2<i>5m2—16m+11:0<:>[ 1
5
2 N 11 2
Vay céc diem can tim la M;(1;—2), M, <5; 5), ]

2.2 Tim toa do hinh chiéu ctia mot diém lén mot dudng
thang

D@ tim toa do hinh chiéu H ctia M lén dudng théng d ta c6 2 cach:

15



e Cach 1: Viét phuong trinh duong thing A di qua M va vuodng goc
v6i d. Diém H chinh la giao diém ciia d va A.

e Cach 2: Tham s6 héa toa do cia H € d va dua vao dieu kien M H L d.

Vi du 4. Tim toa do hinh chiéu H ciia diém M(—1;—1) lén duong thing
d:x—y+2=0. AN

LOI GIAI (CACH 1).
Duong thang A di qua M va vuong géc véi duong thing d cé phuong trinh
dang:

lLz+1)+1.(y+1)=0z+y+2=0

Do H =dN A nén toa do cia H 1a nghiém cua hé phuong trinh:

r—y+2=0
r+y+2=0

Giéi he ta duge H(—2;0) [

LOI GIAI (CACH 2).
Dudng thang d c6 vectd chi phuong @@ = (1;1). Gia sit H(h;h+2) € d. Ta
6: MH = (h+ 1;h +3)

MH.i=01.(h+1)+1.(h+3) =0 h=—2

Vay H(—2;0) [ |

16



2.3 Tim toa do6 diém dbi xiing ctia mot diém qua mot dudng
thing

Dé tim toa do diém dbi xting M’ ctia M qua dudng thang d ta c6 2 cach:

e Cach 1: Tim toa do diém H 1a hinh chiéu cta M lén d. Do H la
trung diém M M’ nén ap dung cong thic tim toa do trung diém, ta
tim duge M

e Céch 2: Gia st M'(z;y) va H 1a trung diém ctia M M’. Khi dé ta co:

Hed
—
MM d=0

Vidu 5. Tim toa do diem M' la doi xing cia diém M(1;1) qua duong
thing d:x +y+2=0. A

LOI GIAI (CACH 1).
Dudng théng d c6 vectd chi phuong @ = (1; —1). Hinh chiéu ctia M lén
dudng thang d 14 H(h; —h — 2) € d. Ta c6: MH = (h—1;—h —3). Do dé:

Mﬁ.ﬁ:O@l.(h—l)—l.(—h—&:04:>h:—1

Vay H(—1;-1).
Do H la trung diém ctia MM’ nén:

i :2:L’H—$M: -3
Y =2yg —ym = —3

17



Vay M'(—3;-3). [ |

LOI GIAI (CACH 2).
Dudng thang d c6 vectd chi phuong @ = (1; —1).

. 1 1
Gia st M'(z;y). Khi d6 trung diem MM’ 1a H <x—2|— ,y—;) € dva

—
MM'.%=0. Ta c6 he:

el ydl oy z=-3
2 2 =
lix—1)—-1(y—1)=0

Vay M'(—3;—3). |

2.4 Viét phuong trinh dudng thang di qua 1 diém, cach 1
diém cho truéc moét khoang cho trudc

D@ viét phuong trinh duong thang A di qua diém M va cach diém N (zy;yn)
mot khoang bing p ta thuong gia st vecto phap tuyén ctia dudng thang
la 77 = (a;b), (a® + b> > 0) va ap dung cong thitc tinh khoéng cach - cong
thic (14).

Vi du 6. Viét phuong trinh duong thing A di qua A(1;3) va cich diém
B(—2;1) mot khodng bing 3. A

18



LOI GIAL
Gia stt i = (a;b), (a® + b2 > 0) 14 vectd phap tuyén ctia dudng thang can
tim. Phuong trinh dudng thing c6 dang:
alx—1)+bly—3)=0ax+by—a—3b=0
Khi doé:
d 3 o | —2a+b—a—3b]
(B;A) /ag i b2
& 5a® —12ab =0

3

b=20
& 12
b:€a

*b=0,chona=1tac6 Ay:2—1=0.

12
*p= Ea, chona=5,b=12tac6d As : bx+12y—41 = 0. Vay c6 2 dudng
thing théa man yéu cau bai toan la:

Al:x—1=0;A9:5x+12y—41=0 [ ]

2.5 Viét phuong trinh dudng thing di qua 1 diém, tao véi
1 dudng thing khic mot géc cho trudc

Dé viét phuong trinh duong thing A di qua diéem M va tao véi duong
thing d mot géc bang o ta thuong gid st vecto phap tuyén ciia dudng
thang 1a 7 = (a;b), (a®> + b*> > 0) va 4p dung cong thic tinh géc - cong
thic (10).

A, A

Vi du 7. Viét phuong trinh duong thing A di qua M(2;1) v tao vdi
duong thang d : 2x + 3y + 4 = 0 mot goc 45°. A
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LOT GIAL
Gia stt i = (a;b), (a® + b2 > 0) 14 vectd phap tuyén ctia dudng thang can
tim. Phuong trinh dudng thing c6 dang:

ax+by—2a—-5b=0
Khi do:
1 12a + 30| 1

wosA)=Tm C EipvaTs va

& 5a® —24ab— 5> =0
a = 5b

1
a=—=b
5

=

*a=>5b,chonb=1,a=5tacé Ay:5z+y—11=0.

1
*a= —5b, chonb=5a=—-1tacdé Ay: —x+5y—3 =0. Vay c¢6 2 dudng
thing théa man yéu cau bai toan la:

Ay :br+y—11=0;A¢: —x+5y—3=0 [}

2.6 Viét phuong trinh duong phan giac trong ctia mét goc

Dé viét phuong trinh dudng phan giac trong ctia goc BAC ta ¢6 nhidu
cach. Duéi day la 3 cach thuong st dung:

e Cach 1: Dua vao tinh chat duong phan giac 1a tap hop cac diém cach
déu hai duong thing AB :ax+by+c=0va AC :mx+ny+p=0,

ta co:
laz + by + ¢| B |max 4+ ny + p|

va? + b2 vVm? +n?

Hai duong thu dugc la phan giac trong va phan gidc ngoai cua goc
ABC.

Sau do, ta can dua vao vi tri tuong déi clia hai diém B, C vé6i hai
dudng vita tim dugc dé phan biét phan gidc trong, phan gidc ngoai.
Cu thé, néu B, C & cting mot phia thi d6 1a phan gidc ngoai, & khac
phia thi 14 phan giac trong.

20



e Cach 2: Lay B’, (' lan lugt thuoc AB, AC sao cho:
AB = L AB; A0 = .
= — AB;AC" = — AC.
AB' = = AB; AC = = AC
—  — _
Gia st AD = AB' + AC' Khi d6 t giac AB'DC' 1a hinh thoi (Vi
sao?).

A
C/

B¢ o

Do dé, E 1a vecto chi phuong cia dudng phan giac can tim.
Mudn viét duong phan giac ngoai thi lam thé nao?

e Cach 3: Gid st 4 = (a;b) la vecto chi phuong ciia duong phan gidc

can tim. Ta cé:
AB.i  AC.id

cos(zﬁ,ﬁ) = cos(ﬁ,ﬁ) & W = @

Mudn viét duong phan giac ngoai thi lam thé nao?
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Vi du 8. Viét phuong trinh dudong phan gidc trong géc A cia tam gidc
ABC biét A(1;1), B(4;5), C(—4; —11). A

LOI GIAI (CACH 1).
Ta c6 phuong trinh céc canh:

AB:4x—3y—1=0,AC : 12z — 5y —7=0
Phuong trinh hai dudng phan gidc géc A la:
dr —3y—1 122 —5y—7

dr+Ty—11=0 (d1)
13
4:cf§yf1 _ 2o -5y -7 | 562 — 32y —24=0 (d2)
) 13
Ta co:
(dzc + Tyc — 11) (dep + Typ — 11) < 0
Do d6 B, C khac phia so véi (d1) hay (di) 1a duong phan giac can tim. B

LOT GIAI (CACH 2).
Ta co
—
AB = (3;4); AB = 5, AB = 7‘@ ( )

— 1 5 12
AC = (=5, -12); AC = 13; AC' = 13A_é <—13,_13>

14 8
65" 65
gidc can tim la: @ = (7; —4). Do d6 phuong trinh dudng phan giac can tim
la:

ey e
Ta c¢6: AB' + AC" = < > Vay vecto chi phuong ctia duong phan

4z—1)+T7(y—1)=0&4x+Ty—11=0 [

LOI GIAI (CACH 3).
Gia st 4 = (a;b) 1a vecto chi phuong ctia dudng phan giac can tim. Ta ¢6

ABai  AC. 3a+4b Sa-1% T,

R
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Vay vecto chi phuong ctia duong phan giac can tim la: @ = (7; —4). Do d6
phuong trinh dudng phan gidc can tim la:

4z—1)+7(y—1)=0&4x+Ty—11=0 [

2.7 Viét phuong trinh dudng tron di qua ba diém

Dé viét phuong trinh duong tron di qua ba diém, ta st dung phuong trinh
dang (16) va thay toa do ba diém d6 vao, thu duge 1 hé phuong trinh.

Vi du 9. Viét phuong trinh duong tron ngoai tiép tam gidc ABC biét:
A(1;3),B(—1;-1),C(2;0). A

LGOI GIAL
Gi4 stt phuong trinh duong tron (C) can tim c¢6 dang

?+y 4+ 20+ 20y +c=0, (a®+b>—c>0)

Do A, B,C € (C) nén:

1+9+2a+6b+c=0 a=
1+1-2a—2b+c=0 < (b=-1 (Thoéa man)
442a+c=0 c=—4

Vay (C): 2?2 +y? —2y—4=0. [ ]

2.8 Viét phuong trinh dudng thang di qua hai tiép diém
ciia dudng tron

Cho diém A (7 4;y4) ndm ngoai duong tron (C) tam I ban kinh R. Tt A, ké
hai tiép tuyén ATy, ATy t6i (C). Hay viét phuong trinh dudng thang Ty, T».

Gia st T'(x;y), I(a;b) 1a tiép diem (T 1a Ty hogc T3). Khi do, ta co:

{Te(C) @{(m—a)Q—i-(y—b = R?

)2
AT =0 “\e-e)@-a+@-p)y-n=0 Y
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Trit ting vé 2 phuong trinh cta (24) ta thu duge 1 phuong trinh duong
thang. D6 1a phuong trinh can tim.

Vi du 10. Cho duong tron (C) cé phuong trinh (x —4)? 4+ y? = 4 va diém
M = (1;-2). Tim toa do diém N thuoc Oy sao cho tit N ké dugc 2 tiép
tuyén NA,NB dén (C) (A,B la tiép diém) dong thoi duong thing AB
di qua M. A

LOI GIAL
Goi I va T lan lugt 1a tam va tiép diém ctia duong tron (C) (T 1a A hoac
B). Ta co:

N (05n),1(40),T (z0;90) , NT = (z03 50 — n) , IT = (z0 — 4; o)
Khi do

]ﬁ.ﬁ:() :C%—Zla:o—}—yg—nyo:()

Trit ting vé hai phuong trinh clia he, ta co:

{TG(C) @{m%+y3—8x0+12:0

4xg—nyo—12=0
Vay AB c6 phuong trinh la:
dr—ny—12=0
Vi AB di qua M (1;—2) nén:
44+2n—-12=0

hay n = 4. Vay N(0;4). [
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. AC
HD 15. Goi F = AC N (dy). Hay xac dinh ti s6 1B va tir do tinh toa do
C, E bang cach tham s hoa.

Y |HD38 — tr.36/| N |H D42 — tr.47

31 33), b) M(5:3).

HD 16. DA:a) M | —; ==
35' 35

HD 17. Em ching minh dugc t giac HIKE noi tiép chua? Hinh vé dudi
day 1 gdi ¥ cho em dé chitng minh.

D

Y |HD55 — tr.51/|N|HD30 — .33

HD 18. Bai toan chinh la tim diém M trén dudong thang d: x+2y+4 =0

sao cho M A+ M B nhé nhat, v6i A(1;1), B(—2;1). DA: minS = ?

HD 19. Em chua tim dugc dusng vudng goc véi AC' phai khong?
Goi H = MENAC. Chitng minh rang BH L AC. Huéng dan: chimg minh
MHC =MCH.

Y |H D39 — tr.36/|N |HD2 — tr.10

HD 20. Tam gidc ABC can tai A thi ta c6 thé viét dugc phuong trinh
AD va dya vao BF = BD ta tinh duge F'. T d6 tim dugc A = BFNAD.

DA: Xem HD53 — tr.51
HD 21. DA: C(1;-7), B(—4;7)
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HD 22. Goi 74,7, lan lugt 14 ban kinh dudng tron noi tiép tam m_giac
AHB, AHC'. Khi d6, hiy chiing minh: JH = v/2ry, [H = \/2r, va TH.J =
90°.

| Y |H D58 — tr.51/|N|HD58 — tr.51

HD 23. Em chua phat hién ra yéu t6 vuong géc quy hon vang clia bai
toan phai khong? Goi K 1a trung diém DH. Hay chiing minh AK 1 KM.

Y |HD41 — tr.47/N|HD3 — tr.10

HD 24. Em chua biét ciach xac dinh toa do ctia tryc tam H phai khong?
Hay chitng minh t& giac BHCD la hinh binh hanh. Khi d6, M la trung
diém HD.

Y |[HD40 — tr.36/| N |H D45 — tr.47

HD 25. DA: AB:x=3

HD 26. Dé tim A, hay ching minh ﬁ T4 Dé tim B, hay viét

phuong trinh BC.

[Y|HD10 — tr.11/|N|HD49 — tr.51
HD 27. PA: €y (1-v3vV2V3-3); By (1- V3 —v2V3)
Co (1B —VVE3); B (1 V3. V/2B)

HD 28. Do EF = 2HK = 2R nén tam I clia dudng tron la trung diém
EF. Tam giac DEF nhan G lam trong tam.

Y |HD1 - tr.10/|N|H D44 — tr.47

HD 29. DA: BC: 3z + 4y —29 =0, A(—1;2)
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3 Phuaong phap giai toan

Phuong phap chung dé gidi quyét bai toan hinh hoc gidi tich phing gom
cac budc sau:
e V& hinh, x4c dinh cac yéu t6 da biét lén hinh
e Kham phé cac tinh chat khac ctia hinh (néu can). Chu § tim cac
duong vuong goc, song song, dong quy; cac doan bang nhau, goc
bing nhau; cac géc dic biet; quan hé thuoc gitta diém va duong
thing, duong tron, ...
e Xac dinh cac diém, duong thang (theo céc ki thuat da hoc) dé thuc
hién yéu cau bai toan.
Sau day ta sé xét mot s6 vi du.
B
Vi du 11. Cho tam giac ABC ¢ A(2;2) va cic phan gidc trong géc B,
goc C lan luogt la:

~

Ap:z—-3y—4=0,Ac:x2+y—2=0

\sz toa do B va C. A

LOT GIAL

Goi B'(b1;ba), C'(c1;c2) 1an lugt 1a diém déi xiing ciia diem A qua Ag va
Ac¢. Ta c6 B, C' nam trén BC.

D& thay @ = (3;1) 1a 1 vectd chi phuong ctia Ag. Goi I 1a trung diem AB’,
ta co:

— 18
{AB'J_7 3.(b1 =2)+1.(b2-2) =0 by = 5
b1 +2 by + 2 = 14
IeA - 3. —4=0 - =
€ Ap 5 3 5 by = -

18 14
Vay B’ <58, 5>. Tuong tu, C’'(0;0).

. —
Duong thang BC' di qua (0;0) va ¢6 vecto chi phuong C’B’ nén ¢6 phuong
trinh: 7x — 9y = 0.
N 6 14
Tw d6 suy ra C(9;—-7), B ATIE |
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Vidu 12. Cho tam giic ABC. Goi A',B',C' la cic diém sao cho
ABA'C, BCB'A vi CAC'B va la hinh binh hanh. Biét Hy(0;—2),
Hy(2;—1) va H3(0;1) la truc tam cia cdac tam giaqc BCA', CAB', ABC".
Tim toa do cdc dinh cia tam gidc ABC. AN

|Y|HD7 - tr.10/ N |HD36 — .33

Vi du 13. Cho tam giac ABC c6 tam duong tron noi tiép K(1,4), tam
duong tron ngogi tiep 1(3,5) va F(11,14) la tam duong tron bang tiép
canh BC' cia tam gide. Viét phuong trinh BC va tim toa do diém A.

Duong tron bang tiép canh BC ciia tam giac 1a duong tron tiép xtc véi
doan thing BC va céc tia AB, AC.

Y |[HD46 — tr.47/|N|HD6 — r.10

Vi du 14. Cho tam gidc nhon ABC noi tiép duong tron tam I. Diém

. . 31 1 )
M(2;—1) la trung diém canh BC va diem E (13; —13) la hinh chieu
ctua B len AI. Xdc dinh toa do cdc dinh cia tam giagc ABC, biét duong
thing AC : 3z + 2y — 13 =0 A

Hay vé hinh va chi ra mot duong thing vuong goc véi AC.
Y |HD39 — tr.36/N|HD19 — .25

/V|' du 15. Viét phuong trinh duong thing di qua M (3;1) cdt Oz, Oy ldn\
luot tai A va B sao cho:

a) OA + OB nhé nhat

b) Dién tich tam gidc OAB nhé nhat

1 1 .z
c) 0AZ + 052 nho nhat. A

LOI GI 1
Gia AA(; 0> ,B (0; b>' Phuong trinh dudng thing d can tim c6 dang:
a

ar +by=1
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Vi M(3;1) € d nén:
Ja+b=1b=1-3a

a) Ta co:
0A+0B = |+ +|H > |Lp Lo |Batb 3atbl sy a3
a b a b a b
Dau” = xAy ra khi va chi khia:3_6\/§;b:3\/§6_3.Do d6 phuong

trinh can tim la:

(3-v3)a+ (3v3-3)y =

b) Ta co:
S JOAOB= | o> 0 >
OAB — 2 ab 2 ab =
. . C o e 1 1 . N [
Dau” =7 x4y ra khi va chi khi a = 6; b= 3 Do d6 phuong trinh can tim
la: x + 3y =6
c¢) Ta co:
1 1 5 9. (Ba+b)? 1
o Tom “ TV T T 1o
. 3 1
Dau” =7 x4y ra khi va chi khi a = 10’ ;b= 10
Do d6 phuong trinh can tim la: 3z + y = 10. |

~

Vi du 16. Cho tam giac ABC néi tiép duong tron cé ban kinh R = /10,
. 11 .
diem G <3; ;) la trong tam tam giac ABC. Cac diem K (4;4); H(3;1)

lan gt la chan duong cao ha tu A, B cia tam gidgc ABC. Tim toa do
cdc dinh cia tam giagc ABC

. J
Day 13 mot bai toan kha tha vi. Truée khi gidi, ta can on lai tinh chét
quan trong ciia tryc tam tam giac.
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Dinh ly 2.

Cho tam giac ABC' noi tiép duong tron tam I va H la truc tam tam gidc.
Goi J, K, L lan lugt la diém doi xing cia H qua AB, BC,CA. Khi d¢
J, K, L ndm trén duong tron ngoai tiép tam gidc ABC. O

CHUNG MINH.

Goi AD, BE,CF la cac dudng cao clia tam giac.

Trudng hop A = 90°. Hién nhién ta c6 didu phai ching minh.
Trudng hop A < 90°.

Ta co:
L : %
C

5
TD SV,
1
K

K = H; (K,H dbéi xtng)
H; = H,

H, = E5 (AEHF noi tiép)
Es = B, (CEFB noi tiép)

= K, = B,

Vay tit gidc ABKC noi tiép. Tic 13 K nidm trén dudng tron ngoai tiép
tam gidc ABC.
Chiing minh tuwong ty cho L, K.
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Trudng hop A > 90°.

Ta c6:

K = Hy (K,H dbi xing)
Hs = F; (AEHF noi tiép) = K; = By
F; = By (CEFB noi tiép)

—

Vay tit gidc ABKC noi tiép. Tiic 13 K nam trén dudng tron ngoai tiép
tam gidc ABC.

Chiing minh tuong tu cho L, K. Vay J, K, L nam trén dudng tron ngoai
tiép tam giac ABC. [ |
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Ch y:

Khi chitng minh cdc bai todn hinh hoc phding ma st dung cic goc bing
nhau, ta can xzét cdc truong hop goc tu, géc nhon; diém ndm trong doan,
nam ngoai doan; tia nam gitda tia, ...

Quay lai bai toan, goi F,F lan lugt la diém déi xing cla truc tam D
qua H, K dua vao tinh chat vita néu va Dinh 1y vé dudng théng Euler
trong tam gidc (Dinh ly 1-tr.12), em hay néu céc tinh chat dic biet cia
tam giac DEF.

Y |HD44 — tr.47/N|HD28 — .26

Vi du 17. Cho tam gidc ABC c6 diém M (3; —1) la trung diém BC'. Diém
E(—1;-3) thuoc duong thing chita duong cao dinh B. Duong thing AC
di qua diém F(1;3). Diém doi ziing cia A qua tam dudong tron ngogi tiép
tam gigc ABC' la D(4;—2). A

Khi dé bai cho diém déi xitng qua tam ngoai tiép thi can dung thém triuc
tam tam gidc dé tan dung tinh chat déi xing.
Em hay vé hinh va chi ra cach xac dinh toa do truc tam H.

Y |HD45 — tr.47/|N|H D24 — tr.26

~

Vi du 18. Cho hinh chit nhat ABCD cé H(1,2) la hinh chiéu vuong géc

. . 9 . .
cua A zuong BD, diem M <2, 3) la trung diem BC'. Trung tuyeén ké tu
A ciia tam giagc ADH la (d) : 4 +y — 4 = 0. Viét phuong trinh duong
thang BC.

(. J

Y |HD3 — tr.10/|N|H D50 — tr.51

32



HD 30. C6 chia khéa vang 1a I € (C) roi thi chi can tham sé hoa toa do
ctia C 1a xong. Can phai tim toa do ctia F, H nita.

DA: Xem HD55 — tr.51

HD 31. Chiic miing em da giai quyét duge Dé thi HSG tinh Thai Binh
nam hoc 2013 - 2014. BC 13 dudng thang di qua P(0; —3) va tiép xtc véi ca
hai dudng tron nén d(; poy = .. PA: BC:2 =0, BC:3z+4y+12=0

HD 32. Em tim dugc I, C rdi phai khong? Hay ching minh B, N déi xiing
nhau qua AC.

DA: Xem HD21 — tr.25

HD 33. Goi M la trung diém BC. Hay chiing minh G la trong tam tam
gidac ABM . Ngoai ra, can sit dung tinh chat géc & tam ctia dudng tron.

Y |HD25 — tr.26/|N |[HD52 — tr.51

HD 34. Tinh Eﬁ va so sanh véi vects chi phuong cta EF.

Y |HD53 — tr.51/[N|HD20 — r.25

HD 35. Dudng thing chita 1 trong hai dudng chéo sé tao véi (d) mot géc
45° nén c6 thé 1ay (A) : x = a. Gid sit A € (A). Dudng thang (d') di qua
tam I cta hinh tron, vuong goc véi (d) sé di qua tam 7' ciia hinh vuong.
Hay tim toa do cta A, T theo a. Tt dé suy ra toa do cha D theo a.

DPA: Xem HD4 — tr.10

HD 36. Hay vé duong tron ngoai tiép tam gidc ABC. Em sé nhan ra diéu
thi vi. Ditng quén chitng minh diéu minh nhin thay nhé.

PA: Xem HD7 — tr.10

HD 37. Em da biét A, B nam vé cling mot phia so v6i d roi chi? Trong
trudng hgp b) ap dung BDT tam gidc cho tam gidc ABM ta c6

IMA— MB| < AB
Dau "=" x4y ra khi nao?

DA Xem HD16 — tr.25
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Thu gian
BAI THO VIET TANG EM

Bai tho nay anh viét tang em

Ngudi ban doi anh hang mong nhé
Bai tich phan vita lam ra két qua
Doi bién 161, truy hoi tiép méi xong.

Ha Noi bay gio tiét da sang dong
Em nhé quang khan khi di dao pho
Thanh phd lén den khong gian ryc 16
Phuong va chiéu em chi vecto thoi.

Khong gian yéu toa do xac dinh r6i

Phuiong trinh bic cao duong 16i chung ha bac
Ta tré vé ki nang thanh thao nhét

Bdc nhat, bac hai em noi tiéng mot thoi.

Doi mat em xanh, dnh za cuoc doi
Mbi lan trao v6 han lan hanh phtc
Nghiém ngoai lai 1am sao ma c6 dugc
Anh biét i em bién doi tuong duong.

Lan dao choi noi thanh phé mdo suong
Da Lat thong reo bén deo Ngoan Muc
Anh v6i em choi rit bai zdc sudt

Em hoi anh khong gian mau 1a gi?

Va roi thoi gian ¢t mai miét di

Anh 13 duong ziéen nhan em hinh chiéu

Ngot biii cling chia, ding cay ciing chiu

Gan két hai dau, duong vuong géc cing chung.

Anh tim em bang da thic ddc trung
Dao ham bdac hai biét rang em & do
C6 lan gian anh em bao 1a khong c6
Giac ngn khong thanh gidn doan sudt déem thau.
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O hai dau trung tuyén xa nhau
Huéng vé trong tam tin ngdy gip mat
Gid tri tuyét doi bao gio am dudc

Va bao gig anh khéi nhé thuong em.

Anh gt tinh anh qua nhing con tem

Nhiing 14 thu vugt mudn trung séng gioé

Mong dén trao em - ngudi anh hing mong nhé
Bai tho nay anh viét ting riéng em.

Dao Quang Dién

Kok 3k ok ok ok ok ok ok sk sk ok ok sk 3k ok ok ok sk

e —
Hey‘mﬂm, | divided 6
by O —and | got a word !

It's never too early to learn that you can’t divide by zero!

Xk 3k ok ok ok sk ok ok 3k sk ko 3k sk ok ok >k skk

Con (16p mot) hoc bai, quay sang héi bd (mot nha toan hoc)
- B6 0i, s6 tam viét nhu thé nao?
- Con viét dau vo cuing roi quay di mot géc pi trén 2.
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HD 38. E = ACN(ds), ﬁ = 31@. Béng cach tham s6 hoéa toa do, ta duge
C,tam I(3; —1), B la giao diém ctia 3z—4y—3 = 0 va (—3)2+(y+1)? = 40.
33 21
DA: C(1;5),B | —; —
w5 (53
HD 39. Hinh vé dudi day gitip em chitng minh H nam trén duong tron
duong kinh BC.

A

41 2
DA: H (13; 12), BH :2x—3y—1=0, B(—1;-1),C(5; —1),A(1;5)
HD 40. Chiic miing em da gidi quyét dugce bai toan!
DA: H(2;0),EH:z2—y—2=0,AC :2+y—4=0,CD:z2—y—6=0,
AH :x—2=0, A(2;2), B(1;-1), C(5;-1)
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Vi du 19. Cho cic diem A(1;1), B(2;5), C(4;7). Chitng minh tam gidc
ABC ¢6 géc A nhon. Viét phuong trinh duong thang d di qua A sao cho:
d(B,d) + d(C,d) lo”n nhét A

LOI GIAI (CACH 1).

Ta co:
E = (1;4);1@: (3;6);@@2 27>0

Vay géc A nhon. Duong thang di qua A va khong c6 hé s6 goc la: dg : = = 1.
Ta co:

d(B.do) = L d(c,dy) = 3
Duong théng di qua A, véi hé sb6 goc k c6 phuong trinh:

dikr—y—k+1=0

Ta co:

k=4 J3k—6]
V21 @D k2 +1
Ta co: d(B#iO) —|— d(C,do) = 4 Mat khé,C

d(p,a) =

L :

10 — dk khi k<2
|k — 4] + 3k — 6| 2k2+él
— 4 +[3k — - .
k)=d +d = = khi 2<k<4
f(k) = dpay+dc.a Nz m
_ khi k>4
k241
Do dé:
—~10 —
(k2 + 17
2k + 2 . 2
"Ky={ ——— khi 2<k<4 - f(l)=0ck=—=
A0 i k>4
(k‘2+1)3
lim (k) 4f< 2) 239, f(2) = = f(4) =
k—+4oo 5) \/5 \/ﬁ



Lap bang bién thién ctia ham s6 f(k)

f'(k) + 0 - + +

f(k) 4/2\/@\2/&
V5

Duta vao bang bién thién, ta co:

2
max f(k) = f (—5> =2v29 > 4.
) . . s s 2 7
Do d6, phuong trinh duong thang can tim la: y = —593 + 5 |

NHAN XET. Cach lam trén day 1a cach lam "trau bo". Khoi lugng tinh
toan qua 16n. Ta can tim mot cach lam khac nhe nhang hon.
Mudn vay ta can phan tich 2 truong hgp cia d.
e Trudng hop 1. d cit canh BC tai F.
A

Khi dé:
d(B,d) + d(C,d) =BD+ CFE < BC

DAau "=" x4y ra khi va chi khi d L BC. Tic la d chtta duong cao AH
clia tam giac.
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e Trudng hop 2. d khong cit canh BC. Goi I la trung diém BC
va D, E, P lan luct 13 hinh chiéu ciia B,C, I lén d. Khi d6 ti¢ giac
BCED la hinh thang va PI la duong trung binh cta noé.

Dé thay
d(p.a) + d(cgy = BD + CE = 2PI < 2AI

Dau "=" x4y ra khi va chi khi d L AI.

Ta chi can so sanh 2ATI vad BC la suy ra cach lam.

Em héay ty lam dya theo nhan xét trén.

Vi du 20. Cho hinh chit nhit ABCD c6 A(5;—7), diém C nam trén
duong thang (dy) : © —y + 4 = 0. Duong thang di qua dinh D va trung
diém ciia dogn thang AB la (ds) : 3w — 4y — 23 = 0. Tim toa do cia B
va C biét diém B ¢6 hoanh do duong. A

Y |HD38 — 1136/ N |HD15 — .25

Vi du 21. Cho tam gidac ABC c¢6 dinh A(3;3), duong phan gidc trong
cia géc A c6 phuong trinh x —y = 0. Diém 1(2;1) la tam duong tron
ngoai tiép cia tam gigc ABC. Tim toa do cdc dinh B va C biét ring

8 —
BC = — wva géc BAC nhon. A
VA ‘

Y |HD57 — tr.51/[N|HD12 — tr.11
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Vidu 22. Cho duong thing d : = — 2y + 1 = 0 wva hai diém
A(1;-1), B(2;0). Tim toa do diém M thuoc duong thing d sao cho:

a) MA + MB nhé nhat.

b) |MA— MB| lén nhit. A

Y |HD16 — tr.25/ N |HD14 — tr.11

Vi du 23. Cho dudng tron (C) : 22 4+y% — 61 —2y+6 = 0 va duong thing
(d): x—y=0. Tvm toa do A, B thuoc d va diém E, D thuoc (C) sao cho
ABDE la hinh vudng. A

Y |HD35 — tr.33/|N |H D43 — tr.47

Vi du 24. Cho hinh binh hanh ABCD c6 A(—2;—1). Diém C thujc
duong thing d : = —y — 3 = 0. Goi H,K,E lan lugt la hinh chiéu
cia A léen CD,BD,BC. Duong tron ngoai tiép tam gidc HEK la
(C): 22 +y*+x+4y+3=0. Tim toa do cic dinh B,C,D. A

Chia khoéa ctia bai toan nay 1a c6 mot diém dic biet ndm trén dudng tron
(C). Em hay tim diém do6.

Y |HD17 — tr.25/N|HD59 — tr.51

Vi du 25. Cho tam gidc ABC vuong can tai A. Diéem K thuoc doan BC
sao cho CK = 3K B. Diém G théa man A—é = 725.?(. Diém D thuoc BC
sao cho GB = GD. Biét D(7;—2), phuong trinh AK la 3z —y—13 =0
va diém A c6 tung do am. Viét phuong trinh AB AN

Y |HD52 — tr.51/|N|HD9 — r.10

Vi du 26. Cho hinh binh hanh ABCD ¢6 N la trung diém canh CD va
duong thang BN : 13z — 10y + 13 = 0, diém M(—1;2) thuoc doan AC
sao cho AC = 4AM. Goi H la diém doéi zing cia N qua C. Tim toa
do cdc dinh cia hinh binh hanh, biét rang 3CA = 2AB va diém H thuoc
duwong thing A : 2z — 3y = 0. A
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LOI GIAL 20
Ta C()Z d(M,BN) = —

V269
Gia st H(3h;2h). Dat I = ACN BD,G = AC N BN. Dé thay G la trong

tam tam giac BC'D. Tu d6 ta co:

A B

2 1
CG=-CI=-AC 5
3 3 = MG = —-AC
AM = JAC 12
Do do:
4 4 32
CG = gMG = d(c,BN) = gd(M,BN) = du,BN) = 2d(c,BN) = 7560
1390 — 20a 4+ 13| 32 a=1
& = & 45
V269 V269 a= 19
Vi H va M nam khac phia d6i v6i BN nen H(3;2).
Mat khac: 5 0 .
nén tam giac M HN vudng tai M.
Ta co6:
MH:y—2=0;MN:2+1=0,N(-1;0),C(1;1), D(-3;—1)
1 1
MaC'—]\f:S]\ﬂnénA —§;Z .Dodo I —7;§ ,B Z,—g . |
3°3 33 33
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Thu gian
THO TANG NGUOI YEU TOAN
Hoang Ngoc Thé

Em cha thich ngusi hoc toan dau
Vi anh cit dinh chudn trong dau
Diéu kién, gidi han va quy tdc
Em c6 ... v6 cung dén thé dau

Em ché yéu ngusi lam toan dau
Epsilon thi ai bao la giau

Phan do c¢6 ai cho la that

Dinh Il c6 gi lang man dau.

Em cha lay ngudi day toan dau
Vi anh chi nguyén té cung nhau
Uédc chung mdi mot sao ma du

Chia hét, lay gi dé mai sau.

Em cha b6 ngusi yéu toan dau
Theo anh, em tinh chuyén trau cau
Yéu toan, yéu tho thi em biét

Anh sé yéu em dén bac dau.

GIA SU
Ta ¢, gid st 1a cau cita miéng cia ngudi hoc toan ...
Céc nha khoa hoc t6 chiic mot thi nghiem dé chiing minh vé anh huéng
ctia nghé nghiép dén hanh vi ting xt. Ho dua mot ki su, mot nha vat ly
va mot nha todn hoc vao cac phong riéng biét trong dé c6 mot hop thiic

an nhung lai khong c6 cai mé hop.

Mot ngay sau, cic can phong dude mé ra lan Iugt. Trong phong thi nhat,
anh kj su dang ngay kho kho, v6i mot cai hop méo moé trong rong vi da
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duge md ra. Khi duge héi, anh ta gidi thich rang khi doi, anh ta dap cai
hop cho dén vé ra thi thoi.

Trong can phong thi hai, nha vat 1y dang doc cac dang thiic véi cai hop
dude mé ra tit phia day. Khi dudc héi, anh ta gidi thich rang vi qua doi
da nghién cttu nhing diém chiu ap luc ctia hop va tac dung lyc len, va thé
la bup.

Trong can phong thtt ba, nha toan hoc dang toat mo hoi, moém lam bam:
- Gid sw rang cé cdi md hop, gid s rang cé cdi md hop...

HOI PUONG PYTHAGORAS

SN, By TG0,
YOW DO WE GET
10 T Acoeoris?

©Copyright 2003
Sidnev Harris
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(Vi du 27. Cho tam gidc ABC c6:

AB:z—y+2=0AC:2x+y+1=0;BC : 4 —y—7=0

, . 3
Lap phuong trinh duong thang (d) di qua diem M (2;6> va chia tam

\gidc ABC thanh hai phan cé dién tich bing nhau. A/
LOT GIAL
Ta c6:

A(=1;1); B(3;5); C(1; =3); Sapc = 12
3 3
sin ABC = ——;sin BAC = ——
V34 V10
Dudng thing (d) can tim chia tam giac ABC thanh 2 phan c6 dien tich
bang 6. Dé thay:

3
(2—6+2) (1+342)<0

nén C' va M & hai phia khac nhau so v6i AB. Vay dudng thang (d) hosc
cat AB va AC hoic cit AB va BC.

Trudng hop 1: (d) cit AB va AC.
Gia st (d) cat AB tai D(d;d + 2),(v6i —1 < d < 3), (d) cat AC tai
E(e;—1—2e),(v6i —1 < e < 1). Ta cé:

AD = \/2(d + 1)2; AE = \/5(e + 1)2
1 —
Saapp = 5-AD.AE.sin BAC =6 ¢ (d+ D2 (e+1)? =16

—
Mt khéac, do D, E, M € (d) nén DM cung phuong EM. Ta ¢

3—2d 4-d
3—2% T+2e

[oN

Ta c6 hé phuong trinh

(d+1)%.(e+1)2=16
(3 — 2d)(7 + 2¢) = (4 — d)(3 — 2e)

44



174434

d
co. ~ 5 o
Giéi he ta dugc R Nl Vay
N 5
5 (—17+4\/?E —7+4\/?E> . <\/?Q—2. —1—2\/?Q>
5 ’ 5 ’ 5 5

Ta c6 phuong trinh dusng thang can tim:
(d) : (6 —6vV34)z + (3v34 —15)y + 81 — 9v/34 =0

Trudng hop 2: (d) cit AB va BC
Gia st (d) cat AB tai D(d;d +2) (v6i —1 < d < 3), (d) cat BC tai
F(f;4f —17) (v6i 1 < f < 3) Tuong tu trucng hop 1 ta co:

d— 27 — 2v/106
B 5
15 — /106
f=—=
Truong hgp nay bi loai vi f < 1. |

Vi du 28. Cho tam gidc ABC ¢6 truc tam H(—1;4), tam dudng tron
ngoai tiép 1(—3;0), trung diem BC' la M (0; —3). Viét phuwong trinh duong
thang AB biét B c6 hoanh do duong. A

Y |HD10 - tr.11/[N|H D26 — .26

Vi du 29. Cho hinh chit nhit ABCD c6 diém C thuoc duong thing d :
2z +y+5=0wva A(—4;8). Goi M la diém doi ming vdi B qua C, N la
hinh chiéu cia B len MD. Tim toa do cia B,C, biét rang N(5;—4). A

Y |HD21 — tr.25/ N |HD54 — tr.51

1 )
Vi du 30. Cho tam giac ABC ¢6 B <2; 1) . Duong tron noi tiep tam gidc

tiép mic vdi cic cach BC,CA, AB tuong ting tai D, E, F. Cho D(3;1) va
EF :y—3=0. Tim toa do dinh A biét A c6 tung do duong. A
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Y |HD20 — tr.25/N|HD5 — r.10

Vidu 31. Cho a+2b+4=0. Tum gid tri nhé nhat cia biéu thic:

S=vVa2+b2—2a—2b+2+ Va2 +b2—4a+2b+5 A

Sao trong chuyén dé hinh hoc gidi tich lai c6 mot bai dai s6 & day nhi?
Hoi la day, nhung néu dé bai khong cho a,b ma cho x,y thi em sé thiy no
giong cai gi?

[Y|HD11 - tr.11/|N|HD56 — tr.51

Vi du 32. Cho tam giac ABC ¢6 duong cao AH. Tam giac ACH ngoqi
tiép duong tron (T) : 22 + 4> + 6z — 6y + 9 = 0, diém J(—1;-1) la
tam duong tron noi tiép tam gidc ABH. Viét phuong trinh duong thdng
BC. A

Day 1a mot bai toan kho vi gid thiét da cho c6 vé roi rac va khong lien
quan dén diéu can tim. Tuy nhién, hay vé hinh v néu nhan xét vé do dai
cac doan JH, JI (I 1a tam cia (7)) so v6i ban kinh hai dudng tron va tinh
goc THJ.

Y |HD58 — tr.51/|N|HD22 — .26

Vi du 33. Cho hai duong tron (C1) : 22 +y?> =1, (C2) : 22 +y? = 4 va
diém A(1;0). Tim toa do dieém C thugc duong tron (C1), diém B thudc
duong tron (Cy) dé tam gigc ABC nhan goc toa do O lam truc tam. A

Y |H D27 — tr.26 /N |HD51 — tr.51
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HD 41. DA: BC:2x+y—12=0,BC :2x+8y—33=0

HD 42. Em tim dugc toa do ctia C' chua? C6 A, C' thi tim duge tam I cla
hinh vuong. Dya vao tinh chat ctia I, hay viét phuong trinh mot dudng
thing vi mot duong tron di qua B.

DA HD38 — tr.36

HD 43. Em d& vé hinh thi va tim duge phuong trinh clia mot trong hai
dudng chéo chua? Hay tim thém phuong trinh mot dudng thing di qua
tam ctia hinh vuong nita. Hay tham s6 héa toa do cac dinh.

Y |HD4 — tr.10/ N|HD35 — .33

HD 44. C6 G, H, K thi dé dang tim dugc D, E, F. Viét duge phuong trinh
cac canh va tim duge toa do cac dinh.

PA: Xem HD1 — tr.10

HD 45. Em tim dugc toa do tryc tam H roi phai khong? Tiép theo hay
viét phuong trinh EH, AC,CD, AH va tim dugc toa do clia ba dinh.

DA: Xem HD40 — tr.36

HD 46. B,C la giao diém ctia dudong tron dudng kinh K F vé6i duong tron
tam I. Ngoai ra trung diém .J ctia KF ciing thuoc dudng tron tam I. Vay
ta c6 thé tim duge B, C. AB déi xiing v6i BC qua BK.

DA: Xem HD57 — tr.51

HD 47. Goi (C) la dudng tron ngoai tiép tam giac. Gid st K = AIN(C).
Khi d6 IK L BC. Goi H = BC' L IK. Em c6 thé dya vao do dai BC dé
tim H.

DA: Xem HD5H7 — tr.51

HD 48. Hay vé hinh va chi ra mot dudng thing vuong goéc véi dudng thing
AC.

Y |HD2 — tr.10/ [N |HD19 — tr25

47



4 Bai tap tu luyén

1.

Cho dudng thang d va duong tron (C):
d:x—y+1=0,(C):(z—1)2+(y+2?2*=9

va diém P(—1;1). Tim toa do diém M thudc (d) sao cho tit M ké
t6i (C) hai tiép tuyén M A, MB (A, B la cac tiép diém) dong thoi
khoang cach tit P t6i dudng thing AB 16n nhat.

DA M(3,4)

Cho tam giac ABC can tai A, biét phuong trinh cac dudong thing
AB,BC lan lugt la 2+ 3y +5=0va z —y + 1 = 0, duong thing
AC di qua diém M (3;0). Tim toa do cac dinh clia tam giac.

Cho tam gidgc ABC' ¢6 tam dudng tron ngoai tiép 1(—2;1) va AIB =
90°, chan dudng cao ké tit A dén BC la D(—1; —1), dudng thang AC
di qua diém M(—1;4). Tim toa do cac dinh A, B biét ring dinh A
¢6 hoanh do duong.

DA A(1,5), B(2, —2)

. Cho tam giac ABC ¢6 tryc tam H(2;0), trung tuyén CM : 3z + Ty —

8 = 0. Trung tryc cia BC' la d: x — 3 = 0. Tim toa do diém A.

DA A(2;2),A (2; 156)

. Cho AABC, phan giac trong AD;x + y + 2 = 0, duong cao BH:

27
2r —y+1=0. AB qua M(1;1); Sapc = T Tim A, B,C
Cho hinh vuong ABCD c6 M la trung diém AB, dudng thang DM

¢6 phuong trinh 2x — y + 1 = 0 va diém C(1; —1). Tim toa do diém
D
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7.

10.

11.

Cho 3 dudng thang:
di:3x—2y—4=0,do:x4+y—6=0,dg:x—3=0

Tim toa do diém A, C thudc ds, B thuoc di, D thuoc dy sao cho
ABCD la hinh vudng.

DA: B(4:4),D(2;4), A,C € {(3;3), (3;5)}

. Tam giac ABC tryc tam H(2,1), tam duong tron ngoai tiép 1(1,0),

trung diém BC' thuoc dudng thing (d) : z — 2y — 1 = 0. Tim toa do
B, C biét dudng tron ngoai tiép tam giac HBC di qua diém F(6, —1)
va hoanh do diém B nhé hon 4.

DA: b(2;3),C(4;-1)

Cho tam giac ABC can tai B nop tiép duong tron (C) tam I(0;5).
Duong thing BI cit duong tron (C) tai M(5;0). Dudng cao ké tit

, 17 6 £
C' cat duong tron (C) tai D (5; 5). Tim toa do A, B,C biét
hoanh do diém A duong.

DA: O(7,4), A(1,—2)

Cho dudng théng d : x +y +2 = 0 va A(2;1), B(—1;-3), C(1;3).
Tim M thudc d sao cho:

(a) |[MA — M B] 16n nhét.
(b) MA? + MB? — MC? nhé nhit.
(¢) |MA + MB + MC| nhé nhit.

Cho tam gidc ABC ¢6 A € Ox(0 < x4 < 2,5). Hai dudng cao ha tu
B, C ¢6 phuong trinh 1an Iugt 1a

(d):x—y+1=0;(d2): 2z +y—4=0.

Tim toa do A, B, C dé dién tich tam giac ABC 16n nhét.
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12.

13.

1 5 3 7
o (L)oo (5 2)e(%s)

Cho tam gidac ABC va dudng thing A : z — 3y — 1 = 0. Gia st
D (4; %), E (%; %), N (3;3) theo thit ty 14 chan dudng cao tit A, B
va trung diém AB. Tim toa do cac dinh tam giac ABC, biét trung
diém M cta BC nam tréen A va hoanh do diém M nhd hon hoic

bang 4.

Cho tam giac ABC c6 tryc tam H(3;0)va trung diém ctia BC la
1(6;1). Dudng thang AH : x + 2y — 3 = 0. Goi D, E lan lugt 1a chan
duong cao ké tu B va C cla tam giac ABC. Xac dinh toa do cac
dinh ctia tam giac ABC, biét dudng thang DE : z — 2 = 0 va diém
D c6 tung do duong.

DA: A(-1;2),B(4;-3),C(8;5)
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HD 49. Em chitng minh ﬁ = 2[72 dugc chua? Hai tam giac ABH, MNT
dong dang (N la trung diém AC). Diém B la giao diém ctia BC v dudng
tron tam I.

DPA: Xem HD10 — tr.11
HD 50. C6 1 yéu t6 vuong goéc "quyét dinh" bai toan. Em hay vé hinh va

tu phat hién no.
Y |HD3 - tr.10/|N|H D23 — tr.26

HD 51. Bai nay nén st dung hé s6 géc dé lam cho tien. Goi k 1a hé s6 géc
ciia dudng thing OB. Hay tim toa do B, C theo k.

Y |HD27 — tr.26 /[N |HDS — tr.10

HD 52. Sit dung hai tinh chat GA = GD = GB va DG 1 AK ta viét
duge phuong trinh GD, tim dugce toa do G, A, K, B.

DA: Xem HD25 — tr.26
HD 53. DA: A (3; 133>

HD 54. Goi [ 1a tam hinh ch@ nhat. Em h&y ching minh IN = IA. Tw

do6 tim dugce I, C.

Y |HD21 - tr.25/ N |HD32 — .33
HD 55. DA: C1(2;-1), D1,B1 € {(4;1),(—4;3)}, Ca(—1;—4),Ba, Do
€ {(=1;0),(=2;-5)}
HD 56. Gia thiét ctia dé bai giéng phuong trinh mot dudng théng, S giéng
nhu tong ctia hai doan thang. Em c6 thay bai nay quen quen khong?

Y |HD18 — tr.25/ N |HD11 — tr.11

HD 57. DA: C(0;2), B (i;-?)
HD 58. Dudng thing BC la tiép tuyén chung ctia hai duong tron tam
1,J. Ngoai ra, P= BCNIJ. Em hay tim toa do P.

Y |HD31 - #r.33/N|HD13 — tr.11

HD 59. Goi [ la tam hinh binh hanh. Em héy ching minh I € (C).

Y |H D30 — tr.33/|N|HD17 — .25
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