Bai toan chia keo caa Euler




Bai toan chia keo 1a mot trong nhitng bai toan to hop hay va thi vi. Nén duoc ¢ng
dung nhiéu trong cac bai tap. Sau day toi sé trinh bay vé bai toan nay.

Bai todn mé dau: C6 m chiéc keo gidng nhau chia cho n em bé. Héi ¢d bao
nhiéu cach chia?

Day ciing chinh 12 bai toan: “Tim sé nghiém khong am cua phuong trinh

X1+ Xot...txp=m (n,mE N*).”

Giai:

V&i moi bo X1, Xo, ..., Xn thé‘a man X+ Xzt...+ Xn = m tuong Gng 1-1 vai bo 7
11..1011...10..011..1 gom ms6 1 va n-1 s6 0 (Pay 1a ki thuat song anh). bé co

N—_—— —— N——
X1 X2 Xn

mét bd sé ching ta can chon n-1 vi tri trong m+n-1 vi tri dé dat chix s6 0 va con lai
dat chir so 1.

Suy ra sé cach chiakeo la: d =C251 |,

Bai toan 1: Tim sé nghiém nguyén diong cua phuong trinh: X;+ Xo+...+ xp= M
(n,m € N").

Giai:
bit yi=x;-1 (Véi i=1, n) ta co:

yit Y2 +... 4 yp= X1+ Xot. ..+ Xp-N = M-N.

e Néu m < n phuong trinh v6 nghiém.
e Néum > n, quay tré lai bai toan ban dau s6 nghiém cia phuong trinh trén

chinh 1a s6 nghiém ciia phuong trinh la: d= C1t_7 .

C6 thé tong quéat dang todn nay nhw sau: Cho n sé ty nhién, ay,a,...,an. Tim
sb nghiém tu nhién caa phuong trinh:xg+ Xo+...+ x,=m thoa man x; > a; (Vi= 1, n).

Giai:

Dit yi=xi- a; (V i=1,n) va S = a;+a,+...+a, nén ta co:



Vit Yo ...+ yn= Xot Xot. ..+ Xp- agtagt.. . +ap = m-S.

e Néum < S. Phuong trinh v6 nghiém.
e Néum =S. Phuong trinh c6 1 nghiém.

e Néum > S. Phuong trinh c6 C#l:-}’l—S—l nghiém.

Bai todn tong quat: Tim sé nghiém cua phuong trinh: Xi+ Xzt ...+ X,=M Vi
X1<X2 < ... < X

Trudc tién dé giai bai toan tong quét nay ta s& 1am véi nhirng bai toan nho hon:
Bai toan 1: Tim sé nghiém cta phuong trinh: X +y = mvéi x <.

Giai:

Vi X<y nén tir phuong trinh suy ra X < E]

‘ , , n n
e Neéu n chia hét cho 2 thi x ¢6 thé nhan > + 1=[E] +1 gid tri

n n
0,1,2,..., lE] va y tinh dugc theo x (Vi y=n-x) suy rata co [E] +1 bo (X,y)

nguyén khéng am thoa man x+y=nva x<y.
, n ) , n . , 5 n o,
e Neéu n khong chia hét cho 2 suy rax < [E] va X ¢0 thé nhan [E] +1 giatri
n . /
va co lE] + 1 bo (x,y) nguyén khdng &m thoa mén bai toan.
Bai toan 2: Tim s6 nghiém khéng Am ciia phuong trinh: X+y+z=n thoa min diéu
kiscnx<y<z.
Giai:

e Ki higu riy, 1a nghiém sé cua phuong trinh théa man x <y < z. Tuong tu c6

I’lxzy ,rlyzx ,rlyxz ,rlzxy ,rlzyx-
Do vai tro cia x,y,z hoan toan binh dang trong phuong trinh: x+y+x=n

Ta CO: MNxyz = lMxzy = Myzx = Myxz = Maxy = Mzyx=T1.




e Ki hidu ray, 1a nghiém s cia phuong trinh théa min x=y<z. Tuong ty c6
r'2yzx 7r32xy-

Ta Cé: r2xyz = r2yZX = rlZXy = Ia.

e Ki hidu rayy, 1a nghiém s cia phuong trinh théa min x<y=z. Tuong ty ¢6
r'3yzx 7r32xy-

Ta Cé rgxyz = rgyzx = rszxy = r3
e Ki hiéu r4 1a nghiém sb ciia phuong trinh thoa man x=y=z.

Tat ca cac bo sb nguyén khdng am (x,y,z) théa man x+y+z=n bing

2 m+2)(n+1) . o o N : A
Cn_l = > moi b so s€ thuoc mot trong nhitng trueong hop trén nén ta
n+2)(n+1
CO: 6ry+ 3r + 3r3+ 14 = ( )2( ).

Taco: 1y + r3+ 1y chinh 1a s6 nghiém cia phuong trinh 2u+v=n (vi tir phuong trinh
X+y+z=n ta c0 thé cho 2 s6 hang x=y hoac y=z hoac z=x va tat nhién bao gom ca
trueong hop x=y=2).

Gia st x=y s& bao gom x=y>z, X=y<z, X=y=z.

Phuong trinh 2u+v=n <=> u+(u+v)=n. Bat t=u+v > u thu dugc utt=nvgiu < t.

. _ n
Theo nhu bai toan 1 $6 nghiém cua phuong trinh nay la [E] +1

n
hayr, +r3+ry = lE] +1.
Xét:
e Néunchiahétcho3=>r,=1.
n n—1

e Néu n khong chia hétcho3=>r,=0hayr, = [5] — [T .

Vi x< y< 7z bao gom x<y<z hoic x=y<z hoic x<y=z hoic x=y=z.
Vay s6 nghiém thoa mén yéu cau cua bai toan 1a: d = ri+ ro + r3+ ra.

Tur nhitng dit liéu trén ta co:



d=%[%—3rz — 313 —r4]+r2+r3+r4.
= %+%(rz —r3)+§r4
= %+%(r2+r3 +r4)+§r4
=Gl -

Bai toan 3: Tim sé nghiém nguyén khéng &m cta phuong trinh thoéa man:
X1+ Xo+Xz+ X4 = N VO X1 <X <X3<X4.
Giai:
Bo6 dé Burnside: “ Néu ¢ 1a cac tap thugc tap X. Vi méi ¢ thuse ¢ véi X biéu
thi cac phan tiz trong tap X duwoc xdc dinh béi ¢.Bé dé Burnside xdc dinh sé quy
dao khac nhau cia bai toan, bieu thi |X/ ¢ |: |X/$| = %Z(ped) v(p) (trong do
v(¢) 1a s6 phan ti cia tieng tap. ”

o Néu @=id : v(¢) la sb nghiém cua phuong trinh

X1+ X2+X3+ X4= N => V() =C,::’+3 va ¢ 1(¢).
o Néu ¢ € ¢: v(¢) la sé nghiém cia phuong trinh 2x+y+z=n va CZ =6 (¢).

n x.
Tacox €{0;1;. ,l;] } va phuong trinh ¢6 n-2x+1 vai moi X,

n n

=> V(@) = ngz]O(n _2x41) = (B] + D +1) - [5] ([5] + 1)

n+1

- (|2 nr-
B ([2] + 1)([ 2 ]+1)'
14 14 1
e Neéu ¢ € ¢: V() la so6 nghiém ctia phuong trinh 2x+2y=n véz CE =3 (o).

* Néu n 1¢, phwong trinh vo nghiém.




. o n .
* Néu n chan, phuwong trinh ¢6 Py + 1 nghiém.

n n n—1
=)= (3] + D3] - [
e Néu ¢ € ¢: v(¢p) la s6 nghiém cia phuong trinh 3x+y=n va 2.4 = 8 (o).

=>Vv(p) =E] + 1.

. . 4!
e Neéu ¢ € ¢: v(p) la s6 nghiém cua phuong trinh 4x=n va 7 6 (p).

n n-—1
=vio)= [3] - [7]
Tong s c4c ¢ 1a 1+6+3+8+6=24.

Theo bo dé Burnside s6 nghiém cta phuong trinh ban dau la:

2 st 5]+ 0 (|57 + 1) + 35|+ D] - [Fheads] + 0 + o5 =[5

Quay lgi bai toan téng quat: Tim sé nghiém cia phuong trinh:
X1+ Xot+...+ Xp=m thda man : x;<x; < ... < X,

Giai:

C6 thé &p dung bo dé Burnside hoic dung phuong thirc dé quy nhu sau:

Gia st M, 12 tap hop cac két qua ctua phuong trinh va P (m,n) s6 tap thoa man
clia C4c yéu t6 cua phuong trinh. Ching ta dé dang thay rang:

P (0, n) = 1 véi moi k, P (m, n) = P (m, m) cho tat ca cac k > n.

Do d6, ta gia dinh thém rang m ¢é dinh, ching ta ¢c6 1< n < m. Ta chia nho cac
tap M, Vao thanh céc tap T; (i = 0,1, ..., n-1), nén T; chaa chinh x&c nhitng két qua
ctia bai todn trong d6 No thoa mén diéu kién:

0=X1=Xo=. .. =Xi<Xij+1<Xj+2<...<Xp.
Ta c6 (X1,Xa,....Xn) = (Xi+1-1,Xis2-1,...,xn-1), dinh nghia mét song anh tir T; dén
I\/lm-n+i,n-i to 0< Xi+1-1< Xjsp-1< ... < Xn-l,

(Xir2-1)+(Xjr2-1)+...+(xp-1)=m-n+i, va anh xa:




(Y1,Y2,....yn-i) = (0,0,...,0, y1+1,yo+1,.. . ynitl).

Co6 nghia 1 | Ti| = | Mmnsini |, va do d6 c6 thé viét:

P(m,n)=P(m-1,1) +P (m-2,2) + ... + P (m-n, n) (1< n < m)|

va voi phuong trinh cu thé ta cd thé tinh dugc két qua cu thé.
1V.Mét s6 bai toan ap dung:

Bai 1: Tim sé nghiém khdng am cuia phuong trinh: x+y+z+t=1000 Vi
t < 499.

Giai:

Sé nghiém thoa man x+y+z+t =1000 13 Ciyo3 duoc chia ra nhu sau:

e Thoa man yéu ciu dé bait < 499.
e Khong théa mén yéu cau dé bai t = 500 .

Xét t = 500 ta cd: x+y+z+(t-500) = 500

Dit t;=t-500 ta thu duoc s6 nghiém trong trudng hop nay 1a Cos-

A /4 A 9 b 7 by 3
Vay dap so6 cta bai toan la: d = Cioos - C3y3.

Pay la phwong phdp bir triv rat hay sir dung trong cac bai toan té hop khéng chi
trong bai toan chia keo ndy mét sé bai todn sau ciing sir dung phwong phdp nay.

Bai 2: Tim sé nghiém khdng am cuia bat phuong trinh: x+y+z+t < 1000.
Giai:

bat u=1000-(x+y+z+t) = 0 ta thu duogc bai toan twong duong x+y+z+t+u=1000
(VGi x,y,z,u 1a nhitng s6 nguyén khdng am)

Dép s6 ctia bai toan 1a; d= Ciooq

Téng quét: S nghiem nguyén khong 4m ciia bat phuong trinh

X1+ Xot...+xp < mla Gy,




Bai 3: Tim s6 bo sé nguyén khéng am (x,y,z,t) thoa méan :
1=x=<=y=<z=1t=1000.

Giai:

bat a;=x-1 =20, ap=y-x = 0, ag=z-y = 0, a,=t-z = 0, as=1000-t = 0. Ta co:

ait+a+az+as+as=999.

.k 4
Dap so: : C1003

Bai 4: Tim sé nghiém cta phuong trinh sau: X;+Xo+X3+x,=30 (5=<Xi<10 Vi = 1,4)
Giai:

bat yi=x;-5 Vi = 14.Tu gia thiét suy ra 0<Yi<5 . Ta c6 phuong trinh:
yi+yo+ysty,=10 (Vi = 14).

Goi X la tap hop cac nghiém nguyén khéng am cua phuong trinh. Khi dé |X|=C133-
Goi A,B,C,D lan luot 13 c4c tap hop théa man yi+y.+ys+y,=10 va 55y,

Theo bai 1 ta co:

|Al = |B| = |C| = D| = C3.
[AnB|=|AnC|=|AnD|=|BnC|=|BnD|=|CnD|=0.
JAnBNnC|=|AnCnD|=|BNnCnD|=|AnBnNnD|=0.

[AnNBNCnD|=0.

Ap dung nguyén Ii bu trir ta ¢6 sé nghiém bang:

|X| - (JA|+|B|+|C|+|D|—-]|AnB|—|AnC|—|AnD|—|BnNnC|—|BNnD|—|CNnD|+
JAnNBNC|+|AnCnD|+|BNCND|+|AnBnD|—|AnBnCnDJ).

Vay dap s6 la: C5 — 4C3 = 146,

Bai 5: Tim sé nghiém cta phuong trinh sau: X;+Xo+Xa+Xs=14 va |[xi|<5

(Vi =1,4).
Giai:




Vilx| <5=>-5<x<5 Dty =x+5(Vi=14)
=> yi+yrHys+Y,=34 Vi 0<Xi<10 (Vi = 1,4)
Lam tuong tu bai 4 ta ¢ két qua 1a:540 nghiém.

Bai 6: Cho tap A={1;2;3;...;18} c6 bao nhiéu cach 14y ra 5 s6 ma gia tri tuyét ddi
hiéu caa 2 sb bat ki trong 5 s6 d6 khéng nho hon 22

Giai:

Theo bai toan ta s& c6 5 s6 thoa man dé bai sé khéng cd 2 sé nao lién tiép, suy ra 5
s6 nay chia chudi 13 s6 con lai thanh 6 chudi con trong d6 mdi chudi déu co it nhat
1 phan tir. Goi sb phan tir trong chudi 13 as,a,..,as bai todn twong duwong voi viéc

tim s6 nghiém nguyén duong cua phuong trinh aj+ay+..+as=13. Két qua bai toan 1a
792.

Bai 7: C6 bao nhiéu s6 nguyén duong nhé hon 10000 ma c6 tong cac chir s6 bang
147

Giai:

Goi s6 phai tim c6 dang abcd sao cho 0<a, b, ¢, d<9.Theo bai ra ta cé:
a+b+c+d=14.

Tuong tu bai 4, s6 cac s6 nguyén duong phai tim 12 456.

Bai 8: C6 8 vién gidng nhau va 12 hop bi khac nhau. Hoi c6 bao nhiéu cach sip
xép 8 vién bi d6 vao cac hop sao cho tong sb bi trong hop 1,2,3 1a chan?

Giai:
Goi s6 bi trong cac hop lan luot 13 ay,. .., az.
Pit a;+ap+az=x => x chan.
e Néux=0=>c6 as+...+a1,=8
S6 nghiém (as,...,a12) 1a Cs- S6 nghiém (as,a2,as) 12 1.

o Né&ux=2=> a,+...+a1,=6
A N ~ 5 A < A N
S6 nghiém (ag,...,a12) la Ci4- S6 nghiém (az,az,a3) la Ci.
o Néux=4 => as+...+ta;=4



Sé nghieém (aa,...,a12) 1a C3,- S& nghiém (a1,az,as) 1a Cé -
Néu x=6 => a,+...+a;,=2

X N 1l X N x5
So6 nghiém (ag,...,a12) 1a Cio- SO nghiém (ag,az,a3) 1a Cs -

Néu x=8 => as+...+a;,=0

S6 nghiém (as,...,a12) 13 1. S nghiém (a,a2,a3) 1a C1p -

Vay sb cach xép bong vao hop 1a 24528 cach.
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